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Abstract A unification model of 4D gravity and SU(3) x SU(2) x U(1) Yang-Mills theory
is presented. It is obtained from a Kaluza-Klein compactification of 8 D quaternionic gravity
on an internal CP* = SU(3)/ U (2) symmetric space. We proceed to explore the nonlinear
connection Aj (x,y) formalism used in Finsler geometry to show how ordinary gravity in
D =4 4 2 dimensions has enough degrees of freedom to encode a 4D gravitational and
SU(5) Yang-Mills theory. This occurs when the internal two-dim space is a sphere S2. This
is an appealing result because SU(5) is one of the candidate GUT groups. We conclude by
discussing how the nonlinear connection formalism of Finsler geometry provides an infinite
hierarchical extension of the Standard Model within a six dimensional gravitational theory
due to the embedding of SU(3) x SU(2) x U(1) C SU(5) C SU(o0).
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1 Introduction

Exceptional, Jordan, Division, Clifford, noncommutative and nonassociative algebras are
deeply related and are essential tools in many aspects in Physics, see [1-11] for references,
among many others. In particular, a 15D model of a Chern-Simons Eg Gauge theory of
Gravity was proposed by [12, 13] as a unified field theory of a Lanczos-Lovelock Gravita-
tional Lagrangian with a Eg Generalized Yang-Mills field theory in the 15D boundary of a
16D bulk space. More recently, a Clifford CI(5, C) Unified Gauge Field Theory of Confor-
mal Gravity, Maxwell and U (4) x U(4) Yang-Mills in 4D was provided by [23]. For other
results on grand unification based on Clifford algebras see [45-50] and references therein.
It has been argued by [37] that a Kaluza-Klein compactification of 8D gravity on CP?
involving a nontrivial forsion may bypass the no-go theorems [39] that one cannot obtain the
group SU(3) x SU(2) x U(1) from a Kaluza-Klein mechanism in 8D. It was assumed by
[37] that if the torsion components T were proportional to F /’ e}, where ef is a vielbein
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employed to change the SU(2) x U(1) group index I = 1,2, 3,4 to the internal four-dim
space CP? index a = 1,2,3,4, the 8D Lagrangian corresponding to the curvature scalar
and associated with a connection with contorsion K: R(I" + K) = R(I') + (K)> + VK
yields a gravitational and SU(3) x SU(2) x U(1) Yang-Mills theory upon compactification
on CP* =SU(®3) /SU(2) x U(1). The problem was that no proof was presented in [37] which
shows why T/, is proportional to F, ;4],1}6'7'

It is known that a horizontal-vertical splitting of the tangent space geometry using the
canonical distinguished d-connection (instead of the torsionless Levi-Civita connection)
within the formalism of Lagrange-Finsler spaces leads to nontrivial torsion 7, compo-
nents and which are related to the generalized field strength Fjj, associated with a nonlinear
connection Aj (x”, y?). The coordinates x", y* are the horizontal base space and internal
vertical space coordinates, respectively. A mapping between Finsler and Kaluza-Klein theo-
ries and the comparison of the Finslerian gauge approach to the Yang-Mills one can be found
in [24, 25], respectively. In Sect. 3 we will explore the nonlinear connection A (xY, y?) for-
malism of Finsler geometry to show how gravity in 4 4+ 2 dimensions has enough degrees
of freedom to encompass 4D gravity and a SU(5) Yang-Mills theory. This is an appealing
result because SU(5) is a candidate GUT group.

A complexification of ordinary gravity (not to be confused with Hermitian-Kahler ge-
ometry) has been known for a long time. Complex gravity requires that g, = g(.uw) + 187
such that g,,, = (g.v)". A treatment of a non-Riemannan geometry based on a complex tan-
gent space and involving a symmetric g, plus antisymmetric g,,; metric component was
first advanced by Einstein-Strauss [14, 15] (and later on by [16]) in their proposal to unify
Electromagnetism (EM) with Gravity by identifying the EM field strength F,, with the
antisymmetric metric gj,,) component. However this identification led to several problems.

Borchsenius [18] formulated the quaternionic extension of Einstein-Strauss unified the-
ory of gravitation with EM by identifying the SU(2) Yang-Mills field strength Fliv, i=
1,2, 3 with the internal degrees of a freedom (gj,,])" of a quaternionic-valued “metric ten-
sor”. Again this approach is problematic. For these reasons in Sect. 2 we shall build an uni-
fication model of 4D gravity and SU(3) x SU(2) x U (1) Yang-Mills theory obtained from
a Kaluza-Klein compactification of 8D quaternionic gravity on CP?, rather than introduc-
ing by hand the torsion squared terms [37]. In this way we avoid the problems encountered
by [14, 15, 18], and also construct unified theories that contain the electro-weak force and
gravity in 4D. Our results differ also from the construction in [38] to unify the electro-weak
force with gravity in 4D after complexifying the de Sitter group.

The authors [19, 20] much later provided the octonionic gravitational extension of Borch-
senius theory involving two interacting SU(2) Yang-Mills fields and where the exceptional
group G, was realized naturally as the automorphism group of the octonions. The octonionic
geometry (gravity) construction developed by [19, 20] was extended further to spaces with
noncommutative and nonassociative spacetime coordinates and momenta in [21] and which
set the stage for the study of Exceptional Jordan Strings and Nonassociative Ternary Gauge
Field Theories [22]. Having presented this very brief introduction we shall proceed with the
main results of this work.

2 Gravity and Standard Model Unification from 8 D Quaternionic Gravity

A geometrical treatment of a non-Riemannian geometry including an internal complex,
quaternionic and octonionic space has been investigated by several authors [14, 15, 18-20],
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Castro-Jordan. A quaternionic-valued metric is defined as
guuzgweo-f—gfw]@i, ejej=—0;je, +e€ijre, i, j,k=1,2,3 2.1

obeying the symmetry condition gj'w = g,,, where the Hermitian conjugation is taken in the
internal quaternionic space. Namely, one can represent the generators of the quaternionic
algebra in terms of the Hermitian Pauli spin 2 x 2 matrices o; and the unit 2 x 2 matrix as
e, = 15.7; e; = —io;. Hence the Hermitian conjugation is carried on the 2 x 2 matrices. The
physical distance is

1
ds® = > Trace(g,,dx"dx") = g dx"dx" (22

due to the traceless condition of the Pauli spin matrices and commuting nature of the co-
ordinates. One may choose g,,, = guv) + ig[uw and maintain the Hermiticity condition
gj’w =g, if (igume.)’ = —igpueo; i.e. if one includes a complex conjugation on i as well
and which is compatible with the fact that (e¢;)" = (—io;)" = +io; = —e; since the Pauli
spin 2 x 2 matrices o; are taken to be Hermitian.

The quaternionic-valued connection is

T:p = (F(Zp) + il—’[‘;p])eo + (@[(:Lp])iei (2.3)

we explicitly write (up), [p] to denote the symmetry and antisymmetry properties of the
connection components. We will show how a Kaluza-Klein compactification in the internal
space CP?, from 8D to 4D, yields a gravitational, SU(3) x SU(2) x U(1) Yang-Mills theory
in4D.

The gravitational and U (1) Maxwell’s EM sector are encoded, respectively, in the sym-
metric piece 7] , e, and antisymmetric piece i I]; , e, corresponding to the unit element e,
of the quaternionic-algebra-valued connection. The SU(2) sector is encoded in the internal

part (@[‘L p])i e;. The SU(3) Yang-Mills sector arises upon the Kaluza-Klein compactification

resulting from the isometry group of the CP? internal space. Therefore, from a pure quater-
nionic gravity in 8D one can obtain a grand unified field theory of gravity and the standard
model group SU3) x SU(2) x U(1) in4D.

This result can be attained by restricting I}, = 67 A, — 8] A, to be the Einstein-
Schrodinger connection, where A, is the EM field. Due to the antisymmetry, I77, ; trans-
forms as a tensor. This is not the case with I} . The internal part of the connection & ) is
restricted to be of the form (8; @L — BZ @/i))ei’ i =1, 2,3, such that the commutator becomes
[O4, B,] =20,,0]€;jrer. The quaternionic-valued curvature

R, =07, —d7, +7. 7, —1,7,

wop vt up

. k
= (R, +iFy, )eo + (Pgup) e + extra terms 2.4)
has for components the following terms: the standard Riemannian curvature tensor written

in terms of the Christoffel symbols as

Rivp = 0l Cpy = 0T Gy + TGy Tipy = Tor Ty (23)
The tensor containing the Maxwell field strength is
Fp, =800, A, —3,A,) +8,0,A, —879,A, (2.6)
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such that the contraction F “jw = (D —1)F,, in D-dim is proportional to the U (1) EM field
strength F,,, = 9, A, —9,A,. And, finally, the SU(2) field strength is encoded in the internal
part of the curvature tensor which can be written as

Pp.v = 8u®v - a\)Qu + [@;u 6,]
= (0,0} — 9,0} )er + 20, 0] €;jie. 2.7

leading to

Po = (P2, ) e =8P e

uvp T\ pvp

= 87) (all-@” - 8v@/t + [@}La @v])kek (28)
There are extra terms in Eq. (2.4) involving products of the form

(o2 T ag T
F(/tf)['[vn]’ F(/n) (@

k o o T k
[vpl)’ F[M]FIEM’ FIMT](@[W]) 29

and for simplicity are not written down. The first two terms in (2.9) can be reabsorbed inside
the ordinary derivatives to yield “covariantized” SU(2) x U (1) field strengths involving the
analog of covariant-like derivatives V,, acting on the gauge fields; and the last two terms are
analogous (but not identical) to torsion-squared terms and products of torsion terms.

If one has quaternionic gravity in 8D, the indices are M, N,L =1,2,3,...,8 and, if
one wishes, one may build a Lagrangian out of the following tensorial quantities found
within the quaternionic-valued curvature above: namely the 8 D Riemannian scalar curvature
R = gMNM Ry, the U(1) and SU(2) field strengths Fyy, Fi;y. In particular, let us start
with a standard Lagrangian for gravity plus SU(2) x U (1) Yang-Mills in 8 D given by

1 , 1, . 2
L‘,:R—Z(FMN)—Z(FMN), M,N=1,2,3,...,8 (2.10)

where we set the numerical couplings to unity. The components of the Ricci tensors after a
Kaluza-Klein compactification are given by [36]

1 1

Ruv = Ry — 51<;11<a,1i{p1?{ﬂ, Rua = EKZDVF;" (2.11a)
1

Rap = Rup + ZK;K,;JFJUFJ”“ (2.11b)

where K%/ are the Killing vectors associated with the SU(3) isometry group (metric preserv-
ing symmetry) of the internal space CP>=SU(@3) /SU(2) x U(1). The range of the indices
isu,v=1,2,3,4,a,b=1,2,3,4and I, J =1,2,3,..., 8. Equations (2.11a), (2.11b) lead
to the following decomposition of the 8 D scalar curvature

1 v a
R = Rlgn] — ZF;vFﬁ +g%Ryp +--- (2.11c)
so that the Lagrangian (2.10) furnishes a four-dim theory of gravity and SU(3) Yang-Mills
interacting with a non-linear sigma model scalar field stemming from the metric degrees of
freedom in the internal space. The indices I = 1,2, 3, ..., 8 span the 8 generators of the
SU(3) algebra and R = g% R,,,, is the four-dim scalar curvature.
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Concluding, from a quaternionic-valued gravitational theory in 8 D, one has the necessary
field ingredients to build the Lagrangian (2.10) and generate a gravitational and SU(3) x
SU(2) x U(1) Yang-Mills theory in 4D after a Kaluza-Klein compactification on CP?. For
this reason, this kind of grand unification program warrants further investigation. Closely
related to the Lagrangian in Eq. (2.10) is that the authors [35] have shown how an Einstein-
Yang-Mills theory in 4 4 d dimensions admits a solution (an spontaneous compactification)
of the form M4 x G/H, where M, is an Einstein space and G/ H is a symmetric space, if the
gauge group of the Yang-Mills theory in 4 + d dimensions is H or larger. This agrees with
our results above which are based on having H = SU(2) x U(1) and d = 4. The authors
[35] focused in particular in the case when the four-dim base space M, is Minkowski or
Anti de Sitter space.

Instead of having for Lagrangian the one provided by Eq. (2.10), let us begin with the real
part of the quaternionic-valued scalar curvature, and set the numerical physical (coupling)
constants to unity, for simplicity

1
L= EgMNRMN + quaternionic complex conjugate

= g"MRyy — g™ Fuy — (&) Flpy + -+ (2.12)

the Lagrangian (2.12) is the quaternionic version of the Einstein-Hilbert gravitational one.
If one imposes the correspondence giyn) <> Fyn and (guny)j < Fz(m in (2.12) then one
recovers the correspondence with the gravity-Yang-Mills Lagrangian in (2.10). However,
we must emphasize that the Lagrangians of Egs. (2.10), (2.12) are not the same because an
antisymmetric metric tensor is not physically the same as a gauge field strength. Similarly,
one could have interpreted the Born-Infeld actions for EM and gravity, respectively

/ detlgm  Fl. / detigm + Rl 2.13)

as if one had the determinants of an effective “metric” given by g, + Fj,, and g, + R,.,.

Before studying the quaternionic version of the Einstein-Hilbert Lagrangian (2.12), let us
focus now on the Kaluza-Klein compactification of complex gravity. Earlier on we restricted
the connection to be given as I}7 , =87 A, — 67 A,, and similarly, the internal part of the
quaternionic connection @f, , = (67 (—9; =35 @;)ei. One may relax these restrictions and fo-
cus solely on a complex gravitational theory (without including the imaginary quaternionic
part) where the antisymmetric part of the connection I7;, ; is now unrestricted and ask how
a Kaluza-Klein compactification of complex gravity might look like. Because real gravity in
8D yields ordinary gravity and SU(3) Yang-Mills theory in 4D, upon a compactification on
CP?, one may wonder if complex gravity might furnish a complex gravitational and SU(3)
Yang-Mills theory in 4D upon compactification on CP?.

It is known that the complexification of the su(N), u(XN) algebras are respectively the
algebras sl(N, C), gl(N, C). Rather than focusing on SL(N, C) Yang-Mills theories (in-
volving noncompact groups) we shall concentrate on complex-valued SU(N) Yang-Mills
fields (AL + i AL)TI where T; are the N2> — 1 generators of SU(N). The symmetric and
antisymmetric metric components g4z = gp) + igap) in 8D admit the following 4 4 4
decomposition

8wy F 18001 = Vouw) + 1V + Pan AL AL + i Bran AfL AL (2.142)

8ab = ¢(ab) + id’[ab]a 8ua = ¢(ub)AZ + i¢[ab11&fp 8ap = (g;w)* (214b)
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and such that the interval ds? is the same as in ordinary real gravity with symmetric metrics
ds® = Pandy dy” + (o) + dan AL AL)dx dx” + 2 Abdx"dy®.  (2.15)

The antisymmetric metric components do not contribute to the distance due to the commuta-
tivity of the coordinate differentials. Another geometrical setting where the 4 + 4 decompo-
sition of symmetric and nonsymmetric metrics is relevant is in the study of Finsler geometry.
A very rigorous treatment of nonsymmetric theories of gravity [16] involving nonsymmetric
metrics in Finsler geometry was undertaken by [32] following the early work of Eisenhart
[33, 34]. Nonsymmetric metrics were very relevant in the study of Born’s deformed recip-
rocal complex gravity and Noncommutative gravity [17].

It is reasonable to expect that a Kaluza-Klein compactification scenario should yield a
complexified SU(3) Yang-Mills theory based on the following complex-valued field strength

Fuy+iFy, =8, (A5 +iA)) = 8, (A) +iA}) + fii (A, +iA)) (A +iA]):
k=1,2,3,...,8 (2.16)

One may note that now one ends up with field strength components whose fields Aj, AZ
mix due to the nonabelian nature of SU(3)

Pl = 0,4 — 0,48 + i (AL AL — AL ) @17

v

Pl =0, A8 — 0, A% + i (AL ] + AL ) @.17b)

These expressions should be compa}red with the standard SU(3) x SU(3) field strength,
where the respective fields A;f and A%/ do not mix

Flf =0,Af —3,A% + fi,* AL AY] (2.18a)
F=0,AY —0,A} + fi,* AL A) (2.18b)

If one equates
Fy,=Fi.  Fi=Fj (2.19)

it imposes a relationship among the gauge fields AX, AZ, AZ‘, AZ‘ of the form

AL — A =94 =4, AL -AN=0,A =4 = (2.20a)

k 1k Ak s
AR, = o, A%, 8, AL = 8, A

ul’

k=1,2,3,...,8 (2.20b)

where the derivatives 8MA" = Aﬁ, 8M/ik = /K’;L are not arbitrary functions but are con-
strained to satisfy the following set of stringent relations obtained by imposing the equalities

fif(AL AL = AL A)) = fiFALAY, k=1,2,3,....8 (2.21a)
fif(ALA]+ AL A = AR k=1,2,3,....8 (2.21b)

resulting from Egs. (2.19), and after using Eqgs. (2.20a), (2.20b) leading to a complicated

: ; ko Ak ATk krak AkY. AkTA% Ak
functional relation among A}, A} and A}, A} of the form A} [A}, A7l; AL LA}, AYl
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Hence, Egs. (2.20a), (2.20b), (2.21a), (2.21b) provide a functional relation among the prime
and unprimed fields of the form

k k k k Ak 1k 17k 1k tk o Rk
Al = Al + AN AT AL, Al = A+ AL AT AT (2.22)

we

which permits us to equate the Yang-Mills kinetic terms
(F//LkV)z + (F;;kV)z = (F/]A(V)z + (F/IEU)Z (2.23)

To sum up, by taking the real part of the complex scalar curvature for the 8 D Lagrangian:
%[gABR a5 + (g*P R45)*], and after performing a Kaluza-Klein compactification on CP?,
one would expect to generate the real part of the complexified SU(3) Yang-Mills kinetic
terms in 4D

1 kN2 =2
E[(Flliv—i_lF/fV) +(F/fv_lFllzv)]
= (F/]iv + iﬁﬁv)(Fl:LU - iﬁkw) = (F;ILCV)Z + (ﬁﬁV)z = (F;,th)z + (F;,tkv)z 224

Therefore, after recurring to the relations (2.19)—(2.22), one could extract in principle the
SU3) x SU@3) 4D Yang-Mills Lagrangian (2.24) from the complex gravitational theory
in 8D after a Kaluza-Klein compactification on the internal space CP*. Because the latter
group SU(3) x SU(3) contains the standard model group SU(3) x SU(2) x U(1), this is
an appealing construction in 8D that does not require an ordinary gravitational theory in
D =11 [39] and which differs from the proposals in [37, 38].

Having described heuristically the Kaluza-Klein compactification of complex gravity and
how a complex SU(3) Yang-Mills might arise, we now turn to the pure quaternionic grav-
ity case based on the metric g\ e, + gfﬂv]ei, when the internal part of the connection is
unrestricted (@ﬁw])i e; # 0, @L]ei, and ask firstly what a quaternionic analog of a SU(3)
Yang-Mills theory might look like. In general, a quaternionic-valued and SU(N)-valued
gauge field can be written as A, = A7" (e, ® T,,) involving the SU(N) algebra generators
T,,m=1,2,3,..., N> — 1 and the quaternion algebra generators (including the unit gen-
erator) e, = ey, €y, €2, €3; i.e. one has quaternionic-valued components for the SU(N) gauge
fields. The quaternionic-valued SU(N) commutator is defined by

[A,U.7 Av] = [Aﬁm (ea ® Tm)s Al‘jn (eb ® Tn)]

1 1
= AV Aew ) ® [T, T1+ S AT Al e, €] @ (T, T} (225)

= A}
where
{ea, eb} = _261127607 [eus eb] = zcabcec (226)
and
1

{Tnu Tn} = Nfsmn + dmin]h [Tm» Tn] = fmnp Tp (227)
From Egs. (2.25)-(2.27) one arrives at the different components of the field strengths

F/]iv = 8MA]: - avAZ + fljkAiLAl{ - SahfljkAleAl‘jj (2.28a)

c c c c 81 i pa j
Fp, = 0,A5 — 0,A5 + cap NJAMI AV (2.28b)
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Fi =0, A% — 0,A5 + o)  AY AY + fiF AL AY (2.28¢)

From the first three terms in the right hand side of Eq. (2.28a) one learns that F) /jv does
contain explicitly the SU(N) field strength if &, f,jkAji[ Al A ﬁjkALAI{. After requiring

. e 81i xal Abi p . .
the summation over the /, j indices in Eq. (2.28b) to be ﬁA u[ A"jf = A HA’; , in the special
case that the indices span the range of values givenby a,b=1,2,3;1,j=1,2,..., N?2—1,
the field strength F;, becomes

iy

: 8, _
Fiy = 0, = 0,45, + e’ 5 AGL AT
=0, A — 0,A", + cap AL AY (2.29)

and effectively behaves as a SU(2)-valued field strength since the quaternionic structure
constants ¢, coincide with the epsilon symbols €,,. when a, b, c = 1,2, 3. When the index
for c in Eq. (2.28b) isc =0= ca(}’ =0, and Eq. (2.28b) becomes in this case

Fj, =0,A) = 9,A, (2.30)

and which behaves effectively as an U (1) field strength.

Therefore, when N = 3, the field strength components in Egs. (2.28a), (2.28b) associ-
ated with a quaternionic-valued SU(3) Yang-Mills theory, contain the SU(3), SU(2), U(1)
field strengths as special cases, and consequently, the Standard Model group. In this way
one can see once more how a quaternionic-valued gravitational theory in 8D can furnish
a gravitational and SU(3) x SU(2) x U(1) Yang-Mills theory in 4D after a Kaluza-Klein
compactification on CP?. There are additional field strength components F, ;’; stemming
from the noncommutativity of the quaternions which do not belong to the Standard Model
group and which are given by Eq. (2.28c). As expected, the structure of the quaternionic-
valued SU(3) Yang-Mills theory is richer than a one based on the standard model group
SUB) x SUQR) x U(1).

One may compare these results with the Clifford CI(5, C) Unified Gauge Field Theory
of Conformal Gravity, Maxwell and U (4) x U (4) Yang-Mills in 4D [23], the Kaluza-Klein
theory without extra dimensions involving a curved Clifford space [49, 50] and the Clifford
CI(8) algebra models of [45—48].

3 Gravity and SU(5) Yang-Mills Unification from Nonlinear Connections in Finsler
Geometry

In this section we will explore a different approach than the standard Kaluza-Klein one to
unification from gravity in higher dimensions. It will be based on the nonlinear connec-
tion formalism of Finsler geometry, [26-31]. Some time ago it was shown by [40—43] that a
Kaluza-Klein-like formalism of Einstein’s theory, based on the (2 + 2)-fibration of a generic
4-dimensional spacetime, describes General Relativity as a Yang-Mills gauge theory on the
2-dimensional base manifold, where the local gauge symmetry is the group of the diffeo-
morphisms of the 2-dimensional fibre manifold. They found the Schwarzschild solution by
solving the field equations after a very laborious procedure. Their formalism was valid for
any m + n decomposition of the D-dim spacetime D = m + n. The line element in m + n
dimensions is parametrized as follows

ds® = papdy*dy” + (Viov + Gap AL AD)dx"dx" + 24, AL dx" dy* (3.1
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where all fields depend on the x*, y* coordinates and the metric is symmetric. In par-
ticular, the nonlinear gauge connection is given by Aj (x”, y%) and the span of indices
is u,v,p=1,2,...,mand a,b,c =1,2,...,n. To find the (m + n)-dimensional action
principle of general relativity we must compute the scalar curvature of space-times in the
(m + n)-decomposition. For this purpose it is convenient to introduce the following non-
holonomic (non-coordinate basis) éA = (5#, 3(4) where

du=d — AL (x", "), 9. =0, (3.2)
From this definition we have
[04, 98] = fu5" (. ¥")dc,
where the structure coefficients (non-holonomic coefficients) f, BC are given by
= —F, == f,=0.A1, fap =0, otherwise (3.3)

The virtue of this non-holonomic basis is that it brings the metric (3.1) into a block diagonal

form
_fYw O
§as ( 0 ¢ab)

which drastically simplifies the computation of the scalar curvature. In this non-holonomic
(non-coordinate) basis the Levi-Civita connection is given by

c_1 cpa A A I ¢cp
Lyp = 78 (0agBp + 08gap — Opgan) + 8 (fasp — fepa — fapB)  (3.4)

where fapc = gcp f45°- The field strength F v corresponding to the (nonlinear) gauge
connection A ;' is defined as
F,'=0,A7 —0,A) — AL 0. A] + AJ3 Aj, (3.5)

jnay

For completeness, the connection coefficients components are [40—43]
o 1 aB(q a a
Fp,v = EV (8M)/V/3 + 8v)/uﬂ - aﬁyuv)

a 1 ab 1 a
Fu,v = _§¢ abyll.u - EFHV

v v 1 vor 1 va b
F/},a =Fa//, =§y 3(1)//101—"_5)/ ¢ubﬁta

1y 1 1. .
Tl = 50" 8ubuc + 504, — S8" duce A (3.6)

1, A 1 1
b__ b b b
Fay, = E¢ C8;L¢ac - 5 aApL - Ed) C¢”"a"AMe

m 1 vy 1 v c 1 v c
Fab = __VM av¢ab + _VM ¢acabAv' + _VM ¢bca“AV

2 2 2
1

I, = E‘z’m(aaqbbd + 0pPaa — Bapan)-
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The Torsion is defined as
Thc=Tgc — s — fac (3.72)

giving vanishing torsion components, consistent with the fact that the Levi-Civita connection
is torsionless by definition. For example, from Egs. (3.3), (3.6) one arrives at the vanishing
values

a a a b b b b
Ty, =—F,, +F; =0, T,=-T,,=0A,—03A,=0, .. (3.7b)
The curvature tensors are defined as
RABCD = éAFBcD - éBFACD + FAEDFBCE - FBEDFACE - fABEFECD
Rac = RABCBv R= gACRAC (3821)
Explicitly, the scalar curvature R is given by
R=yp" (RW;! + Ru.av”) + ¢ (Ra(flf + Rtmll:) (3.8b)

which becomes, after a very lengthy computation
. 1
R= yMURMV + ¢aLRaC + Z‘pahylwyaﬁ F,,w((l Fuﬁh

1 )
+ 77" 0" 6 (D bac) (Dutra) — (D) (Duea)}

1 .
+ Z¢>“by“”y“ﬁ{(aam)(ahm) = (0aVur) O Yap) } + Vaj* 3.9)

where the “gauged” Ricci tensor R, in the base manifold and the internal space Ricci
tensor R, are defined by

Ruv =0, =8, + T4} T, T,°

neoav o’ pv

(3.10)
Rac = aar}n‘b - 8hracb + Fadbrhcd - dedrach'
The derivative terms V4 j4 in (3.9) are
Vait =V Ve Vgt = (8 L+ 1) ) G.11)
vaja — (8(1 + I—vcac + I—v(mot)ja7
where j#* and j¢ are given by
J =y (0 — 20,A0). =Y 0V (3.12)

Therefore, Einstein gravity in D = m + n dimensions describes an m-dim generally in-
variant field theory under the gauge transformations corresponding to the Diffs A of the in-
ternal n-dim space NV A{, couples to the graviton y,,,, meaning that the graviton is charged
(gauged) in this theory and also to the ¢,,, field on N which can be identified as a non-linear
sigma field whose self interaction potential term is given by ¢®*R,;, [40-43].

When the internal manifold A\ is a homogeneous compact space one can perform a har-
monic expansion of the fields w.r.t. the internal y* coordinates, and after integrating the ac-
tion w.r.t. these y* coordinates, one will generate an infinite-component field theory on the
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m-dimensional space represented by the x* coordinates. A reduction of the Diffs AV, via the
inner automorphims of a subgroup G of the Diffs N, yields the usual Einstein-Yang-Mills
theory interacting with a nonlinear sigma field. But in general, the former theory described
above is much richer than the latter one.

When the internal space A is two-dimensional, the area-preserving diffeomorphisms
subalgebra of the Diffs A algebra is generated by those vector fields £ which are tan-
gent to the internal two-dim surface and are divergence-free d,£¢ = 0. If the internal sur-
face is a sphere S? one may recur to the finding by Hoppe [44] showing that there exists
a basis-dependent limit of SU(N) such that SU(N = 00) is isomorphic to the algebra of
area-preserving diffs of the sphere S?. The SU(co)-valued gauge fields A, (x#) = AL Ty,
with I =1,2,3,..., N2 — 1 = o0, are mapped to c-functions depending on the x*, y¢ co-
ordinates A, (x*, y*). The Lie algebra SU(co) commutators [A,(x”), A, (x”)] are replaced
by the Poisson brackets {A, (x”, y*), A, (x”, y*)} pp With respect to the internal y* = yl, y?
coordinates of the sphere. In terms of the two angles like 6, ¢, the Poisson brackets are

d0A, 04, dA, 0A,
d(cosf) 0¢ d(cosf) d¢

{Au(x,y), Ay (x”.y) ), p = (3.13)

The group trace operation in the N — oo limit is replaced by an integral with respect to the
internal y* coordinates of the sphere such that

[t [ @y yidetal it alsay v R

_ / d*x / Py Ta s [0t g Y™y Frva o (3.14)

where h,;,(y) is the standard metric on the sphere and the field strengths in the right hand
side are defined in terms of the Poisson brackets as

Fun (27, y") = 0,4, (x7, ) = 0, A (x”, y*) + { AL (x*. ¥9), A (x”, y")} o, (315)

Therefore, by restricting to the area-preserving Diffs S? symmetry transformations (9,£¢ =
0) the above horizontal-vertical decomposition of six dimensional gravity (3.9), based on
the nonlinear connection A, (x,y), yields a 4D theory of (gauged) gravity and SU(o0)
Yang-Mills. Because SU(5) C SU(o0), a grand unification procedure from pure gravity in
D =4+ 2 dimensions is plausible, in principle, after one truncates (or breaks) the infinite-
dim symmetry SU(oco) down to SU(5). An spontaneous breakdown of the SU(co) symmetry
to SU(5) via the Higgs mechanism leads to an infinite number of massive spin 1 fields and
Higgs scalars along the infinite chain of steps from SU(co) — SU(5). A truncation of the
SU(o0) down to SU(S), rather than an infinite chain of spontaneous symmetry breaking
processes, from very high energies to lower energies, is another possibility. Despite the fact
that it does not seem very physically appealing to have an infinite hierarchy of massive spin
1 fields, and Higgs scalars along the infinite chain, one should not exclude this possibility
from being realized in Nature. Concluding, the nonlinear connection formalism of Finsler
geometry provides a hierarchical extension of the standard model, and the SU(5) GUT,
within a six dimensional gravitational theory in the form of the Lagrangian described by
Eq. (3.9), when the internal two-dim space is a sphere S.

Acknowledgements We thank M. Bowers for her assistance and to Sergiu Vacaru for many discussions on
Finsler geometry.

@ Springer



Int J Theor Phys (2012) 51:3318-3329 3329

References

[T N S

el

. Jordan, P., von Neumann, J., Wigner, E.: Ann. Math. 35, 2964 (1934)

MacCrimmon, K.: A Taste of Jordan Algebras. Springer, New York (2003)

. Freudenthal, H.: Ned. Akad. Wet. Proc. Ser. 57A, 218 (1954)

Tits, J.: Ned. Akad. Wet. Proc. Ser. 65A, 530 (1962)

. Springer, T.: Ned. Akad. Wet. Proc. Ser. 65A, 259 (1962)
. Adams, J.: Lectures on Exceptional Lie Groups. Chicago Lectures in Mathematics. University of

Chicago Press, Chicago (1996)

. Schafer, R.: An Introduction to Nonassociative Algebras. Academic Press, New York (1966)
. Tze, C.H., Gursey, F.: On the Role of Division, Jordan and Related Algebras in Particle Physics. World

Scientific, Singapore (1996)

. Okubo, S.: Introduction to Octonion and Other Nonassociative Algebras in Physics. Cambridge Univer-

sity Press, Cambridge (2005)

. Dixon, G.: Division Algebras, Octonions, Quaternions, Complex Numbers, and the Algebraic Design of

Physics. Kluwer, Dordrecht (1994)

. Dixon, G.: J. Math. Phys. 45(10), 3678 (2004)

. Castro, C.: Int. J. Geom. Methods Mod. Phys. 4(8), 1239 (2007)

. Castro, C.: Int. J. Geom. Methods Mod. Phys. 6(6), 911 (2009)

. Einstein, A.: Ann. Math. 46, 578 (1945)

. Einstein, A., Strauss, E.: Ann. Math. 47, 731 (1946)

. Moffat, J., Boal, D.: Phys. Rev. D 11, 1375 (1975)

. Castro, C.: Phys. Lett. B 668, 442 (2008)

. Borchsenius, K.: Phys. Rev. D 13, 2707 (1976)

. Marques, S., Oliveira, C.: J. Math. Phys. 26, 3131 (1985)

. Marques, S., Oliveira, C.: Phys. Rev. D 36, 1716 (1987)

. Castro, C.: J. Math. Phys. 48(7), 073517 (2007)

. Castro, C.: Int. J. Geom. Methods Mod. Phys. 9(3), 1250021 (2012)
. Castro, C.: Adv. Appl. Clifford Algebras 22(1), 1 (2012)

. Beil, R.: Int. J. Theor. Phys. 32(6), 1021 (1993)

. Asanov, G., Koselev, M.: Rep. Math. Phys. 26(3), 401 (1988)

. Miron, R., Hrimiuc, D., Shimada, H., Sabau, S.: The Geometry of Hamilton and Lagrange Spaces.

Kluwer Academic, Dordrecht (2001)

. Vacaru, S.: Finsler-Lagrange Geometries and standard theories in physics: new methods in Einstein and

string gravity. arXiv:0707.1524

. Vacaru, S., Stavrinos, P., Gaburov, E., Gonta, D.: Clifford and Riemann-Finsler Structures in Geometric

Mechanics and Gravity, p. 693. Geometry Balkan Press

. Brandt, H.: Found. Phys. Lett. 4(6), 523 (1991)

. Brandt, H.: Found. Phys. Lett. 5(1), 43 (1992)

. Brandt, H.: Found. Phys. Lett. 5(4), 315 (1992)

. Vacaru, S.: SIGMA 4, 071 (2008)

. Eisenhart, L.: Proc. Natl. Acad. Sci. USA 37, 311 (1951)

. Eisenhart, L.: Proc. Natl. Acad. Sci. USA 38, 505 (1952)

. Randybar-Daemi, S., Percacci, R.: Phys. Lett. B 117, 41 (1982)

. Pope, C.: Lectures in Kaluza-Klein theory (2002). http://faculty.physics.tamu.edu/pope/ihplec.pd

. Batakis, N.: Class. Quantum Gravity 3, L99 (1986)

. Batakis, N.: The gravitational and electroweak interactions unified as a gauge theory of the de Sitter

group. hep-th/9605217

. Witten, E.: Nucl. Phys. B 186, 412 (1981)

. Cho, Y., Soh, K., Park, Q., Yoon, J.: Phys. Lett. B 286, 251 (1992)

. Yoon, I.: Phys. Lett. B 308, 240 (1993)

. Yoon, I.: Phys. Lett. A 292, 166 (2001)

. Yoon, J.: Class. Quantum Gravity 18, 1863 (1999)

. Hoppe, J.: Quantum theory of a massless relativistic surface and a two dimensional bound state problem.

PhD thesis, MIT (1982)

. Smith, ET.: Int. J. Theor. Phys. 24, 155 (1985)

. Smith, ET.: Int. J. Theor. Phys. 25, 355 (1985)

. Smith, ET.: From sets to quarks. hep-ph/9708379

. Smith, ET.: Eg, strings, branes and the standard model. CERN CDS EXT-2004-031
. Pavsic, M.: Int. J. Mod. Phys. A 21, 5905 (2006)

. Pavsic, M.: Phys. Lett. B 614, 85 (2005)

@ Springer


http://arxiv.org/abs/arXiv:0707.1524
http://faculty.physics.tamu.edu/pope/ihplec.pd
http://arxiv.org/abs/hep-th/9605217
http://arxiv.org/abs/hep-ph/9708379

	Quaternionic-valued Gravitation in  8D, Grand Unification and Finsler Geometry
	Abstract
	Introduction
	Gravity and Standard Model Unification from  8D Quaternionic Gravity
	Gravity and SU (5) Yang-Mills Unification from Nonlinear Connections in Finsler Geometry
	Acknowledgements
	References


