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Abstract A set of supersymmetric partners of the Rosen—Morse potential is generated. The
corresponding physical properties are studied—in particular, the change in intensity of the
singularities at the boundaries of the domain.
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1 Introduction

The study of exactly solvable potentials in quantum mechanics for years has received a lot of
attention (see, e.g., [1, 2]). For solvable models, the simplest generation technique is super-
symmetric quantum mechanics (SUSY QM) [3—6], which is equivalent to the factorization
method, the intertwining technique and the Darboux transformation method [7, 8]. It is well
known that the spectrum of the generated Hamiltonian differs little from the initial one.
This suggests a way to realize, in practice, the spectral design [9, 10]: (i) one starts from
a potential having a spectrum close to the desired one; (ii) then, by appropriately moving,
creating or deleting a certain set of levels, and iterating the method as many times as needed
to achieve the required spectrum, one will arrive at a Hamiltonian (or a set of Hamiltonians),
which could model the situation under study.

SUSY techniques have been applied successfully to several one-dimensional Hamiltoni-
ans, e.g., the harmonic oscillator, infinite well and P6schl-Teller potentials (trigonometric or
hyperbolic) [6, 11-17]. For these systems the generic discrete energy level E,, is a second-
order polynomial of the index n. This implies that there is an intrinsic algebraic structure
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(IAS) of Lie type involving the number, annihilation and creation operators, since the com-
mutator between the ladder operators, which coincides with E, | — E,,, is linear in n [16]. It
is important to study potentials with a different dependence for E,, such that the IAS is not
longer of Lie type. One of them is the Rosen—Morse potential: since E,, is the sum of a term
quadratic in n plus another one proportional to n~2 [18], the IAS becomes nonlinear (an-
other system with similar E, dependence appears in [19]). The Rosen—Morse potentials can
be used also to illustrate the spectral manipulation possibilities offered by the second-order
SUSY QM [20-26]. In addition, since they have been employed recently as quark models
[27], it is natural to assume that their SUSY partners could as well be useful in high energy
physics.

In this paper we are going to generate the first- and second-order SUSY partners of
the Rosen—Morse potentials. The seeds employed to implement the transformations will be
just the physical eigenfunctions of the initial Hamiltonian. We are going to show that the
first-order transformation involving the ground state leads once again to a Rosen—Morse
potential (with just one of the parameters displaced), which is the celebrated property of
shape invariance [3, 18]. On the other hand, for second-order transformations in which two
consecutive eigenfunctions of the initial Hamiltonian are used, it will be shown that the
SUSY partner potentials in general are not shape invariant.

The paper is organized as follows. In Sects. 2 and 3 we will introduce respectively the
first- and second-order SUSY QM. In Sect. 4 we will use the SUSY techniques to gen-
erate new exactly solvable Hamiltonians departing from the Rosen—Morse potentials. Our
conclusions will be found in Sect. 5.

2 Standard Supersymmetric Quantum Mechanics

Let us consider the following intertwining relationships:
Hi AT = AT Hy, HyA, =AH,, (1

where the intertwiners A; and AT are first-order differential operators of the form

= (L am). A= (). )
dx P72\ dx

a(x) is a real function of x, and Hy, H; are two Schrodinger type Hamiltonians,
2 2

1 d
Ho=—~—— +Vo(x), Hi=—n-
0 + Vo(x) 1 > a2

e + Vi), 3)

such that V(x) and V;(x) are real potentials. It is well known that Vy(x), V;(x) and o(x)
are related by [5, 6]

Vi(x) = Vo(x) —a'(x), 4)
o o’ =2[Vo(x) —€]. 5)

Thus, if the initial potential Vy(x) is given and we use a solution of the Riccati equation
(5) associated to a certain factorization energy €, the new potential V;(x) is completely
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determined from (4). Alternatively, by expressing o(x) = u’/u = [Inu]’, (4) and (5) become

Vi(x) = Vo(x) — [Inu]”, (©)

_u? + Vou = Hou = €u. (@)

Moreover, the formal eigenfunction u of H satisfies as well ATu =0.
Let us notice that (4), (5) lead to the factorizations of Hy and H;:

Ho= A A] +e, ®)
Hi=AfA +e. )

Suppose now that Hj is a solvable Hamiltonian with normalized eigenfunctions v, (x)
and eigenvalues E,,n =0, 1, ... We would like to implement the first-order SUSY transfor-
mation by using one of the physical eigenfunctions. Since u(x) has to be nodeless in order
to avoid the arising of new singularities in the potential V;(x) (see (6)), the only possibility
is to choose the ground state 1/ (x) of Hy. With this choice it turns out that

Vi(x) = Vo(x) = [Ingro(x)]". (10)
The normalized eigenfunctions ¥V (x) of H, thus acquire the form
AT, (x)
Dy=-—L22 0 n=1,2,.... 11
¥, (x) JE (11)

Notice that there is a formal eigenfunction of H; associated to Ey, given by lﬂél)(x) x
1/%0(x) and such that H, " (x) = Egyr{" (x), A19" (x) = 0. However, it is not square-
integrable; thus Ey & Sp(H;), and therefore

Sp(Hy) ={E,,n=1,2,...}. (12)
Thus, during the first-order SUSY transformation the level E, of H, was deleted for gener-
ating the new potential V;(x).
3 Second-Order Supersymmetric Quantum Mechanics

Let us now suppose that

H,Bf = B Hy, (13)

H; = 1d2+V() i =0,2 (14)
I 2dx2 1x7 1= £ £

By L& ()d+ (x) (15)
== 7= —nx)— x) ],

2T\ T Y

where Vy(x) and V,(x) are again real. A calculation similar to the one for the first-order
case leads to [5, 6]

, N
VQZV()—U, )/:E+?—2V0~|—d, (16)
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" 72
”;’ —%+%+n2n’—2von2+dn2+c=o, d,ceR. 17)

EN

Suppose now that Vj(x) is given; to determine V,(x) and y (x) we need to find a solution
n(x) to the nonlinear differential equation (17). This is done through the ansatz

n'=—n’+2pn+ 28, (18)
where B(x) and £(x) are to be determined. By plugging this ansatz into (17) one obtains

Fl=c, e=d+8)/2, (19)
B+ B> =2[Vo —el. (20)
In this paper we are going to restrict ourselves to the case with ¢ > 0, for which there are
two real values for &, & , = ./c; then there will be two different real factorization energies

€, €10 = (d £+ \/c)/2 as well as two associated solutions B » of the Riccati equation (20),
which will be taken also as real. Each of them leads to the same n-function,

n'=—n"+2B1n+2 —e), 1)
n'=—n*+2pn —2(e1 — &). (22)

By subtracting these two equations and solving for  we finally arrive at

n= _2(e1 —€) 23)

Bi—B
Alternatively, by expressing 8; = [Inu;]’, i = 1,2, n can be expressed in terms of two sta-
tionary Schrodinger solutions u,, u, of Hy, Hou; = €;u;, namely

_2a—euuy _ W' (uy, uz)
W (uy, uz) W(up,up)

(24)

Notice that u; » are also annihilated by the intertwiner B;r : BZJr up,=0.
Similarly to the first-order case, in the second-order situation, (16) and (17) lead as well
to two factorizations involving Hy and H, [5, 6]:

ByBY = (Hy—€1)(Hy — €2), (25)
B By = (H, — €))(H, — &). (26)

Let us assume that H is a solvable Hamiltonian with normalized eigenfunctions v, (x)
and eigenvalues E,, n =0, 1,... We implement a second-order SUSY transformation by
using as seeds two physical eigenfunctions of Hy. Since their Wronskian has to be nodeless
in order to avoid the situation that new singularities appear in V,(x) (see (16) and (24)), let
us choose them as two consecutive eigenfunctions v/;(x), ;41 (x) (it has been shown that
if uy, u, have alternating zeros, then W (u1, u,) will be nodeless, which is satisfied by v;
and ;4 [5, 23]). With this choice it turns out that

Va(x) = Vo(x) — [In W, v0]" @7)
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The normalized eigenfunctions ¥® (x) of H, thus acquire the form

B, (x)
VE —ENE, —E;11)

PP (x) = nj,j+1. (28)

(2

Notice that there are two formal eigenfunctions of H,, 1//](.2) and ¢,

E i, which are also annihilated by B, and are given by

associated to E; and

vy o Yosl o — (29)
s Y1) : W), ¥jt1)
However, they are not square-integrable, i.e., E;, E;| & Sp(H>), and therefore
Sp(Hz):{EOa"'7Ejfl7Ej+27"‘}' (30)

Thus, during the second-order SUSY transformation, the levels E;, E ;| of H, were deleted
for generating the new potential V,(x).

4 Rosen—-Morse Potentials

Let us consider the Rosen—Morse potentials

Vo(x) = @ csc?(x) —beot(x), a> 0. (31)

‘We need to find the solutions of the stationary Schrédinger equation:

1d*y |:a(a +1)

S 2dx? 2

>4 csc?(x) — bcot(x)]W =EY, (32)

forany E € R, 0 < x <. Let us propose in the first place that
W(x) =e 2 F(x). (33)

Thus, F(x) satisfies the following differential equation:

EF 3 [abeottr) —ata+ Des?r) + % +2E | F =0 (34)
— —a— cot(x) —a(a csc(x) + — =0.
dx? dx 4
Let us make now the change of variable z = cot(x). Thus:
d’F dF
1+722)°—2 42 1472 —
(142 i +Qz+a)( +Z)dz
2
+|:2bz—a(a+1)(1+22)+%+2E:|F:0. (35)
The additional factorization
5 p-1
F@=(1+2")7 f@ (36)
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leads to
d’ f df
2
(1+z)d—Z2+(a+2ﬁz)d—Z+[ﬁ(ﬁ—1)—a(a+1)
2
(@B —a+2b)z+ % +2E—(B— 1)
=0. 37
+ I f 37)
Let us demand now that «, 8 are such that
o>
a(B—1)+2b=0, Z+2E—(ﬁ—1)2=o, (38)

whose solutions can be chosen as

2b /
= B=1—yE+VE?>+ D% (39)
VE+VE?+b?

By making, finally, the new change of variable & = (1 —iz)/2, (37) becomes

&f o df
£l —S)@-i-[(ﬁ-i-@) —2,35]@4-[13(1 —B)+a(a+D]f=0, (40)

which is the hypergeometric equation with parameters
A=B+a, B=f—-a—1, C=B+ia/2 (41)

There are several ways of choosing the two linearly independent (LI) solutions of the hy-
pergeometric equation, and we choose those called type III and IV in the literature [28],
namely:

fiocE AP (A,A+1—-CiA+1-B;E7"), (42)
frocé B F(B4+1—C,B;B+1—A;¢7"). (43)

We finally get the two real LI solutions of the Schrodinger equation for the Rosen—Morse
potentials:

Wy (x) = e 2 HPTOl gipl+a () By (,3 +a,a+1-— %"; 2a +2; 2ie™ sin(x)), (44)
Uy (x) = e 13 HE- -0l gin—a(y), (5 —l—a,—a— 1;; —2a; 2ie™™ sin(x)). (45)

In order to find the physical solutions, first of all ¥,(x) is ruled out, since it diverges
at x =0 and x = . In the second place, it is required that the hypergeometric series of
¥, (x) becomes a polynomial, which is achieved by taking 8 + a = —n. This implies that
o =2b/(n+ a + 1) and therefore

1 b2
E,=— 2—-— n=0,1,.... 46
2(n+a+ ) Sonvar " (46)
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Fig. 1 First-order SUSY partner
(black curve) of the
Rosen—Morse potential (gray
curve) fora=0.1, b=1,
generated using the ground state
eigenfunction of Hy

-5

N -

The corresponding eigenfunctions of Hy become
h i .
Y (x) oc e limart T gin e ()

X2 F) (—n, a+1-— ;2a +2; 2ie™™ sin(x)). 47)

n+a+1

4.1 First-order SUSY partner of Vy(x)
Let us take the ground state eigenfunction,
Yo(x) oce™ T sin' M (x),

as a seed for implementing the first-order SUSY transformation [18]. Thus, the SUSY part-
ner potential of Vj(x) becomes (see (10))

1

Vi) =@+ Da+2) csc?(x) — beot(x), (48)
which can be obtained from the Rosen—Morse potential by the change @ — a + 1; this is the
property of shape invariance [3]. An illustration of the supersymmetric partners Vy(x) and
Vi(x) is given in Fig. 1.
4.2 Second-Order SUSY Partners of V(x)
Let us now take ¥;(x) and v;4(x) as the two seeds to implement the second-order SUSY
transformation. Since both solutions vanish at x =0 and x =7, W(¥;, ;1) has the same
null behavior at both ends, which is separated through the factorization

W), ¥je1) = sin? ™ (x) W(x), (49)

where W(x) is a nodeless function in [0, 7z ]. Thus, the second-order SUSY partner potential
of Vy(x) becomes (see (27))

Va(x) = %(a +2)(a +3)esc(x) — beot(x) — [InW(x)]". (50)
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Fig. 2 Second-order SUSY 20F
partner (black curve) of the
Rosen—Morse potential (gray
curve) fora=0.1, b=1,
generated by using as seeds 1ol
Y2 (x) and ¥3(x)
or \
-10
Il Il Il
0 T b
2

Notice that, in particular, for j =0 we get

Vo(x) = %(a +2)(a + 3) csc?(x) — beot(x), n

which is once again the shape invariance of the Rosen—Morse potentials. However, for j > 0
it turns out that [InW(x)]” # 0, which implies that in the second-order case the shape in-
variance will arise just when we delete simultaneously both the ground and the first excited
states of H for generating V,(x). This property will no longer arise if we delete instead
the first and second excited states, or the second and third excited states, etc. An illustration
of these properties is shown in Fig. 2, where we have deleted the second and third excited
states of Hj to produce V,(x).

5 Conclusions

In this paper the SUSY transformations of first and second order were used to generate
new solvable Hamiltonians departing from the Rosen—Morse potentials. In particular, it was
shown that their second-order SUSY partners do not belong in general to the initial family
of potentials. The algebraic structure of the initial Hamiltonian and how this is inherited to
the SUSY generated potentials remain to be studied in detail. Consequently, some related
subjects, like the associated coherent states, could be studied once this algebraic structure is
analyzed (see, e.g., [29]). This paper is just the starting point for addressing some of these
topics for the Rosen—Morse potentials, which we hope to do in the near future.
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