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Abstract By introducing a kind of new quantum state—Photon-added thermo invariant co-
herent state (PATCS), we discuss its nonclassicality in terms of the negativity of Wigner
function (WF) after deriving its analytical expression. It is found that the Wigner function
is related to Lagurre-Gaussian function. We then study the effect of decoherence (a thermal
environment) on the PATCS according to its WF (also related to Lagurre-Gaussian func-
tion). It is shown that it is not possible for WF to present the negative region when the decay
time κt > 1

2 ln 2n̄+2
2n̄+1 .

Keywords Photon-added pair coherent state · Wigner function · Nonclassicality

1 Introduction

Recently, the investigation of non-Gaussian quantum states prepared by photon addition and
subtraction manipulation is full of interest [1–12]. The reasons are that subtracting or adding
photons from/to a Gaussian field are plausible way to conditionally manipulate nonclassical
state of optical field. In fact, such methods allowed the preparation and analysis of several
states with negative Wigner functions, such as one- and two-photon Fock states [13–16],
delocalized single photons [17, 18], single-photon-added coherent states [1, 2] and ther-
mal states [3], single-photon-subtracted squeezed states [4, 5] and so on, which have been
realized in experiments. In addition, photon subtraction or addition is also applied to im-
provement of the entanglement between Gaussian states [14], loophole-free tests of Bell’s
inequality [19], and quantum computing [20].

On the other hand, the nonclassicality of quantum states can be characterized by some
nonclassical properties such as negativity of the Wigner function (WF), squeezing in one
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of the phasequadrature components, and sub-Poissonian photon statistics. Among them, the
partial negativity of the WF is indeed a good indication of the highly nonclassical charac-
ter of the state [21, 22]. Therefore it is worth of obtaining the WF for any states and to
measure their negative values. In addition, the negativity of WF is also used to describe the
decoherence of quantum states, e.g., the excited coherent state in both photon-loss and ther-
mal channels [7, 23], the single-photon subtracted squeezed vacuum state in both amplitude
decay and phase damping channels [4, 5], and so on. In [24] the WF of thermo invariant co-
herent state is derived by using the thermal Wigner operator of thermo-field dynamics in the
coherent thermal state representation and the IWOP technique [25, 26]. For other examples
of calculating the WFs, we refer to [27–30].

In this paper, we shall introduce a kind of new quantum state—Photon-added thermo in-
variant coherent state (PATICS), and discuss its nonclassicality in terms of the negativity of
Wigner function after deriving its analytical expression. Then we investigate its decoherence
in thermal environments according to the partial negativity of WF. Our work is arranged as
follows. In Sect. 2, we briefly review the thermo invariant coherent state, and then introduce
the Photon-added thermo invariant coherent state. By using the coherent state representa-
tion of Wigner operator, in Sect. 3, we derive the analytical expression of WF for PATICS,
which is related to Lagurre-Gaussian function. It is shown that when the photon-added num-
ber (m) is taken different values, the PATICS exhibits different nonclassicality. Moreover,
the nonclassicality is more evident when m + q (q defined in (1) below) is an odd number
for the PATICS. Section 4 is devoted to discussing decoherence of the PATICS in thermal
environments based on the negativity of the WF. It is found that it is not possible for WF to
present the negative region when the decay time κt > 1

2 ln 2n̄+2
2n̄+1 (see (28) below), where n̄ de-

notes the average thermal photon number in the environment with dissipative coefficient κ .
Conclusions are involved in the last section.

2 Brief Review of Thermo Invariant Coherent State

In [31], by analysing the characters of thermo field dynamics, the thermo invariant coherent
state |ζ, q〉 has been introduced in thermal equilibrium, whose expression in two-mode Fock
space (consisted of one real mode and one tidle mode) is

|ζ, q〉 = Cq

∞∑

n=0

ζ n

√
(n + q)!n! |n + q, ñ〉, (1)

where q and ζ are an integer and complex, respectively; |ñ〉 is the fictitious mode Fack state,
as well as Cq is the real normalization constant,

Cq =
[ ∞∑

n=0

|ζ |2n

n!(n + q)!

]−1/2

= [
(i|ζ |)−qJq(2i|ζ |)]−1/2

, (2)

in which Jq is the Bessel function

Jq(x) =
∞∑

n=0

(−1)q

n!(n + q)!
(

x

2

)2n+q

, (3)

whose generation function is eix sin t = ∑∞
n=−∞ Jn(x)eint . The state |ζ, q〉 is the common

eigenvector of the pair annihilation operator aã and the “total” energy operator (a†a − ã†ã),
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i.e.,

aã|ζ, q〉 = ζ |ζ, q〉, (a†a − ã†ã)|ζ, q〉 = q|ζ, q〉, (4)

where [a, a†] = [ã, ã†] = 1 and [a, ã†] = [ã, a†] = [a, ã] = [ã†, a†] = 0, i.e., the operators
in fictitious space are commutative with those in real space. From (4) we can see clearly
the physical meaning of |ζ, q〉 is: annihilating a quantum of the system and meanwhile
annihilating a hole with negative energy in the reservoir will not change the energy of the
whole system in thermal equilibrium.

Next, we introduce the poton-added thermo invariant coherent state (PATICS). Theoreti-
cally the PATICS can be generated by repeatedly operating the photon creation operator a†

on |ζ, q〉,
|ζ, q,m〉 ≡ Cq,ma†m|ζ, q〉, (5)

where Cq,m is the real normalization factor, which can be determined by 1 =
C2

q,m〈ζ, q|ama†m|ζ, q〉.
Using the expression |ζ, q〉 it is easy to see that

|ζ, q,m〉 = Cq,mCq

∞∑

n=0

ζ na†m

√
(n + q)!n! |n + q, ñ〉

= Cq,mCq

∞∑

n=0

ζ n
√

(n + m + q)!
(n + q)!√n! |m + n + q, ñ〉, (6)

which leads to

1 = 〈ζ, q,m|ζ, q,m〉 = C2
q,mC2

q

∞∑

n=0

|ζ |2n(n + m + q)!
[(n + q)!]2n! , (7)

thus

C2
q,mC2

q =
{ ∞∑

n=0

(n + m + q)!|ζ |2n

[(n + q)!]2n!

}−1

. (8)

It is evident that C2
q,0 = 1 when m = 0.

3 Negativity of the PATICS

The Wigner function is a useful measure for studying the nonclassical features of quantum
states. For single-mode quantum state, the Wigner operator �(α,α∗) is defined by [32–34]

�(α,α∗) = e2|α|2
∫

d2z

π2
|z〉〈−z|e−2(zα∗−z∗α)

= 1

π
: exp

[−2(a† − α∗)(a − α)
]

: , (9)

where : : denotes the normal ordering form of operators, α = (x + ip)/
√

2 and WF of
quantum state ρ can be calculated as W(α,α∗) = tr[ρ�(α,α∗)].



Int J Theor Phys (2010) 49: 458–467 461

According to (5) we know that the density operator of PATICS is ρ =
trã[|ζ, q,m〉〈ζ, q,m|], where trã denotes the tracing for tidle mode ã. Thus the WF of PAT-
ICS is given by

W(α,α∗) = tr
[
trã[|ζ, q,m〉〈ζ, q,m|]�(α,α∗)

]

= 〈ζ, q,m|�(α,α∗)|ζ, q,m〉. (10)

In order to further derive (10), we first notice that the matrix element of Wigner operator
�(α,α∗) between number states 〈m| and |n〉 (see Appendix) i.e.,

〈m|�(α,α∗)|n〉 = e−2|α|2

π
√

m!n!Hm,n(2α,2α∗), (11)

where Hm,n(ξ, ξ ∗) is two-variable Hermite polynomials, whose generating function is

∞∑

m,n=0

tmt ′n

m!n!Hm,n(ξ, ξ ∗) = exp[−t t ′ + ξ t + ξ ∗t ′]. (12)

Then substituting the Fock representation of PATICS in (5) into (10) and using (11), we have

W(α,α∗) = C2
q,mC2

q

∞∑

l,n=0

ζ ∗lζ n
√

(l + m + q)!(n + m + q)!
(l + q)!√l!(n + q)!√n!

× 〈m + l + q, l̃|�(α,α∗)|m + n + q, ñ〉

= C2
q,mC2

q

∞∑

l,n=0

ζ ∗lζ n
√

(l + m + q)!(n + m + q)!
(l + q)!√l!(n + q)!√n!

× 〈m + l + q|�(α,α∗)|m + n + q〉δl,n

= C2
q,mC2

q

π

∞∑

n=0

|ζ |2ne−2|α|2

n![(n + q)!]2
Hm+n+q,m+n+q(2α,2α∗)

= C2
q,mC2

q

π

∞∑

n=0

(−1)m+n+q |ζ |2n(m + n + q)!
n![(n + q)!]2

e−2|α|2Lm+n+q

(
4|α|2), (13)

where we have used 〈l̃|ñ〉 = δl,n and in the last step, we have used the relation between
two-variable Hermite polynomial and Laguerre polynomial,

(−1)m

m! Hm,m(x, y) = Lm(xy), (14)

where Laguerre polynomial is defined as

Ln(x) =
n∑

l=0

n!
(n − l)!l!l! (−x)l. (15)
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Fig. 1 Wigner function of PATICS for different values of m (q = 0) (a) m = 0, (b) m = 1, (c) m = 2,
(d) m = 3

Equation (13) is just the Wigner function of PATICS. In particular when m = 0, (13) just
reduces to

W(α,α∗) = C2
q

π

∞∑

n=0

|ζ |2ne−2|α|2

n![(n + q)!]2
Hn+q,n+q(2α,2α∗)

= C2
q

π

∞∑

n=0

(−1)n+q |ζ |2ne−2|α|2

n!(n + q)! Ln+q

(
4|α|2), (16)

which agrees with the result (32) in [24]. In fact, when ζ = q = 0, (16) just becomes the
Wigner function of coherent state, W(α,α∗) = 1

π
e−2|α|2 .

Next, we shall discuss WF distribution in phase space. Using (13) we plot WF distri-
bution for different photon-added number m and different values q (a given ζ = 0.2) in
Figs. 1–2. It is easy to see that in the phase space center, there is a downward peak when
m + q is an odd number; while for m + q is an even number, there is a upward peak. That is
to say, the negativity of WF depend on not only the energy q of the whole system in thermal
equilibrium, but also on the photon-added number m. In addition, we can also see that for
given q the “space frequency” of distribution function increases with the increasement of
number m.

4 Decoherence of PATICS

In this section, we discuss the decoherence of PATICS in a thermal environment according
to the evolution of WF. When the m-PATICS evolves in the thermal channel, the evolution
of the density matrix can be described by [35]

dρ

dt
= κ(n̄ + 1)(2aρa† − a†aρ − ρa†a) + κn̄(2a†ρa − aa†ρ − ρaa†), (17)
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Fig. 2 Wigner function of PATICS for different values of m and q (a) m = 1, q = 1, (b) m = 2, q = 1,
(c) m = 1, q = 2, (d) m = 2, q = 2

where κ represents the dissipative coefficient and n̄ denotes the average thermal photon
number of the environment. When n̄ = 0, (17) reduces to the master equation describing
the photon-loss channel [36, 37]. In [38] Hu and Fan have derived the evolution formula of
WF in laser process by using entangled state representation, the case in (17) as its a special
example, i.e.,

W(α,α∗, t) = 2

(2n̄ + 1)T

∫
d2β

π
W(β,β∗,0)e

−2 |α−βe−κt |2
(2n̄+1)T , (18)

where T = 1 − e−2κt and W(β,β∗,0) is the Wigner function of the initial state.
Substituting (13) into (18) we have

W(α,α∗, t) = 2C2
q,mC2

q

π(2n̄ + 1)T

∞∑

n=0

|ζ |2n

n![(n + q)!]2
Gn(α,α∗, t), (19)

where Gn(α,α∗, t) is given by

Gn(α,α∗, t) =
∫

d2β

π
e

−2 |α−βe−κt |2
(2n̄+1)T e−2|β|2Hm+n+q,m+n+q(2β,2β∗). (20)

Using the generating function of Hm,n(ξ, ξ ∗) in (12), and the integration formula,

∫
d2z

π
eζ |z|2+ξz+ηz∗ = − 1

ζ
e

− ξη
ζ , Re(ζ ) < 0, (21)
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we can calculate (20) as

Gn(α,α∗, t) = e
− 2|α|2

(2n̄+1)T
∂m+n+q

∂τm+n+q

∂m+n+q

∂υm+n+q
e−τυ

∫
d2β

π

× exp

{
−2(2n̄T + 1)

(2n̄ + 1)T
|β|2 + 2

(
α∗e−κt

(2n̄ + 1)T
+ τ

)
β

+ 2

(
αe−κt

(2n̄ + 1)T
+ υ

)
β∗

}

τ=υ=0

= (2n̄ + 1)T

2(2n̄T + 1)
e− 2|α|2

2n̄T +1
∂m+n+q

∂τm+n+q

∂m+n+q

∂υm+n+q

× exp

[
−A

B
τυ + 2αe−κt

B
τ + 2α∗e−κt

B
υ

]

τ=υ=0

= (2n̄ + 1)T

2(2n̄T + 1)
e− 2|α|2

2n̄T +1

(
A

B

)m+n+q

Hm+n+q,m+n+q

[
2e−κt

√
AB

α,
2e−κt

√
AB

α∗
]
, (22)

where we have set

A = e−2κt − (2n̄ + 1)T , B = e−2κt + (2n̄ + 1)T = 2n̄T + 1, (23)

and used (12) again in the last step in (22).
Further noticing (14) we can reform (22) as

Gn(α,α∗, t) = (m + n + q)! (2n̄ + 1)T

2(2n̄T + 1)

(
−A

B

)m+n+q

e− 2|α|2
2n̄T +1 Lm+n+q

[
4e−2κt

AB
|α|2

]
. (24)

Then substituting it into (19) yields

W(α,α∗, t) = C2
q,mC2

q

π(2n̄T + 1)
e− 2|α|2

2n̄T +1

∞∑

n=0

(m + n + q)!
n![(n + q)!]2

|ζ |2n

(
−A

B

)m+n+q

× Lm+n+q

[
4e−2κt

AB
|α|2

]
, (25)

which is just the Wigner function of PATICS in a thermal environment.
In particular, when t = 0 leading to T = 0, (25) reduces to

W(α,α∗,0) = C2
q,mC2

q

π
e−2|α|2

∞∑

n=0

|ζ |2n(m + n + q)!
(−1)m+n+qn![(n + q)!]2

Lm+n+q

(
4|α|2), (26)

which corresponds to the Wigner function of PATICS; while for t → ∞ leading to T → 1,
and noticing Lm(0) = 1, thus (25) just becomes

W(α,α∗,∞) = 1

(2n̄ + 1)π
e− 2|α|2

2n̄+1 , (27)

i.e., the WF of thermal vacuum state.
In Fig. 3, the WFs of the PATICS with m = 1, q = 0 are plotted in phase space with

ζ = 0.2, and n̄ = 0.1 for several different κt . It is easy to see that the negative region of
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Fig. 3 The evolution of Wigner function of PATICS in thermal channel for different time (m = 1, q = 0)

(a) κt = 0, (b) κt = 0.1, (c) κt = 0.2, (d) κt = 0.5

Fig. 4 The evolution of Wigner function of PATICS in thermal channel for different n̄ (m = 1, q = 0)
(a) n̄ = 0.5, (b) n̄ = 1.5, (c) n̄ = 3, (d) n̄ = 8

WF gradually diminishes as the time κt increases. In fact, noticing that Ln(−|x|2) > 0, thus
when (2n̄ + 1)T − e−2κt > 0 leading to the following condition

κt > κtc ≡ 1

2
ln

2n̄ + 2

2n̄ + 1
, (28)

which is independent of the values of ζ and q , there is no negative region for WF in the
whole phase space when κt exceeds the threshold value κtc . The WF gradually becomes
Gaussian-type with the time evolution. In Fig. 4, we plot the variation of WF in phase space
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for different n̄ (m = 1, and q = 0). It is found that the partial negativity of WF decreases
gradually as n̄ increases for a given time κt = 0.1.

5 Conclusions

In this paper, we have introduced the poton-added thermo invariant coherent state. On the
basis of the coherent state presentation of Wigner operator, we have discussed its nonclassi-
cality in terms of the negativity of Wigner function after deriving its analytical expression,
which is related to Lagurre-Gaussian function. It is shown that when the photon-added num-
ber (m) is taken different values, the PATICS exhibits different nonclassicality. Moreover,
the nonclassicality is more evident when m + q is an odd number for the PATICS, which
indicates that the negativity of WF depend on not only the energy q of the whole system
in thermal equilibrium, but also on the photon-added number m. Then we have investigated
its decoherence in thermal environments in terms of the partial negativity of WF. It is found
that the negative region of WF gradually diminishes as the time κt increases and that there
is no chance for WF to present the negative region when the decay time κt > 1

2 ln 2n̄+2
2n̄+1 .
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Appendix: Derivation of (11)

Using the coherent state representation (9) of Wigner operator �(α,α∗), and noticing the
overlap between coherent state |β〉 and number state |n〉, i.e.,

〈β|n〉 = 〈0| exp

[
−1

2
|β|2 + β∗a

]
|n〉 = 1

n!β
∗ne− 1

2 |β|2〈0|an|n〉 = 1√
n!β

∗ne− 1
2 |β|2 , (A.1)

we have

〈m|�(α,α∗)|n〉 = e2|α|2
∫

d2β

π2
〈m|β〉〈−β|n〉e−2(βα∗−β∗α)

= (−1)ne2|α|2
√

m!n!
∫

d2β

π2
βm(β∗)ne−|β|2−2α∗β+2αβ∗

, (A.2)

then using the integration formula

Hm,n(ξ, η) = (−1)neξη

∫
d2z

π
znz∗me−|z|2+ξz−ηz∗

, (A.3)

we have

〈m|�(α)|n〉 = (−1)n+me−2|α|2
√

m!n! Hm,n(−2α,−2α∗) = e−2|α|2
√

m!n!Hm,n(2α,2α∗), (A.4)

which is just (11).
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