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Abstract The analytic solution of a static spherical symmetrical Proca black hole is dis-
cussed in this paper. As in the massive vector field, Proca black hole can be considered as
the analogy of RN background plus a perturbation with the same order as μ2 due to the
mass of vector particle μ satisfying μ2 � 1. Through the action of Proca field, we find
the analytic form with the first and arbitrary order approximation. Furthermore, we divide
the results into 3 groups according to the real zero solutions of the background (i.e., space-
time in massless vector field). Finally we analyze the Hawking radiation of such black hole,
which is significant for constructing black hole thermodynamic.

Keywords Proca black hole · Analytic solution · Hawking temperature · Tunneling rate

1 Introduction

As a mysterious object, black hole was predicted from general relativity at the beginning
of twenty century. So far there is still little information of black holes observed directly. A
large number of theoretical physicists tried to find the clues of black hole’s existence, how-
ever there is no significant outcome until in 1974 Hawking proved that thermal radiation
(Hawking radiation) can be emitted from the quantum effect near the horizon of black
holes [1, 2]. Furthermore Hawking radiation can be researched by the quantum tunneling
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theory [3–6] and determined universally by the horizon properties, so there would be sev-
eral derivations and all of them take the quantum effect in black hole backgrounds into
account in various ways. Especially in 2000, Parikh and Wilczek proposed an approach to
calculate the emission rate at which particles tunnel across the event horizon. They treat
Hawking radiation as a tunneling process, and the WKB method is used [7, 8]. In this way
a corrected spectrum, which is accurate to a first approximation, is given. Their results are
considered to be in agreement with an underlying unitary theory. Following this method,
a lot of static, stationary rotating and charged rotating black holes are studied [9]. In this
paper, we focus on the static black hole in Proca field (i.e., massive vector field).

In the calculation of tunnelling process, the Hamilton−Jacobi method was put for-
ward [10–19]. Originally the method was applied to Klein−Gordon equation in curved
spacetime, which could be rewritten as a Hamilton−Jacobi equation via a semiclassical
WKB approximation, and then the tunneling rate of the black holes can be determined.
Afterwards the method was improved to be valid in fermion tunneling investigation [20].
People have used this method to study quantum tunneling from several static, stationary and
non-stationary black holes, and the method is proved to be effective.

This paper is arranged as follows: we firstly discuss the analytic solution of static black
hole in Proca field in Section 2; Then we calculate Hawking temperature and tunneling rate
of the static Proca black hole in Sections 3. As the final part, Section 4 ends up with some
discussion and prospect.

2 Analytic Solution of Static Black Hole in Proca Field

As one type of the globally neutral non-Abelian black holes, the Proca black hole model
may be useful as an effective theory of massive spin 1 field. Furthermore, it may also be a
simple and good model to understand common properties of black holes in Type II black
holes (i.e., black holes with “massive” non-Abelian field) [21]. The stability of non-Abelian
black holes against the radial perturbations have been discussed systematically by [22–31].
Each study implied that although with a simple ansatz (spherical symmetry) those non-
Abelian black holes have complicated structures and show a variety of properties. In order
to learn more details of such black holes, it is necessary to analyze the solutions with non-
Abelian fields. Using the action, we can solve the differential equations from principle of
least action. It is much difficult to deduce common analytic solutions. So we focus on the
static spherical symmetrical black hole with Proca field, and calculate the analytic gauge by
perturbation theory.

The static spherical symmetrical black hole has general metric as

ds2 = −N(r)2f (r)dt2 + dr2

f (r)
+ r2dθ2 + r2 sin2 θdφ2. (1)

As we known, for the classic static black hole N(r) = 1. However when the static black
hole in massive vector field (i.e., Proca field), the black hole solution would be complicated.
So we plan to discuss such solution firstly.

The action of Proca field in curve spacetime can be given by [21]

S =
∫

d4x
√−g

(
R + 2�− 1

4
FαβF

αβ + μ2

2
AνA

ν

)
, (2)

where Fαβ = ∂αAβ − ∂βAα is electromagnetic tensor, and μ is the mass of Proca particle.
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Supposing the four-potential Aν = {A0(r), 0, 0, 0} and substituting (1) and (2), we can
find the following differential equations

μ2rA2
0

f 2
+ 4NN ′ = 0, (3)

μ2rA0 + f (rA′′
0 + 2A′

0)−
rfA′

0N
′

N
= 0. (4)

r2A′2
0 + 4N2(rf ′ + f − 1 −�r2)− μ2r2A2

0

f
= 0, (5)

Due to the mass of Proca particle is small, we consider to expand A0(r), f (r),N(r)

respectively as

A0(r) = Ā0 + δÃ0 +O(δ2),

f (r) = f̄ + δf̃ +O(δ2), (6)

N(r) = N̄ + δÑ +O(δ2),

where ¯ denotes the background functions with μ = 0 and ˜ represents the first order per-
turbation terms, where δ ∼ μ2 � 1. For massless case, above differential equations
give

Ā0 = −2Q

r
, f̄ = 1 + Q2

r2
− 2M

r
+ r2�

3
, N̄ = 1. (7)

Then substitute (6), (7) into (3)–(5) and expand the equations keeping the first-order of δ,
yielding

Q2μ2

r
+
(

1 + Q2

r2
− 2M

r
+ r2�

3

)2

Ñ ′(r) = 0, (8)

−2Qμ2
(

1+Q2

r2
− 2M

r
+ r2�

3

)
+2Q3μ2

r2
+
(

1 + Q2

r2
− 2M

r
+ r2�

3

)2 (
2Ã0(r)+ rÃ0

′
(r)
)
= 0,

(9)

− Q2μ2(
1 + Q2

r2 − 2M
r

+ r2�
3

) − 2Q2Ñ(r)

r2
+QÃ0

′
(r)+ rf̃ ′(r)+ f̃ (r) = 0. (10)

According to the real solutions of f̄ = 1 + Q2

r2 − 2M
r

+ r2�
3 = 0, we should solve (8)–(10)

in three cases (Note: here we can get Ñ(r) from (8) firstly, and then obtain Ã0(r) from (9),
finally solve (10) to find f̃ (r). Since the expression of Ñ(r), Ã0(r) are so long that we list
them in Appendix):

Case 1 1 + Q2

r2 − 2M
r

+ r2�
3 = �

3r2 (r − r1)(r − r2)(r − r3)(r − r4), where r1, r2, r3, r4 are

the real solutions of f̄ = 0, with the relation as r1 + r2 + r3 + r4 = 0, r1r2r3r4 = 3Q2/�.

f̃ (r) = 3μ2Q2

�r2

{
r2

1 (2r1 − r) log(r − r1)

(r1 − r2)(r1 − r3)(r1 − r4)
+ r2

2 (r − 2r2) log(r − r2)

(r1 − r2)(r2 − r3)(r2 − r4)

+ r2
3 (r − 2r3) log(r − r3)

(r1 − r3)(r3 − r2)(r3 − r4)
+ r2

4 (r − 2r4) log(r − r4)

(r1 − r4)(r4 − r2)(r4 − r3)

}
. (11)
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Case 2 1 + Q2

r2 − 2M
r

+ r2�
3 = �

3r2 (r − r1)(r − r2)(r
2 + ar + b), where r1, r2 are the real

solutions of f̄ = 0 and a, b are real constants, having the relationship as r1+r2 = a, r1r2 =
3Q2/(�b) and ab2�− 6bM = 3aQ2, giving

f̃ (r) = 3μ2Q2

2�r2
√

4b − a2(r2 − r1)(r1(a + r1)+ b)(r2(a + r2)+ b)

{√
4b − a2 ((r2 − r1)

log(r(a + r)+ b)(b(2a(r1 + r2)+ r(r1 + r2)− 2r1r2)+ ar1r2(2a + r)+ 2b2)

+2r2
1 (r − 2r1)(r2(a + r2)+ b) log(r − r1)− 2r2

2 (r − 2r2)(r1(a + r1)+ b) log(r − r2))

+2(r1 − r2) tan−1
(

a + 2r√
4b − a2

)
(2a3r1r2 + a2(2b(r1 + r2)+ rr1r2)

+ab(2b + r(r1 + r2)− 6r1r2)+ 2b(b(r − 2(r1 + r2))− rr1r2) )

}
. (12)

Case 3 1 + Q2

r2 − 2M
r

+ r2�
3 = �

3r2 (r
2 + ar + b)(r2 + cr + d), where a, b, c, d are real

constants, satisfying ad + bc = −6M/�, bd = 3Q2/�, a = −c . In this case there is no
real solution for f̄ = 0.

f̃ (r) = μ2Q2
(
d
(
a2 − ac + d

)+ b
(−ac + c2 − 2d

)+ b2
)2

6�r2
√

4b − a2
√

4d − c2
(
a2d − abc − acd + b2 + bc2 − 2bd + d2

)3
{√

4b − a2
(

9
√

4d − c2
(

log(r(a + r)+ b)
(
−b(2ac + cr + 2d)+ ad(2a + r)+ 2b2

)

+ log(r(c + r)+ d)(d(2d − a(2c + r))+ b(c(2c + r)− 2d))) + tan−1
(

c + 2r√
4d − c2

)

(
−d
(
d(c + 36r)− a

(
c2 + 18cr − 2d

))
− b

(
c3 + 18c2r − 3cd − 36dr

)))

+
√

4d − c2 tan−1
(

a + 2r√
4b − a2

)(
a3(−d)+ a2(bc − 18dr) + ab(−b + 18cr + 3d)

−2b(bc + 18r(b − d))
)}

. (13)

From the results, we can find all the f̃ ∼ Q2μ2/�. As we known the mass of Proca
particle is very small, so that the perturbations are bound to be much slight. Meanwhile
the Ã0 ∼ Q3μ2/�2, which implies the four-potential perturbation with three power of
charge leads to the gauge perturbation with twice power of charge. On the other hand, the
cosmological constant � also play an important role on the Proce field perturbation.

In order to improve the accuracy of this method, we also can calculate the
A0(r), f (r),N(r) with higher order of μ2. The (3)–(5) yield

[N2(r)]′ = −μ2A2
0(r)

r

2f 2(r)
, (14)

A′′
0(r)+

{
2

r
− [N2(r)]′

2N2(r)

}
A′

0(r) = − μ2

f (r)
A0(r), (15)

4N2(r)
{
[rf (r)]′ − 1 −�r2

}
+ r2[A′

0(r)]2 = μ2A2
0(r)

r2

f (r)
. (16)
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We do the transform as μ2 = δ, where δ � 1, and then expand N2(r), A(r) and f (r) as

N2(r) = N2
(0) + δN2

(1) + δ2N2
(2) + ...+ δn−1N2

(n−1) + δnN2
(n) + ..., (17)

A0(r) = A0(0) + δA0(1) + δ2A0(2) + ...+ δn−1A0(n−1) + δnA0(n) + ..., (18)

f (r) = f(0) + δf(1) + δ2f(2) + ...+ δn−1f(n−1) + δnf(n) + ..., (19)

where the N2
(i)

, A0(i) and f(i) represent the coefficient of δi . If we want to evaluate the

analytic solution to n order approximation, it is just to deduce the coefficients of δ0 to δn−1,
then

CN(r) =
(
N2
(n)

)′
,

CA0(r) = A′′
0(n) +

⎛
⎜⎝2

r
−
(
N2
(0)

)′
2N2

(0)

⎞
⎟⎠A′

0(n), (20)

Cf (r) = (
rf(n)

)′ − 1 −�r2 = Cf (r).

Therefore

N2
(n) =

∫
CN(r)dr,

A0(n) = e
− ∫

(
2
r
−
(
N2
(0)

)′
2N2

(0)

)
dr

⎛
⎜⎝C +

∫
CA0(r)e

∫ ( 2
r
−
(
N2
(0)

)′
2N2

(0)

)
dr

dr

⎞
⎟⎠ ,

= N(0)

r2

(
C +

∫
CA(0) (r)

r2

N(0)
dr

)
, (21)

f(n)(r) = 1 + �

3
r2 + 1

r

∫
Cf (r)dr,

where CN(r), CA0(r) and Cf (r) are determined by A0(0)...A0(n−1), N
2
(0)...N

2
(n−1) and

f(0)...f(n−1). Therefore, the arbitrary order solution can be obtained in principle.

3 Hawking Temperature and Tunneling Rate of the Static Proca Black Hole

Next the properties of black holes can be revealed by Hawking radiation [32–34]. we employ
Hamilton-Jacobi equation, which can be used to uniformly calculate all kinds of tunneling
radiation from black hole [35], to study the Hawking temperature and tunneling rate of
Proca black hole. The charged Hamilton−Jacobi equation is given by [36]

gμν
(

∂S

∂xμ
+ qAμ

)(
∂S

∂xν
+ qAν

)
+m2 = 0. (22)

Separating the variable for the action S as

S = −ωt + R(r)+ Y(θ, φ), (23)

The electro-magnetic potential is

Aμ = {A0, 0, 0, 0} . (24)
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In the spacetime (1) we can rewrite the (22) as

− r2

N2(r)f (r)
(ω − qA0)

2 + r2

(
f (r)

(
dR

dr

)2

+ μ2

)
+ ∂Y

∂θ
+ 1

sin2 θ

∂Y

∂φ
= 0. (25)

Then (25) can be factorized into angular and radial equations

∂Y

∂θ
+ 1

sin2 θ

∂Y

∂φ
+ λ = 0, (26)

and

− 1

N2(r)f (r)
(ω − qA0)

2 + f (r)

(
dR

dr

)2

+ μ2 = λ

r2
. (27)

Just Hawking radiation only depend on radial equation, so solving the radial equation (27)
we can deduce R(r) as

R(r) = ±
∫
√
(ω− qA0)2 +N2(r)f (r)

(
λ

r2 − μ2
)

N(r)f (r)
dr. (28)

Considering the Hawking radiation happen at horizon r = r0, the above equation can be
simplified by residue theorem as

R(r) = ±
∫
√
(ω − qA0)2 +N2(r0)f ′(r0)(r − r0)

(
λ
r2 − μ2

)

N(r0)f ′(r0)(r − r0)
dr = ±iπ

ω

N(r0)f ′(r0)
.

(29)
we can give the tunneling rate as

 = exp(2ImR+)
exp(2ImR−)

= exp

(
−4π

ω

N(r0)f ′(r0)

)
, (30)

and Hawking temperature is

Th = f ′(r0)N(r0)

4π
,

= f̄ ′(r0)N̄(r0)

4π
+ δ

(
f̃ ′(r0)+ Ñ(r0)

)

4π
+O(δ2). (31)

The first term of (31) indicates the temperature of the black hole in massless vector field and
the second term implies the effect of Proca particle’ mass on the black hole’s temperature.
According to (6), (11)–(13) and appendix, the horizon r0 would be found by solving
f (r0) = f̄ (r0) + δf̃ (r0) + O(δ2) = 0. So in principle, the tunneling rate and Hawk-
ing temperature can be calculated following above equations. But due to the complicated
expressions, we do not further list the detailed equations of  and Th.

4 Conclusion

Although in traditional theory the vector field should be massless, nowadays some theories
(as Higgs mechanism) and experiments (e.g. Test of U(1) local gauge invariance in Proca
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electrodynamics [37]) present the possibility of massive particle with 1 spin. As a more
accurate result, the analytic black hole solution in this paper reflect how the mass of pho-
ton impacts on static spacetime. In the three cases mentioned above, we can find that the
effect of photon mass is very weak but would not be neglected. When the mass μ = 0
the spacetime returns to RN analogue, furthermore when Q = 0 it should be reduced to
Schwarzschild black hole.

Meanwhile we discussed the Hawking radiation of such black hole, which implies the
horizon r0 plays important role in the tunnelling rate and black hole’s temperature. In the
next step, we plan to analyze the quasinormal modes (QNMs) of such black hole. Since
the QNMs can give a glimpse into the interior region of black holes, the more information
about black hole’s evolution would be revealed. Furthermore the work of QNMs make us
step closer to quantum gravity.
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Appendix

In the appendix, for the case 1, case 2, case 3 mentioned in Section 2, we list the perturbation
functions Ñ(r) and Ã0(r) with corresponding subscripts respectively. Here we only retain
the coefficients of δ.

Case 1 1 + Q2

r2 − 2M
r

+ r2�
3 = �

3r2 (r − r1)(r − r2)(r − r3)(r − r4):

Ñ(r) =9μ2Q2

�2

⎧⎪⎨
⎪⎩

r3
1

(r−r1)(r1−r3)
2(r1−r3)

2 + r3
2

(r−r2)(r2−r3)
2(r2−r4)

2

(r1−r2)2
+

r3
3

(r−r3)(r1−r3)
2(r2−r3)

2 + r3
4

(r−r4)(r1−r4)
2(r2−r4)

2

(r3−r4)2

r2
1 log(r − r1)

(
3r3

1 − r2
1 (r2 + r3 + r4)− r1(r2(r3 + r4)+ r3r4)+ 3r2r3r4

)
(r1 − r2)

3(r1 − r3)
3(r1 − r4)

3

+ r2
2 log(r − r2)

(
r1
(
r2

2 + r2(r3 + r4)− 3r3r4
)+ r2

(−3r2
2 + r2(r3 + r4)+ r3r4

))
(r1 − r2)

3(r2 − r3)
3(r2 − r4)

3

+ r2
3 log(r − r3)(r1(r2(r3 − 3r4)+ r3(r3 + r4))+ r3(r2(r3 + r4)+ r3(r4 − 3r3)))

(r1 − r3)3(r3 − r2)3(r3 − r4)3

+ r2
4 log(r − r4)(r1(r2(r4 − 3r3)+ r4(r3 + r4))+ r4(r2(r3 + r4)+ r4(r3 − 3r4)))

(r1 − r4)
3(r4 − r2)

3(r4 − r3)
3

⎫⎪⎬
⎪⎭ ; (32)
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Ã0(r) =18μ2Q3

�2r2

{
r2

1 log(r − r1)

(r1 − r2)3(r1 − r3)3(r1 − r4)3

[
Q2
(

9r3
1 − 3r2

1 (r2 + r3 + r4)− 3r1(r2(r3 + r4)+ r3r4)

+9r2r3r4

)
+�r1(r1 − r2)

2(r1 − r3)
2(r1 − r4)

2
]
− r2

2 log(r − r2)

(r1 − r2)
3(r2 − r3)

3(r2 − r4)
3

(
�r2(r1 − r2)

2

(r2 − r3)
2(r2 − r4)

2 − 3Q2(r4(r1(r2 − 3r3)+ r2(r2 + r3))+ r2(r1(r2 + r3)+ r2(r3 − 3r2)))
)

− r2
3 log(r − r3)

(r1 − r3)
3(r3 − r2)

3(r3 − r4)
3

(
�r3(r1 − r3)

2(r2 − r3)
2(r3 − r4)

2 − 3Q2 (r1 (r2(r3 − 3r4)

+r3(r3 + r4))+ r3(r2(r3 + r4)+ r3(r4 − 3r3)))
)
− r2

4 log(r − r4)

(r1 − r4)
3(r4 − r2)

3(r4 − r3)
3

(
Q2
(
−3r2

4 (r1 + r2 + r3)− 3r4(r1(r2 + r3)+ r2r3)+ 9r1r2r3 + 9r3
4

)

+
r3
1

(r−r1)(r1−r3)
2(r1−r3)

2 + r3
2

(r−r2 )(r2−r3)
2(r2−r4)

2

(r1 − r2)
2

+
r3
3

(r−r3)(r1−r3)
2(r2−r3)

2 + r3
4

(r−r4 )(r1−r4)
2(r2−r4)

2

(r3 − r4)
2

+�r4(r1 − r4)
2(r2 − r4)

2(r3 − r4)
2
)}

; (33)

Case 2 1 + Q2

r2 − 2M
r

+ r2�
3 = �

3r2 (r − r1)(r − r2)(r
2 + ar + b):

Ñ(r) = 9μ2Q2

�2

{
− (b − r1r2) log(r(a + r)+ b)

2(r1(a + r1)+ b)3(r2(a + r2)+ b)3

[
−br1r2

(
3a2 + 10a(r1 + r2)+ 3r2

1 + 7r1r2 + 3r2
2

)

+r2
1 r

2
2

(
−3a2 − a(r1 + r2)+ r1r2

)
− b2

(
a(r1 + r2)+ 3r2

1 + 7r1r2 + 3r2
2

)
+ b3

]

+ 1

(r1 − r2)
2

[
r3

1

(r − r1)(r1(a + r1)+ b)2
+ r3

2

(r − r2)(r2(a + r2)+ b)2

]

− 1(
a2 − 4b

)
(r(a + r)+ b)(r1(a + r1)+ b)2(r2(a + r2)+ b)2

[
a3rr2

1 r
2
2 + a2b

(
b2 + r1r2 (2r(r1 + r2)

+r1r2))+ ab
(
b2(r + 2(r1 + r2))+ b

(
r
(
r2

1 + 4r1r2 + r2
2

)
+ 2r1r2(r1 + r2)

)
− 3rr2

1 r
2
2

)

+2b2
(
−b2 + b

(
2r(r1 + r2)+ r2

1 + 4r1r2 + r2
2

)
− r1r2(2r(r1 + r2)+ r1r2)

)]

−
tan−1

(
a+2r√
4b−a2

)

(
4b − a2

)3/2
(r1(a + r1)+ b)3(r2(a + r2)+ b)3

[
3a5r1r2

(
b2 + r2

1 r
2
2

)
+ a4(r1 + r2)(b + r1r2)

×
(
b2 + 8br1r2 + r2

1 r
2
2

)
+ a3

(
−b4 + b3(r1 − 3r2)(3r1 − r2)+ 18b2r1r2

(
r2

1 + 3r1r2 + r2
2

)

+br2
1 r

2
2 (r1 − 3r2)(3r1 − r2)− r4

1 r
4
2

)
− 6a2b

(
b− r2

1

) (
b− r2

2

)
(r1 + r2)(b + r1r2)

+2ab
(
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Case 3 1 + Q2
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