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Abstract We consider the dynamics of quantum correlations of two coupled spin qubits
with Dzyaloshinsky-Moriya (DM) interaction influenced by a local external magnetic field
along the z-direction and coupled to bath spin-% particles as independent non-Markovian en-
vironment. For this model, we calculate the entanglement measure of concurrence, quantum
discord and quantum dissonance and find effects of DM interaction, bath-system coupling
constant and temperature on the dynamics of quantum correlation. At last, we obtain the
teleportation for this model by using fidelity and observe changes of DM interaction, bath-
system coupling constant, temperature and magnetic field on fidelity.

Keywords Quantum correlation - Non-Markovian dynamics - Dzyaloshinsky-Moriya
interaction

1 Introduction

In open quantum systems we have faced with interactions between system and its surround-
ing environment. These interactions which can led to decoherence, would cause the transi-
tion of system from pure quantum states to mixed ones and change the quantum properties,
especially quantum correlations. Owing to their notable features in developing the idea of
quantum computers, entanglement measures of concurrence and quantum discord which are
two different faces of the quantum correlations have attracted much attention in recent years.
Since quantum discord computation in systems with large dimensions is difficult, an alter-
native approach can be dissonance, a new quantum correlation introduced by K. Modi et al.
[1] which is defined as a relative entropy between separable state and closest classical state
that unlike discord excludes entanglement. Since all three of them (concurrence, discord and
dissonance) have been realized to perform quantum information tasks, the investigation of
decoherent dynamics of them is an important emerging field [2—-8].
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Recently, much attention has been paid to the quantum correlation in spin system, such as
the Ising model and all kinds of Heisenberg models [9-13]. XXZ Heisenberg models can be
supplemented with a magnetic term, the so-called Dzyaloshinskii-Moriya (DM) interaction
that arises from spin-orbit coupling and is inevitably influenced by their spin environment.
The coupling of spin systems with a spin bath often leads to strong non-Markovian behavior
which has many physical importances in solid state, such as systems based on the nuclear
spin of donors in semiconductors [14, 15] or on the electron spin in quantum dots [16]. In this
paper, we consider the quantum discord, dissonance and concurrence within two spin qubit
anisotropic XXZ Heisenberg model with antisymmetric DM interaction in the presence of
the bath spin—% particles as environment. Since the dynamics of the system qubit in the
model we study is highly non-Markovian, do not expect the use of traditional Markovian
master equations.

Also, in this paper we discuss teleportation as one valuable features of quantum infor-
mation theory that is based on non-local properties of entangled states. For studying tele-
portation, we have examined the problem of teleportation fidelity in the presence of DM
interaction, bath-system coupling constant, temperature and magnetic field for entangled
and separable states and considered the defined model as a channel for teleporting the quan-
tum state. This paper is organized as follows: In Sect. 2 we introduce the Hamiltonian model
with DM interaction coupled to an XY spin chain. In Sect. 3 we review the concept of con-
currence, quantum discord and quantum dissonance and discuss the effects of the D, (the
z-component of the DM interaction), g (the bath-system coupling constant), T (temperate)
for initial entangle state and initial separable state on them. In Sect. 4 we consider this model
as a channel to teleport the quantum state and show the effect of D, g, ;o and T on fidelity.
Conclusions are then presented in Sect. 5.

2 The Model and Its Solution

The quantum system we consider, consists of two spin-% anisotropic particles with DM in-
teraction influenced by a local external magnetic field along the z-direction coupled to bath
spin—— particles as the environment. Here the DM interaction is a supplemented magnetic
term arising from any interaction with a particle’s spin with its motion, which can be rep-
resented in the form Z D;;.(S; x S;), where D is the DM vector coupling and the sum is
over the pairs of spins. To see the effects of the DM interaction, we choose the z-component
of the anisotropic parameter D. The total Hamiltonian is H;,, = H; + Hp, + H,p, where H;
and H,, stand for the Hamiltonians of the system, bath spin respectively and H;, describes
the interaction between the system and the bath. By considering interaction between the two
anisotropic system-spin particles as a Heisenberg XXZ model, with DM interaction param-
eter D,, the Hamiltonian of the system is given by

Hy =¢(S, + S5,) + LS5, 85, 4+ T (81,85, + S1,85) +iD.(S1.S5, — S1,85). (D)

We restrict the interaction between the N-components of the bath spin and the system-bath
so that it can be described by Heisenberg XY model as

N
8
H, = 1\(7) Z(S/bskb+S]bSkb) (@)
Jj#k
. N N
H),=— S+—|—S S + .S St L. 3
b \/N{ 1s ; 1s 2s ); jb ( )

@ Springer



3832 Int J Theor Phys (2013) 52:3830-3843

For clarity, the (s) subscript refers to the system and () to the bath spin, where the pa-
rameter ¢ characterizes the intensity of the magnetic field applied along the z-axis and D,
the z-component of the DM interaction. The coefficients J,, J, go and g correspond to the
real coupling constants with J;, J > 0 in the anti-ferromagnetic case and J;, J < 0 in the
ferromagnetic case. By using the collective angular momentum operators Jy = Z?’:l Sjirb

and the Holstein-Primakoff transformation as J, =a'(v/N —a'a) and J_ = (v/N —a'a)a
with [a, a’] = 1, the Hamiltonians of the bath spin H, and interaction Hy, can be rewritten

as
Hy = goda (1= %% )a + \/1 a'a T\/1 aa )
b =804 N a N aa N 80,
+ ot a‘a - - ala
Hg, = g1 (Si; + ),/ 1= Net (S + 8y, )a’/ 1 - N ®)

By considering the thermodynamic limit (i.e., N — 00) at a finite temperature, the above
equations are reduced to

=2goa’a, (6)
Hy, = g{(S], + S5)a+ (S, + S3,)a’}. @)

Observe that the bath spin is reduced into a single-mode bosonic thermal field with non-
Markovian effects on the dynamics of our system. Since this thermal field will not stay in
a thermal equilibrium state as usually assumed for an environment with very large degrees
of freedom therefore, the master equation approach cannot be useful. Following the special
operative technique introduced in [8], by tracing the degree of freedom of the environment
from density matrix

Pror(t) = e_iH'”'t,Omt (O)EiH'ml ) ®)

we can get the exact non-Markovian dynamics of reduced density matrix for the system at
arbitrary finite temperatures. We assume that the initial density matrix for the total system
can be described by a pure and separable states as p;,, (0) = p;(0) ® p,, where p,, refers to
the initial density operator of the single-mode bosonic thermal field which is represented
in a thermal equilibrium by the Boltzmann distribution as p, = % exp[—Hp/kpT], with the
partition function Z = (1 —exp[—2go/kT1)~", where k is Boltzmann’s constant which we
henceforth set to one. Two spin particles of the system are initially prepared in a normalized
state with maximum quantum correlation as

|¥,(0)) = «[00) + BI11), (C))

it is easy to check that, the reduced density matrix for the system in the standard basis
|00), |01), |10), |11) has the form:

ps(t) == Trb[|a|2(€7iH’mt|00)67Hb/T<00|eiHmzt)
+18°

e—lHrthl Hh/T<11|eiHmzt)

(
+ af*(
+a*B(e ot |11)e~ /T (00]e i) ]. (10)

e—lHrorf |00 —Hb/T(IHeJHmrf)
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By converting the time evolution equation of the system under the action of the total Hamil-
tonian in a set of coupled non-commuting operator variable equations introduced in [8] we
can see that

e o1 |00) = A(1)]00) + B(1)|01) + C(#)[10) + D(t)|11). (11)

Where coefficients A(¢), B(t), C(¢) and D(t) are functions of operators a and a' and do not
commute with each other. The Schrédinger equation for e~ Ho? |00), is

%(e—"ﬂwfqom) = —iHy (e7""100)), (12)

which by replacing Eq. (11), transforms to 4 coupled first-order differential equations of
non-commuting operator variables as

%A(r) =—i{(J. —e+2goa’a)A(t) + ga’ (B() + C(1))}.

%B(z) =—i{(—J. +2g0a’a)B(t) + (J —2i D,)C(t) + gaA(t) + ga' D(t)},

%C(t) =—i{(—J, +2goa"a)C(t) + (J +2i D,) B(t) + gaA(t) + ga' D(1)}, "
%D(r) =—i{(J. +e&+2g0a’a)D(t) + ga(B(1) + C(1))}.
From Eq. (11), the initial conditions are given by
AO)=1,  B(0)=C(0)=D(0)=0. (14)

Therefore, by finding the proper transformations of non-commuting operator variables, we
can rewrite Eq. (13) as the coupled differential equations of complex-number variables. In
this model, we can reach our goal by using transformations as

Ar) = e 00 A (1),
B(t) = ae 0@V, (1),

o (15)
C(f) — ae—Ztg()(n—l)z‘(:1 (t),

D(1) = aae™ 0= D, (1),

Where operator variables A, (), B (t), C;(¢t) and D;(¢) are functions of /i = a’a, and com-
mute with each other. Under these transformations the coupled differential equations of
non-commuting operator variables change to the coupled differential equations of complex-
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number and commuting operator variables as

d . o
Ez‘h(f) =—i{(J. — e +2g0)A (1) + gh (B (1) + C1 (1))},

d
B0 = ~i{—JBi(0) + (J + 2 D)C1 (1) + g Ar(0) + g — DD,
! (16)

d
0= —i{=J.Ci(t) + (J = 2i D) By (1) + g A1 (1) + gl = ) D1 (1)},

d .
D= —i{(=J.+&—2g0)Di (1) + g(Bi1(1) + C, (1)) }.

By solving Eq. (13) in the usual way with initial condition A;(0) =1, and B;(0) = C,(0) =
D, (0) =0, we can evaluate the time evolution of the initial two spins state of |00). A similar
analysis as above can be made if the two spins is initially prepared in |11) state. Let

e~ ot 11) = A(1)]00) 4+ B()|01) + C(1)|10) + D(¢)[11). (17)
In this case, the proper transformations of non-commuting operator variables have the form:

A(t) =a'ale 800D &, (),

B(1) =a'e DB (1),

- o (18)
C(l) — aTe—Ztgo(n+l)tCl (l),
B(t) — e_ZigO(;H—l)tﬁ] (t).
Insertion of these transformations into Eq. (13) yields
d - . ~ = ~
a0 = —i{(J: — & +280)Ai(1) + gh(Bi(1) + C:1 (1)},
d - . . . . .
B = —i{=J.Bi(t) + (J +2i D)Ci (1) + g +2) A1 (1) + g D1 (1)},
19)

d -~ - ~ ~ ~
S, G0 = —i{=J.C1(t) + (J = 2i D) By (1) + g(i + 2) A1 (t) + g D1 (1)}

d - N N B
D= —i{(J,+&—280)Di(t) + g + 1)(B1(t) + C1(1)) }.

We calculate all operations for initial state then add the DM interaction parameter D, and
obtain transformed state or dynamics of this system in this case. So the density matrix with
DM interaction is

P11 0 0  pu
pn ps O
, 20
0 p3 p3 O 0)
pis 0 0 pu
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where
1 o0
pii == (PAOAIN + 0+ D+ 2P AN AT D)7,
n=0
digt X 5
prs=—— ) ap*Ai()Dje T,

n=0

1
P2 = P23 =Pz = P33 = Ei|ﬁ|2Bl(I)BI(I)
N 21
+ ) (lePnBi@®B{(0) + (n + 1)|/5|231(r)Bi(r))e‘z"gO/T},

n=1

1
= { IBPPDy(t) D] (1)(1 + e~ 0/T)

+Y (laPn( — YDy (1) D] (1) + |ﬁ|2D1<r>DT<z))e—2”g°/T}.

n=2

3 Dynamics of Quantum Correlations
3.1 Concurrence

To investigate the entanglement dynamics of our bipartite system, we apply Wootters con-
currence [17]. The concurrence can be calculated explicitly by the time-dependent density
matrix p,(¢) of the two spins. The quantum state Eq. (21) is entangled if and only if either
2033 < |p14]> or pi1pas < |p23]%. Both conditions cannot hold simultaneously [18]. The
entanglement of this state is obtained as

C(ps(1)) = /Pr1pas + |p1al — }\/;011,044 — |,014|| —2p2. (22)

In this section, we investigate concurrence for entangled state and demonstrate the properties
of variable DM coupling parameter Dz on concurrence. In Fig. 1, we calculate concurrence
with j, = j = 0.0 and gy = g = 1.0 and figure out that by increasing the parameter D, the
concurrence increases.

3.2 Quantum Discord

Quantum discord introduced independently by Ollivier with Zurek and Henderson with Ve-
dral [2, 3] and it aims to capture all the non-classical correlations present in a system. So
quantum discord defined as the difference between total correlation and classical correlation.

D(p) = Lot (p) = Iec(p). (23)

Here, I;,:(p), total correlation in a bipartite quantum state p is measured by quantum mutual
information given by

Lior () = S(pa) + S(pp) — S(p), (24)
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Fig. 1 The time evolution of the
concurrence versus ¢ for initial
two-qubit state

[¥s(0)) = ﬁ(IOO) +[11)) for
J =0.0 and J; =0.0. Other
parameters are £ = 2.0,

go =g = 1.0, for
D;=2.0,D;=0.3

Fig. 2 The time evolution of the 1.0
quantum discord versus ¢ for »
initial two-qubit state iR i .
[¥5(0)) = 75 (100) + [11) for b
J =0.0 and J; =0.0. Other

parameters are £ = 2.0, 0.6
go=¢=10, T =20 for
Dz=0.2,Dz=3.0

Crriies

where S(p) = — Tr(plog p), is the von Neumann entropy, ps = Trg(p), and pg = Tra(p),
are the reduced density operators for subsystems A and B, respectively. And /..(p), classical
correlation is measured by the following expression

Le(p) = sup I (pl{A}), (25)
{Ax}

where the maximum is taken over all projective measurements performed locally on qubits,
described by a set of orthogonal projectors { Az} = |i)(i], k=1, 2.
Conditional density operator p; associated with the measurement k state is:

pe=Tr[(I ® A)p ® Ap)]. (26)

In a bipartite quantum state with density matrix operator p;(¢) that includes two parts and
has the form of two-qubit X states [19]. With this, we obtain quantum discord for density
matrix with DM interaction parameter D, Eq. (12) and investigate D,, g and the influence of
temperature 7 on quantum discord. In Fig. 2, quantum discord for entangled state with given
parameters versus ¢ for different values of D, is plotted and it is found that by increasing
D, the QD is increased but in Fig. 3, QD for separable state with given parameters versus
t for different values of D, is plotted and it is figured out that by increasing D,, the QD
is decreased and this implies that QD for entangled and separable states have inverse ratio.
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Fig. 3 The time evolution of the
quantum discord versus ¢ for 0.14
initial two-qubit state

|5 (0)) = 100) for J = 0.0 and
J; = 0.0. Other parameters are
£=20,80=¢=10,T=2.0
for Dz=0.2,Dz=4.0

— Dz=02

Fig. 4 The time evolution of the 025
quantum discord versus ¢ for
initial two-qubit state
|5 (0)) = 100) for J = 0.0 and 020
Jz = 0.0. Other parameters are
e=20,80=1.0,T =2.0 and 015
Dz=1.0forg=0.2,g=2.0 o :
(=4
0.10
0.05
0.00
t
Fig. 5 The time evolution of the
. 1.0
quantum discord versus ¢ for
initial two-qubit state
[¥5(0)) = ﬁ(IOO) + [11)) for 0.8
J =0.0 and J; =0.0. Other
parameters are ¢ = 2.0, gg = 1.0 G
and Dz = 1.0 for g =0.2 and P
g=20 =
0.4
0.2
0.0
0 10 20 20 40 50

In Fig. 4, QD for entangled state with given parameters versus ¢ for different values of g
is plotted and it is found that by increasing g QD is increased. However in Fig. 5, QD for
separable state with given parameters versus ¢ for different values of g is plotted and it
is seen that by increasing g, QD is decreased and we find out that QD for entangled and
separable states have inverse ratio. In Fig. 6, QD for entangled state and in Fig. 7, QD for
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Fig. 6 The time evolution of the
quantum discord versus 7 and ¢
for initial two-qubit state

[¥5(0)) = ﬁ(IO()) + [11)) for

J =0.0 and J; = 1.0. Other
parameters are ¢ = 1.0,
80=8= 1.0 and Dz =0.5

Fig. 7 The time evolution of the
quantum discord versus 7 and ¢
for initial two-qubit state

| (0)) =|00) for J = 0.0 and
Jz = 1.0. Other parameters are
e=1.0,80=g=1.0and
Dz=0.5

initial separable state with given parameters versus time and temperature 7 is plotted and it
is found by increasing 7', quantum discord is decreased.

3.3 Quantum Dissonance

In this part, we study quantum correlation in separable systems called quantum dissonance
that is based on relative entropy [1]. Dissonance as a measure of non-classical correlation
without entanglement is defined as the distance from the closest separable state of the given
state to the closest classical state of the separable state. According to the above definition,
density matrix o is said to be separable if it can be written as 0 = X, p; o ® pE, Zipi =1,
pi > 0, so that the dissonance is defined as

0 =min (). @7)

where x =D\ ik, ki k) (ke kal =7 py I_k))<? |, is the closest separable state

for N partite and X' I_k>)(? |, is complete set of projectors [20]. In this relation we use the
quantum relative entropy:

S(x|ly) :==tr(xlogx — xlogy). (28)

Which is a measure of distinguishable between quantum states. It is also worth noting that
the relative entropy function is asymmetric, that is, S(x|y) # S(y|/x).
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Fig. 8 The time evolution of the
quantum dissonance versus ¢ for
initial two-qubit state

[¥5(0)) = ﬁ(IOO) + [11)) for
J =0.0 and J; =0.0. Other
parameters are ¢ = 4.0,
go=¢=0.5and Dz=0.2 and
Dz=04

Fig. 9 The time evolution of the 1.2
quantum dissonance versus ¢ for
initial two-qubit state

[¥s(0)) = ﬁ<|00> + [11)) for
J =0.0 and J; =0.0. Other 0.8
parameters are ¢ = 4.0,
80=05,D;=1and g=0.2
and g =2.0

0.6

0.4

In this paper, we investigate dissonance versus D, (the z-component of the DM interac-
tion), g (the bath-system coupling constant), 7 (temperate), and for density matrix Eq. (12)
the dissonance is equal to:

Q = —pi1log, p11 — p1alog, p1a — p3310g, P33 — Pas 108, Pus

1 1 1 1
+ 5(014 + p33 — A)log, 5(,014 +p33—A) + 3 (p14 + p33 + A)log, 3 (p14 +p33 +A)

1 1 1 1
+ E(,On + pas — B)log, 5(,011 + pas — B) + 5(,011 + pas + B)log, 5(,011 + pas + B),
(29)

where

A= \/,014,0T4 + 4023032 — 2014033 + 033033,

and

B = /p11p}; + 4014041 — 2p11pas + paaply-

In order to represent the properties of variable DM coupling parameter D, on dissonance for
entangled state (Fig. 8), is plotted versus ¢ and it is found that by increasing D, dissonance
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Fig. 10 The time evolution of
the quantum dissonance versus 7
for initial two-qubit state

[¥5(0)) = ﬁ(|00> + [11)) for

J =0.0 and J; = 1.0. Other
parameters are ¢ = 2.0,

80=28 =0.5, and DZ =1.0

Fig. 11 The fidelity versus ¢ for
initial two-qubit state

1¥5(0)) = 75100} + [11)) for
J =0.0and J; = 1.0. Other ) ees Dz=3.0
parameters are £ = 4.0, .
go=g=2.0and g =0.5 for
D;=0.1and D; =0.1

— D=02

Fidelity

first is increased then reduced to zero. In Fig. 9, dissonance versus ¢ for different values
of g is plotted for entangled state and it is inferred that by increasing g, the dissonance is
increased and in Fig. 10, dissonance versus ¢ and temperature T is plotted for entangled
state that has a declining trend.

4 Teleportation of Qubit States via Two Coupled Spins

Quantum teleportation is about transferring quantum states from one particle to another at a
distance. Bennett et al. have shown this process for the first time in about fifteen years ago
[21]. For calculating teleportation we use a measure which is called fidelity. In this paper,
we discuss the effects of the D, (the z-component of the DM interaction), g (the bath-
system coupling constant), 7 (temperate) and 1o (magnetic field) on fidelity. By applying
these parameters to fidelity we want to control the teleportation process by using of the
noisy channel. We use the density matrix (11) as a channel to teleport the quantum state
[Vin) = sin(%)|0} +ei? cos(%)|1). To do this, first we consider teleportation by using two-
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Fig. 12 The fidelity versus ¢ for
initial two-qubit state 14
[¥5(0) = 75(100) + 1)) for -
J =0.0 and J; = 1.0. Other
parameters are Loy -
£=2.0,8=0.519=0.5and B
D,=10forg=10,g=3.0 308
= 06
0.4
02 : :
0075 10 20 30 40 50
t
Fig. 13 The fidelity versus ¢ for
initial two-qubit state 14 .
[¥5(0) = 75(100) + 1)) for 12 =
J=00and J; =10.0Other | . T=5
parameters are

e=6.0,80=¢=1.0,u9=0.5
and D; =0.1 for T =0.2 and
T=50

Fidelity

qubit state p, as a channel:

en 0 0 pu
0 pn p3 O . (30)

P10 o op 0O

a1 0 0 oy
In this case the output state is reduced to
Pout =Trl,2[U10in ® IOXUT]’ (31)

where U is a unitary operator. The fidelity of the quantum teleportation measures how much
information is preserved and given by

F= (‘(/fin |p0u[|1/fin>7 (32)
We get the fidelity for this channel in the following form:
1 .
F= 1 ((3+cos(20)) p11 +2sin*(0) (p1a + p22 + c08(2¢) (023 + p32) + P33 + Par)

+ (34 c08(20)) pas). (33)
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In order to demonstrate the effects of different DM coupling parameters D, on fidelity, in
Fig. 11, the quantum fidelity for initial two qubit entangled states versus ¢ is plotted for
different values of D, and the implication of this figure is that by increasing D, the number
of oscillations is increased. In Fig. 12, fidelity for entangled state versus ¢ for different values
of g is plotted and it is found that by increasing g, amplitude of oscillation is increased but
the number of oscillations is decreased. In Fig. 13, fidelity for entangled state versus ¢ for
different values of temperature 7 is plotted and it can be inferred that by increasing 7,
the amplitude of oscillations is decreased. Finally, the effect of o on fidelity is that by
increasing 1o the number of oscillations is increased too much.

5 Conclusions

In summary, we have investigated the quantum discord and entanglement measures of con-
currence and quantum dissonance within two-qubit anisotropic XXZ Heisenberg model by
antisymmetric DM interaction tunable parameter, such as D, influenced by a local external
magnetic field along the z-direction in the presence of spin bath. We found that by increas-
ing D, the value of concurrence, quantum discord and quantum dissonance increases for
entangled state and decreases for separable state, and for g we get an inverse ratio for both
entangled and separable states. In addition, we found that increasing the value of T' (temper-
ature) will reduce the amount of the concurrence, quantum discord and quantum dissonance.
We propose that in open quantum systems that we cannot reduce the devastating effects of
T and g by tuning J, and D, properly or exchanging the constituent material of the central
spins can improve quantities of the concurrence, quantum discord and dissonance. Finally,
we obtained the fidelity of this model and realized that D,, 1o, g and T influenced on the
amplitude and oscillations of fidelity.
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