
Int J Theor Phys (2011) 50: 497–506
DOI 10.1007/s10773-010-0558-0

Geometric Phase and Sidebands

Hualan Xu · Y.H. Ji · Z.S. Wang

Received: 31 August 2010 / Accepted: 26 October 2010 / Published online: 4 November 2010
© Springer Science+Business Media, LLC 2010

Abstract Geometric phase of mixed state is expanded for a two-level atom interacting with
a quantized field mode, where master equation is a modified Bloch equation with constant
terms that are used to explain emergence of sidebands in the spectrum of the fluorescent
light. The results show that geometric phase transition is observed for medium initial angle
when the Rabi frequency associated with the driving field becomes comparable to the spec-
tral width of the atom. We find that the geometric phase transition depends on population
inversion and Bloch radius, which is helpful to understand mechanism of sideband.
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1 Introduction

The wave function of a quantum system retains a memory of its motion in terms of a geo-
metric phase [1], which enable one to discern whether or not the system has undergone an
evolution [2–4] by the geometric phase. This phase depends only on the area covered by
the evolution of the system in parameter space and does not depend on how the motion is
performed [5, 6]. The geometric phase factor can be measured in principle by interfering
the wave function which has undergone the above evolution with another coherent wave
function that did not evolve.

Application of geometric phases in quantum computation [7–11] has motivated people’s
studies to include decoherent effect [12–27]. In a real situation, The physical system is in-
evitably affected by uncontrollable degrees of freedom in the environment [28–30]. Differ-
ently from the pure state, the mixed state for the open system is always written in many dif-
ferent ways as a probabilistic mixture of distinct but not necessarily orthogonal pure states.
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Thus, the density matrix was introduced as a way of describing the quantum open system
and the state of the open system is not completely known. Up to now, therefore, the defini-
tion of the geometric phase for the open system is still a controversial issue. There have been
many proposals tackling the problem from different generalizations of the parallel transport
condition [12, 22]. However, a general belief is that the Berry phases are geometric in their
nature, i.e., proportional to the area spanned in parameter space. Therefore, the geometric
phase for the open system should be expressed here in terms of geometric structures on a
complex projective Hilbert space [25–27]. Differently from the previous many works about
the geometric phase within the conventional Bloch equation for the open system, especially,
we consider here a modified Bloch equation that was used to explain sidebands in process
of resonance fluorescence.

On the other hand, it is known that the current quantum computation presents a wide
range of challenges to quantum information [31–33], particularly the search for devices
of quantum memory that allow temporal storage of quantum information in a long dis-
tance quantum communication [34–36]. The sideband approach may be one of the available
methods for quantum memory [37]. In addition to its fundamental importance for quantum
processing and communications, the quantum memory promises a new tool for more precise
experimental investigation of atom-photon interactions and the effective generation of new
quantum states of light [38, 39]. Therefore, it is interesting to consider the geometric prop-
erties, which is a scheme intrinsically fault-tolerant and therefore resilient to certain types
of computational errors.

2 Hamiltonian in Interacting Picture

The spectrum of resonance fluorescence provides an interesting manifestation of quantum
theory of light. where a two-level atom is typically driven by a resonant continuous-wave
laser field. When the Rabi frequency from the driving field becomes comparable to or larger
than the spectral width of the atom, sidebands start emerging in the spectrum of the fluores-
cent light.

A physical understanding of this interesting phenomenon can be achieved by considering
a dressed-atom picture of the atom-field interaction [40, 41]. The interaction Hamiltonian of
a quantized field mode interacting with a two-level atom, in the rotating-wave approxima-
tion, is

H = H0 + H1, (1)

where H0 = �ω
2 σz + �νa+a and H1 = �g(σ+a + a+σ−). While a+ and a denote the photon

creation and annihilation operators satisfying the commutation relation [a, a+] = 1, σ± are
Pauli matrices and g is coupling constant between the two-level atom and driven field. It is
convenient to work in the interaction picture. The Hamiltonian, in the interaction picture, is
given by

Hint = exp(iH0t)H1 exp(−iH0t)

= −�g(σ+aei(ω−ν)t + σ−a+e−i(ω−ν)t ). (2)

We will consider the case in which ω = ν and therefore concerned only with Hamiltonian
in the interacting picture, i.e.,

Hint = �g(σ+a + a+σ−), (3)
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which has eigenstates,

|±, n〉 = 1√
2
(|0, n〉 ± |1, n + 1〉), (4)

with eigenvalues ±��R

2 |±, n〉 respectively. While �R = 2�g
√

n + 1 is a Rabi frequency
associated with the driving field. In order to simplify our calculations but without loss of
generality, we assume that the field photon distribution has a sharp peak around the mean
photon number so that the photon index n in the eigenstates is ignored. In the case, the basis
may be rewritten as,

|0〉 = 1√
2
(|+〉 + |−〉), |1〉 = 1√

2
(|+〉 − |−〉), (5)

which is called as qubit. The Hamiltonian in the interacting picture and Pauli operators may
be reexpressed by

Hint = ��R

2
(|+〉〈+| − |−〉〈−|) (6)

σ− = |1〉〈0| = 1

2
(|+〉〈+| + |+〉〈−| − |−〉〈+| − |−〉〈−|), (7)

σ+ = |0〉〈1| = 1

2
(|+〉〈+| − |+〉〈−| + |−〉〈+| − |−〉〈−|). (8)

3 Master Equation

The physical system is inevitably affected by uncontrollable degrees of freedom in the en-
vironment [28–30]. As a result of information about the dynamics of the system given by
the time evolution of the density operator ρ, the dissipative dynamics of the qubits can be
treated in the general framework of master equation. If each qubit interacts independently
with its own environment, this leads to local decoherence and loss of correction between
the qubits, i.e., Markovian approximation. The relevant physical condition for the Born-
Markovian process is that the environment correlating time is small compared to the relax-
ation time of the system. Thus the master equation [42], in the Markovian process, can be
expressed as

ρ̇ = − i

�
[Hint, ρ] + ζρ, (9)

where

ζρ = −�

2
(σ+σ−ρ − 2σ−ρσ+ + ρσ+σ−), (10)

is a superoperator, � is a decay rate. The first term of the master equation (9) is a unitary
part of the systematic dynamics generated by the Hamiltonian Hint in (3). The last term is a
dissipative term of the systematic dynamics governed by the superoperator.

According to (6)–(10), Evolving equation of density may expressed as component forms,
i.e.,

ρ̇++ = 〈+|ρ̇|+〉 = −�

2
ρ++ + �

4
, (11)
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ρ̇−− = 〈−|ρ̇|−〉 = −�

2
ρ−− + �

4
, (12)

ρ̇+− = 〈+|ρ̇|−〉 = −
(

i�R + 3�

4

)
ρ+− − �

4
ρ−+ − �

2
, (13)

ρ̇−+ = 〈−|ρ̇|+〉 = −
(

−i�R + 3�

4

)
ρ−+ − �

4
ρ+− − �

2
, (14)

which are a modified Bloch equation with constant terms if they are expressed by matrix
form. Solution of (11)–(14) will be discussed at appendix. One finds

ρ−−(t) = ρ−−(0)e−�t/2 + 1

2
(1 − e−�t/2), (15)

ρ++(t) = ρ++(0)e−�t/2 + 1

2
(1 − e−�t/2), (16)

ρ+−(t) = 1

2μ
(2μ cosμt − 2i�R sinμt)e−3�t/4ρ+−(0) − �

4μ
sinμte−3�t/4ρ−+(0)

+ �

2μ

[
2μ(�/2 − i�R)

�2 + 2�2
R

cosμt −
(

1 − (3�/2)(�/2 − i�R)

�2 + 2�2
R

)
sinμt

]
e−3�t/4

− �2/2 − i��R

�2 + 2�2
R

, (17)

ρ−+(t) = 1

2μ
(2μ cosμt + 2i�R sinμt)e−3�t/4ρ−+(0) − �

4μ
sinμte−3�t/4ρ+−(0)

+ �

2μ

[
2μ(�/2 + i�R)

�2 + 2�2
R

cosμt −
(

1 − (3�/2)(�/2 + i�R)

�2 + 2�2
R

)
sinμt

]
e−3�t/4

− �2/2 + i��R

�2 + 2�2
R

, (18)

where μ =
√

�2
R − (�/4)2 is relative to both the frequency from the driven field and the

width of atom.
Using (15)–(18), it is easy to calculate the linewidths, where there is central component

which goes as exp(−�t/2) and means a width �/2 of the central peak together with the
two-frequency sidebands at ±�R having width 3�/4.

4 Geometric Phase

It is known that quantum teleportation was successfully demonstrated by monitoring the
squeezing with megahertz-order sidebands, which prevented signal from being polluted by
low-frequency environmental noise. In particular, devices of quantum memory in current
quantum information processing can be implemented by controlling two-frequency side-
bands of a squeezed vacuum. Therefore, it is interesting to study geometric phase for process
of two-frequency sidebands, where may have the built-in fault-tolerant advantage due to the
fact that the geometric phases depend only some global geometric features.

At first, we expand the geometric phase from Refs. [25–27] to include the modified Bloch
equation, which is embedded a geometric structure on a complex projective Hilbert space so
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that the corresponding Berry phases for the mixed state are proportional to the area spanned
in parameter space.

In order to obtain the geometric phase, firstly, three components of the Bloch vectors are
defined as

u(t) = ρ+−(t) + ρ−+(t), (19)

v(t) = i(ρ+−(t) − ρ−+(t)), (20)

w(t) = ρ++(t) − ρ−−(t), (21)

which leads to a Bloch sphere structure and are parameterized by the radius r(t) and two
azimuthal angles α(t) and β(t) of the Bloch sphere [25–27], i.e.,

r2(t) = u2(t) + v2(t) + w2(t), (22)

which includes, differently from the usual open system within the Bloch equation, the con-
tribution from the constant terms of the modified Bloch equation,

α(t) = cos−1 w(t)

r(t)
, (23)

and

β(t) = tan−1 v(t)

u(t)
. (24)

It is noted that w(t) is an important physical quantity to describe population inversion in
process of physical evolution, while r(t) quantify the mixed degree of physical state. when
r(t) = (u2(t) + v2(t) + w2(t))1/2 = 1, the Bloch vectors (u(t), v(t),w(t)) are points on this
unit Poincaré sphere, which implies that the physical system is in a pure state at any evolving
time.

For r(t) = (u2(t) + v2(t) + w2(t))1/2 < 1, on the other hand, the Bloch vectors
(u(t), v(t),w(t)) are interior points of this unit Poincaré sphere. It is known that the mixed
states identify with the interior points of this sphere. From (20), it is proved that the Bloch
radius is smaller than one in process of the dynamical evolution. Therefore, our physical
system considered here is in the mixed state at all evolving time.

By renormalizing for the Bloch vectors, the interior points in the unit Poincaré sphere
may be mapped onto field amplitudes as the mixed states |ψ〉 as pointed out by one of the
authors [25], which may be expressed as

|ψ(t)〉 =
( √

r cos α(t)

2√
r exp[iβ(t)] sin α(t)

2

)
, (25)

which includes the effect of atom interacting with its environment. Therefore, it is a dressed
spin −1/2 state with nonunit vector in the complex projective Hilbert space.

It was known that the nonunit vector ray (25) in the projective Hilbert space is one-to-one
correspondence with the Bloch vectors (19)–(21) [25]. Therefore, the approach from (25) to
the geometric phase may be unique.

According to (25), the total phase of physical system is given by

arg〈ψ(t0)|ψ(t)〉 = tan−1 sin(β(t) − β(t0)) sin α(t0)

2 sin α(t)

2

cos α(t0)

2 cos α(t)

2 + cos(β(t) − β(t0)) sin α(t0)

2 sin α(t)

2

, (26)
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and the geometric phase, expressed by the state vector in the complex projective Hilbert
space, is obtained by [25–27],

γg = arg〈ψ(t0)|ψ(t)〉 − �
∫ t

t0

〈ψ(t)|d|ψ(t)〉
〈ψ(t)|ψ(t)〉 , (27)

which is a gauge and reparameterized invariance [27, 43]. It is necessary to point out that
(27) is a generalization for the Pantcharatnam formula in the pure state [44] and therefore
is called as the Pantcharatnam phase of the mixed state [25]. It was proved that (27) was in
agreement with the result directly from nounitary evolution, where the geometric phase is
expressed by the density matrix [25, 43]. It is interesting to note that, furthermore, under the
transformation, |ψ(t)〉 = exp(−i arg〈ψ(t0)|ψ(t)〉)|ψ(t)〉, the geometric phase (27) may be
rewritten as

γ A
g = −�

∫ t

t0

〈ψ(t)|d|ψ(t)〉
〈ψ(t)|ψ(t)〉 , (28)

which is a generalization of the Aharonov and Anandan phase of the pure state [45] with the
condition of 〈ψ(t)|ψ(t)〉 = 〈ψ(t)|ψ(t)〉 = 1. Therefore, γ A

g is called as the Aharonov and
Anandan phase of mixed state.

Because of interacting with the environment, the system no longer undergoes a cyclic
evolution, where the exponent decay factors are included in the density matrices, Bloch
vectors and nonunit state vectors. When it is isolated from the environment, however, the
evolving time T = 2π

�R
in the quasicyclic process may be regarded as its cyclicity so that the

total phase in (26) is equal to 2π , which is not important and may be dropped off in quantum
computation. Thus, the geometric phase under the quasicyclic process may be expressed as

γ B
g = −�

∫ T

0

〈ψ(t)|d|ψ(t)〉
〈ψ(t)|ψ(t)〉

= −1

2

∫ T

0
(1 − cosα(t))dβ(t), (29)

which is a generalized expression of the Berry phase of pure state and therefore is called the
Berry phase of mixed state.

It is obvious that γ B
g is an area in parameter space under the approximation of the qua-

sicyclic evolution [27] and is accumulated at region of t ∈ [0, T ] in a quasicyclic evolution.
While γg is a function of time associated with an evolution of a quantum open system [27,
45].

5 Discussions and Conclusions

In order to understand the physical processing of Berry phase, we suppose that the system
evolves from a pure state at initial time to a mixed state at evolving time, i.e., |ψ(t = 0)〉 =
cos θ |+〉 + sin θ |−〉, where θ is an initial angle of the physical system.

The component w of Bloch vectors is shown at Fig. 1 as a function of decay rate for
differently initial angles θ at point of quasicyclicity. We see that, for the smaller initial
angles with θ = π/12,π/6 and π/5, w decreases smoothly and varies from positive value
w > 0 to w = 0. For the medium and larger initial angles with θ = π/3 and 2π/3, however,
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Fig. 1 Population inversion w as
a function of decay rate for
differently initial angles θ at
point of quasicyclicity

Fig. 2 Bloch radius r(t) as
functions of decay rate and
evolving time with initial angle
θ = π/3

w increases smoothly and varies from negative value w < 0 to w = 0, where there are
the same values for both θ = π/3 and θ = 2π/3. Therefore, w describes processing of
population inversion in evolution of physical system.

From Figs. 2 and 3, we see that Bloch radius r(t) describing the modified Bloch equa-
tion is different from that describing by the conventional Bloch equation without the con-
stant terms, where the Bloch radius firstly decays and then increases with the evolving time
because of the constant terms beyond the conventional Bloch equation.

It is noted that Bloch radiuses r(t) with the initial angle θ = π/3 and θ = 2π/3 have the
different ways of dynamical evolution with the evolving time and decay rate. We also find
that the behaviors of dynamical evolution for small initial angles, i. e., θ = π/12,π/6 and
π/5, are similar to that of θ = π/3.

Berry phase is shown at Fig. 4 as a function of decay rate for differently initial angles θ .
We find that, for the smaller angles with θ = π/12,π/6 and π/5 and the larger angle with
θ = 2π/3, Berry phases decrease smoothly at range of low decay rate and then trend con-
stants because of constant terms of modified Bloch equation. However, it is interesting to
note that the phase transition is taken place for the initial angle θ = π/3 at the decay rate
closed to � = 0.3[1/s], where Berry phase is an increasing function of decay rate and a
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Fig. 3 Same as Fig. 2 with
initial angle θ = 2π/3

Fig. 4 Berry phase as a function
of decay rate for differently
initial angles θ

discontinuous point is emerged closed to � = 0.3[1/s]. Similar situations are found for the
medium initial angles. In comparison with Figs. 1–3, it is obvious that the phase transition
depends on both the population inversion and mixed degree.

The geometric phase transition may effectively explain sidebands in the spectrum of the
fluorescent light, i.e., if the Rabi frequency associated with the driving field becomes com-
parable to the spectral width of the atom, sidebands will emerge. Since geometric phases are
generally accompanied by dynamical ones which are not robust against local inaccuracies
and fluctuations, it may be helpful for the sideband approach to quantum memory.
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Appendix

Under the transformation,

ρ+− = ρ̃+− + c+−, (30)

ρ−+ = ρ̃−+ + c−+, (31)

ρ++ = ρ̃++ + c++, (32)

ρ−− = ρ̃−− + c−−, (33)

where

c+− = − �2 − 2i��R

2(�2 + 2�2
R)

, c−+ = − �2 + 2i��R

2(�2 + 2�2
R)

, (34)

(13) and (14) are rewritten by

d

dt

(
ρ̃+−
ρ̃−+

)
=

(−i�R − 3
4� −�

4−�
4 i�R − 3

4�

)(
ρ̃+−
ρ̃−+

)
, (35)

which has eigenvalues,

λ1 = 1

4
(−3� +

√
�2 − 16�2

R) = −3�

4
+ iμ, (36)

λ2 = 1

4
(−3� −

√
�2 − 16�2

R) = −3�

4
− iμ, (37)

and corresponding Eigenvectors,

(
i sinχ

cosχ

)
,

(
i cosχ

sinχ

)
, (38)

where tanχ = �R−μ

�/4 . Thus the solution to (35) may be constructed by

(
ρ̃+−
ρ̃−+

)
= c1e

λ1t

(
i sinχ

cosχ

)
+ c2e

λ2t

(
i cosχ

sinχ

)
, (39)

where c1 and c2 is determined by initial condition. We find

c1 = cosχρ−+(0) + i sinχρ+−(0)

cos 2χ
− c−+ cosχ + ic+− sinχ

cos 2χ
, (40)

c2 = −i
cosχρ+−(0) − i sinχρ−+(0)

cos 2χ
+ i

c+− cosχ − ic−+ sinχ

cos 2χ
. (41)

Inserting (40) and (41) into (39), then using (30)–(31) and (34), we find that the solutions
of (13) and (14) may be expressed as (17) and (18). A similar situation is for the solutions
of (11) and (12), which are given by (15) and (16).
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