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Abstract The paper presents a spatially homogeneous and anisotropic Bianchi type-I cos-
mological model consisting of a dissipative fluid. The field equations are solved explicitly by
using a law of variation for mean Hubble parameter, which is related to average scale factor
and yields a constant value for deceleration parameter. We find that the constant value of de-
celeration parameter describes the different phases of the evolution of universe. A barotropic
equation of state (p = γρ) together with a linear relation between shear viscosity and ex-
pansion scalar, is assumed. It is found that the viscosity plays a key role in the process of the
isotropization of the universe. The presence of viscous term does not change the fundamen-
tal nature of initial singularity. The thermodynamical properties of the solutions are studied
and the entropy distribution is also given explicitly.

Keywords Hubble parameter · Deceleration parameter · Cosmological models · Viscous
fluid

1 Introduction

In recent years the introduction of viscosity in the cosmic fluid content has been found
useful in explaining many important physical aspects of the dynamics of homogeneous cos-
mological models. The dissipative mechanisms not only modify the nature of the singularity,
usually occurring for a perfect fluid, but also can successfully account for the large entropy
per baryon in the present universe. In fact the observed physical phenomena such as the
large entropy per baryon and the remarkable degree of the isotropy of cosmic microwave
background radiation (CMBR) reveal the importance of analysis of the dissipative effects in
cosmology. The physical processes such as the decoupling of neutrinos during the radiation
era and the decoupling of radiation and matter during the recombination era are expected
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to give rise to viscous effects. Moreover according to the Grand Unified Theory (GUT), the
phase transition and string creation are also believed to involve viscous effects. Therefore it
makes sense to consider viscous cosmological models.

Misner [1, 2], Weinberg [3], Nightingale [4], Murphy [5], Heller and Klimek [6] are
some of the authors who have investigated the role of viscosity in avoiding the initial big
bang singularity. On the other hand Belinskii and Khalatnikov [7] have studied the nature
of cosmological solutions of a homogeneous Bianchi type-I model by taking into account
the dissipative process due to viscosity and showed that viscosity can not remove the initial
big bang singularity rather it can cause qualitatively new behavior of the solutions near
the singularity. Banerjee et al. [8, 9], Barrow [10], Grøn [11], Gavrilov et al. [12], Arbab
[13], Beesham et al. [14], Krori and Mukherjee [15] and many others have studied viscous
cosmological models in different contexts. Grøn [11] has reviewed viscous cosmological
models and deduced that viscosity plays an important role in the process of isotropization
of the universe. Saha [16, 17] has investigated the role of viscosity together with a spinor
field in the evolution of Bianchi type-I universe. Singh and Chaubey [18] have considered
bulk and shear viscosity in Bianchi-V universe. Bali and Singh [19] have studied Bianchi-I
space-time with bulk viscosity and variable cosmological constant.

In this paper our intention is to study some physically realistic and exact viscous Bianchi
type-I models in general relativity. Therefore, in what follows, we consider a spatially ho-
mogeneous and anisotropic Bianchi-I space-time model filled with perfect fluid containing
the bulk and shear viscosity content. This work is organized as follows: The model and field
equations are given in Sect. 2. The field equations are solved in Sect. 3 by assuming some
physically relevant assumptions. Two exact Bianchi type-I models are presented in Sects. 3.1
and 3.2 and physical behavior of the models is explained in each section. Some thermody-
namical parameters of the models are obtained in Sect. 4 and the concluding remarks are
presented in Sect. 5.

2 Model and Field Equations

The spatially homogeneous and anisotropic Bianchi-I space-time is described by the line
element

ds2 = −dt2 + A2(t)dx2 + B2(t)dy2 + C2(t)dz2, (1)

where A(t), B(t) and C(t) are the metric functions of cosmic time t .
We define a = (ABC)

1
3 as the average scale factor of Bianchi type-I universe so that the

generalized Hubble parameter in anisotropic models may be defined as

H = ȧ

a
= 1

3

(
Ȧ

A
+ Ḃ

B
+ Ċ

C

)
, (2)

where an over dot denotes derivative with respect to the cosmic time t .
Also we have

H = 1

3
(H1 + H2 + H3), (3)

where H1 = Ȧ
A

, H2 = Ḃ
B

and H3 = Ċ
C

are directional Hubble factors in the directions of x-,
y- and z-axes respectively.
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In the system of units 8πG = c = 1, the Einstein’s field equations are given by

Rij − 1

2
gijR = −Tij , (4)

where Tij is the stress energy tensor of matter which, in case of viscous fluid, has the form
[20]

Tij = (ρ + p̄)uiuj + p̄gij − ημij , (5)

with

p̄ = p −
(

ξ − 2

3
η

)
ui

;i = p − (3ξ − 2η)H (6)

and

μij = ui;j + uj ;i + uiu
αuj ;α + uju

αui;α. (7)

In the above equations ξ and η stand for the bulk and shear viscosity coefficients, respec-
tively; ρ is the matter density; p is the isotropic pressure and ui is the four-velocity vector
satisfying uiui = −1.

In a co-moving coordinate system, where ui = δi
0, the field equations (4), for the

anisotropic Bianchi type-I space-time (1) and viscous fluid distribution (5), yield

B̈

B
+ C̈

C
+ ḂĊ

BC
= −p̄ + 2η

Ȧ

A
, (8)

C̈

C
+ Ä

A
+ ĊȦ

CA
= −p̄ + 2η

Ḃ

B
, (9)

Ä

A
+ B̈

B
+ ȦḂ

AB
= −p̄ + 2η

Ċ

C
, (10)

ȦḂ

AB
+ ḂĊ

BC
+ ĊȦ

CA
= ρ. (11)

The usual definitions of the dynamical scalars such as the expansion scalar (θ) and the shear
scalar (σ ) are considered to be

θ = ui
;i = 3ȧ

a
(12)

and

σ 2 = 1

2
σijσ

ij = 1

2

[(
Ȧ

A

)2

+
(

Ḃ

B

)2

+
(

Ċ

C

)2]
− 1

6
θ2, (13)

where

σij = ui;j + 1

2

(
ui;kukuj + uj ;kukui

) + 1

3
θ(gij + uiuj ). (14)

The anisotropy parameter (Ā) is defined as

Ā = 1

3

3∑
i=1

(
Hi − H

H

)2

. (15)
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The energy conservation equation T
ij

;j = 0, leads to

ρ̇ = −(ρ + p)θ + ξθ2 + 4ησ 2. (16)

It follows from (16) that for contraction, that is, θ < 0, we have ρ̇ > 0 so that the matter
density increases or decreases depending on whether the viscous heating is greater or less
than the cooling due to expansion.

Now the Raychaudhuri equation [21] is given by

θ̇ = −2σ 2 − 1

3
θ2 + Riju

iuj , (17)

where

Riju
iuj = −1

2
[ρ + 3(p − ξθ)]. (18)

The Hawking-Penrose energy condition Riju
iuj ≤ 0, implies that ρ + 3p ≥ 3ξθ . It follows

that θ̇ < 0 and there can be only maximum and no minimum for the expansion, which
implies that a singularity is unavoidable.

We have a system of four independent equations (8)–(11) and seven unknown variables,
namely A, B , C, p, ρ, ξ and η. So for complete determinacy of the system, we need three
appropriate relations among these variables that we shall consider in the following section
and solve the field equations.

3 Solution of Field Equations

We follow the approach of Saha [16] to solve the field equations (8)–(11). Subtracting (8)
from (9), (8) from (10), (9) from (10) and taking second integral of each, we get the follow-
ing three relations respectively:

A

B
= d1 exp

(
x1

∫
a−3e−2

∫
ηdt dt

)
, (19)

A

C
= d2 exp

(
x2

∫
a−3e−2

∫
ηdt dt

)
, (20)

B

C
= d3 exp

(
x3

∫
a−3e−2

∫
ηdt dt

)
, (21)

where d1, x1, d2, x2, d3 and x3 are constants of integration.
From (19)–(21), the metric functions can be explicitly written as

A(t) = a1a exp

(
b1

∫
a−3e−2

∫
ηdtdt

)
, (22)

B(t) = a2a exp

(
b2

∫
a−3e−2

∫
ηdtdt

)
, (23)

C(t) = a3a exp

(
b3

∫
a−3e−2

∫
ηdtdt

)
, (24)
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where

a1 = 3
√

d1d2, a2 = 3
√

d−1
1

d3, a3 = 3
√

(d2d3)−1,

b1 = x1 + x2

3
, b2 = x3 − x1

3
, b3 = −(x2 + x3)

3
.

These constants satisfy the following two relations:

a1a2a3 = 1, b1 + b2 + b3 = 0. (25)

Thus the metric functions are found explicitly in terms of the average scale factor a.
For any physically relevant model, the Hubble parameter and deceleration parameter

(DP) are the most important observational quantities. The first quantity sets the present time
scale of the expansion while the second one reveals that the present state of evolution of
universe is speeding up instead of slowing down as expected before the type Ia supernovae
observations. Therefore we consider that the generalized mean Hubble parameter H is re-
lated to the average scale factor a by the relation

H = Da−n, (26)

where D ≥ 0 and n > 0 are constants. Equation (26) yields a constant value for the DP as we
shall see in what follows. This type of relation has already been considered by Berman [22],
and Berman and Gomide [23] for solving Friedmann-Robertson-Walker (FRW) models.
Later on several authors (see, Singh and Kumar [24] and references therein) have considered
FRW cosmological models with constant DP. Singh and Kumar [24–27] and Kumar and
Singh [28–30] have extended this work to anisotropic Bianchi type-I and II cosmological
models in general relativity and some scalar tensor theories of gravitation with constant DP.

The DP (q) is defined by

q = −aä

ȧ2
. (27)

From (2) and (26), we get

ȧ = Da−n+1, (28)

ä = −D2(n − 1)a−2n+1. (29)

Integration of (28) gives

a = (nDt)
1
n for n �= 0, (30)

and

a = C0e
Dt for n = 0, (31)

where C0 is a constant of integration.
Substituting (28) and (29) into (27), we get

q = n − 1. (32)

This shows that the value of DP is a constant. Here in (30), we have assumed that a = 0
at t = 0 so that the constant of integration turns out to be zero. Thus we have derived two
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types of cosmology depending on whether n �= 0 or n = 0. It is however possible to have
D = 0 in (26) for which we would have a static universe. But D > 0 is consistent with the
observations which favor the expanding universe. The sign of q indicates whether the model
inflates or not. A positive sign of q i.e. n > 1 corresponds to the standard decelerating
model whereas the negative sign −1 ≤ q < 0 indicates the inflation. Recent observations
show that the DP of the universe is in the range −1 ≤ q < 0 and the present day universe
is undergoing an accelerated expansion (Perlmutter et al. [31–33], Riess et al. [34, 35],
Tonry et al. [36], Knop et al. [37] and John [38]). It may be noted that though the current
observations of SNe Ia and the CMBR favor an accelerating model (q < 0), they do not
altogether rule out the existence of decelerating phase in early history of our universe [39].
The present day universe has been thought as the Einstein-de Sitter with q = 1

2 . Since the
recent observations of supernovae data confirm that the universe is accelerating, we may
ask whether the value of DP could be different from the de Sitter universe, say as defined
in (32). In case of accelerating universe, the second case (n = 0) becomes very relevant to
describe the physical nature of the expanding universe.

Next, we assume that the coefficient of shear viscosity (η) is proportional to the expansion
scalar (θ ) i.e. η ∝ θ , which leads to

η = η0θ, (33)

where η0 is proportionality constant. Such relation has already been proposed in the physical
literature as a physically plausible relation [18, 40, 41].

Finally to conveniently specify the source, we assume the perfect gas equation of state,
which may be written as

p = γρ, 0 ≤ γ ≤ 1. (34)

In the following sections we present exact Bianchi-I models for n �= 0 and n = 0, respec-
tively.

3.1 Cosmology for n �= 0

Using (30) and (33) into (22)–(24), we get the following expressions for scale factors:

A(t) = a1(nDt)
1
n exp

[
b1

D(n − 6η0 − 3)
(nDt)

n−6η0−3
n

]
, (35)

B(t) = a2(nDt)
1
n exp

[
b2

D(n − 6η0 − 3)
(nDt)

n−6η0−3
n

]
, (36)

C(t) = a3(nDt)
1
n exp

[
b3

D(n − 6η0 − 3)
(nDt)

n−6η0−3
n

]
. (37)

The physical parameters such as directional Hubble factors (Hi), Hubble parameter (H),
expansion scalar (θ ), spatial volume (V ), anisotropy parameter (Ā) and shear scalar (σ ) are
given by

Hi = (nt)−1 + bi(nDt)
−6η0−3

n . (38)

H = (nt)−1, (39)

θ = 3(nt)−1, (40)

V = (nDt)
3
n , (41)
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Ā = 1

3D2
(b2

1 + b2
2 + b2

3)(nDt)
2n−12η0−6

n , (42)

σ 2 = β(nDt)
−12η0−6

n , (43)

where β = b2
1 + b2

2 + b1b2.
The effective pressure and energy density of the model read as

p̄ = (2n − 6η0 − 3)(nt)−2 − β(nDt)
−12η0−6

n , (44)

ρ = 3(nt)−2 − β(nDt)
−12η0−6

n . (45)

The expressions for isotropic pressure, bulk viscosity and shear viscosity are given by

p = 3γ (nt)−2 − γβ(nDt)
−12η0−6

n , (46)

ξ = D[3(1 + γ ) − 2n]
3

(nDt)−1 + (1 − γ )β

3D
(nDt)

n−12η0−6
n , (47)

η = 3η0(nt)−1. (48)

One may observe that the above set of solutions satisfy the energy conservation equation
(16) identically. Therefore the above solutions are exact solutions of the Einstein’s field
equations (8)–(11). It is observed that the spatial volume is zero at t = 0 and expansion scalar
is infinite, which shows that the universe starts evolving with zero volume at t = 0 with a
big bang. The scale factors also vanish at t = 0 and hence the model has a point singularity
at the initial epoch. The pressure, energy density, bulk viscosity, shear viscosity, Hubble
factors and shear scalar diverge at t = 0. The anisotropy parameter also tends to infinity at
the initial epoch provided n < 6η0 + 3. The universe exhibits the power-law expansion after
the big bang impulse. As t increases, the scale factors and spatial volume increase but the
expansion scalar decreases. The physical requirement that ξ and η are positive, is fulfilled
provided 3(1 + γ ) > 2n and η0 > 0. Thus in an expanding model, the viscosity coefficients,
which have infinitely large magnitudes near the initial singular state, monotonically decrease
with time. Also the magnitude of shear as well as the expansion rate diminish in the course
of expansion. As t → ∞, scale factors and volume become infinite whereas ρ, p, ξ , η, H1,
H2, H3, θ , Ā and σ 2 tend to zero. Therefore the model would essentially give an empty
universe for large times t .

From (40) and (43), we get

σ 2

θ2
= β

9D2
(nDt)

−12η0−6+2n

n . (49)

This shows that the ratio of shear and expansion scalars decays to zero as t → ∞ provided
n < 6η0 + 3. So the model approaches to isotropy for large values of t . Also we observe that
the rate of decay falls in the absence of shear viscosity. From (40) and (45), one can get the
following relation:

ρ

θ2
= 1

3
− β

9D2
(nDt)

−12η0−6+2n

n , (50)

which shows that ρ

θ2 is maximum at t = ∞ and the maximum value is 1
3 .

It is interesting to note that the anisotropy parameter decreases faster with time due to the
presence of viscosity. Therefore the solutions reveal that viscosity has played an important
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role in the process of isotropization of the large scale structure of the universe. Finally,
we conclude that the model represents shearing, non-rotating and expanding model of the
universe, which starts with a big bang and approaches to isotropy at late times.

3.2 Cosmology for n = 0

Using (31) and (33) into (22)–(24), the scale factors of the model read as

A(t) = a1C0 exp

[
Dt − b1

3D(2η0 + 1)C3
0

e−3(2η0+1)Dt

]
, (51)

B(t) = a2C0 exp

[
Dt − b2

3D(2η0 + 1)C3
0

e−3(2η0+1)Dt

]
, (52)

C(t) = a3C0 exp

[
Dt − b3

3D(2η0 + 1)C3
0

e−3(2η0+1)Dt

]
. (53)

The other physical parameters of the model have the following expressions:

Hi = D + biC
−3
0 e−3(2η0+1)Dt , (i = 1,2,3) (54)

H = D, (55)

θ = 3D, (56)

V = C3
0e

3Dt , (57)

Ā = 1

3D2
(b2

1 + b2
2 + b2

3)C
−6
0 e−6(2η0+1)Dt , (58)

σ 2 = C−6
0 βe−6(2η0+1)Dt . (59)

The effective pressure, energy density, isotropic pressure, bulk viscosity and shear viscosity
read as

p̄ = (6η0 − 3)D2 − βC−6
0 e−6(2η0+1)Dt , (60)

ρ = 3D2 − βC−6
0 e−6(2η0+1)Dt , (61)

p = 3γD2 − γβC−6
0 e−6(2η0+1)Dt , (62)

ξ = (1 + γ )D + (1 − γ )βC−6
0

3D
e−6(2η0+1)Dt , (63)

η = 3η0D. (64)

We find that the above set of solutions satisfy (16) identically. The model has no initial
singularity. The spatial volume, scale factors, pressure, energy density, shear viscosity, bulk
viscosity and the other cosmological parameters are constants at t = 0. Thus the universe
starts with a non-singular state at t = 0. The viscosity coefficients start with finite magni-
tudes at the initial epoch. As t increases, the scale factors and the spatial volume increase
exponentially while bulk viscosity decreases. The anisotropy parameter decreases faster due
to the viscosity effects. Therefore viscosity has played a key role in the process of isotropiza-
tion of universe. It is interesting to note that the expansion scalar is constant throughout the
evolution of universe and therefore the universe exhibits uniform exponential expansion in
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this model. As t → ∞, the scale factors and volume of the universe become infinitely large
whereas the anisotropy parameter and shear scalar tend to zero. The pressure, energy density,
shear viscosity, bulk viscosity and Hubble factors become constants.

The ratio of shear and expansion scalars is given by

σ 2

θ2
= βC−6

0

9D2
e−6(2η0+1)Dt , (65)

which decays exponentially and the rate of decay falls in the absence of shear viscosity. It
tends to zero as t → ∞, which implies that the model approaches to isotropy at late times.

The relation

ρ

θ2
= 1

3
− βC−6

0

9D2
e−6(2η0+1)Dt , (66)

indicates that if one starts with zero mass density at some finite time, one must have
(

ρ

θ2 )max = 1
3 as t → ∞.

Hence the model represents a shearing, non-rotating and expanding universe with a finite
start approaching to isotropy at late times.

4 Thermodynamical Equations

The energy in a comoving volume is U = ρV . The equation for production of entropy S in
a comoving volume due to the dissipative effects in a fluid with temperature T is given by

T Ṡ = U̇ + pV̇ = 3V (3ξ + 2ηĀ)H 2. (67)

In a cosmic fluid where the energy density and pressure of the cosmic fluid are functions of
temperature only, ρ = ρ(T ), p = p(T ) and where the cosmic fluid has no net charge, we
obtain easily (Grøn [11])

S = V

T
(ρ + p). (68)

From (67) and (68), we get the following expression for the entropy production rate in
viscous Bianchi type-I universe:

Ṡ

S
= 3(3ξ + 2ηĀ)H 2

ρ + p
. (69)

For a fluid obeying the equation of state (34), (68) and (69) become

S = V

T
(1 + γ )ρ, (70)

Ṡ

S
= 3(3ξ + 2ηĀ)H 2

(1 + γ )ρ
. (71)

Equation (71) can be rewritten as

Ṡ

S
= ξ + 4η(σ 2/θ2)

(1 + γ )(ρ/θ2)
, (72)
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which gives the rate of change of entropy with time. Clearly Ṡ
S

> 0 as long as viscosity
coefficients are positive since σ 2/θ2 > 0 and ρ/θ2 > 0. Hence Ṡ > 0, which implies that the
total entropy always increases with the change of proper time irrespective of an expanding
or contracting model. Also we observe that Ṡ

S
→ ∞ as ρ

θ2 → 0, and the universe becomes
homogeneous.

Let the entropy density be s so that

s = S

V
= (1 + γ )ρ

T
. (73)

It defines the entropy density in terms of the temperature.
The first law of thermodynamics may be written as

d(ρV ) + γρdV = (1 + γ )T d

(
ρV

T

)
, (74)

which on integration, yields

T ∼ ρ
γ

1+γ . (75)

From (73) and (75), one can get

s ∼ ρ
1

1+γ . (76)

The entropy in a comoving volume then varies according to

S ∼ sV . (77)

These equations are not valid for a vacuum fluid with γ = −1. For a Zel’dovich fluid
(γ = 1), we get

T ∼ ρ
1
2 and s ∼ ρ

1
2 ∼ T ,

so that the entropy density is proportional to the temperature.
For n �= 0, we find the respective temperature, entropy density and total entropy from

(75)–(77), as

T = T0

[
3(nt)−2 − β(nDt)

−12η0−6
n

] γ
1+γ

, (78)

s = s0

[
3(nt)−2 − β(nDt)

−12η0−6
n

] 1
1+γ

, (79)

S = S0(nDt)
3
n

[
3(nt)−2 − β(nDt)

−12η0−6
n

] 1
1+γ

, (80)

whereas in case of n = 0, these parameters are given by

T = T00[3D2 − βC−6
0 e−6(2η0+1)Dt ] γ

1+γ , (81)

s = s00[3D2 − βC−6
0 e−6(2η0+1)Dt ] 1

1+γ , (82)

S = S00e
3Dt [3D2 − βC−6

0 e−6(2η0+1)Dt ] 1
1+γ , (83)
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where T0, s0, S0, T00, s00 and S00 are positive constants. For n �= 0, it is observed that the

total entropy S = 0 at t = 1
nD

[ β

3D2 ] n
2(6η0+3−n) , where we also have ρ

θ2 = 0. Again as t → ∞;
S → ∞ and ρ

θ2 approaches its maximum value. For n = 0, the total entropy never vanishes
and goes on increasing as the evaluation progresses.

Entropy change For n �= 0, (71) leads to

Ṡ

S
= 3[3(1 + γ ) − 2n](nt)−3 + 3D(1 − γ + 4η0)β(nDt)

−12η0−6
n −1

(1 + γ )[3(nt)−2 − β(nDt)
−12η0−6

n ]
, (84)

whereas in case of n = 0, we get

Ṡ

S
= 9(1 + γ )D3 + 3D(1 − γ + 4η0)βe−6(2η0+1)Dt

(1 + γ )[3D2 − βC−6
0 e−6(2η0+1)Dt ] . (85)

It is observed from these relations that Ṡ
S

> 0, which implies that the total entropy increases
with time in the Bianchi-I models presented in Sects. 3.1 and 3.2.

Energy conditions For n �= 0, (17) leads to

Riju
iuj = 3(1 − n)(nt)−2 + 2β(nDt)

−12η0−6
n , (86)

whereas in case of n = 0, we get

Riju
iuj = 3D2 + 2βC−6

0 e−6(2η0+1)Dt . (87)

We find that Riju
iuj ≤ 0 when t ≥ 1

nD
[ 2β

3D2(n−1)
] n

2(6η0+3−n) , which in turn demands n > 1.
It implies that the Hawking-Penrose condition is satisfied in decelerating models of the

universe in the period of time given by 1
nD

[ 2β

3D2(n−1)
] n

2(6η0+3−n) ≤ t ≤ ∞.

5 Conclusion

In this paper we have studied a spatially homogeneous and anisotropic Bianchi-I space-time
with bulk and shear viscosity in general relativity. The field equations have been solved ex-
actly by using a law of variation for the generalized Hubble parameter that yields a constant
value of DP. Two exact Bianchi type-I models have been obtained in Sects. 3.1 and 3.2.
Expressions for some important cosmological parameters have been obtained for both the
models and physical behavior of the models is discussed in detail. In the case of power-law
solutions, the universe starts from a singular state whereas exponential solutions follow a
non-singular initial state. Due to dissipative processes, the mean anisotropy and the shear
of Bianchi-I universe tend to zero very rapidly. It has been observed that shear coefficient
(η) plays more important role than bulk coefficient (ξ) in the isotropization process of the
universe. These processes represent an effective mechanism for the isotropization of the uni-
verse. Therefore it is possible that the isotropy that we observe in the present universe, is
a consequence of the viscous effects in the cosmic fluid right from the beginning of evo-
lution of universe. Further if we take η = ξ = 0, we obtain the perfect fluid models, which
have been studied in our previous work [28]. The basic equations of thermodynamics for
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Bianchi-I universe have been deduced and thermodynamic aspects of the models have been
discussed. Finally, the solutions presented in this paper are new and may be useful for better
understanding of the evolution of universe in Bianchi-I space-time with viscous effects in
the general theory of gravitation.
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