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Abstract The relations between geometric phases and population inversion in Rabi oscil-
lation are investigated for all possible cases. The results show that the population inverse
is an elliptically symmetric distribution as a function of the difference of geometric phases
so as resiliently to rebut certain types of computational and experiment errors in geometric
quantum computation.
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1 Introduction

It is known that a quantum state may retain a memory of its motion in terms of a geometric
phase [1–6], when it undergoes a closed evolution in parameter space. In fact, the geometric
phase essentially arises as an effect of parallel transport in the Poincaré representation of the
manifold [7–11].

As early as 1956, Pancharatnam [1] anticipated a quantum geometric phase. Surprisingly
nobody paid much attention to the existence of the geometric phase until 1984 when Berry
[2] rediscovered the phase for a quantum system under adiabatic evolution. Aharonov and
Anandan [3] subsequently regarded the geometric phase factor as an inherent geometric
property of the physical motion of the quantum state in the system itself and dropped the
requirement for adiabatic condition. The geometric phase has been observed in spin systems
through nuclear- magnetic- resonance (NMR) experiments [12] and with polarized photons
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using interferometers (PPI) [13, 14]. Recently, the geometric phase has been attracting in-
creasing interest because of its importance for understanding and implementing geometric
quantum computation [15–18] in real physical systems.

On the other hand, it is known that the current quantum computation presents a wide
range of challenges to quantum information [19, 20], particularly the search for candi-
dates for qubits who are applied to construct quantum gates. Semiconductor quantum dots
are attractive because they possess energy structures and coherent optical properties sim-
ilar to, and dipole moments larger than, those of atoms [21–24]. Efforts in the past few
years have led to successful observations of Rabi oscillations of excitonic states [25–28],
the hallmark for optical manipulation of qubits in quantum dots. Therefore, it is interest-
ing to study the relation between the geometric phase and population inversion in Rabi
oscillation. Because the definition of geometric phase for the mixed states in open system
has been a controversial issue [9–11, 29–35], we start from the geometric phase of pure
states.

2 Population Inversion in Rabi Oscillation

Consider the interaction of a laser field with a two-level atom. Let |0〉 and |1〉 represent the
upper and lower level states of the atom, i.e., they are eigenstates of the unperturbed part
of the Hamiltonian H0 = �ω0|0〉〈0| + �ω0|1〉〈1|. Thus, the state vector of a two-level atom
may be expressed as

|ψ(r, t)〉 = c0(t)|0〉e−iω0t + c1(t)|1〉e−iω1t , (1)

where |c0(t)|2 and |c1(t)|2 are the probability amplitudes of finding the atom in states |0〉
and |1〉, respectively. The corresponding Schrödinger equation is

i�
∂

∂t
|ψ(r, t)〉 = H|ψ(r, t)〉, (2)

with

H = H0 + V, V = V10|1〉〈0| + V01|0〉〈1|, (3)

where V represents the interaction of the atom with the Laser field. V10 = V ∗
01 are the parts

of interacting energy with

V10 =
∫

u∗
1(r)Vu0(r)dt = −1

2
μE(t)e−iωLt . (4)

Here u0(r) and u1(r) are two eigenstates of the Hamiltonian H, respectively. While μ is the
matrix element of the electric dipole moment and E(t) is the laser field at the atom and ωL

is the frequency of laser field. Under the case of resonance ωL = ω1 − ω0, the equations
of motion for the complex probability amplitudes can be obtained from the Schrödinger
equation to be

d

dt

(
c1(t)

c0(t)

)
= i

2
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�∗(t) 0

)(
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c0(t)

)
, (5)
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Fig. 1 Oscillations of the population inversion W(θ, κ) as functions of pulse area θ and initial angle κ .
The results show that, by controlling the external pulse area and initial azimuthal angle of the atom, one can
effectively implement population inversion in Rabi oscillation

where �(t) = �∗(t) = μE(t)/� is Rabi frequency. Under the initial conditions c0(0) =
cos(κ/2) and c0(0) = sin(κ/2) with an initial azimuthal angle κ , the solution of (5) may be
expressed as

c0(t) = cos
θ(t)

2
cos

κ

2
+ i sin

θ(t)

2
sin

κ

2
, (6)

c1(t) = cos
θ(t)

2
sin

κ

2
+ i sin

θ(t)

2
cos

κ

2
, (7)

where θ(t) = ∫ t

0 �(t ′)dt ′ is just a pulse area regarded usually as a slowly varying func-
tion of time and position. It is noted in (6) and (7) that the normalized condition
|c0(t)|2 + |c1(t)|2 = 1 is satisfied. Thus, the wave function (1) may be rewritten as

|ψ(r, t)〉

= exp

(
−i

ω0 + ω1

2
t

)[
c0(t)|0〉 exp

(
i
ω1 − ω0

2
t

)
+ c1(t)|1〉 exp

(
−i

ω1 − ω0

2
t

)]
. (8)

It is worth noting that the phase factor exp(−i
ω0+ω1

2 t) is an overall phase factor, which do
not produce any observable effects according to probability wave interpretation. Therefore,
it may be dropped off in quantum computation. ω1−ω0

2 is frequency of Rabi oscillation. From
(8), we know that the probabilities of the atom is in states |0〉 and |1〉 at time t are given by
|c0(t)|2 and |c1(t)|2, respectively. Thus, the population inversion may be expressed as

W(t) = |c1(t)|2 − |c0(t)|2 = sin2 κ

2
− cos2 κ

2
+ 2 cosκ sin2 θ(t)

2
. (9)

The population inversion W(t) as functions of pulse area θ(t) and initial azimuthal
angle κ is shown at Fig. 1. From Fig. 1, we see that W(t) oscillates at the range of
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W(t) ∈ [0,1], which depends on the pulse area θ(t) and initial azimuthal angle κ . When
W(t) = 1, the atom is at the excited sate |1〉. Therefore, the atom is completely inversed.
While W(t) = −1, the atom is at the state |0〉 and is not inversed. When −1 < W(t) < 1,
the atom is at a superposition, which is a coherent state [36] called as the qubit in the quan-
tum information. Thus, the results show that, by controlling the external pulse area θ(t)

and initial azimuthal angle κ of the atom, one can effectively implement population inver-
sion in Rabi oscillation. Therefore, it is very important to study the population inversion for
searching the qubit candidates in the quantum computater.

3 Geometric Phases in Rabi Oscillation

It is known that the wave function of a quantum system retains a memory of its motion in
terms of a geometric phase factor. This phase factor can be measured in principle by interfer-
ing the wave function which has undergone the above evolution with another coherent wave
function that did not evolve, which enable one to discern whether or not the system has un-
dergone an evolution [12–14] by the geometric phase. Therefore, let us study the geometric
phase for the physical system in the Rabi oscillation. By setting in (8),

|ψ0(t)〉 = c0(t)|0〉 exp

(
i
ω1 − ω0

2
t

)
, (10)

|ψ1(t)〉 = c1(t)|1〉 exp

(
−i

ω1 − ω0

2
t

)
, (11)

the geometric phases (Pancharatnam phase) for the state |ψ0(t)〉 may be obtained by

γ ′
g = arg〈ψ0(0)|ψ0(t)〉 − �

∫ t

0
〈ψ0(t)| ∂

∂t
|ψ0(t)〉dt

= φ0(t) + ω1 − ω0

2
t −

(
θ(t)

4
sinκ + ω1 − ω0

2
t cos2 κ

2

− ω1 − ω0

2
cosκ

∫ t

0
sin2 θ(t)

2
dt

)
, (12)

where φ0(t) = arctan(tan θ
2 tan κ

2 ).
Under the case of cyclic motion with the cyclicity T = 2π

ω1−ω0
and considering that θ(t)

is a slowly varying function of time, the geometric phase is rewritten as

γ ′
g = φ0(θ) −

(
θ

4
sinκ + 2π cos2 κ

2
− 2π cosκ sin2 θ

2

)
, (13)

where the constant factor 2π is dropped off in (12), which is not important in the quantum
computation. The geometric phase γ ′

g is obviously dependent on both the pulse area θ and
initial angle κ . The geometric phase γ ′

g as functions of the pulse area θ and initial angle is
shown at Fig. 2. The results show that the geometric phase γ ′

g complicatedly oscillates with
the increase of the pulse area θ and initial angle κ , which is helpful to control the geometric
phase by adjusting the external parameter θ and initial condition κ .
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Fig. 2 Geometric phase γ ′
g for the state |ψ0(t)〉 as functions of pulse area θ(t) and initial angle κ . The results

show that the geometric phase γ ′
g complicatedly oscillates with the increase of the pulse area θ and initial

angle κ

Similarly, another geometric phase for the state |ψ1(t)〉 may be obtained by

γ ′′
g = arg〈ψ1(0)|ψ1(t)〉 − �

∫ t

0
〈ψ1(t)| ∂

∂t
|ψ1(t)〉dt

= φ1(t) − ω1 − ω0

2
t

−
(

θ(t)

4
sinκ − ω1 − ω0

2
t sin2 κ

2
− ω1 − ω0

2
cosκ

∫ t

0
sin2 θ(t)

2
dt

)
, (14)

where φ1(t) = arctan(tan θ
2 / tan κ

2 ).
Under the cyclic motion, similarly, the geometric phase for the state |ψ1(t)〉 becomes

γ ′′
g = φ1(θ) −

(
θ

4
sinκ − 2π sin2 κ

2
− 2π cosκ sin2 θ

2

)
, (15)

where the pulse area θ is considered as a slowly varying function of time and the constant
factor 2π is removed. The geometric phase γ ′′

g for the |ψ1(t)〉 as functions of pulse area θ

and initial angle κ is shown at Fig. 3.
Comparing Fig. 2 with Fig. 3, we find that a more complex oscillations is taken place for

the geometric phase γ ′
g than for the geometric phase γ ′′

g .
For the total geometric phase γg for the physical system with the state |ψ(t)〉 = |ψ0(t)〉+

|ψ1(t)〉, which corresponds to remove overall phase factor in (8), we find

γg = arg〈ψ(0)|ψ(t)〉 − �
∫ t

0
〈ψ(t)| ∂

∂t
|ψ0(t)〉dt

= φ0(t) + φ1(t) −
(

θ(t)

2
sinκ + ω1 − ω0

2
t cosκ − (ω1 − ω0) cosκ

∫ t

0
sin2 θ(t)

2
dt

)
.

(16)
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Fig. 3 Same as Fig. 2 for the geometric phase γ ′′
g in the state |ψ1(t)〉 as functions of pulse area θ and initial

angle κ

Fig. 4 Same as Figs. 2 and 3 for the total geometric phase γg with the state vector |ψ(t)〉 = |ψ0(t)〉+|ψ1(t)〉,
where γg = γ ′

g + γ ′′
g

Under the cyclic motion, the total geometric phase is expressed as

γg = φ0(θ) + φ1(θ) −
(

θ

2
sinκ + 2π cosκ − 4π cosκ sin2 θ

2

)
, (17)

where the constant factor 2π is removed. γg is similar to Aharonov and Anandan phase.
The total geometric phase γg is shown at Fig. 4 as functions of the pulse area θ and initial
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angle κ . It is noted that, obviously, it includes the characteristic both the γ ′
g and γ ′′

g because
of γg = γ ′

g + γ ′′
g .

4 Population Inversion Via Geometric Phase

Methods for the physical implementation of quantum computation via the geometric phase
have been proposed [37–42], in terms of the all-geometric approaches called holonomic
quantum computations, with the feature that one can achieve the entangling universal
quantum gates based entirely on purely geometric operations (holonomies) [16–18]. The
holonomies are built up when a quantum system is driven to a cyclic evolution through
adiabatic or nonadiabatic change in the control parameters in the Hamiltonian. Therefore,
The holonomic quantum computation is a scheme intrinsically fault-tolerant and therefore
resilient to certain types of computational errors. Thus, it is important to study the relation
between the geometric phase and population inversion.

From (9) and (17), we see that both the population inversion W(θ) and the total geometric
phase γg(θ) for our physical system in Rabi oscillation all are a function of the pulse area θ .
Therefore, it is interesting to show their relations by the parameterized figures, which are
shown at Figs. 5 and 6 for the different initial angles. From Figs. 5 and 6, we see that W(θ)

is linear functions of total geometric phase γg(θ). Unfortunately, they are not singlet-value

Fig. 5 The parameter plot for
the population inversion W(θ) as
a function of the total geometric
phase γg(θ) with the initial angle
κ = π/3. The results show that
they almost are linear relations
with different two-group parallel
lines, where the connecting dots
of different two-group parallel
lines are minimum values.
However, they are not
single-value functions

Fig. 6 Same as Fig. 5 with the
initial angle κ = 2π/3, where the
connecting dots of different
two-group parallel lines are
maximum values
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Fig. 7 The parameter plot for
the population inversion W(θ) as
a function of the geometric phase
difference γ ′′

g (θ) − γ ′
g(θ) with

the initial angle κ = π/9, which
is an elliptical function

Fig. 8 Same as Fig. 7 with the
initial angle κ = π/3

functions. It is interesting to noted that there exist different parallel lines of two groups and
there are connecting dots for the different group parallel lines. The dots emerge as minimum
values (See Fig. 5) or maximum values (See Fig. 6) for the different initial angles, which are
obvious to be possibly used as a physical quantity described the population inversion W(θ)

in the total geometric phases γg(θ).
It appears that it is slightly complicated for the relation between the population inverse

W(θ) and total geometric phase γg(θ) = γ ′
g(θ)+ γ ′′

g (θ). In the following, therefore, we take
the population inversion in Rabi oscillation as a function of the difference γ ′′

g (θ) − γ ′
g(θ) of

geometric phases, which is shown at Figs. 7 and 8 for different initial angles. it is surprised
to find that the population inversion is an elliptically symmetric distribution as a function
of the difference γ ′′

g (θ) − γ ′
g(θ) of geometric phases. The elliptical shape and parameters

are, certainly, dependent on the initial angle (see Figs. 7 and 8). The elliptically symmetric
distribution may be important for the geometric quantum computation because it map the
physical quantity onto the geometry.

5 Conclusion

Coherent manipulation of quantum states is a critical step toward many novel technological
applications ranging from operating of qubits in quantum logic gates to controlling the re-
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action pathways of molecules. The Rabi oscillation plays central roles in coherent control.
Geometric quantum computation uses geometric property to do quantum computation.

In our work, a scheme is proposed to manipulate the Rabi oscillation by the difference
γ ′′

g (θ)−γ ′
g(θ) of geometric phases, which is potentially intrinsically fault tolerant and there-

fore resilient to certain types of experimental and computational errors.
In conclusion, we investigate the relations between geometric phases and population in-

version in Rabi oscillation. The results show that the population inverse W(θ) is an ellip-
tically symmetric distribution as a function of the difference γ ′′

g (θ) − γ ′
g(θ) of geometric

phases, which is very helpful to operating the Rabi oscillation by the geometric phases.
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