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Abstract We show how a collection of N ebits can be used to establish a private shared
reference frame, in the sense that a relative orientation of the x and y axes with respect to
a publicly-known z axis is unconditionally private to Alice and Bob. Our protocol relies
on the distillation protocol of entanglement. The scheme is based on tensor product states
of spin pairs. We implicitly assume a shared reference frame (which is not guaranteed to
be private) at the beginning of the protocol. It turns out that the entanglement distillation
protocol implies the construction of a private shared reference frame.

Keywords Entalgement protocol · Quantum information theory

1 Introduction

How to establish a shared reference frame (SRF) between the sender (Alice) and receiver
(Bob) has been researched. It is important because Alice and Bob need a SRF when they
do practical realizations of quantum information processes [1, 2]. Several researches address
the problem in Refs. [3–11]. It is discussed that SRF can be quantified as refbits in Ref. [12].
(See also Ref. [13].)

It is desirable that an eavesdropper (Eve) does not know a relative orientation of a SRF
when Alice and Bob do quantum cryptography since Eve’s information about communica-
tion between them is restricted as discussed in Ref. [14]. However, it has not been explicitly
discussed in the literature how to establish such a private SRF till now. Suppose that Alice
and Bob do quantum cryptography when they are far away from each other. A relative orien-
tation of Cartesian frame may be determined using fixed stars and gyroscopes. But, Eve can
know a relative orientation when she knows their strategy. Therefore the problem is raised
in Ref. [14]. Namely, how is a private SRF established?

In this paper, we propose how to establish a private SRF. Let us explain our scheme
briefly. First, Alice and Bob share a public SRF. Next, they perform the entanglement distil-
lation protocol in Ref. [15]. Thereby, they can share many singlet states (EPR pairs). Finally,
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they perform a protocol proposed in this paper. Here, one can see new property of the distil-
lation of entanglement.

The final protocol is as follows: Assume that Alice and Bob share a set of N EPR pairs
(N ebits). In the set, Alice does separable measurements of Pauli observable σx on each
of the N EPR pairs and sends outcomes (±1) to Bob, (they are N bits), by using classical
communication. Bob performs local operation on the corresponding qubit in his side if the
corresponding outcome is +1. Then Bob does a single square root measurement on all his
N qubits. Finally, Bob evaluates measurement outcome.

We use such measurements since it is discussed that the positive operator valued mea-
sures (POVMs) are optimal in Refs. [16, 17] in order to estimate a single parameter, in the
sense that a specific score is maximized. Such a score is something like that

∑
(Probability of a situation) × (Fidelity to an ideal situation). (1)

Here, the summation is taken over all possible situations.

2 Protocol via Distillation of Entanglement

It is easy to imagine that Alice and Bob construct a public SRF. Let us start from an as-
sumption. The assumption is that there are many distillable entangled pairs of qubits. Here,
each pair of qubits is described by an identical state ρ. Then, the assumption mentioned
above is satisfied if 〈�EPR|ρ|�EPR〉 > 1/2. Here, |�EPR〉 = 1√

2
(|1a0b〉 − |0a1b〉). The state

ρ is, necessarily, an (noisy) entangled state. Alice and Bob perform the distillation protocol
described in Ref. [15] many times. Thereby, Alice and Bob share many EPR pairs.

In what follows, we imagine a set of N EPR pairs. First, Alice rotates her Cartesian frame
with respect to the z axis by an angle θn in secretly against Eve. The angle is constrained to
the values:

θn = 2πn

N + 1
(n = 0,1, . . . ,N). (2)

Imagine she uses N EPR pairs. She performs separable measurements on her side of the
state of |�EPR〉⊗N . We assume that the separable measurement is described by Pauli opera-
tor σa

x = |1a〉〈0a| + |0a〉〈1a| in the orientation of Cartesian frame at Alice side. Then, Bob
immediately gets the tensor product of the following state in the orientation of Cartesian
frame at Bob side:

|ψ−
θn

〉 = 1√
2
(|0b〉 + e−iθn |1b〉),

(3)
|ψ+

θn
〉 = 1√

2
(|0b〉 − e−iθn |1b〉).

Bob wants to know the integer n that represents Alice’s x-direction. Alice sends the outcome
(±1) to Bob. Please note this classical communication does not give Eve any information
about n since it should be random bits. When the outcome is +1, Bob performs local oper-
ation −σb

z to his state as follows:

−σb
z |ψ+

θn
〉 = −σb

z

1√
2
(|0b〉 − e−iθn |1b〉)

= 1√
2
(|0b〉 + e−iθn |1b〉) (4)
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where

−σb
z = |0b〉〈0b| − |1b〉〈1b|. (5)

Thereby, Bob gets the state |ψ−
θn

〉⊗N . Let us define |�θn〉 as |ψ−
θn

〉⊗N . Please note that |�θn〉
is rewritten as follows (cf. [16]):

|�θn〉 =
∑

�n

√
N !√

n0!√n1!
(

1√
2

)n0
(

1√
2

)n1

e−iθnn1 |�n〉, (6)

where
∑

�n means the summation over two-tuples �n = (n0, n1) with n0 + n1 = N , and |�n〉(≡
|(n0, n1)〉) is the occupation number basis. We introduce A(�n) as

A(�n) =
√

N !√
n0!

√
n1!

(
1√
2

)n0
(

1√
2

)n1

, (7)

then we have

|�θn〉 =
∑

�n
A(�n)e−iθnn1 |�n〉. (8)

Now, Bob’s task is to estimate the integer n by measuring the state (8). He performs
a single square root measurement on |�θn〉. It is shown [16] that such a measurement is
optimal to estimate a single parameter θn, in the sense that a specific score be maximized as
mentioned above. We derive POVMs as in Ref. [16]. Bob introduces the following N + 1
states:

|ψm〉 = 1√
2
(|0〉 + e−i( 2πm

N+1 )|1〉) (m = 0,1, . . . ,N). (9)

Let us define |�m〉 as |ψm〉⊗N . Then we have

|�m〉 =
∑

�n
A(�n)e−i( 2πm

N+1 )n1 |�n〉. (10)

The POVMs {|μm〉} is described as follows:

|μm〉 = �̂−1/2|�m〉, �̂ =
N∑

m=0

|�m〉〈�m|. (11)

�̂ is calculated as follows:

�̂ =
N∑

m=0

|�m〉〈�m|

=
N∑

m=0

(∑

�n
A(�n)e−i( 2πm

N+1 n1)|�n〉
∑

�n′
A(�n′)e−i( 2πm

N+1 n′
1)〈�n′|

)

=
∑

�n

∑

�n′
A(�n)A(�n′)

N∑

m=0

e−i( 2πm
N+1 )(n1−n′

1)|�n〉〈�n′|
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= (N + 1)
∑

�n

∑

�n′
A(�n)A(�n′)δn1,n′

1
|�n〉〈�n′|

= (N + 1)
∑

�n
A(�n)

2|�n〉〈�n|. (12)

Hence, �̂−1/2 is

�̂−1/2 = 1√
N + 1

′∑

�n

1

A(�n)
|�n〉〈�n|. (13)

Therefore, we obtain the POVMs as follows:

|μm〉 = �̂−1/2|�m〉
= 1√

N + 1

∑

�n

1

A(�n)
|�n〉〈�n|

∑

�n′
A(�n′)e−i( 2πm

N+1 )n′
1 |�n′〉

= 1√
N + 1

∑

�n
e−i( 2πm

N+1 )n1 |�n〉. (14)

It is worth mentioning that the algebra written above agrees with the result obtained in
Ref. [17]. Since 〈μm|μm′ 〉 = δm,m′ , the measurement is reduced to von Neumann measure-
ment. Bob performs measurement on the state (8) by using the POVMs {|μm〉}. Then, Bob
obtains measurement outcome with respect to the specific subscript m. He estimates the in-
teger m by using the following scheme. In this scheme, m should be as m = n in the maximal
probability as shown below. First, we have

〈�θn |μm〉 =
∑

�n
A(�n)eiθnn1〈�n| 1√

N + 1

∑

�n′
e−i( 2πm

N+1 )n′
1 |�n′〉

= 1√
N + 1

∑

�n
A(�n)e−i(

2π(m−n)
N+1 )n1 . (15)

Therefore, for the measurement probability |〈�θn |μm〉|2 of each of m, we have

|〈�θn |μm〉|2 = 1

N + 1

∑

�n

∑

�n′
A(�n)A(�n′)e−i(

2π(m−n)
N+1 )(n1−n′

1)

= 1

N + 1

∑

�n

∑

�n′
A(�n)A(�n′) cos

((
2π(m − n)

N + 1

)
(n1 − n′

1)

)

≤ 1

N + 1

∑

�n

∑

�n′
A(�n)A(�n′). (16)

The equality of the relation (16) holds when m = n. Hence, m should be estimated as m = n

in the maximal probability. The question how Bob actually estimates the integer m is open
problem. Bell inequalities in Refs. [18, 19] gives a clue.
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We summarize our protocol:

1. Alice and Bob share a public SRF.
2. Alice and Bob perform the entanglement distillation protocol.
3. Alice and Bob share many EPR pairs.
4. Alice rotates her Cartesian frame with respect to the z axis (cf. (2)).
5. Alice performs separable measurement on a set of EPR pairs on her side.
6. Alice sends a set of measurement outcome (random bits).
7. Bob performs local operations on states on his side if necessary (cf. (4)).
8. Bob performs a single square root measurement on his state (8).
9. Bob gets a measurement result.

10. Bob rotates his Cartesian frame according to measurement result with respect to the z

axis.
11. Probability of desirable result is maximal.

3 Summary

In summary, we have shown that the entanglement distillation protocol implies the construc-
tion of a private shared reference frame. Our argument revealed new relation between the
entanglement distillation and a private shared reference frame.
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