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Abstract The Hawking radiation of black hole in Einstein-Proca theory is discussed in this
paper. The Einstein-Proca black hole is more general than Reissner-Nordstrom black hole,
because Proca field is massive vector field. We calculate several quantum perturbations in
this spacetime, and obtain the Hawking radiation at the horizon in Einstein-Proca theory.
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1 Introduction

General relativity predicted the black hole, which can capture any particle insider the event
horizon, so the observer at infinity is impossible to get any information and particle inside the
horizon of classical black hole. However, in 1976, Hawking introduced the quantum effect
into black hole physics, and proved the black hole could emit quantum thermal radiation
[1-3]. Basing on this theory, people constructed the black hole thermodynamic, which can
connect with gravity, quantum field theory and thermodynamic.

In 2000, Parikh and Wilczek et al. proposed that the Hawking radiation can be researched
by the quantum tunneling theory [4—7], and this work quickly attracted the interests of many
physicists [8-22]. Subsequently, Kernel and Mann studied the Dirac particle tunneling ra-
diation of black hole in 2008 [23, 24], and then Li, Chen, Jiang et al. used this method to
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research the Hawking tunneling radiation from Kerr black hole, 2 4+ 1 dimensional BTZ
black hole, and 4 + 1 dimensional black holes [25-35]. We propose a new method to derive
the semi-classical Hamilton-Jacobi Equation from Dirac equation in curved spacetime, and
finally get the Dirac Hawking tunneling radiation of black holes [36—39]. What’s more, we
also prove that other quantum equations, such as vector equation, spin 3/2 equation and
gravitational perturbation equation, could be simplified to Hamilton-Jacobi equation, so that
the Hamilton-Jacobi method can be used to uniformly calculate all kinds of tunneling radi-
ation from black hole. In this paper, we will use the Hamilton-Jacobi method to study the
Hawking radiation of black hole in Einstein-Proca theory.

2 Static Black Hole Solution in Einstein-Proca Theory

The Proca field is massive vector field, which action in curve spacetime can be given by [40]

1 2
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where F,g = 0,Ap — 0gA, is electromagnetic tensor, and p is the mass of Proca particle.
The static spherical symmetrical spacetime metric is
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Substituting this metric into the action of Einstein-Proca theory, considering the four-
potential in static spacetime A, = {A(r), 0, 0, 0}, we can get the differential equations
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It is very difficult to get the analytic solution from above equations, but fortunately, the
research about Hawking radiation just needs to study the property near the horizon of black
hole.

The definition of the horizon r = ry of static spacetime requires

f(ro) =0. 6

Therefore, at the event horizon of spacetime, we find Ag(r9) = 0, which means that the
spacetime structure in Einstein-Proca spacetime cannot be reduced to Reissner-Nordstrom
spacetime as © —> 0. Now, let’s expand the f and A as follows

1
f=f(r)(r—ro) + Ef”(ro)(r —10)* +O(r —ro)’, )

1
A= Ay(ro)(r —ro) + EAg(ro)(V —r0)*+ 0@ —ro)’, 3

where setting a = f'(ro), b = Ay(ro) and ¢ = A{j(rp). Because we discuss non-extreme
spacetime case in this paper, the condition a # 0 is satisfied. Near the event horizon
r —ro < 1, Eq. (4) can be expand, and then derived
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NG = 1=, ©)

@ Springer




1712 Int J Theor Phys (2014) 53:1710-1716

note that we choose the integral constant as 1, since N = 1 when p is very small. Subse-
quently, combing the Egs. (3), (5), (7) and (8) near the horizon, we obtain

b2 nb? 2 2
ro+4 1—mr (aro—1— Arg) =0, (10)
2 3.2
Jbry b’usrg
P +2b+Cro+m:0, (11)

a and b can be solved by above two equations, where r( and ¢ are undetermined constants
which depend on the mass and charge of black hole. As ¢ = 0, the solution is given by

1+ Ar
— M’ bh=0, (12)
ro
as u = 0, the solution is
16 — 164
o= 10+ 164r5 b=—Sr. (13)
167, 2

However, it is difficult to get a general solution for Egs. (10) and (11), so we have to use
diagrams to show the dynamical property of the Einstein-Proca black hole at horizon in this

paper.

3 Quantum Perturbation at Horizon and Hamilton-Jacobi Equation

Hawking radiation is quantum radiation, since the semi-classical Hamilton-Jacobi equation
will be derived in this section. First of all, in black hole spacetime, the scalar field equation
with mass u called as Klein-Gordon equation, is given by

Al g (Gt fee

We set @ = CeS , and consider the £ is very small, so that we can keep the 0 order term by
expanding as h. Therefore, we can get the Hamilton-Jacobi equation

N 39S
o A, A ?=0. 15
8 (axaﬂl )(a 7 t4a ﬁ>+u (15)

Because the Hamilton-Jacobi equation comes from Klein-Gordon equation, it depicts the
dynamical property of scalar particle in principle, but we will prove that this equation can
also be derived by other quantum field equations.

Dirac equation can depict the spin-1/2 particle field, such as neutrinos and electrons. The
Dirac equation in curved spacetime is

y”Dle/—i—%lI/:O, (16)
where
i i
Dv:av+iruaﬂnaﬂs Haﬂ:Z[ya» Vﬁ]7 (17)

and the gamma matrixes satisfy the relationship {y?, y#} = 2¢g®*I. In semi-classical ap-
proximation, we can set [39]

i i Am t,r,--~x”--- i 7
v = j(l, P -Xﬂ . .)eﬁs(,,r,mxku) — [ > ><1( )j|e’ﬁs(t’r’“%]m) (18)
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where j is a column matrix. Dividing by the exponential terms and multiplying by £, the
resulting equations to leading order in £ are

., 08 . .
eyt +uj=0. (19)

Multiplying both sides of above equation by the matrix —iy"” d‘i—ﬁ Jj, we obtain

L 08 ,98 . . 98 . 0 20)
— —i =0.
Y 3x”y ax"] Y axvﬂj
Using the relationship —iy"” % Jj = pj to simplify Eq. (20), we get
as S
# V— j+u?j=0. 21
VoY aerd TH e2y)
Exchanging u and v in Eq. (21), it is
as as
Pyt —j+pulj=0 22
VooV gl THI=0 22)
(Egs. (34) + Eq. (35))/2, it is given by
1 S 0S8
—{y".y" —j+u’j=0. 23
AR Fvertverd (23)
Finally, considering the relationship {y*, y"} = 2g"" I, the matrix equation becomes
as 9S8
w *)ji=0 24
(g pyT axu“L“)J ; 24
so
as 9S8
det( g"'— — +pu* ) =0. 25
e(g axvaxu+“) (25)

It is no other than the Hamilton-Jacobi equation (14). Therefore, it is proven that Hamilton-
Jacobi equation can depict the Dirac particle in black hole spacetime.

In Einstein-Proca spacetime background, the radiation could also be Proca particle, and
vector field equation in curved spacetime is given by [41, 42]

- = =0 (26)

Note that the u is the mass of radiation of Proca particle. We can choose the gauge A?‘a =0,
so equation becomes

~ l,Lz ~
o
Ag, — ﬁAﬁ =0. (27)
So we let A g = aﬁe%S . After dividing by the exponential terms and multiplying by £, the
resulting equations to leading order in / are Hamilton-Jacobi equation.

Another famous perturbation field is gravitational perturbation which can be derived by
classical gravity field equation. Consider the metric can be rewritten as gug = gop + Nap,
where the g.g and h.g are spacetime background part and perturbation part respectively.
The gauge usually is V*h,g = 0, and the gravitational wave equation in curved spacetime is
given by [43]

R

ab;v

— Raapch™ =0, (28)
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where, the R4 is Riemann tensor of background spacetime. Next, we let h,, = ba;,eﬁs,
and ignore all small terms with A, we can get a massless Hamilton-Jacobi equation
wp 08 S
axe dxP
because graviton in general relativity is massless, and gravitational wave radiate at speed of
light. Recently, some works also show that the graviton could have mass in several modify
gravity.

0, (29)

4 Hawking Temperature and Tunneling Rate of Einstein-Proca Black Hole

In Sect. 3, we have proven that all kinds of quantum field equation can become as Hamilton-
Jacobi equation, so the semi-classical equation can depict Hawking radiation as any quantum
particle. Now let’s separate the variable for the action S as

S=—wt+WF)+Y(O,p)), (30)
and substituting the black hole metric (1), we can get the radial Hamilton-Jacobi equation
(@ — qAp)? dwy\* ,
- 17 - =, 31
N2f +f dr Tt r? D
where the A is constant, and W in above equation can be solved as
J@=qA) + N20) £1(r0) r = 10) (% — 1) o
Wi(r)=/dr = tit— N (3
N (ro) f/(ro)(r —ro) N(ro) f'(ro)
where wy = g Ay (rp). Note the condition Ay(rp) =0 in Sect. 2, we get
W) =d— g TP (33)
N (ro) f'(ro) N (ro)a
Therefore, the tunneling rate at the event horizon of black hole is
[ = ¢ 2OW+=3W-) exp| —4n @ s (34)
N (rg)a
and the Hawking radiation is given by
a
T, = 4—N(r0). (35)
T

It is evident that charged particle in Einstein-Proca spacetime doesn’t depend on the poten-
tial A,. According to Eq. (12), as ¢ =0, we have

1+ Arg u2b?
T, = V1= 2. 36
" 4mry 4q2 0 (36)

If ignore the cosmology constant A, we find the temperature will be lower as black hole is
bigger. As u =0, we get

1+ Ar c*rg u2b?
T,=(—20 ST ) Jy 2. 37
g < 4mry 64mr 4a? "o (37

The diagram (Fig. 1) shows the temperature property of Einstein-Proca black hole, where
ro = 1. It’s evident that the ¢ can result in the temperature decrease, but the mass of Proca
mass m can cause the temperature increase.
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Fig. 1 The Relationship of ¢, T,
and p
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5 Conclusion

We study the Hawking tunneling radiation of black hole in Einstein-Proca theory. Our results
show that the potential A, at horizon is 0, so the temperature of black hole doesn’t depend
on the potential. Our work also shows that the massive black hole has low temperature but
the mass of Proca field could cause the temperature of black hole increase. Of course, the
effect of Proca field mass is very weak.
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In quantum field theory, the mass of field particle can be produced by the Higgs mecha-
nism, which comes from the U (1) symmetry breaking. Recently, LHC have gotten several
results to support the Higgs particle, so the research about Proca field could be intriguing.
On the other hand, the experiment of Luo et al. proved that the mass of photon should be
lower than (0.9 £ 1.5) x 1072 g, but it still can not rule out the probability of massive pho-
ton [44, 45], and it should use Proca theory to depict the property of electromagnetic field if
photon has rest mass.
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