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Abstract In this paper, the algebraic structure and the Poisson’s integral theory of f(R)
cosmology are presented. Firstly, the Hamilton canonical equations are derived for the sys-
tem. Secondly, the contravariant algebraic forms of f(R) cosmology are obtained. Thirdly,
the Lie algebraic structure admitted and Poisson’s integral methods are investigated for f(R)
cosmology. Further, the first integrals and solution of f(R) cosmology are given. Finally, an
example is given to illustrate the results.
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1 Introduction

Extended theories of gravity have become a sort of paradigm in modern physics since they
seem to solve several problems of standard general relativity related to cosmology, astro-
physics and quantum field theory. In recent years, modified theories of gravity constructed
by adding correction terms in the usual Einstein—Hilbert action, have opened a new window
to study the accelerated expansion of the universe. It has been shown that such correction
terms could give rise to accelerating solutions of the field equations without having to in-
voke concepts such as dark energy [1]. In a more general setting, one can use a generic
function f(R), instead of the usual Ricci scalar R as the action of Hilbert—Einstein formu-
lation. This method relaxing the hypothesis that gravitational Lagrangian has to be a linear
function of the Ricci curvature scalar R in Hilbert—Einstein formulation, one can take into
account, as a minimal extension, an effective action where the gravitational Lagrangian is
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a generic f(R) function. Such f(R) gravity theories have been extensively studied in the
literature over the past few years [2] for a review. Vakili has studied a flat FRW space—time
in the framework of the metric formalism of f(R) gravity, and have constructed an effective
Lagrangian in the minisuperspace {a, R} where a and R being the scale factor and Ricci
scalar, respectively [3].

It is well known that many methods, such as Ermakov technique [4, 5], Lutzky’s ap-
proach [6, 7], group transformation method [8—10], dynamical algebraic method [11-13],
and algebraic structure and Poisson’s method for constrained mechanical systems [14—16],
have been developed to seek invariants of mechanical and physical systems. Among these
methods, the invariants of the mechanical systems studied by using Lie group of transfor-
mation seem to have an extra advantage of a straightforward extension to the corresponding
quantum mechanics, cosmological models and f(R) cosmology [17-22]. Capozziello, Sta-
bile and Troisi searched for spherically symmetric solutions of f(R) theories of gravity via
the Noether symmetry approach. A general formalism in the metric framework is devel-
oped considering a point-like f(R) Lagrangian [23]. As mentioned above, Vakili presented
Noether symmetries of a generic f(R) classical and quantum cosmological models by uti-
lizing the behavior of the corresponding Lagrangian under the infinitesimal generators with
respect to the scale factor ¢ and Ricci scalar R [3, 22].

In fact the algebraic structure and the Poisson’s theory have been used to study the rela-
tivistic Birkhoffian mechanics and electromechanical systems by Fu et al. [24, 25]. The al-
gebraic structures and Poisson’s theories of f(R) cosmology which have not been explored
so far. In this paper, we make an effort in this direction to obtain the algebraic structure and
Poisson’s theory of f(R) cosmology, and further study the solutions with respect to this
model. It would be of interest to employ such f(R) cosmology model in this study.

2 The Phase Space of the Model

In this section we consider a spatially flat FRW cosmology within the framework of f(R)
gravity. Since our goal is to study models which exhibit algebra structure and Poisson’s
integral approach, we do not include any matter contribution in the action. Let us start from
the (n + 1)-dimensional action (we work in units where ¢ = 167G = 1)

s= f &g f(R), )

where R is the scalar curvature and f (R) is an arbitrary function of R. By varying the above
action with respect to metric we obtain the equation of motion as

1
Eg;wf(R) - Ru.vf/(R) + Vp,vvf/(R) - g;wa/(R) = 0, (2)

where a prime represents differentiation with respect to R. We assume that the geometry
of space—time is described by the flat FRW metric which seems to be consistent with the
present cosmological observations

ds? = —dt* + a2 @) Z(dxi)z. (3)

i=l1
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With this background geometry the field equations read [20]

_ nn=Dpo 1
(=P +———P=—2

[(f'R— f)—2nRPf"], 5)

[f’”R2 +(@m—1DPRf"+ f"R+ %(f - Rf/)], “

pro—— 1
nn—1)f

where P = a/a is the Hubble parameter and a dot represents differentiation with respect
to ¢. To study the algebra structure and Poisson’s approach of the minisuperspace under
consideration, we need an effective Lagrangian for the model whose variation with respect to
its dynamical variables yields the correct equations of motion. Following [3], by considering
the action described above as representing a dynamical system in which the scale factor a
and scalar curvature R play the role of independent dynamical variables, we can rewrite
action (1) as [3]
. a? d

S = / L(a,a, R, R)dt :/dt{a”f(R) — A[R —n(n — 1); — ZnEiH, (6)
where we introduce the definition of R in terms of a and its derivatives as a constraint. This
procedure allows us to remove the second order derivatives from action (6). The Lagrange

multiplier A can be obtained by variation with respect to R, that is, A = a" f(R). Thus, we
obtain the following Lagrangian for the model [3]

L(a,a,R,R)=n(n — Da*a" 2 f +2naRa" ' " +a"(f'R — f). o)

The generic momenta with respect to variables a and R are

oL . n=2 pr n—1p pn
Pa= 5o =2n(n = Daa" > f' + 2na" " R, ®)
a
oL n—1_: r1
PR = ﬁ =2na"""af"(R). ()]
Then we have
. PR
a= 2nan=! [ 1o
. " _ —1 /
R:af Pa—(n - )pr. (11)
2na" f"?

The Hamiltonian corresponding to Lagrangian (7) can then be written in terms

aprpa (0 =1 f'pg
Znanf// 4na”f”2

H(a, pa, R, pr) = pat + prR — L = —a"(f'[R=f). (12)

Then, the Hamilton canonical equations associated with Hamiltonian (12) are obtain

OH _ (n—1)prpa _ (n—Dnf’'py

"= T R 1), 13

P da 2na® f" dnar+l 2 +na"" (f D) (13)
0H a " —Dpl FI2 2 F"

Pr=— s = apaprf nn—1Dpgf f'f na R, .
dR 2na”f“2 dnan f//3
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3 Contravariant Algebraic Form of f(R) Cosmology

Introduce contravariant vectors for the f(R) cosmology

au:{q”’ =12, (15)

Pu—2, (w=3,4),

where a; = a, a; = R, a3 = p,, a3 = pg, then Hamiltonian of the f(R) cosmology can be
written in the form

H(a, p)=H(t,a"), (16)

where a = {a, R}, p = {p., pr}. Using the contravariant tensor

0 0O I 0
02x2  Dx2 0O 0 0 I
Yy = = 17
@) (—szz 02><2> - 0 00 (an
-7 0 0
We express the (10), (11), (13) and (14) the contravariant algebraic form as
oH
at — "' —=0, (un,v=1,2,3,4). (18)
da¥
namely
. alf//aS_(n_l)a4f/
T @y 4
. alf//a3_(n_1)a4f/
= 2n(a1)”f”2 ’ (20)
oOH —1 3.4 -1 1 (442
L s 1)

T 9a' T 2n@@)y'fr dn(alyl 2
4 OH ala3a4f/// I’l(l’l _ ])(04)2f//2 _ 2f/f///

- = In—1 ¢gr 2
a = a2 - zn(al)nf//Z 4n(a1)”f”3 +n(a’) f a“. (22)

4 Algebraic Structure of f(R) Cosmology

Firstly, we study the algebraic structure of f(R) cosmology.
Performing full derivative of function A(a) along (18), one has
A 0H

A= —ao—— v=1,23,4), 23
522 3av (e, v ) (23)

the right-hand side of (23) is defined as a double-linear product A e H, i.e.

d0A oH
—awM’ =AeH, (24)
dak da”

which satisfies the right-hand assignment law

Ae(B+C)=AeB+Ae(C, (25)
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left-hand assignment law
(A+B)eC=AeC+BeC(C, (26)

and scalar law
(0dA)eB=Ae (xB)=0u(AeB). 27

so (18) possesses the compatible algebraic structure.
Expanding (18) yields

dA oH 0A 0H 0A 0H
P = — (28)
dar da’  0dqkdp,  Opp dg*

which is the classical Poisson’s bracket (A, B), i.e. (A, B) = A e B. It is well known that
Poisson’s bracket possesses the anti-symmetrical property

AoB+BoA=0, (29)
and satisfies Jacobi identical equation
Ao(BoC)+Bo(CoA)4+Co(AoB)=0. (30)
Equations (29) and (30) are also called Lie algebra axiom, then one has

Theorem Equations of motion of f(R) cosmology possess the compatible algebraic struc-
ture as well as the Lie algebraic structure.

5 Poisson’s Theory of f(R) Cosmology

We have known that the theoretical foundation of Poission’s integral method being equa-
tions of motion of systems possess Lie algebraic structure [21]. The f(R) cosmology (23)
possesses Lie algebraic structure, then the Poisson’s integral methods of conservative holo-
nomic dynamical systems can all be used in the system. Then we have

Proposition 1 The necessary and sufficient condition on which I (a*,t) (u=1,...,n+m)
is first integral of the f(R) cosmology model (23) is that the I (a*, t) satisfies

of +{,H)=0 31
at 9 - 9
expanding (31) one has
81+I H— 81+8I ,0H 81+81,1+8I 2y O ol . +8I
— e H= —aow" —a + —a —
ot ot dar da®  dt  da' da? 03" T 9a
ol Lo aI a* Al a' f"a®> — (n— Da’f'
- 8 da' 2n(a)— lf// 2 2n(a1)”f”2

ﬂ{(n—l)a‘a (n—l)nf/(a“)2
2n(a1)"f” 4n(a1)"+1f”2

- +n(a")y"'(f'a* - f)}
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ﬂ{ a1a3a4f/// l’l(l’l _ 1)(a4)2f//2 _ 2f/f///
da? 2n(a‘)"f”2 4n(a1)”f”3
=0 (32)

+n(a1)n—1f//02}

this is a one-order linear homogeneous partial differential equation which the characteristic
equation is

e 2n(a"y"! f"da’ . 2n(a")" f"*da®
1 a4 _alf”a3—(n— Da* f
da?®

(n—Da3a* (n—nf'(@*)? —
2:11(111))“";” - 4n(al;lnf+1f//2 +n(a1)” l(f/az — f)

da* 33)
- a'd3a4f’” n(nfl)(a4)2f”272f/f’/’ I\nel £ 27
2ty £ an(ayr 3 +ala)rifra
where, we taking f(R) cosmology as [3]
3,3
f(R)=R2=(a")2, (34
the characteristic equation is written in the form
dt 3(@a')'da' 3n(a')"da®
T IV : 3
b2@2at 0143t — 4(n - Dat(a?)?
da®
- 1 3
2tn—1ad3a*@?)2 2 (n—1)(a?)2 (a*)? 3 _ 3
apecten] _ ettt 4 3 gip-ien)]
da*
- 3,4 42 (42 5 1 ’ (35)
a’a T+ (nfl)((jl))”(a )2 %n(al)n—l(QZ)j
3n(a1)”’1(a2)2

Equation (35) is called the Poisson’s condition of the first integral for f(R) cosmology.
In (35),

3(a")*da! _ 3n(a")"da?
1 - 3
2(a?)2 2a'a}(a?)7 — 4(n — 1)a*(a?)2
then, we can obtain the first integral
I 2( 1)4(:1—1)114 a3 ( 1)4(n—l)u4+n C (36)
=a“(a . ———(a n =C,.
! 4(n — Da? '
Equation (35) result in
3(a")y""'da' _ da’®
Ny T T - 3 S
AT ApeleS 2RO 1 dn(aly (@)
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then one has

1 4
_ 3¢ 1\—(m—a* 2, 4\2 IN—(—Da*—1
L=a(a) “+(n—1)a(a)—(n_l)a4_1(a) ‘
9612 1 4
_ —(n—1)a"+2n—1 =C,. 37
dn—Datt2n =14 2 G7)

We eliminating a* by first integrals (36) and (37) lead to

4
1y I—(—Da*+ 4 - 40=Dd” 5,
4(al)l—(n—1)a4c1 — (al)j—;‘ 4(a1)—(n—l)d+5a2 . 9(a") 2
(n— Da*
36(a1)1—(n—l)a4+%—4("7nl)a4+2n 5 18(a1)1—(n—1)a4+%—M+2n

1—4(n—1a*—2n “ (1 -4 — Da*—2n)a*

gty d 4=t 4 _4m=ba*
(a1)1+(n Da +o - +2n 54 (a1)2+" -
- —

- 38
—m-nat T T e G8)
In (35),
da! da*
e a’a n— a4 2 — ’
1 %Jrs( 21;]( Z 4 2n(aly-?
namely
d_614 — ﬁ — 3(11_—1)(614)2 — 2n(a1)2”_2, (39)

da'  na? 2a! 8
which can be expressed as a Riccati equation. It is very known that we to obtain generic solu-
tion is difficult from Riccati equation. Now, we given the following several special solutions
of (39):
when n = 1, the (38) can be written as

da* a3 s 9
— = —a" =, 40
da! a2a 8 (40)

then, one has
93\ _d
L=(a*+22)e 2% =, (41)
8a?
When n =2, the (38) can be expressed as

=~ ("), (42)

which has the series solution

(@t -

I4=a4—£3—1(a1)3— 3¢’ (a3)2 ( 1)5—|: (a3)3

1642 160(a2)2 1920(a2)?
—C.. (43)

9 1,6
+a](a) +oo

Similar, when n = 3,4, 5, ..., we can obtain the first integrals /; (i =3,4,5,...).
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From (35), one has

dt 3 1 nfld 1
& _3e) da (44)
1 2(a?)za*
Using first integrals (38), the a* can be written in the form
a4:a4(al,a2,C1,C2). 45)

On the other hand, we give the following propositions:

Proposition 2 For the Hamiltonian of the f(R) cosmology does not depend explicitly on
time t, then the Hamiltonian of system is first integral, i.e.

I — 1 = SPRPa (n—1)f'pk

- 2nanf// 4nanf//2 - a”(f R— f)

_ 8a'aPdPa* 2(n—1)(@?)? (>
T 9n(al) 3n(al)y

3 ;
- @) (@)i - @)?)=Cs. (46
where Cs is an arbitrary constant.

Now, substituting (45) and (46) into (44), we can obtain the first integral
Is=Is(a',a*, Cy, Cy, Cs, 1), 47

where C; (i =1, 2,5.6) are arbitrary constants.
Using (36), (37), (46) and (47), we obtain the following solution of f(R) cosmology:

a'=a=a(t,C,,Cs,Cs, Cg), (48)
a*=R=R(t,C,C,,Cs,Ce), (49)
@’ = py = pa(t, C1,C3,Cs,Cs), (50)
a = pr=pg(, Ci, Cy,Cs,Co). (5D

Proposition 3 [f the system of f(R) cosmology (18) possesses two first integrals I, (a",t)
and I,(a", t) having not involution, their Poisson’s bracket (11, I,) is also the first integral
of the system.

Proof Supposing that the system of f(R) cosmology (18) possesses two first integrals hav-
ing not involution

L@ .n=c, bh@.nH=c k=1234), (52)
which satisfy Poisson’s conditions

L m=0 2y my=0 (53)
a[ 1 — Y, 8[ 2 — V.

Performing the following operation

3 3l aL\ ol dw™ 3l
Zhhy=(Z 1 o= )+ L= 54
pr 1 1) (ar 2)+(‘ ar>+aau ar ot (>4)
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in respect that
dwH”
ot

a1, ol
I, I . —., 1 ). 55
( 1, )= <8t 2) + ( o 1> (55)

Using Lie algebraic axioms (29), (30) leads to

)

then (53) becomes

(1, ), H)y=—((I, H), 1)) — (H, I), 1) = (I, (I, H)) + (I}, H), I,). (56)
Combining (54) and (56) and considering (53) yields
B al ol
5(11,12)4'((11,12),1'1): o + U, H), L)+ 11,¥+(127H) =0, (&7
then (I}, I) being also a first integral of the system of f(R) cosmology (18). O

Proposition 4 [f the system of f(R) cosmology (18), which possesses a first integral

I(a*,t) containing t, and Hamiltonian does not depend explicitly on t, then %, %, cee,
are also first integrals of the system.
Proof By partially differentiating (37) with respect to ¢, we obtain
881+ 8IH N IaH _0
at ot at’ Tor )
where H does not depending explicitly on ¢, and
88[-1— o H|=0 (58)
at ot a’ ) 7
where is a first integral of (18). Similarly, one can prove that "—2 ‘;—1 ..., are also the

first 1ntegrals of the system.
For example, for the system of f(R) cosmology (18), the first integral (47) obvious
containing ¢ and the Hamiltonian does not one, then d;: s %, ... are also the first integrals

of the system. ]

Proposition 5 If the system of f(R) cosmology (18), which possesses a first integral

I(a*, t) containing a”, and Hamiltonian H does not depend explicitly on a”, then

ol 821

BaP? T e ATe also first integrals of the system.

Proof By partially differentiating (37) with respect to a”, we have

881+ 81H+18H _o
dar ot dar’ “dar )

where H does not depend explicitly on a”, and

0 ol al
—— —.,H ) =0, 59
at da’ +(8a/’ > (>9)
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. . .. 2 a3
therefore % is a first integral of the (18). Similarly we can prove that ;_,,Iz ;—;3 ...,are
a a

also first integrals of the system.
In the Hamiltonian of (12) including all a”, then the f(R) cosmology (12) have not the

. oI 921
first integrals of 37, POEERREE O

6 An Example

In this section we consider a spatially flat FRW cosmology within the framework of f(R)
gravity. Since our aim is to the first integral which exhibit Poisson’s method, one does not in-
clude any matter contribution in the action. Let us tart from a string-dilaton four-dimensional
effective action, neglecting the torsion terms and other scalar fields except the dilation ¢,
is [26]

5= [ dtrymge IR + 4500, ~ 2A R (60)
this action is nothing else than a particular case of the most general action, then we have
R=2¢"%f(R)= %RZ = %ew, V(R)=e"2V(p). (61)
In a FRW flat metric, action (60) gives rise to a Lagrangian density,
L=e¢%Ba% — 6aa’*p +2a°¢* — a*V (¢)). (62)
We find that a particular form of V (¢) for the existence of a Noether symmetry is [26]
V(g)=el T, (63)

We introduce the generic momenta with respect to variables a and ¢ as

oL oL
P, = — =e *[6aqd —6a’¢l, P,=_— =e *¥[—6aa’+4a’] (64)
da d¢
then, one has
2aP, + 3P, aP,+ P,
. 2 a % P 2 a 4
o R ©>

The Hamiltonian corresponding to Lagrangian (62) can then be written in terms

H = P,a+ P,¢ — e % (3d’a — 6aa*p + 2a°¢* — e(_liﬁ)‘”a3)

2 2
2 2aP; 4+ 6aP, P, + 3P,

¢ 1243

+ a3e 3V, (66)

Let

ay=a, a =g, az = pq, a4 = pg, (67)

then Hamiltonian of the f(R) cosmology can be written in the form

H=—¢

2ay 2!112(1% + 6ala3a4 + 3612 + a?e(%iﬁ)”z. (68)

12a;
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We express the equations of motion for systems the contravariant algebraic form as

20y 26112613 + 3aja4

B 6a’
& 24y 143 +ay
élz 2a1
. — 2 =0, (69)
as _ a1t a4 e/
ay 2a‘1‘
o 20145 + 6a1a304 + 3a; — (=3 £ VBade e
12a1
ie.
2a%as + 3a,a
a = _6202#, (70)
6a;
Gy = _gw%ta“, 7D
2a;
2
dS — _eZaz ala3a44+ ay _ 3a%€(—3ix/§)112’ (72)
2a]
2aja; +6 +3
g = o202 aras 1‘12161!23a4 614 (34 «/—)ag (- 3if)a2 (73)
1

We can prove that the Lagrangian (62) of f(¢) cosmology possesses Lie algebraic struc-
ture, then the Poisson’s integral methods of conservative holonomic dynamical systems can
all be used in the system.

The necessary and sufficient condition on which 7(a*,t) (u =1,...,n + m) is first
integral of the f(R) cosmology model (23) is that the I (a*, t) satisfies

al i TeH al ol 0H 9l 81 - 81 2, 81 3 81
- e H=—1+_"" ¢ — il il el
ot ot  dat da” 0t 8a da? da’ da*
_ ﬂ n ﬁ _ 2a12a3+3a1a4 ﬂ _62a2a1a3 +ay
ot da' 6a; da’ 2a}

ol < 20, 410304 + aﬁ 2 (-3£V3
+ —(-e2— — 3ale(_ yaz
da’ 2af}

+£ 20 2aia3 + 6aia3as + 3a; — (=3 +B)ade 3:VDar
da* 1243

=0, (74)

the characteristic equation is written in the form

dr 6a§da1 _ 2al3da2

1 e (Zafa3 +3aias) o2 (ayaz + ay)

Zafda3

22 (ayazay +a3) + 6a16e(_3iﬂ)“2
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12a?da4
22 (2a2a} + 6a,azay + 3a2) — 12(=3 £+ v/3)ale 3V

Equation (75) result in
3(a1a3 + a4)da| daz

(2a]2a3 + 3a,ay4) T

then we obtain the first integral

3
=7 ln(2a1a3 + 3a,a4) —|— lna — Z ln(2a1a3 +3a4) — az

1 2 3 a' “
= —In(2ajas + 3a1a —_— —ay=0C;j.
4 ( ! 3+ ! 4) (2a1a3+3a4) 2 !
From (75) one has
_ 2013(1!12 2at 1das
e (aya3 + a4) 62“2 (ajazay + a4) + 6a; bo(—3xV3)ay
which is been expressed as
day a4 6a; (=5+3)ay

day  a; as(1+ tas)

. 1 - aj . . . .
we let ajas < a4, and expanding s 1— a, @3 1n series, then (79) is written as
(14 E

6 2 6
das n 6a; ase(_Siﬁ)“z _ ay +6a;
day aﬁ aay

which has solution

Ga 6
(—5EV3)ay 2( (3t B)ar
a +6a )
a=ec a4(5if) |: 4 a(Sif) +05|,

6al N
ie.
6a o(=55V3)a; az(az + 6616) (= 5a6 6(1? ) az(az T 6a6)
12=a3e"4( &f) A T B e <5if) P A B B s U4
6alay 6alay
In (75)
da2 6da4

C(mas+ay) (2d2a3 + 6ayazay + 3a2) — 12(=3 £ +/3)ale 5+ '
then one has

day a3 a4 a\az a?(_3iﬁ)e(—5iﬁ)a2
da; 3 2 6(1442) ay(1+ 0%
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=C,.

(82)

(83)
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which is a nonlinear differential equation. It is very known that we to obtain a first integral
I is difficult from this equation.
In (75)
dr 6a12da1
—=— (85)
1 22 (2ayaz + 3ay)
On the other hand, for the Hamiltonian of the f(¢) cosmology does not depend explicitly
on time 7, then the Hamiltonian of system is first integral, i.e.

2.2 2
2, 20105 + 6a1a3as + 3a;

2a) +aje Ve =y, (86)
1

I4=H=—€

Using first integrals (77), (82) and (86), the a* and a* can be written in the forms
a=a’@',C,Cy,Cy),  a*=a'(d',Cy,Cr, Cy), (87)
substituting (87) into (85), we can obtain the first integral
Is = Is(a', Cy, Cy, Cy, 1). (88)

Using first integrals (77), (82), (86) and (88), we obtain the following solution of f(¢)
cosmology

a'=a=a(Cy,Cy,C4,Cs,t),
a*=¢9=9(Cy,Cy,Cy,Cs, 1),
@’ = P, = P,(Cy,Cy,C4,Cs,1),
at = Py, = P,(Cy,Cy,C4,Cs, 1),

(89)

where P, and Py are given by (64).

7 Conclusion

The algebraic structure and the Poisson’s theory to f(R) cosmology are studied in this paper.
The results here present significant approaches to seeking for first integrals and solution in
f(R) cosmology.

References

Carroll, S.M.: Rev. Rel. 4 (2001). astro-ph/0004075

Nojiri, S., Odintsov, S.D.: Int. J. Geom. Methods Mod. Phys. 4, 115 (2007)
Vakili, B.: Phys. Lett. B 664, 16 (2008)

Ray, J.R., Reid, J.L.: Phys. Lett. A 71, 317 (1979)

Reid, J.L., Ray, J.R.: J. Phys. A 15, 2751 (1982)

Lutzky, M.: J. Phys. A 11, 249 (1978)

Lutzky, M.: J. Phys. A 12, 973 (1979)

Burgan, J.R., et al.: Phys. Lett. A 74, 11 (1979)

Zhang, H.B., Chen, L.Q.: J. Phys. Soc. Jpn. 74, 905 (2005)
10. Ray, J.R.: Phys. Rev. D 20, 2632 (1979)

11. Korsch, H.J.: Phys. Lett. A 74, 294 (1979)

12. Kaushal, R.S., Korsch, H.J.: J. Math. Phys. 22, 1904 (1981)
13. Kaushal, R.S., Mishra, S.C.: J. Math. Phys. 34, 5843 (1993)

XN AW~

@ Springer


http://arxiv.org/abs/astro-ph/0004075

Int J Theor Phys (2012) 51:35-48

. Mei, EX.: Applications of Lie Groups and Lie Algebras to Constrained Mechanical Systems. Science

Press, Beijing (1999) (in Chinese)

. Mei, EX.: Int. J. Non-Linear Mech. 35, 229 (2000)

. Mei, EX.: ASME Appl. Mech. Rev. 53, 283 (2000)

. Wolf, F.,, Korsch, H.: J. Phys. Rev. A 37, 1934 (1988)

. Belmonte-Beitia, J., Pérez-Garcia, V.M., Vekslerchik, V., Torres, P.J.: Phys. Rev. Lett. 98, 064102 (2007)
. Camci, U., Kucukakca, Y.: Phys. Rev. D 76, 084023 (2007)

. Sanyal, A.K., Modak, B., Rubano, C., Piedipalumbo, E.: Gen. Relativ. Gravit. 37(2), 407 (2005)
. Sanyal, A.K., Modak, B.: Class. Quantum Gravity 19, 515 (2002)

. Vakili, B.: Phys. Lett. B 669, 206 (2008)

. Capozziello, S., Stabile, A., Troisi, A.: Class. Quantum Gravity 24, 2153 (2007)

. Fu, J.L., Chen, X.W,, Luo, S.K.: Appl. Math. Mech. 20, 1266 (1999)

. Liu, HJ., Tang, Y.F,, Fu, J.L.: Chin. Phys. 15, 1653 (2006)

. Capozziello, S., De Ritis, R., Rubano, C.: Phys. Lett. A 177, 18 (1993)

@ Springer



	Algebraic Structure and Poisson's Integral Theory of f(R) Cosmology
	Abstract
	Introduction
	The Phase Space of the Model
	Contravariant Algebraic Form of f(R) Cosmology
	Algebraic Structure of f(R) Cosmology
	Poisson's Theory of f(R) Cosmology
	An Example
	Conclusion
	References


