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Abstract A new application of the four-qubit cluster state is investigated for quantum in-
formation splitting (QIS) of an arbitrary N-qubit GHZ-type state among three parties. We
demonstrate that a four-qubit cluster state can be used to realize the deterministic QIS of
an arbitrary N-qubit GHZ-type state by introducing N — 1 ancillary qubits and perform-
ing N — 1 controlled-NOT operations. The presented protocols considered here are secure
against certain eavesdropping attacks.

Keywords Quantum information - Cluster state - Quantum information splitting -
Arbitrary N-qubit GHZ-type state - Controlled-NOT operation

1 Introduction

For classical information a shared key can be established between one party and two or
more others, all of whom should work together to read the message. In the case of quantum
information, the sender teleported a qubit in a way that the qubit can be recovered if and only
if two or more parties at the receiving end agree to collaborate. Quantum secret sharing is
an important branch of quantum information processing, it is the generalization of classical
secret sharing into quantum scenario. After Hillery et al. [1] demonstrated that the GHZ
states can be used for quantum information splitting (QIS), several QIS protocols have been
devised with the help of multi-particle entangled states, such as Bell states [2], W states [3],
a genuine five-qubit [4, 5] and six-qubit [6] entangled states.

In 2001, Briegel and Raussendorf [7] introduced a class of n-qubit entangled states, i.e.,
the cluster states. It is known that the n-qubit (n > 3) cluster state is maximally connected
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with the better persistency than the GHZ-type state [8]. Also cluster states are robust against
decoherence [9]. And it has been shown that a four-qubit cluster state can be used for quan-
tum error correction [10], as well as quantum computation [11, 12]. In Ref. [13], it was
demonstrated that a four-qubit cluster state may be useful in QIS of an arbitrary single qubit
state and an entangled two-qubit state. So far, the preparation of the cluster states have
attracted much attention [14, 15] and a lot of applications of cluster states have been in-
vestigated [16-21]. This gives us motivation to study the new application of the four-qubit
cluster state for QIS protocol.

In this paper, we describe a scheme to realize QIS of an arbitrary N-qubit GHZ-type
state by using a four-qubit cluster state among three parties. Firstly, the sender can transfer
all the information of an arbitrary N-qubit GHZ-type state into a qubit, and then performs
a Bell-state measurement (BSM) on her rest qubits. Then Charlie, one of the two agents,
needs to make a two-qubit measurement on his own qubits. Finally Bob, the other one (say
the receiver), can obtain the original N-qubit GHZ-type state by introducing N — 1 ancillary
qubits and performing N — 1 controlled-NOT operations. In our scheme, we first consider
how to realize the QIS of an arbitrary three-qubit GHZ-type state by the scheme proposed
here, then we provide a generalization to the case of QIS of N-qubit GHZ-type state.

2 QIS of an Arbitrary Three-qubit GHZ-type State

Our scheme can be described as follows. Suppose there are three legitimate parties, say,
Alice, Bob and Charlie. Alice is the sender of quantum information. Bob and Charlie are two
agents. Suppose Alice has an arbitrary three-qubit GHZ-type state, which can be described
as follows

[¥) 123 = |000) 123 + B[111) 123, (N

where |a|? 4 |8|> = 1. Alice, Bob and Charlie share a four-qubit cluster state

1
|C)aBcp = §(|0000> +10101) + [1010) — [1111)) acD> (2)

the qubits 1, 2, 3 and A belong to Alice, qubit B and D belong to Charlie, and qubit C
belongs to Bob, respectively. Here, we assume that Alice wants to transmit the state |V) 23
to Bob who is assigned to reconstruct the original state with the help of Charlie.

The state of the whole system is

[W)12348cp = 1Y) 123 ® |C) aBeD- 3)

In order to achieve the QIS of an arbitrary three-qubit GHZ-type state simply, Alice firstly
transfer all the information of a three-qubit GHZ-type state («|000) + B8|111)),,3 into qubit
1, its state is («|0) + B|1));. And it can be generated in the following way.

To gain («|0) 4 B|1)), from the state («|000) + B]111))23, Alice needs to carry out two
controlled-NOT operations on the three qubits with qubit 1 as controlled qubit and each of
two qubits 2, 3 as target qubits. The specific steps are illustrated by the quantum circuit
showed in Fig. 1. Let us follow the state |/)1,3 = («]|000) + B|111))1,3 in the circuit to see
clearly the process of generating («|0) + B]1));. The input state of circuit is |) 23, after
sending the three qubits through two controlled-NOT gates, the state of all the three qubits
becomes

1Y) 123 = (@|0) + BI1))1 ® |00)23. 4)
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Fig.1 Quantum circuit for
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Table 1 The outcome of the . - B
measurement performed by Alice Alice’s result State obtained by Bob and Charlie
and the state obtained by Bob and
Charlie, where the normalization ~ |®1) |4 16" e p = (@(|000) 4 101)) + B(1010) — [111))) gcp
if;j;f;vceebeen omitted for 19714 16%)Bep = @(1000) + [101) = B(010) — [111)) pcp
[WH)1a 1$3) pcp = (@(|010) — [111)) + B(1000) + [101))) e p
W7)1a 1¢4) pcp = (@(1010) — [111)) — B(1000) + [101))) gcp

Now, we note that all the information of the state («|000) + 8|111));,3 have been trans-
ferred into the state («|0) + B|1));.
Now we only need to consider the state of qubits 1, A, B, C, D which is

W) 1a8cp = (@|0) 4+ B11))1 ® |C) ancp- )

Then Alice performs a BSM on her qubit pair (1, A). The outcome of the measurement
performed by Alice and the entangled state obtained by Bob and Charlie are shown in Ta-
ble 1, where |®%) 4, = %(OOi 11)14 and [W#),, = %(01 +10) 4.

Then Alice sends her measured result to Charlie and Bob via a classical channel, Charlie
then makes a measurement in the basis of {|00) zp, |11) pp} and informs Bob of his measured
result. Having known the outcomes of both their measurements, Bob can obtain an arbitrary
single-qubit state. For instance, had the Bob-Charlie system evolved into the first state shown
in table 1 and if the outcome of Charlie’s measurement is |00) g p, then Bob’s state collapses
into the following state

lp)c =al0)c + Bl1)c- 6)

In order to obtain the original three-qubit GHZ-type state, Bob introduces two ancillary
qubits a; and a; in the initial state |00),,4,, and then carries out two controlled-NOT opera-
tions on his three qubits with qubit C as controlled qubit and each of two ancillary qubits as
target qubit. The specific steps are illustrated by the quantum circuit showed in Fig. 2.

Let us follow the states |@)c and |00),,q4, in the circuit to see clearly the process of
generating |V)caya, = ®000)ca,a, + BI1111) 4,4, The input state of circuit is

|P)caja, = (@]0)c + Bl1)c) ®100)a;a, = @|000) a0, + BI100)cayay )

after sending the three qubits through two controlled-NOT gates with qubit C as controlled
qubit and each of two ancillary qubits as target qubit, the state of all the three qubits becomes

|W>Ca1a2 =a|000>Ca]az +ﬂ|111>Ca1a27 (8)

this is the state that Alice wants to send to Bob.
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Fig. 2 Quantum circuit for
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Now we discuss the security problem of this scheme against certain eavesdropping at-
tacks. We assume that an eavesdropper (say Eve) has managed to entangle an ancilla qubit
to a qubit possessed by Charlie, so that she can measure the ancilla qubit to gain informa-
tion about the unknown qubit state. Suppose, all the three participants are unaware of this
attack of Eve, then after Alice transfers all the information into a qubit and performs a BSM
measurement, the combined state of Charlie, Bob and Eve collapses into a four-qubit en-
tangled state. However, after Charlie makes a two-qubit measurement, the Bob-Eve system
collapses into a product state, leaving Eve with no information about the unknown qubit. To
see this scenario more explicitly, assume the ancilla entangled to the qubit B of the entangled
channel possessed by Charlie to be |0) . If Alice gets the result |®*)4, then the combined
state of Charlie, Bob and Eve would be,

1
|E)scpE = ﬁ

Suppose that Charlie obtains the |00) zp, then the Bob-Eve system collapses into a product
state, |Q)cp = (@¢|0) + B|1))c|0)g. It is evident that Eve’s state is unaltered leaving no
chance for her to gain any information about the unknown qubit state, so this protocol is
secure.

(«(10000) + [1011)) + B(]0100) — [1111))) pcpE-

3 QIS of an Arbitrary N-qubit GHZ-type State

The previous protocol can be generalized to QIS an arbitrary N-qubit GHZ-type state. We
here assume that Bob reconstruct the original state. We suppose that Alice has an arbitrary
N-qubit GHZ-type state

V) i2..y =a|00---0) 2y + BI11--- T)1py. (C))

Alice, Bob and Charlie share a four-qubit cluster state in the expression of (2). The qubit
B and D belong to Charlie, and qubit C belongs to Bob. The state of the whole system is

(W) 12--Nypep = ¥ )12..8 @ |C) aBep- (10)

In order to achieve the QIS of an arbitrary N-qubit GHZ-type state simply, Alice firstly
transfer all the information of an arbitrary N-qubit GHZ-type state |y/),...y into qubit 1, its
state is («|0) 4+ B]1))1. And it can be generated in the following way.

To gain («|0) 4+ 8]1)); from the state [{/) 5.5, Alice needs to carry out N — 1 controlled-
NOT operations on the N qubits with qubit 1 as controlled qubit and each of N — 1 qubits
2,3, ..., N as target qubits. The specific steps are illustrated by the quantum circuit showed
in Fig. 3. Let us follow the state |),...y in the circuit to see clearly the process of generating
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Fig. 3 Quantum circuit for generating «|0)1 + S|1)1

(«]|0) + B|1))1. The input state of circuit is | )12..y, after sending the N qubits through
N — 1 controlled-NOT gates, the state of all the N qubits becomes

1Y) 128 = (@]0) + BI1))1 ® [00- - O)2s...y. Y

Now, we note that all the information of the state |{),..y have been transferred into the
state (x|0) + B]1));.

Then Alice performs a BSM on her qubit pair (1, A). The outcome of the measurement
performed by Alice and the entangled state obtained by Bob and Charlie are shown in Ta-
ble 1. and then she informs Charlie and Bob of her measured result. Charlie then makes a
measurement in the basis of {|00)zp, |11)pp} and communicates the result of her measure-
ment to Bob. Having known the outcomes of both their measurements, Bob can apply an
appropriate unitary transformation to obtain an arbitrary single-qubit state «|0)¢ + B|1)c.

In order to obtain the original N-qubit GHZ-type state, Bob introduces N — 1 ancillary
qubits a;, as,...,ay—; in the initial state [00---0)4,4,-ay_,» and then carries out N — 1
controlled-NOT operations on his N qubits with qubit C as controlled qubit and each of
N — 1 ancillary qubits as target qubit. The specific steps are illustrated by the quantum
circuit showed in Fig. 4.

Let us follow the states «[0)¢c + B]1)¢ and |00 - - 0)4,4y..ay_, in the circuit to see clearly
the process of generating |¥/) cq ay--ay_; =100+ 0)cayay-ay_, +BILL- - 1)cajayay_,- The
input state of circuit is

|(D,>Ca1a2-»-a;v,] = (O[|0>C + IB|1>C) ® |00 T 0>a|azmaN,1
=a]000- - 0)cajay--ay_, + BI100---0)cayay-ay_; 12)

after sending the N qubits through N — 1 controlled-NOT gates with qubit C as controlled
qubit and each of N — 1 ancillary qubits as target qubit, the state of all the N qubits becomes

|W>Ca|azwaN,1 = Ol|00 te O)CalazmaN,l + ﬂ'll t 1>Ca1a2waN,] s (13)

this is the state that Alice wants to send to Bob.

The security of this protocol against certain eavesdropping attacks can be demonstrated
by using the same proof method proposed in Sect. 2, so this protocol can be made to be
secure.

@ Springer



2804 Int J Theor Phys (2011) 50:2799-2804

e ale sl
|0),, g D g
|0),, e
| |
0,
|© '>Ca1a2~-aN_| |'//>cqla2...aN_]

4 Conclusion

In this paper, we have demonstrated that a four-qubit cluster state can be used to realize the
deterministic QIS of an arbitrary N-qubit GHZ-type state by introducing N — 1 ancillary
qubits and performing N — 1 controlled-NOT operations. Our scheme considered here are
secure against certain eavesdropping attacks. In our scheme, one only needs a BSM and
the two qubit measurements, which can be fulfilled in the experiment. Therefore such a
scheme is experimentally accessible. We hope that our scheme will soon be realized in the
experiment.
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