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Abstract A theoretical scheme for bidirectional quantum controlled teleportation is pre-
sented using the entanglement property of five-qubit cluster state. This means that Alice
wants to transmit a entangled state of particle a to Bob and Bob wants to transmit a entan-
gled state of particle b to Alice via the control of the supervisor Charlie.
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1 Introduction

Since the first creation of quantum teleportation protocol by Bennett [1], research on quan-
tum teleportation has been attracting much attention both in theoretical and experimental
aspects in recent years due to its important applications in quantum calculation and quantum
communication. Several experimental implementations of teleportation have been reported
[2-4] and some schemes of quantum teleportation have also been presented [5—22]. There-
into, one branch of the extension is controlled teleportation first presented by Karlsson and
Bourennane [23] in 1998. In 2004,Yang et al. presented a multiparty controlled teleportation
protocol to teleport multi-qubit quantum information [24]. In 2005, Deng et al. introduced a
symmetric multiparty controlled teleportation scheme for an arbitrary two particle entangled
state [25]. Up to now teleportation, many teleportation and controlled teleportation scheme
have been reported [23—-30], but no bidirectional quantum controlled teleportation has not
yet been presented.

In this paper, we present a scheme of bidirectional quantum controlled teleportation in
which a five-qubit cluster state [31] quantum channel initially shared by the sender (receiver)
Alice, Bob and supervisor Charlie. Suppose that Alice has particle a in an unknown state,
she wants to transmit the state of particle a to Bob; at the same time, Bob has particle b
in an unknown state, he wants to transmit the state of particle b to Alice. We show that the
original state of each qubit can be restored by the receiver as long as sender Alice (Bob)
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make a C-not measurement and a single-qubit measurements on the sender’s side and oper-
ate an appropriate unitary transformation on the receiver’s side with the cooperation of the
supervisor Charlie.

2 Bidirectional Quantum Controlled Teleportation

Let us assume that the quantum channel between the sender Alice (Bob), the receiver Bob
(Alice) and the supervisor Charlie, is a one-dimensional five-qubit cluster state, which has
the form:

1
[¥) 12345 = §(|00000> +100111) + [11010) + [11101)) ... )
If Alice, Bob, and Charlie have particles 13, 25, 4, respectively, the quantum channel can

be expressed as:

1
[V/s)a, 814, = 5 (100000) + [00111) +[11010) + [11101)) , 2)
Suppose that Alice has particle a in an unknown state:

1X)a = (a0l0) +ail1)), (3a)

And that Bob has particle b in an unknown state:

1X)5 = (bol0) +b1l1)), (3b)

Alice wants to transmit the state of particle @ to Bob and Bob wants to transmit the state
of particle b to Alice.
The system state of the seven particles can be expressed as:

[V)s = 1X)a @ 1)X)6 @ 1¥s) 4, B,4,CB,
1
= (a0|0) + a1|1))a (b0|0) +b1|1>)b§(|00000>

+[00111) +[11010) + [11101)), ;.\ @)

In order to realize quantum state swapping, Bob make a C-not operation with the particle
b as the control qubit and the particle B, as the target. Which will transform Eq. (4) to the
result

[Y1)s = 1X)a @ 1X)6 @ |¥5) 4, B,4,CB,

1
= 5[bo(a0l0) +ai11)),10),(100000) + [00T11) + [11010) + [LT101)) 5 1 .

+ b1 (a0l0) + ar[1)), [1),(100001) + [00110)

+]11011) +|11100>)A131A2C82] ©

On the other hand, Alice make a C-not operation with the particle a as the control qubit
and the particle A; as the target, which will transform Eq. (5) to the result
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1
)y = [a0b0|0 )5(100000) +[00111) + [11010) + [11101)), o\ ..

A1B1A2CBy

+ aybo|1)410)5(]10000) 4 ]10111) + [01010) + [0110

( )
+ aphy|0), b(|00001 +100110) + [11011) + |[11100))
( 1) )A 1B1A2CBy
D ( )

+a1b1|1)4[1)5(110001) + [10110) + [01011) +]01100)) , BIAZCBZ] (6)

Charlie performs a Von Neumann measurement on his single qubit. Then, if Charlie’s
Von Neumann measurement result is |+)., the corresponding collapsed state of particle
[lAlAz, bBle will be

|1/,+>MIA2’bBIBZ 2f[aobow 410)5(10000) + [0011) + [1100) + [1111))

A1B1Ay By

+agb110)4 1) (10001) +10010) + [1101) + [1110)) ,

+a1b0|1)a|0)b(|1000) +11011) + |0100) + |0111))

A1B1A2By

+arbi[1)al1)5(/1001) +11010) +0101) +|0110)), , , ] ()

Then Alice carries out measurement on qubit Ay, if Alice’s Von Neumann measurement
result is |0) 4, the corresponding collapsed state of particle aA,, b B B, will be

1
), b8, = z—ﬁ[aobo|0>a|o)h(|000) +1011))

B1Ay By

+agh1[0)411),(1001) +010)) ,

+ a1bo|1)4]0),(1100) + |111))Bl

Ay By
+arbi Dl 1, (1101) +110)) , ] ®

Subsequently, Bob operates measurement on qubit B,, if Bob’s Von Neumann measure-
ment result is |0) , the corresponding collapsed state of particle aA,, bB; will be

W) nns, = [@05010)410)5100) g, 4, + aob110)411)5101) 5, 4,

2f
+ arbo|1)410)5110) g, 4, + arbi1)a|1)5[11) g, 4, ] )

Finally, Alice and Bob have to perform Von Neumann measurement on their qubits a, b,
with measurement base

1
50 1D),q, (10)

For example, if Alice’s measurements result is |+),, Bob’s measurements result is |+),
the corresponding collapsed state of particle By, A, will be

[E)aw) =

1
oo = m(aobo|00> +aghi[01) + arbo|10) + aiby|11)) ,

1
= m(00|0)+a1|1>)31 (b0|0>+b1|1))Az (1n
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The Bidirectional quantum controlled teleportation is successfully realized.
Similarly, if Charlie’s Von Neumann measurement result is |—)., the corresponding col-
lapsed state of particle aA; Ay, bB; B, will be

B 1
Y Dany a0, = —2ﬂ[“0b0|0>a|0)b(|0000> —10011) = [1100) + [11ID) , 4 4.,

+a0b1|0)a|1)b(|0001) —0010) — |1101) + |1110))

A1B1A2By

+ arbo|1)410),(11000) — [1011) — [0100) + [0111))

A1B1A2By

+arby[1)4]1),(11001) — 1010) — [0101) + [0110)) (12)

A]B]Asz]

Then Alice measurements on qubit A, if Alice’s Von Neumann measurement result is
[1) 4, the corresponding collapsed state of particle aA,, bB| B, will be

aobo|0)4]0),(—1100) + |111))

B1 Ay By

_ 1
|1// l>aA2,bBle = 2—\/5[

+agh110)411)5(—1101) + [110))

BiA2B;

+aibo|1)410)(1000) — [011))

BiA2By

+aibi[1)4]1),(1001) —010)) (13)

BIAZBZ]

Subsequently, Bob measurements on qubit B,, if Bob’s Von Neumann measurement re-
sult is |1) g, the corresponding collapsed state of particle aA,, bB; will be

1
W™ " ansbm = m[aobo|0>a|0>b|11>slAz — agb110)4[1)5110) 5, 4,
— aybo[1)4]0),(01) g, 4, + a1bi]1)a]1)5100) 5, 4, | (14)
Then, if Alice’s measurements result is |+),, Bob’s measurements result is |+),, the

corresponding collapsed state of particle By, A, will be

1
[y =Y g4y, = ——=[aobol11) g4, — aob1110) g, 4, — arbol01) g, 4, + a1b1]00) 5, 4, |

42

—L( 1) = a110)) 5, (boll) — £1]0)) (15)
_4ﬁ o aj B, \Po 1 Ay

The Bidirectional quantum controlled teleportation is successfully realized.

Analogously, for other cases, according to measurement result by Alice, Bob and Charlie,
Alice and Bob operate an appropriate unitary transformation; the Bidirectional quantum
controlled teleportation is easily realized.

3 Conclusions
In summary, we have proposed a scheme for Bidirectional quantum controlled teleportation

by five cluster state. Namely, Suppose that Alice wants to transmit a entangled state of
particle a to Bob and at same time Bob wants to transmit a entangled state of particle b to
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Alice via the control of the supervisor Charlie. The two unknown states can be exchanged if
Alice and Bob operate Von Neumann measurement and appropriate unitary transformation
with the help of Charlie. However, if one agent does not cooperate, the receiver can not fully
recover the original state of each qubit. We hope that the scheme will be experimentally
realized in the future.
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