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Abstract To obtain a classification of correlations of tripartite mixed states, various cor-
related states are introduced by using measurement-induced disturbance, including CCC,
QC, GQC, CCX, CXC, XCC, CXX, XCX and XXC-states. Standard forms of them are es-
tablished and equivalent characterizations of them are obtained in terms of normality and
commutativity of the associated component operators.
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1 Introduction

In quantum information, quantum and classical correlations of multipartite mixed states are
important and complex quantum properties. Remarkably, quantum correlations may occur
not only in entangled states, but also in separable ones and be still a potential resource in
some quantum information processing tasks, such as deterministic quantum computation
with one qubit [1], and quantum search algorithms without entanglement [2].

In this context, how to characterize and quantify quantum correlations has more attracted
attentions. For the bipartite case, an important and usual measure is given by quantum dis-
cord (QD) [3], which arises as the difference between mutual information and classical
correlations. In [4-6], some other methods for measure of quantum correlations were in-
troduced. The problem of the separation of total correlations in a given quantum state into
entanglement, dissonance, and classical correlations was discussed in [7] by using the con-
cept of relative entropy as a distance measure of correlations. A global measure for quantum
correlations in multipartite systems was introduced in [8] by suitably recasting the quantum
discord in terms of relative entropy and local von Neumann measurements. A witness for
nonclassical multipartite states was investigated in [9] based on their disturbance under local
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measurements, which provides a sufficient condition for nonclassicality without demanding
an extremization procedure. Piani ef al. in [10] proposed a different method to distinguish
the classical correlated states from the set of all states and proved that a classical correlated
state is equivalent to a local-broadcasted state.

The authors in [11] gave a new characterization of a bipartite classical correlated (CC)
state, corresponding results for the left and right classical correlations (LCC and RCC) were
also obtained, and a sufficient and necessary condition for a convex combination of two CC
states to be CC was proved. Based on the characterization of CC states, a quantity Q(p) was
associated to a state p and it was shown that a state p is CC if and only if Q(p) =0.

The aim of this paper is to classify the correlations of tripartite mixed states. Firstly, var-
ious correlated states will be introduced, including CCC, QC, GQC, CCX, CXC, XCC,
CXX, XCX and XXC-states. Secondly, standard forms of them will be given by using
measurement-induced disturbance and equivalent characterizations will be obtained in terms
of normality and commutativity of the associated component operators. Lastly, some exam-
ples of each kind of correlated states will be list.

2 Correlations of Tripartite Mixed States

In what follows, we let H4, Hp and H¢ be the state spaces (finite dimensional Hilbert
spaces) of quantum mechanical systems A, B and C. We agree that, according to quantum
mechanics, the inner product of a Hilbert space is right-linear and left conjugate-linear. By
the postulates of quantum mechanics, the state space of the composite system of A, B and C
is given by the tensor product Hapc := Ha ® Hp ® Hc of spaces of dimensions d4, dp, dc,
respectively. We use D(Hy) to denote the set of all states (i.e., density operators) on Hy,
and Iy to stand for the identity on Hy for X = A, B, C. The adjoint operator of an operator
T is denoted by T¥. Also, we use O N B(Hy) to denote the set of all orthonormal bases for
‘Hx. Clearly, if H4, Hp and H¢ have orthonormal bases

e:={le;):1<i=<da}, f={lf):1<j<ds} and g:={lg): 1<k =<dc},
2.1)

respectively, then H 4p¢c has an orthonormal basis
e@f@®g={le)®If))®lgr): 1 <i<da,1<j<dp1<k<dc}. (2

Recall that a quantum measurement of a quantum system with state space 7 is an opera-
tor family M := {M,, M, ..., M,} on H such that er'l=1 MfM,- = Iy. A quantum measure-
ment I7 on the tripartite system H 4pc is said to be a local projective measurement (LPM),
if it is of the form

N={I@MN} QIS :1<i<dy1<j<dp 1<k=<dc}, (2.3)

where ITY is a one-dimensional orthogonal projection on Hy for every n with sum Iy, for
X=A,B,C.

Note that measurement operators of an LPM (2.3) have the property that ZZ); VOX = Iy
and so ITXMTX =0(m #n) for X = A, B, C.

Similar to [4], we introduce the following.
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Definition 2.1 Let p € D(Hapc). If there exists an LPM (2.3) such that IT(p) = p, then
p is said to be completely classical correlated (shortly, CCC). Otherwise, p is said to be
quantum correlated (QC).

After an LPM (2.3), a state p € D(H pc) is changed to

dy dp dc
Mp):=) > Y (MM I )p(IT} @ T} @ IIY). (2.4)

i=1 j=1 k=1

Clearly, IT(I1(p)) = I1(p) and so I1(p) is always a CCC-state.

Different with the bipartite case, a tripartite state has some “partial correlations”. For
instance, there are another three different types of quantum correlations. To discuss further
quantum correlated states, we introduce the following.

Definition 2.2 Let p € D(Hapc). We say that p is bi-classical correlated (BCC) if there are
one-rank projective measurements [Ty = {I'[,f n=1,2,...,dx}on Hy for X =A,B,C
such that one of the following holds:

() Y P (TP @ TP @ Io)p(ITA @ ITF ® Ic) = p (p is called a CCX-state);
(ii) Z_‘;ZI ZZ;(IA ® HjB QI p(ls ® HJB ® I1F) = p (p is called an XCC-state);
(i) Y0, S (1A @ I ® TE)p(T @ I3 @ TIE) = p (p is called a CXC-state).

Definition 2.3 Let p € D(Hapc). We say that p is single-classical correlated (SCC) if
there are one-rank projective measurements [Ty = {H,f :n=1,2,...,dx} on Hy for
X = A, B, C such that one of the following holds:

@) Z?il(HiA RIg® IC),o(H,.A ® Ip ® Ic) = p (p is called a CXX-state);
(ii) Z‘f‘l (A ®MF R Ic)p(Ia @ TTF ® Ic) = p (p is called an XCX-state);
(iii) ZZ;(IA ®Ip QI )p(Ia ® Iy @ TIC) = p (p is called an XXC-state).
Put S(X) ={p € D(Hapc) : p is X}. Obviously, S(CCC) C S(BCC) C S(SCC).

Definition 2.4 A state p € D(Hapc) is said to be genuine quantum correlated (GQC) if it
is not SCC.

By the method in [11], for any tripartite state p € D(Hapc), and for any orthonormal
bases (2.1), we have

p= Z Pijkestlei)(e;| @ | fi) (fel ® lgs) (gl (2.5)
ijkest
Let

Aest(0) =Y Pijkestlei) (1, (2.6)

ij
Bijs(0) =) pijeest | f) Sl @7

kt
Cijpe(P) =) Pijuesi|gs) (&l 2.8)

st

With these notations, we can obtain the following.
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Theorem 2.1 Let p € D(Hapc). Then
(1) p is CCC if and only if it can be represented as

p=Z5mns|em)(em| ® [fu) (ful @ 185)(&sl, 2.9

mns

for some bases {le,;)} € ONB(Ha),{|f:)} € ONB(Hp) and {|gs)} € ONB(Hc¢), and a
probability distribution {8,,,}.

(2) p is a CCX-state if and only if there exist bases {le,,)} € ONB(Ha),{|fa)} €
O N B(Hp) and operators y,,, € B(Hc) such that

p=2_len)(en & 1£:)(ful ® Viun- (2.10)

mn

(3) p is a CXC-state if and only if there exist bases {le;)} € ONB(Ha), {lgk)} €
ON B(Hc) and operators Bi, € B(Hc) such that

p:Z|ei>(6i|®ﬂik®|gk>(gk|~ (2.11)
ik
(4) p is an XCC-state if and only if there exist bases {|f;)} € ONB(Hp), {Igk)} €
ON B(Hc) and operators a i € B(H4) such that
P= i ® )i ® g (- (2.12)
jk

(5) p is a CXX-state if and only if there exist a basis {|e,;,)} € ON B(H,) and operators
Sm € B(Hpc) such that

P = lew)(en| ® 8. (2.13)

(6) p is an XCX-state if and only if there exist a basis {| fx)} € ON B(Hp) and operators
Ay € B(HA), By, € B(Hc) such that

P=>" Aw®|fi)fil ® Bu. (2.14)
k 4

(7) p is an XXC-state if and only if there exist a basis {|gx)} € ON B(Hc) and operators
&x € B(H sp) such that

p= & ® g gl (2.15)
k

Proof (1) Let p be CCC. Then there exists an LPM (2.3) such that I7(p) = p. Thus, there
exist orthonormal bases (2.1) for H4, Hp and Hc, respectively, such that 17;} = len){(en]
for all m, Hf =|fu){(fy| for all n, Hf =|gs)(gs| for all n. By using (2.5), we can get

p=Y (Myenfenl)p(m;enkem’)

mns

D" Dijkelen)enler)(ejlen) (enl @ | ) (ful fed(fel fu) (£l

mnsijkluv
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® 185)(8s18u) (8v8s)(8s]
=) Sunslen) (en @ 1) (ful ® I25) (sl

mns

where 8,5 = Pmmnnss, Which gives a probability distribution {8, }-
Conversely, suppose that p is of the form (2.9). Then by taking IT4 = |e,,)(en|, [TE =
| fu){fn] and Hf =|gs)(gs|, we get an LPM (2.3) such that I7(p) = p.
(2) Let p be CCX. Then there are one-rank projective measurements [Ty = {ITX : n =
1,2,...,dx} on Hx for X = A, B such that
dy dp

22 (M enfel)p(Tf 1} lc)=p.

i=1 j=1

Thus, there exist an orthonormal basis {|e¢;}} for H4 such that I[TA = |e,,){e,| for all m =
1,2,...,d4 and an orthonormal basis {| f;)} for Hp such that IT? = | f,)(f,| for all n =
1,2,...,dg. Taking any basis {|g,)} for H¢ and using by (2.5) imply that

p= (Myenlelc)e(l, ) ®Ic)

mn

= Z Pijest (lem) (emlei) (ejlen) (en]) @ (1 f) (ful i) (fel fu) (ful) ® lgs) (g1l

mnijklst

= " lew)enl @ [ fa) (ful ® Viun.

mn

where Yy = D, Pmmnnst1€5) (g . This shows that p is of the form (2.10).
Conversely, let us assume (2.10) holds. Then by taking 17,2 = |en){en| and T8 =
| fu){fn], we obtain one-rank projective measurements [Ty = {HnX :n=1,2,...,dx} on
Hyx for X = A, B. From (2.10), we see that
dy dp
MY (eI ®Ic)p(IT} @ TP ® Ic) = p.
i=1 j=1

This shows that p is a CCX-state.

(3 and 4) Similar to (2).

(5) Let p be a CXX-state. Then there exists a rank-one projective measurement {/71/ :
i=1,2,...,ds} on H4 such that

dy
Y (I eIy Ic)p(T @1y Ic) = p.
i=1

Thus, there exists an orthonormal basis {|e;)} for H 4 such that 17;} = |ey){en| for all m =
1,2,...,da. Taking any bases {| f;)} for Hp and {|g)} for H¢ and using by (2.5) imply that

dy
p=) (M}l ®Ic)p(IT) @15 ® Ic)

m=1

= > pijkest(lew)(emlei) (eslen) (enl) @ Lfe) (fol @ Igs) (g1l

mijkest
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= D Pumkesilen) (en] ® | fi)(fil ® Ig:) (]

mklst

da
= len)(en] @8,

m=1

where 8,, = Y y5; Pmmiese| fi) (fel ® 1gs)(g:| € B(Hpc).
Conversely, we assume p = Zfil lei){e;| ® &;, where {8,-}?'21 C B(Hpc) and {|e;)} is
some orthonormal basis for H 4. Put H,ﬁ = |ey) (e | for all m. Then we get a rank-one

projective measurement {74 :m =1,2,...,d4} on H, such that
dy da
Y@Lz ®@Ic)p(lT) @Iz @Ic) =) len)en| ®8, = p.
m=1 m=1

Hence, p is a CXX-state.
(6) Let p be an XCX-state. Then there exists a rank-one projective measurement {17,{13 :
m=1,2,...,dg} on Hp such that

dp
Z(IA ®H£ ® IC)P(IA ®17,5 ® Ic) =p.

m=1

Thus, there exists an orthonormal basis {| f;)} for Hp such that I8 = | f,){(fm| forall m =
1,2,...,dp. Taking any bases {|e;)} for H 4 and {|g;)} for H¢ and using by (2.5) imply that

dp
p=) (@M ®Ic)p(Ia @112 ® Ic)
m=1
= Z Pijkeselei) (€1 @ (1 fu) (il - 1L fel - | fin) (fin]) © 185} (&l
mijkest
= Zpijkkst|ei><ej| & | fid {fil ® 1gs){g:l-
ijkst

Let

a{1,2,....d3} > {G j):i, j=1,2,....,ds} and
B:{l,2,....d}} > {(s.0):s,0=1,2,....dc})

be bijections. Define P,, = |e;){e;|, Qn = |g:){(g/|,a¥) = pijuse Whenever a=1((i, j)) =
m, B~'((s,t)) = n. Then we get a di X dé matrix Ay := [a,(nk,g]. For each k, by the sin-
gular value decomposition of A;, we know that there exist a dﬁ X df‘ unitary matrix
Uy := [uf,’f,)l], a dé X d% unitary matrix V; 1= [v,(?fg] and a p x p positive diagonal matrix

Dy :=diag[d}", d}", ..., d®] where p = min{d3, d2} such that
p
k) _ (k) 5(k) (k)
App = Zum(dl Vgp -
=1
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Thus,
a ;ZZuﬁfédé“véﬁ)Pm ® /i) (il ® 0,
prii
= ZZ(MZL{SL‘Z&) ® L fil ® (szxg )
k 4 m -
= ;;Au ® | fi) (fil ® By,
where

Ape =+ dg(k) Zuf,];()z P, € B(H,), By =/ dék) Z UX? 0, € B(Hc).

Conversely, we assume that there exist a basis {| f;,)} € ON B(H ) and operators Ay, €
B(H,), Bie € B(Hc) such that

P=2 A ®|fi){fil ® By
kot

Put 17 f =|fj){fjlforall j =1,2,...,dp. Then we get a rank-one projective measurement
{Hf :j=1,2,...,dg} on Hp such that

dp

Z(IA ®17f®1c);0(1A ®17f ®Ic) ZZZA/'UX) [ /i) {fil ® Bje=p.
it

j=1
This shows that p is an XCX-state.
(7) Similar to (5). |

Corollary 2.1 If p € D(Hapc) is CCC, then for every positive integer k, (tr(p*))~' o is
also a CCC state.

Proof Since p € D(H pc¢) is CCC, Theorem 2.1(1) implies that it can be represented as

P=_ Sunslen)len ® | fu) (ol ® g5} (s,

mns

for some bases {|e,,)} € ONB(Ha), {|f1)} € ONB(Hp) and {|g;)} € ONB(H¢), and a
probability distribution {§,,,s}. Hence,

(tr(0%) " 2 = D (tr(0")) " s lem) (el @ 1) (Sl @ I25)(gsl.

mns

Clearly, {(tr(0*)) ™" (8,uns)¥} is also a probability distribution. It follows from Theorem 2.1(1)
that the state (tr(p*)) ™! p* is also a CCC state. O

Generally, by using Theorem 2.1 a proof similar to Corollary 2.1, we can obtain the
following.
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Corollary 2.2 Let p € D(Hapc) and P € {CCC, CCX, CXC, XCC, CXX, XCX, XXC}. If p
is a P-state, then for every nonzero polynomial Q(x) = Zf:o a;x" with nonnegative real
coefficients a;, the state (tr(Q(p))~' Q(p)) is also a P-state.

Corollary 2.3 Let p € D(Hapc). Then
(1) p is a CXX-state if and only if there exist a basis {|e,)} € ONB(Ha) and states
p,flc € D(Hpc) as well as a probability distribution {p,,} such that

p=_ Pulen)len| ® ppC. (2.16)

m

(2) p is an XCX-state if and only if there exist a basis {| f,,)} € ON B(Hp) and states
p,fl € B(Ha), pkc[ € B(Hc) and a probability distribution {qy,} such that

P=Y_ " quply ® L) fil ® pf- 2.17)
k L

(3) p is an XXC-state if and only if there exist a basis {|g;)} € ON B(Hc) and states
SSAB € B(Hap) as well as a probability distribution {ps} such that

p=Y pel® @ lg) (gl

4) p is a CCX-state if and only if there exist bases {|e,)} € ONB(Ha), {|fu)} €
ON B(Hp), states p,ﬁ,, € B(Hc) and a probability distribution {q,,,} such that

P=D dualen)len] @ 1)l ® o,

mn

(5) p is a CXC-state if and only if there exist bases {|e,,)} € ONB(Ha), {Igs)} €
ON B(Hc) and states B,,s € B(H¢) and a probability distribution {q;} such that

p=_ gule) el ® i ® |2k (gl-

ik

(6) p is an XCC-state if and only if there exist bases {|f,)} € ONB(Hp), {lgs)} €
ON B(Hc) and states o, € B(H 4) and a probability distribution {q i} such that

P= quctic ® | ;)£ ® |2k (gl-

Jk

Proof (1) Let p be a CXX-state. Then by Theorem 2.1(5) there exist a basis {|e,)} €
ON B(H 4) and operators 8,, € B(Hpgc) such that

P=_len)(em| @ .

For every |) € Hpc, we compute that
0= (ei, Viplei, ¥) = (V16 |¥).
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Thus, §; > 0 for all ;. Put

e A0 _ [, b0

,OBC _
m 1 —0- —
dgdc IBCs 5m —07 07 Sm =0.

Then p2¢ € D(Hgc), pm = 0 for all m and Zi";l Pm = tr(trgc(p)) = 1 as well as (2.16)
holds.

Conversely, it is clear that p is a CXX-state.

(2) Let p be an XCX-state. Then Theorem 2.1(6) yields that there exist a basis {| f,,)} €
ON B(Hp) and operators Ay, € B(Ha), Bre € B(Hc) such that

,OZZZAM & | fi) (fil ® Bre.
e

Put A = {(k, £) : Age 0, B #0}. Let (k, €) € A. Take [r4) € H.x such that (4] Ay |4) =
1. For every |¥€) € Hc¢, we have

0<(v*, f. vC|p|v?, fio €)= (v |Bee|¥C).

This shows that By, > 0. Similarly, Az, > 0. Put

i iy, (kO €n; 5C = Ty, (k0 € A;
A kogs T | e (kO €A
e = tr(Age) tr(Bie), (k, L) € A;
“ o, k, 0) ¢ A.

Then ,o,?e € D(Ha), ,okcz € D(Hc), qie = 0 forall k, £ and ), gre = tr(trac(p)) =1 as well
as (2.17) holds.

Conversely, it is clear that p is a XCX-state.

The proof of (3)—(6) is similar to that of (1), (2). O

An N-partite state p is called fully separable if p =), pi,oi ® pé Q- ® pfv, where
Zi pi =1and pi, ,05, e ,0}'\, are all states in individual subsystems for every i. From Corol-
lary 2.3, one can see that the states having certain classical correlations are all fully separa-
ble.

Corollary 2.4 CCC-XCX-CCX-CXC- and XCC-states are all fully separable.

Next theorem gives a characterization of each kind of correlated states in terms of nor-
mality and commutativity of the associated component operators.

Theorem 2.2 If a state p € D(Hapc) is CCC (resp. BCC, SCC), then for any orthonor-
mal bases {le;)} for Ha and {| fi)} for Hp and {|g)} for He, {Aresi(0)}, {Bijsi(0)} and

{Cijre(p)} (resp. at least two of {Aesi ()}, {Bijsi (0)}, {Cijie(p)}, at least one of {Ayesi (p)},
{Bijsi(0)}, {Cijie(p)}) are commuting families of normal operators.
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Proof Let p € D(Hagc) be CCC. Then there exist orthonormal bases {|e,)} for Ha, {In,)}
for Hp and {|¢;)} for Hc such that

dy dg dc

P=Y D coplen e ® Iny) (ny| @ 18:)(zl.

x=1 y=1 z=1

For any orthonormal bases {|e;)} for H4 and {| fx)} for Hp and {|g,)} for H¢, we see that
forallk, ¢,s,¢t,

dy dg dc

Aesi(0) = (fio gs1o1fe &) =D D Y~ cove fillmy) (ny | o) (gs1E)(8:180) - L) (el

x=1 y=1 z=1

This shows that { Az (0)} is a commuting family of normal operators. Similarly, {B;;, (o)}
and {Cjjx¢(p)} are also commuting families of normal operators.
The proof is similar for the case for p being BCC or SCC. a

Corollary 2.5 Let e = {le;)}, f ={lfx)} and g ={|gs)} be any orthonormal bases for H 4,
Hp and Hc, respectively. Then p € D(Hapc) is CCC (resp. BCC, SCC) if and only if

{Akes: (0)}, {Bijsi ()} and {Cijke(p)}(resp. at least two of {Aresi (0)}, {Bijsi (0)}, {Cijre(0)},
at least one of {Aresi (0)}, {Bijst(0)}, {Cijre(0)}) are normal and commutative.

Proof Necessity. It is clear from Theorem 2.1.
Sufficiency. Suppose that { Aes (0)}, {Bijs: (p)} and {Cijre(p)} are commuting families of
normal operators, then we can denote that

Arest () = Y (€| Awesi (0)€ )] €Nl .

X

Bijsi(p) = Y (£ Biiu )| £ £ AL

-
gl)

Cijre(p) = Z(gé‘c

Z

g:)s:

)

where {|e/)}, {| f)/,} and {|g} are some orthonormal bases for H 4, Hp and Hc, respectively.
Then

p =2 Ak () ® fi){ fel @ 18:) (8]

kst

=2i2k%wumMWMM>®mMM®mmm

kist x
©| S punealerlee et @ 18e |
Kest i
:Z|e ]®|:ZZ *leiles el <Zf|2p:,km|fk fe|f>|f>(f ‘)
X st i
®|gs)<gfl]
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= (3 punceslesbes e ks e ) e ol £

xyz Nijkest

8.)g.

)

where

Ay, = Z pijklst<€;’ei)(ej

ijkest

ey

fillfel £;)s2 |8 )

g.)

satisfies nyz Ay, =1and Ay, >0 forall x,y, z,so pis CCC.
The proof is similar for the case for p being BCC or SCC. O

3 Examples

By using Corollary 2.5 and Theorem 2.2, we can give some examples of CCC, CCX, CXC,
XCC, CXX, XCX, XXC and GQC-states of the system C?> ® C?> ® C?, respectively.

(1) CCC: arbitrary product state, e.g., |¢) = |000);

(2) GQC: the GHZ state |¢) = |000) + |111);

Take
1/1 1 1 0
pl—i(l 1>, pz—(o 0), O<i<l1.

(3) CCX: p =A|0){0]®10)(0] ® p1 + (1 —A)|0)(0| ® |1) (1| ® p2, which is not CCC since
the operators Coopo(0) = Ap; and Coo11(p) = (1 — 1) p, are not commutative;

(4) CXC: p =A|0){0] ® p1 ®[0){(0] + (1 — )| 1) (1] ® po ® [1){1], which is not CCC since
the operators Byyo(p) = Ap1 and Byi11(p) = (1 — 1) p, are not commutative;

B)XCC:p=2p1®10)(0]®10)(0] + (1 —2) 2 ® 1) (1| ® |1) (1], which is not CCC since
the operators Aggo(0) = Ap; and Ajq11(p) = (1 — 1) p, are not commutative;

(6) CXX: p=10){0| ® %(|00) 4+ |11))({00] 4 (11]), which is not CCC since the operators
Boooo(p) = 110)(0] and Byooi (p) = $10)(1] are not commutative, Coooo(p) = 3[0)(0| and
Cooo1(p) = %|0)(1 | are not commutative;

(7) XCX: p =201 ® |0)(0] ® p1 + (1 — A)pr ® |0)(0] ® p, which is not CCC since
Agooo(p) = 5p1 + (1 — 1)p2 and Agoo1 (p) = % p1 are not commutative, Coooo(0) = 5p1 +
(1 = X)pp and Cpi90(p) = %pl are not commutative;

B)XXC: p= %(IOO) +[11))((00] + (11]) ® |0) (0| which is not CCC since the operators
Aonoo(0) = 410)(0] and Agio0(p) = 410)(1] are not commutative, Boogo(p) = £[0}(0] and
Booo(p) = %lO)(1| are not commutative.

According to [12], a k-partite state p in C¥Y @ C¥ ® --- ® CV is said to be a Schmidt-
correlated (SC) state if it can be expressed as

N—1
p= Z Apun|lmm ...m)(nn...n|,

m,n=0

where ZZ;(]) amm = 1. It was proved in [12] that for an SC state p, it is fully separable if
and only if it has a positive partial transposition, and p is genuinely entangled if and only if
it has no positive partial transpositions.

From the correlation point of view, for a tripartite SC state p = ZZ;LO A lmmmy) (nnn|
in CN @ CN @ CV, we get easily that it is CCC if and only if a,,, = 0 for all m # n, and it
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is GQC if and only if a,,, = 0 for some m # n. In fact, under bases e = f = g = {Im)},’,\f;(l)
for H, = Hp = Hc = CV, respectively, we have

Amnmn = anmn = Cmnmn = Amn |m)(n|

Thus, it implies from Corollary 2.5 that p is CCC if and only if {a,,,|m)(n|} is a commuting
family of normal operators if and only if a,,, = 0(m # n). Similarly, p is GQC if and only if
{aun|m)(n|} is not a commuting family of normal operators if and only if there exists a pair
(m, n)(m # n) such that a,,, # 0.
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