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Abstract A bidirectional quantum controlled teleportation scheme using a seven-qubit
maximally entangled state as quantum channel is proposed. This means that Alice can trans-
mit an arbitrary single qubit state of qubit a to Bob and Bob can transmit an arbitrary single
qubit state of qubit b to Alice via the control of the supervisor Charlie.

Keywords Bidirectional quantum controlled teleportation - Seven-qubit maximally
entangled state - von Neumann measurement

1 Introduction

Quantum teleportation, which allows transportation of an unknown state from a sender
Alice to a spatially distant receiver Bob with the aid of the previously shared entanglement
and classical communication, is regarded as one of the most striking results of quantum
information theory [1]. Since the original quantum teleportation protocol was proposed by
Bennett [2], many theoretical protocols of quantum teleportation have been presented [3—
23], experimental development of teleportation has also been reported [24, 25]. In 1998,
Karlsson and Bourennane introduced the concept of Controlled teleportation, actually, con-
trolled teleportation equals to quantum state sharing [26—45]. In particular, in 2013, Zha
et al. [46] presented the first bidirectional quantum controlled teleportation(BQCT) pro-
tocol by employing five-qubit cluster state as the quantum channel, After that, BQCT
has received great attention, some BQCT protocols have been devised based on different
kinds of entangled states, such as five-qubit entangled state [47—49], maximally six-qubit
entangled state [50], six-qubit cluster state [51].
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Recently Zha et al. [52] put forward a maximally seven-qubit entangled state. In this
paper, we utilize this seven-qubit maximally entangled state to present a BQCT scheme.
In the scheme, the seven-qubit maximally entangled state is initially shared by the senders
(receivers) Alice, Bob and supervisor Charlie. Suppose that Alice has particle a in an
unknown state, she wants to transmit the state of particle a to Bob; at the same time, Bob
has particle b in an unknown state, he wants to transmit the state of particle b to Alice. To
achieve the purpose of BQCT, besides local operation and classical communications, it is
necessary that three parties perform proper measurement, that is, Alice and Bob take the
Bell measurement respectively, Charlie carries out three-qubit von Neumann measurement.

2 Bidirectional Quantum Controlled Teleportation

Now let us present our BQCT scheme in detail. The schematic demonstration is illustrated
in Fig. 1.

Our scheme can be described as follows. Suppose Alice has an arbitrary single qubit a in
a unknown state, which is described by

l9)a = aol0) +a1[1) M
and that Bob has qubit b in an unknown state

l9)p = bol0) + b1[1) @

Alice

2 7
Charlie

Fig.1 Illustration of the BQCT scheme. The abbreviation BSM represents the Bell state measurement, VNM
denotes the von Neumann measurement, solid lines among rectangles stand for classical channels, solid dots
represent qubits, the gray solid closed planes label the single-qubit unitary operation O and two-qubit unitary
operation U
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Now Alice wants to transmit the state of qubit a to Bob and Bob wants to transmit the
state of qubitb to Alice. The quantum channel linking Alice, Bob and Charlie is a maximally
seven-qubit entangled state [52], which is in the form of

1
[¥m) 1234567 = 42 [(/0000000) 4 [0000011) + [0001101) 4 [0001110))

(10010001) — [0010010) 4 |0011100) — [0011111))
(—0100101) — [0100110) + [0101000) + [0101011))
(J0110100) — [0110111) — [0111001) + [0111010))
(=11000100) — [1000111) + [1001001) + |1001010))
(]1010101) — |1010110) — [1011000) + [1011011))

(11100001) + [1100010) 4 |1101100) + [1101111))

(]1110000) — [1110011) + [1111101) — [1111110))] 3)

+ o+ + + + +

Alice owns qubits 3 and 4, Bob holds qubits 5 and 6, qubits 1, 2 and 7 belong to Charlie. As
a result, the entangled channel can also be rewritten as

1
WM)cicrc3A, A28/, = 4\/2[(|000>+|111))clczc3®(|0000>+|0111>

[1001) + [1110)) 4,4, 8, B, + (1010) + [101)) ¢, ¢4

(10100) — [0011) + [1010) + [1101)) 4, 4,5, B,

(1100) + [011)) ¢, c,c5 ® (—]0010) + [0101) — [1011)
[1100)) 4, 4,8, B, + (1001) + [110)) ¢, c,c; ® (10001)

+ 10110) + [1000) — [1111) 4, 4,8, B,) )

+ ® |

So the system state of the total qubits can be expressed as

V) = 1¥)CiCoC3A142B1 Brab = | M) € C2C34, 4288, @ [V )a @ | V) )

In order to realize BQCT, Bob performs an unitary operator on qubits B; and B». The
unitary operator Up, p, is given by

(=]

(6)

U B, =

oo o~
o |

—_
— o oo
oo ~=o

Therefore, the state of the total system becomes

1
1Y) = Up g, |¥): = 4\/2|(p>a|(/)>b[(|000>+|111>)C1C2C3(|0000>+|0101>

+ 11010) + [1111)) 4,4, 8, + (1010} + [101)c,csc
(—]0001) + [0100) + [1011) — [1110)) A, A, B, B>

=+ (1100) + [011))¢,c,c5(—10011) — |0110) — [1001)

— [1100))4,4,5, 5, + (1001) + [110))¢,c,c, (—[0010)

+ [0111) + [1000) — [1101) 4, 4,5,5,)] )

X
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Next, Alice performs a Bell-state measurement on particles (a, A1), at the same time, Bob
also takes a Bell measurement on (b, B>), then they convey the measurement results to each
other. In our paper, Bell states are given by

1 1
= 01) +110 8
J J2(| )+ 110)) ®)

The outcomes of measurement performed by Alice and Bob, and the corresponding collapse
state of qubits Ay, By, C1, C and C3 are shown in Table 1.
In Table 1, the state |¢*)(i =0, ...15) are given by

16" asmicicacs = (B0]0) + b1[1)) A, (a0l0) + a111)) 5, (1000) + [111)) ¢, crc
+ (bol1) — b110)) a,(a0l0) — a1[1)) g, (|010) + [101)) ¢, c,c5

(bol1) + b1|0)) a,(aoll) + a1]0)) g, (1100) + [011)) c,c,c5

— (bol0) — b1[1)) a,(aoll) — a1|0)) g, (1001) + |110)) ¢, c,c5

™) , (100} +111)), lpF) =

IsY asB1c10205 = [(B0]0) — b111)) 4, (a0l0) + a1]1)) g, (1000) + [111)) ¢, ¢,
+ (boll) + b110)) 4, (@0l0) — a1]1)) g, (1010) + [101)) ¢, c,c5
= (bol1) = b110)) a,(aol1) + a1]0)) g, (]100) + [011)) ¢, ¢, 5
— (bol0) + b11)) 4, (aol1) — a110)) g, (001) + [110)) ¢, c,c5

1% asB1C1C05 = [(bol1) + b110)) 4, (a0l0) + a1]1)) g, (1000) + [111)) ¢, ¢,
— (bol0) — b11)) 4, (a0l0) — a1[1)) g, (|010) + [101)) ¢, c,c5
= (bol0) + b1[1)) a,(aol1) + a1]0)) g, (]100) + [011)) ¢, ¢, 5
+ (boll) — b110)) 4, (aol1) — a10)) g, (|001) + [110)) ¢ ¢, 5

Table 1 The outcomes of

measurement performed by Alice ~ Alices result Bob’s result The state of qubits
and Bob, and the corresponding (Az, B, C1, C2,C3)
collapse state of qubits
(A2, B1, €1, (2, C3) |9+ )aa, 9™ )sB, 16%) 4,8, 1204
|9+ )aa, |¢7 )oB, Is") a8, c10204
|9+ )aa, lo™) b, 152 4,B,¢,C5C
19 )an, lo™ Vb8, ls*) 1010565
[ an, 10T ) b8, Is*) A28, CiCaCs
[ an, |67 )bB, 16%) A2 B, C1CoCs
[ an, lo)bB, 16%) A28, C1CoCs
[ an, 97 )b, 167Y A2 B, C1CoCs
¢ )an, 16+ )8, 15%) a8,¢1C205
[0 )aa, [0 YoB, 16%) A2 B, C1CoCs
I )aa lo™) b, 1'% 4,8,¢10204
It )aa |97 )8, Is") a,8,0060004
[ )an, [T b8, ls") Az B1ci 0205
|(P_>aA1 |¢_>b82 |§]3>A231C1C2C3
197 )an, o™ Vo8, ls") armic1020
97 )aa, l9™)bB, Is%) ay8,¢10004
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[(bol1) — b1]0)) 4,(a0|0) + a1l
— (bol0) + b1]1)) 4,(a0|0) — a1 |1
(bol0) — b1]1)) a,(aol1) + a1|0
(bol1) + b1]0)) 4, (ao|1) — a1|0

~

|§3)A231C1C2C3 )Bl(|000> + |111))C1C2C3
)5, (1010} + [101)) ¢, 504
), (1100) +1011)) ¢, ¢,

)8, (1001) + [110)) ¢y cac5

-~ T -

(bol0) + b11)) 4,(a0l0) — ar|l
(bol1) — b110)) 4,(a0|0) + a1l
(bol1) + b110)) 4, (aol1) — a110
(bol0) — b111)) 4, (aol1) 4 a110

~

|§4>A231C1C2C3 )Bl(|000> + |111))C1C2C3
)5, (1010) + [101) ¢ cyc4
)B, (1100} + [011)) ¢, ¢y

)8, (1001) + [110) ¢, c5c5

= = -

(bolO
(bol1
— (boll
(bol0

-~

— b1[1)) ,(aol0) — a1]1)) 5, (1000) + [111)) ¢, ¢y ¢
+ b110)) 4, (a0l0) + a111)) B, (1010) 4 [101)) ¢, 55
— b110)) A, (aol 1) — a110)) 3, (1100) 4 [011)) ¢, ¢, 5
+ b1[1)) ay(aol1) +a110)) B, (|001) 4 [110)) ¢, ¢y c5

5
|§ >AQB]C|C2C3

+

= — —~—

~

1% aaBiCicacy = (Bol1) + b110)) A, (a0l0) — a1|1

(bol0) — b11)) 4, (aol0) + a1

(bol0) + b1|1)) 4, (aoll) — a1|0
) ) )

+ (boll) — b10)) a,(aoll) + a;|0

)8,(1000) + [111)cicac5
)8, (1010) + [101) ¢, c5c5
)8, (1100) + [011)) ¢y cac5
)8, (1001) + [110)) ¢y cac5

= = —

1) asBicicacs = (boll) — b110)) A, (a0l0) — a1]1)) ,(1000) + [111)) ¢, cyc
= (Dol0) + b1[1)) 4,(a0l0) + a111)) 5, (1010) + [101) ¢, ¢, 5
— (bol0) — b1[1)) a,(aoll) — a1|0)) g, (|100) + [011))¢,c,c5
+ (boll) + b110)) 4, (aol1) + a110)) g, (J001) 4 |110)) ¢, ¢,

1% asBicic0 = (Bol0) + bi[1)) A, (aol1) + a1]0)) 5, (1000) + [111)) ¢, ¢y
— (boll) — b1|0)) a,(aoll) — a1|0)) g, (|010) + [101)) ¢, ¢,
— (bol1) + b110)) 4,(a0l0) + a111)) 5, (1100) + [011)) ¢, ¢, 5
+ (bol0) — b1]1)) a,(a0l0) — a1[1)) g, (1001) + [110)) ¢, c5

16") asmicicacs = (b0l0) — bi[1)) a,(aol1) + a110)) g, (1000) + [111)) ¢, cyc
= (bol1) + b110)) 4, (aol1) — a110)) 5, (|010) + [101) ¢y ¢, 5
— (boll) — b1|0)) a,(aol0) + a1|1)) g, (|100) + [011)) ¢, c,c5
+ (bol0) + b111)) 4,(aol0) — ai11)) g, (J001) + [110)) ¢, ¢, 5

(bol1) + b110)) 4, (aol1) + a110)) g, (1000) + [111)) ¢, c,c5
+ (Dol0) — b1[1)) 4, (aol1) — a110)) g, (1010) + [101)) ¢, c,c5
(bol0) + b111)) a,(aol0) + ai[1)) g, (1100) + |011)) ¢, c,c5
(bol1) — b110)) a,(aol0) — ay[1)) g, (1001) + [110)) ¢, c,c5

10
| ) 42B,C1CaC5
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1" asmicicacs = (boll) — b110)) a, (aol 1) + a110)) g, (1000) + [111)) ¢, cyc

+ (Dol0) + b1[1)) a,(aoll) — a110)) g, (1010) + [101)) ¢ c,c5
(bol|0) — b1[1)) 4,(aol0) + ay[1)) g, (]100) + [011)) ¢, c,c5
(bol1) + b110)) a,(aol0) — ay[1)) g, (1001) + [110)) ¢, c,c;

(bol0) + b111)) 4, (aol1) — a110)) g, (1000) + [111)) ¢, c,c5
(bo|1) — b110)) a,(aol1) + a10)) g, (1010) + [101)) ¢, c,c5
(bol1) + b110)) a,(aol0) — ay[1)) g, (1100) + [011)) ¢, c,c;
+ (Dol0) — b1[1)) a,(a0l0) + a1]1)) g, (1001) + [110)) ¢, c,c5

12
[S°7)42B,C1CaC5

(bol0) — b111)) a5 (aol1) — a110)) , (1000) + [111)) ¢, cyc5
(bol1) + b110)) a,(aoll) + a10)) g, (1010) + [101)) ¢, c,c;
(bol1) = b110)) a,(a0l0) — a1]1)) g, (|100) + [011)) ¢ c,c5
(00]0) + b111)) 4, (a0l0) + ai1]1)) p, (1001) + [110)) ¢, c,c5

13
[S77) 42B,C1C2C5

_|_

(bol1) + b110)) 4, (a0l 1) — a110)) g, (1000) + [111)) ¢, cyc5
(D0]0) — b1]1)) a,(aol1) + a1]0)) g, (1010) + [101)) ¢ c,c5
(00]0) + b111)) 4, (a0l0) — a1]1)) g, (1100) + [011)) ¢, c,c5
(bo|1) — b110)) a,(aol0) + ai[1)) , (1001) + [110)) ¢, c,c5

14
[S7") 42B,C1CaC5

_|_

(bol1) = b1]0)) 4, (aol1) — a110)) g, (1000) + [111)) ¢, c,c5
+ (Dol0) + b1[1)) a,(aol1) + a110)) g, (1010) + [101)) ¢ c,c5
(bol|0) — b1[1)) 4,(aol0) — ay[1)) g, (]100) + [011)) ¢, c,c5
(bo|1) + b110)) 4,(aol0) + a[1)) g, (1001) + [110)) ¢, ¢, 5

15
[$7”) 4,B1C1CaC5

&)

For example, if Alice’s measurement outcome is |¢ ™), 4,> Bob’s measurement outcome is
|¢+)sz, the collapsed state of qubits A;, By, Cy, C2 and C3 will be |g0)A231c1c2C3.

Next, Charlie needs to perform a three-qubit von Neumann measurement on qubits
(Cq, C2, C3) and then announces the measurement results to Alice and Bob. By combining
information from the Charlie, Alice and Bob can perform appropriate unitary operations
on particles Ap and Bj respectively to reconstruct the original unknown single qubit state.
The outcomes of measurement performed by Alice, Bob and Charlie and the corresponding
Alice and Bob’s operations are shown in Table 2. For example, if Alice’s measurement out-
come is [¢1)44,, Bob’s measurement outcome is [¢+)pp,, Charlie’s result is [000) ¢, ¢,. ¢
consequently, the collapsed state of qubits A, and Bj is

Ima, = (bol0) + b1]1))a,
g, = (aol0) + ai|1))B, 10)

Thus the whole bidirectional quantum controlled teleportation has been realized.
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Table 2 The outcomes of measurements performed by Alice, Bob and Charlie, and the corresponding Alice

and Bob’s operations

Alice and Bob’s results

|6 )aa, 10T )bB,

[T )an, 1907 Do,

|6 )aa, 10T )bB,

19 )aa, 197 )os,

|6 Vaa, 10T )b,

(67 )aa, 197 b8,

[¢ Vaa, 10T )bB,

(67 )aa, 1907 b8,

9T )an, 10T )bB,

l9T)aa 167 )b,

Charlie’s results

[000)c, c,c5, 1111) ¢, cy05
[010)c, ¢, 5, 1101) ¢, cy05
[100)c, c,c5, 1011) ¢, cy05
[001) ¢, cyc55 1110) ¢y 005
[000) ¢, cyc55 111) ¢y crc5
[010) ¢, cyc55 1101) ¢y 0y05
[100)¢, cyc55 1011) ¢y 0rc5
[001) ¢, c,c5, 1110) ¢, cy05
[000)c, c,c5, [111) ¢, cy05
[010)c, c,c5, 1101) ¢, cy05
[100)c, c,c5, 1011) ¢, cy05
[001) ¢, cyc55 1110) ¢y 0y 05
[000) ¢, cyc55 111) ¢y 0rc5
[010) ¢, cyc55 1101) ¢y 0y5
[100)¢, cyc55 1011) ¢y cr05
[001) ¢, c,c5, 1110) ¢, cy05
[000)c, c,c5, [111) ¢, Cy05
[010)c, c,c5, 1101) ¢, cy05
[100)c, c,c5, 1011) ¢, cy05
[001) ¢, cyc55 1110) ¢y 0y 05
[000) ¢, cyc55 111) ¢y 0rc5
[010) ¢, cyc55 1101) ¢y 0y05
[100)¢, cyc55 [011) ¢y cy05
[001) ¢, c,c5, 1110) ¢, Cy05
[000)c, c,c5, [111) ¢, Cy05
[010)c, c,c5, 1101) ¢, cy05
[100)c, c,c5, 1011) ¢, cy05
[001) ¢, cyc55 1110) ¢y 0y 05
[000) ¢, cyc55 111) ¢y 0rc5
[010) ¢, cyc55 1101) ¢y 0y05
[100)¢, cyc55 1011) ¢y 0rc5
[001) ¢, c,c5, 1110) ¢, cy05
[000)c, c,c5, 1111) ¢, Cy05
[010)c, c,c5, 1101) ¢, cy05
[100)c, c,c5, 1011) ¢, cy05
[001) ¢, cyc55 1110) ¢y 0r05
[000) ¢, cyc55 111) ¢y 0r05
[010) ¢, cyc55 1101) ¢y 0y5
[100)¢, ¢35 1011) ¢y ch05
[001) ¢, c,c5, 1110) ¢, cy05

Alice and Bob’s operations

T4, ® Ip,
104y ® 0Bz
OAyx ®Ule
OAyz ®i031y
Oay; @ I,
TAx @ OBz
i[04,y ® OB x
I4,; ®iop,y
A ® I,
OAy; ® OBz
Ia,; @ 0B, x
iO'Azy ®i031y
i0Ayy ® I
]A2 ®UB]2_
OAy; ®OBx
OAyx ®iUB|y
Ix, ® 0B,
iUAgy ®IB|
OAyx ®iUB|y
OAy; ®OBx
OAyz ®O-Blz
oAy ® I,
04y ®i0py
Ia, ® 0B«
OAx ® 0Bz
OAyz ® I
14, ®i03|y
i[04,y ® OB x
iO'Azy ®O‘Blz
Ia, ® Ip,
OAyz ®i031y
0 A2x @ OB, x
Ia, ® 0By«
04,y ®i0py
0ax ® I,
OAyz ®O-Blz
OAy; ®OBx
OAyx ®iO-Bly
104y @ Ip,
Ix, ® 0B,
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Table 2 (continued)

Alice and Bob’s results Charlie’s results Alice and Bob’s operations
lo)an, 19T )bB, [000) ¢, cyc55 111) ¢y cr05 O ® OBx
[010)c, ¢35+ 1101) ¢ 0504 OAy; ®ioBy
[100)c, cy¢5. 101T) ¢ 0y 14, ® Ip,
[001) ¢, cyc5, 1110) ¢, 0y 5 i0A,y ® 0B,
[0 )aa, 197 Vb8, [000) ¢, c,c5, 1111) ¢, 0y 4 i0A,y ® OB x
[010)¢, ¢35+ 1101) ¢ 0504 14, ®iop,y
[100)c, ¢35 1011) ¢ 0504 Oay; ® I,
[001) ¢, cyc5, 1110) ¢, y05 Oarx ® 0B, ;
9 Yaa, 19T )bB, [000) ¢, cyc5, 1111 a4 14, ®iopy
[010) ¢, cyc5, 1101) ¢, s 04 i,y ® 0B x
[100)c, c,c5, 1011) ¢, cy05 Oarx ® 0B, ;
[001)c, ¢35+ 1110) ¢y 0y Oay; ® I,
[0 )ana, 197 )bB, [000) ¢, cyc5, 1111) ¢, 0y 4 OAy; ®iOBy
[010) ¢, c,c5, 1101) ¢, 054 OAx @ OB x
[100) ¢, c,c5, 1011) ¢, 0y 4 i0A,y ® 0B,
[001)c, ¢35+ 1110) ¢y 0y 14, ® Ip,
@ Yaa, 1o )b, [000) ¢, cyc5, 1111 a4 Oy ® 0By
[010) ¢, cyc5, 1101) ¢, 0y 04 OAy; @ OB x
[100)c, ¢y¢5. 101T) ¢ 0y T4, ® 0p,;
[001)¢, ¢35+ 1110) ¢y 0y i04,y ® Ip,
[0 )an, 19" )oB, [000) ¢, cyc5, 1111) ¢, 0y 4 ioa,y Qiopy
[010)¢, ¢35+ 1101) ¢ 0y 14, ® 0B, x
[100)¢, ¢35 1011) ¢ 0504 Oay; ® 0By 2
[001) ¢, cyc55 1110) ¢y 0y 05 T ® I,

3 Discussion and Conclusion

Let’s discuss amply the advantage of our scheme, our scheme is a bidirectional quantum
controlled teleportation protocol, that is to say, if the controller Charlie takes right measure-
ment, Alice and Bob’s particles will simultaneously collapse to the corresponding state, we
can seen that from eq. (9), this characteristic can be employed to experimentally investigate
the problem ”spooky action at a distance” in quantum entanglement.

In fact, bidirectional quantum controlled teleportation protocols have already been
reported by five-qubit and six-qubit entangled state [46—51], compared with those reports,
our protocol that exploits the seven-qubit entangled state as quantum channel can improve
greatly the security of the scheme, because controller Charlie needs to perform three-
qubit von Neumann measurement on his particles, what’s more, we consider a situation in
which there are three controllers (i.e., Charliel, Charlie2, Charlie3), in this circumstance,
the BQOS can be completed successfully if and only if every controller carries out proper
single-qubit von Neumann measurement on corresponding particle respectively.

Now Let’s us briefly consider the feasibility of this scheme in experiment. It is found that
the necessary local unitary operation in the protocol contains two-qubit unitary operation
and single-qubit operation, the employed measurement includes Bell state measurement
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and three-qubit von Neumann measurement. It is well known that Bell-state measurements
can be decomposed into an ordering combination of a single-qubit Hadmard operation and
a two-qubit CNOT operation as well as two single-qubit measurements. Up to now, the
progress of Bell-state measurement and the single-qubit unitary operation in experiment
in various quantum systems [24, 53-55] has been reported. In addition, the seven-qubit
entangled state in our scheme has not been reported in experiment, but when combined with
the advances in quantum information technology, we hope our scheme will be implemented
in the future.

In summary, we have proposed a theoretical scheme for bidirectional quantum controlled
teleportation via seven-qubit maximally entangled state. In the scheme, Alice and Bob are
not only senders but also receivers. Based on local operations and classical communica-
tions (LOCC), Firstly, Bob needs to carries out an unitary operation on his particles and
then Alice and Bob make the Bell-state measurement on the corresponding particles respec-
tively, next Charlie performs a Von-Neumann measurement on his particles, after that Alice
and Bob can perform appropriate unitary transformations on target particles to achieve the
bidirectional state teleportation. However, if one agent does not cooperate, the receiver can
not fully recover the original state of each qubit. Additionally, the advantage of the scheme
is discussed. Finally, we depict concisely the experimental feasibility of our protocol.
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