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Abstract Recently, Gudder proved that the set of all generalized quantum gates coincides
the set of all contractions in a finite-dimensional Hilbert space (S. Gudder, Int. J. Theor.
Phys. 47:268–279, 2008). In this note, we proved that the set of all generalized quantum
gates is a proper subset of the set of all contractions on an infinite dimensional separable
Hilbert space H. Meanwhile, we proved that the quantum operation deduced by an isometry
is an extreme point of the set of all quantum operations on H.

Keywords Generalized quantum gate · Duality quantum computer ·
Extreme point of quantum operations

1 Introduction

In more recent papers, Gudder (see [3, 4]) has established mathematical theory of the duality
computer which proposed by Long in [6]. The mathematical theory of duality quantum
computers attracts much more attention of a number of mathematicians (see [1–7]).

Let H and K be separable complex Hilbert spaces and let B(H,K) denote the all of
bounded linear operators from H into K. If H = K, it is abbreviated by B(H)(= B(H,H)).
An operator A ∈ B(H,K) is said to be a contraction if ‖A‖ ≤ 1. The set of all contractions in
B(H,K) is denoted by B(H,K)1. An operator A ∈ B(H) is said to be a positive operator if
(Ax,x) ≥ 0 for x ∈ H. An operator P ∈ B(H) is said to be an orthogonal projection if P =
P ∗ = P 2, where P ∗ denotes the adjoint of P . An operator A ∈ B(H) is said to be a semi-
Fredholm if the range R(A) of A is closed and at least one of dimN (A) and dimN (A∗) is
finite. In this case, the Fredholm index of A is defined by indA = dimN (A) − dimN (A∗),
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where dimN (K) denotes the dimension of the null-space N (K) of an operators K ∈ B(H).
An operator E is said to be a partial isometry if E as an operator from R(E∗) onto R(E) is
a unitary.

The notation of generalized quantum gates was provided by Gudder in [3].
∑n

i=1 piUi is
called a generalized quantum gate if Ui ∈ B(H), 1 ≤ i ≤ n, are unitary and p = (p1, . . . , pn)

is a probability distribution. That is, pi > 0, 1 ≤ i ≤ n, and
∑n

i=1 pi = 1. The set of all
generalized quantum gates on H is denoted by G(H). It is clear that G(H) is a convex subset
of B(H).

In [2], Gudder essentially proved:

Theorem G (See [4]) If dimH < ∞, then G(H) = B(H)1.

In Sect. 2 of this note, we shall show that G(H) �= B(H)1 if dimH = ∞. Precisely, we
shall prove:

Theorem 1.1 If A ∈ B(H)1 is a finite-rank perturbation of a semi-Fredholm partial isome-
try with indA �= 0, then A is not a generalized quantum gate.

Denote A = (A1, . . . ,An), where Ai , 1 ≤ i ≤ n, are arbitrary operators in B(H) satisfy-
ing

∑n

i=1 A∗
i Ai = I . A quantum operation deduced by A is a bounded linear operator EA

defined on B(H) by

EA(X) =
n∑

i=1

AiXA∗
i , X ∈ B(H).

The set of all quantum operations on H is denoted by Q(H). If the Ai 1 ≤ i ≤ n, are
positive operators satisfying

∑n

i=1 A2
i = I , then EA is called a positive quantum opera-

tion, the set of all positive quantum operations is denoted by Qpos(H). If Pi , 1 ≤ i ≤ n,
are orthogonal projections satisfying

∑n

i=1 Pi = I , then EP is called a projective quan-
tum operation, the set of all projective quantum operations is denoted by Qpro(H). If Ui ,
1 ≤ i ≤ n, are unitary operators in B(H) and

∑n

i=1 pi = 1 with pi > 0, the quantum opera-
tion EU (X) = ∑n

i=1 piUiXU ∗
i is said to be a unitary quantum operation.

As Gudder [4] said that it is easy to check that Q(H), Qu(H), Qpos(H) are convex
sets, while Qpro(H) is not convex. In [4], Gudder established the extreme points of Q(H),
Qu(H) and Qpos(H) under a finite-dimensional Hilbert space. In [4], Gudder concluded that
Qpro(H) ⊆ ExtQpos(H) if dimH < ∞, where ExtK denotes the set of all extreme points of
a convex set K . In [2], we extend this result on the setting with dimH = ∞ and showed that
a projective quantum operation is not an extreme point of Q(H).

In Sect. 3, we shall show that a quantum operation deduced by an isometry is an extreme
point of Q(H). That is,

Theorem 1.2 Denote EV(X) = V XV ∗ if V ∈ B(H) is an isometry. Then EV ∈ Ext[Q(H)].

2 Proof of Theorem 1.1

In this section, we begin with some lemmas.

Lemma 2.1 Let p = (p1, . . . , pn) be a probability distribution and let Ai , 1 ≤ i ≤ n, be
contractions. If I = ∑

i=1 piAi , then Ai = I for 1 ≤ i ≤ n.



2270 Int J Theor Phys (2008) 47: 2268–2278

Proof For a unit vector x ∈ H, we have that

∣
∣
∣
∣1 = (x, x) =

n∑

i=1

pi(Aix, x)

∣
∣
∣
∣.

Observing that |(Aix, x)| ≤ 1 and the assumption of that p = (p1, . . . , pn) be a probabil-
ity distribution, then (Aix, x) = 1 for a unit vector x ∈ H. This concludes that Ai = I ,
1 ≤ i ≤ n. �

Lemma 2.2 Let A be a contraction and let A as an operator from H = H1 ⊕ H2 into
H = K1 ⊕H2 have the operator matrix

A =
(

A11 A12

A21 A22

)

.

If A11 is a unitary from H1 onto K1, then A12 = 0 and A21 = 0.

Proof If A is a contraction, then A∗A is also a contraction. In this case,

A∗A =
(

A∗
11 A∗

21

A∗
12 A∗

22

)(
A11 A12

A21 A22

)

=
(

A∗
11A11 + A∗

21A21 A∗
11A12 + A∗

21A22

A∗
12A11 + A∗

22A21 A∗
12A12 + A∗

22A22

)

.

By the assumption of that A11 is a unitary from H1 onto K1, we have A∗
11A11 + A∗

21A21 =
IH1 +A∗

21A21. Moreover, observing that A∗A is a contraction implies that A∗
11A11 +A∗

21A21

is also a contraction, thus A21 = 0.
Similarly, consider AA∗, we have

AA∗ =
(

A11 A12

A21 A22

)(
A∗

11 A∗
21

A∗
12 A∗

22

)

=
(

A11A
∗
11 + A12A

∗
12 A11A

∗
21 + A12A

∗
22

A21A
∗
11 + A22A

∗
12 A21A

∗
21 + A22A

∗
22

)

.

Here A11A
∗
11 + A12A

∗
12 = IK1 + A12A

∗
12. So A12 = 0. �

Proof of Theorem 1.1 If A is a finite-rank perturbation of a semi-Fredholm partial isometry
with that index is not zero, then A has a representation as follows

A = E + B,

where E is a semi-Fredholm partial isometry with indA �= 0 and B is a finite-rank operator.
Then E and B as operators from H = R(E∗) ⊕R(E∗)⊥ into H = R(E) ⊕R(E)⊥ have the
operator matrices

E =
(

E0 0
0 0

)

, B =
(

B11 B12

B21 B22

)

, (1)

where E0 is a unitary from R(E∗) onto R(E), dimR(E∗)⊥ �= dimR(E)⊥ and Bij are
finite-rank, 1 ≤ i, j ≤ 2. Moreover, using Lemma 2.2, E and B as operators from H =
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(R(E∗)�R((B11)∗))⊕R((B11)∗)⊕R(E∗)⊥ into H = E(R(E∗)�R((B11)∗))⊕ (R(E)�
(E(R(E∗) �R((B11)∗))) ⊕R(E)⊥ have the operator matrices

E =
⎛

⎝

E1
0 0 0

0 E2
0 0

0 0 0

⎞

⎠ , B =
⎛

⎝

0 B11
12 B12

13

0 B11
22 B12

23

B21
31 B21

32 B22

⎞

⎠ , (2)

where E1
0 is a unitary from R(E∗) � R((B11)∗) onto E(R(E∗) � R((B11)∗)), E2

0 is a uni-
tary from R((B11)∗) onto R(E)� (E(R(E∗)�R((B11)∗)), dimR((B11)∗) = dim(R(E)�
(E(R(E∗) �R((B11)∗))) < ∞ and

E0 =
(

E1
0 0

0 E2
0

)

, B11 =
(

0 B11
12

0 B11
22

)

, B12 =
(

B12
13

B12
23

)

, B21 = (
B21

31 B21
32

)
.

Since A = E + B ∈ B(H)1,

A =
⎛

⎝

E1
0 B11

12 B12
13

0 E2
0 + B11

22 B12
23

B21
31 B21

32 B22

⎞

⎠ ,

and E1
0 is unitary, by Lemma 2.2 we have

B11
12 = 0, B12

13 = 0, B21
31 = 0.

Thus

A = E + B =
⎛

⎝

E1
0 0 0

0 E2
0 + B11

22 B12
23

0 B21
32 B22

⎞

⎠ .

Denote H1 = (R(E∗) � R((B11)∗)), H2 = R((B11)∗) ⊕ R(E∗)⊥, K1 = E(R(E∗) �
R((B11)∗)), K2 = (R(E) � (E(R(E∗) �R((B11)∗))) ⊕R(E)⊥ and

B0 =
(

E2
0 + B11

22 B12
23

B21
32 B22

)

.

Then B0 as an operator from H2 into K2 is finite-rank and dimH2 �= dimK2. Therefore,
A as an operator from H = H1 ⊕H2 into H = K1 ⊕K2 has the operator matrix

A =
(

E1
0 0

0 B0

)

.

Next, we shall show that A is not a generalized quantum gate.
By the contrary, assume that A is a generalized quantum gate. Then there exist a proba-

bility distribution p = (p1, . . . , pn) and unitaries Ui , 1 ≤ i ≤ n, such that A = ∑n

i=1 piUi .
Suppose that Ui , 1 ≤ i ≤ n, as operators from H = H1 ⊕ H2 into H = K1 ⊕ K2 have the
operator matrices

Ui =
(

Ui
11 Ui

12

Ui
21 Ui

22

)

.
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Then
(

E1
0 0

0 B0

)

=
n∑

i=1

pi

(
Ui

11 Ui
12

Ui
21 Ui

22

)

. (3)

Denote E∗
0 = E1∗

0 ⊕0. E∗
0 is an operator from H = K1 ⊕K2 into H = H1 ⊕H2. Multiplying

(3) on the left by
(

E1∗
0 0

0 0

)
, we obtain that

(
IH1 0

0

)

=
n∑

i=1

pi

(
E1∗

0 Ui
11 E1∗

0 Ui
12

0 0

)

.

Hence,

IH1 =
n∑

i=1

piE
1∗
0 Ui

11.

By Lemma 2.1, E∗
0U

i
11 = IH1 , hence Ui

11 = E1
0 , 1 ≤ i ≤ n. Moreover, by Lemma 2.2,

Ui
12 = 0 and Ui

21 = 0, 1 ≤ i ≤ n, since Ui , 1 ≤ i ≤ n, are unitaries. Thus Ui , 1 ≤ i ≤ n,
as operators from H = H1 ⊕H2 into H = K1 ⊕K2 have operator matrices

Ui =
(

E0 0

0 Ui
22

)

, 1 ≤ i ≤ n,

respectively. But, dimH2 �= dimK2 implies that Ui
22, 1 ≤ i ≤ n, are not unitary. Thus Ui ,

1 ≤ i ≤ n, are not unitary. It is a contradiction. �

Corollary 2.3 A non-unitary isometry is not a generalized quantum gate.

As a consequence, it is immediate.

Corollary 2.4 If dimH = ∞, then G(H) �= B(H)1.

Although, in general, Theorem G does not hold in an infinite-dimensional setting, but we
have a weaker fact.

Lemma 2.5 (See Proposition 3.2.23 in [8]) If A ∈ B(H) with ‖A‖ < 1 − 2
n

for some n > 2,
there are unitary operators U1,U2, . . . ,Un such that

A = 1

n
(U1 + U2 + · · · + Un). (4)

Define the inner B(H)◦
1 of B(H)1 by

B(H)◦
1 = {A ∈ B(H) : ‖A‖ < 1}.

From Lemma 2.5, we have:

Theorem 2.6 B(H)◦
1 ⊂ G(H).
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Theorem 2.6 shows that, if A ∈ B(H)1 is not a generalized quantum gate, then A should
be in the spherical surface of the unit ball B(H)1.

Let R
+G(H) be the positive cone generalized by G(H). That is,

R
+G(H) = {αA : A ∈ G(H), α ≥ 0}.

In the recent paper [3, 4], Gudder proved that if dimH < ∞, then B(H) = R
+G(H) (see

Theorem 2.5 in [3]). We shall show that it holds also for dimH = ∞.

Theorem 2.7 B(H) = R
+G(H).

Proof From Corollary 2.4, it is obvious. �

By Theorem 1.1, the following conjecture is natural.

Conjecture 2.8 B(H)1 \ G(H) is the set of all finite-rank perturbations of semi-Fredholm
partial isometries with that the index dose not equal to 0.

3 Proof of Theorem 1.2

To complete the proof of Theorem 1.2, we need some lemmas.

Lemma 3.1 Let A ∈ B(H). If, for each vector x ∈ H, there exists a complex number λx such
that Ax = λxx, then there exists a complex number λ such that A = λI .

Lemma 3.2 If X = ∑n

i=1 AiXA∗
i for each operator X ∈ B(H), then Ai = λiI , where λi ∈ C

and 1 ≤ i ≤ n.

Proof By Lemma 3.1, to this end, it is enough to show that for each vector x ∈ H and each i,
1 ≤ i ≤ n, there exists a complex number λix such that Aix = λixx.

Denote by Px the orthogonal projection on the subspace spanning by a vector x. Then

Px =
n∑

i=1

AiPxA
∗
i .

In this case, Px and Ai have the operator matrices

Px =
(

1 0

0 0

)

, Ai =
(

λix Ai
12

Ai
21 Ai

22

)

with respect to the space decomposition H = ∨{x} ⊕ (
∨{x})⊥, respectively, where λix are

complex numbers. Hence,

(
1 0

0 0

)

=
n∑

i=1

(
λix Ai

12

Ai
21 Ai

22

)(
1 0

0 0

)(
λix Ai∗

21

Ai∗
12 Ai∗

22

)

=
n∑

i=1

( |λix |2 λixA
i∗
21

λixA
i
21 Ai

21A
i∗
21

)

=
( ∑n

i=1 |λix |2 ∑n

i=1 λixA
i∗
21∑n

i=1 λixA
i
21

∑n

i=1 Ai
21A

i∗
21

)

.
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Therefore,
∑n

i=1 Ai
21A

i∗
21 = 0. This implies that Ai

21 = 0, 1 ≤ i ≤ n. That is,

Ai =
(

λix Ai
12

0 Ai
22

)

, 1 ≤ i ≤ n.

So, we conclude Aix = λixx, x ∈ H and 1 ≤ i ≤ n. �

Proof of Theorem 1.2 Let V be an isometry. By the contrary, assume that there exist two
quantum operations EA(X) = ∑n

i=1 AiXA∗
i and EB(X) = ∑m

j=1 BjXB∗
j such that

V XV ∗ = λ

n∑

i=1

AiXA∗
i + (1 − λ)

m∑

j=1

BjXB∗
j , (5)

we shall prove that
∑n

i=1 AiXA∗
i = ∑m

j=1 BjXB∗
j = V XV ∗.

Multiplying (5) on the left by V ∗ and on the right by V , we get

X = λ

n∑

i=1

V ∗AiXA∗
i V + (1 − λ)

m∑

j=1

V ∗BjXB∗
j V .

By Lemma 3.2, there exist complex numbers {λi} and {μj } such that V ∗Ai = λiI and
V ∗Bj = μjI .

Next, we shall prove that Ai = λiV and Bj = μjV .
Since V is an isometry, V , Ai , 1 ≤ i ≤ n, and Bj , 1 ≤ j ≤ m, as operators from H into

H = R(V ) ⊕R(V )⊥ have the operator matrices

V =
(

V1

0

)

, Ai =
(

Ai
1

Ai
2

)

, Bj =
(

B
j

1

B
j

2

)

,

respectively, where V1 is a unitary operator from H onto R(V ). From V ∗Ai = λiI and
V ∗

1 Bj = μjI , we have

(V ∗
1 ,0)

(
Ai

1

Ai
2

)

= V ∗
1 Ai

1 = λiI

and

(V ∗
1 ,0)

(
B

j

1

B
j

2

)

= V ∗
1 B

j

1 = μjI.

Hence, Ai
1 = λiV1, 1 ≤ i ≤ n, and B

j

1 = μjV1, 1 ≤ j ≤ m. Therefore, to prove that Ai = λiV

and Bj = μjV , it is enough to show that Ai
2 = 0 and B

j

2 = 0. Substituting I for X in (5), we
get

V V ∗ = λ

n∑

i=1

AiA
∗
i + (1 − λ)

m∑

j=1

BjB
∗
j .
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So
(

V1V
∗

1 0

0 0

)

= λ

n∑

i=1

(
Ai

1A
i∗
1 Ai

1A
i∗
2

Ai
2A

i∗
1 Ai

2A
i∗
2

)

+ (1 − λ)

m∑

j=1

(
B

j

1 B
j∗
1 B

j

1 B
j∗
2

B
j

2 B
j∗
1 B

j

2 B
j∗
2

)

=
(

λ
∑n

i=1 Ai
1A

i∗
1 + (1 − λ)

∑m

j=1 B
j

1 B
j∗
1 λ

∑n

i=1 Ai
1A

i∗
2 + (1 − λ)

∑m

j=1 B
j

1 B
j∗
2

λ
∑n

i=1 Ai
2A

i∗
1 + (1 − λ)

∑m

j=1 B
j

2 B
j∗
1 λ

∑n

i=1 Ai
2A

i∗
2 + (1 − λ)

∑m

j=1 B
j

2 B
j∗
2

)

.

Comparing the two sides of equation above,

λ

n∑

i=1

Ai
2A

i∗
2 + (1 − λ)

m∑

j=1

B
j

2 B
j∗
2 = 0.

This shows that Ai
2 = 0, 1 ≤ i ≤ n, and B

j

2 = 0, 1 ≤ j ≤ m. Therefore, Ai = λiV and
Bj = μjV .

Hence,
∑n

i |λi |2I = ∑n

i=1 λiV
∗λiV = ∑n

i=1 A∗
i Ai = I and

∑n

i |μi |2I = ∑n

i=1 μiV
∗μiV

= ∑m

j=1 B∗
j Bj = I . So,

∑n

i |λi |2 = ∑m

j |μj |2 = 1. Moreover, we conclude that

n∑

i=1

AiXA∗
i =

(
n∑

i

|λi |2
)

V XV ∗ = V XV ∗

and
m∑

j=1

BjXB∗
j =

(
m∑

j=1

|μj |2
)

V XV ∗ = V XV ∗. �

Corollary 3.3 A quantum operation deduced by a unitary is an extreme point of Q(H).

As the end of this paper, by a similar idea above, we get a slight extension of the
Lemma 4.2 in [4]. But the proof is different from that of [4].

Theorem 3.4 Let A = (A1, . . . ,Am) and P = (P1, . . . ,Pn), where Aj , Pi ∈ B(H),∑m

j=1 A∗
jAj = I ,

∑n

i=1 P ∗
i Pi = I and Pi , 1 ≤ i ≤ n, are orthogonal projections. If EP = EA,

then there exists an m × n complex matrix M = (λji)m×n with M∗M = In×n and

Aj =
n∑

i=1

λjiPi,

where In×n denotes the n × n identity matrix.

Proof If EP = EA, then

n∑

i=1

PiXPi =
m∑

j=1

AjXA∗
j , for X ∈ B(H). (6)
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Next, we shall divide the proof in three steps.

Step 1. Substituting Pi for X in (6), we get

Pi =
m∑

j=1

AjPiA
∗
j . (7)

Now, Pi and Aj , 1 ≤ i ≤ n, 1 ≤ j ≤ m, have the operator matrices

Pi =
(

IR(Pi ) 0

0 0

)

, Aj =
(

A
j

11 A
j

12

A
j

21 A
j

22

)

(8)

with respect to the space decomposition H = R(Pi) ⊕ N (Pi), respectively, where IM de-
notes the identity on a closed subspace M . Substituting (8) in (7), we get

(
IR(Pi ) 0

0 0

)

=
(∑m

j=1 A
j

11A
j∗
11

∑m

j=1 A
j

11A
j∗
21

∑m

j=1 A
j

21A
j∗
11

∑m

j=1 A
j

21A
j∗
21

)

. (9)

Comparing two sides of (9), we obtain

m∑

j=1

A
j

21A
j∗
21 = 0.

This shows that A
j

21 = 0, 1 ≤ j ≤ m.
Substituting I − Pi for X in (6), we get

I − Pi =
m∑

j=1

Aj(I − Pi)A
∗
j . (10)

By a similar argument, then

(
0 0

0 IN (Pi )

)

=
(∑m

j=1 A
j

12A
j∗
12

∑m

j=1 A
j

12A
j∗
22

∑m

j=1 A
j

22A
j∗
12

∑m

j=1 A
j

22A
j∗
22

)

. (11)

Comparing two sides of (11), we obtain

m∑

j=1

A
j

12A
j∗
12 = 0.

This shows that A
j

12 = 0, 1 ≤ j ≤ m.
Hence, R(Pi), 1 ≤ i ≤ n, are reduced subspaces of Aj , 1 ≤ j ≤ m. So, Aj , 1 ≤ j ≤ m,

have the operator matrices

Aj =
n⊕

i=1

A
j

ii , 1 ≤ j ≤ m, (12)

with respect to the space decomposition H = ⊕n

i=1 R(Pi), respectively.
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Step 2. By Step 1 and (6), we have

Yi =
m∑

j=1

A
j

iiYiA
j∗
ii , for Yi ∈ B(R(Pi)). (13)

By Lemma 3.2, we conclude that

A
j

ii = λjiIR(Pi ), 1 ≤ j ≤ m, 1 ≤ i ≤ n, λji ∈ C. (14)

Substituting IR(Pi ) and λjiIR(Pi ) for Yi and A
j

ii in (13), respectively, we obtain

1 =
m∑

j=1

|λji |2, 1 ≤ i ≤ n.

Step 3. If X has the operator matrix

X = (Xrs)n×n

with respect to the space decomposition H = ⊕n

i=1 R(Pi), where (Xrs)n×n is an n × n

operator matrix and Xrs ∈ B(R(Ps),R(Pr)), then from (6) and Step 2 we get

n⊕

i=1

Xii =
m∑

j=1

(λjrλjsXrs)n×n =
((

m∑

j=1

λjrλjs

)

Xrs

)

n×n

. (15)

Comparing two sides of (15), since Xrs ∈ B(R(Ps),R(Pr)) are arbitrary, we have

m∑

j=1

λjiλji = 1, 1 ≤ i ≤ n, and
m∑

j=1

λjrλjs = 0, r �= s, 1 ≤ r, s ≤ n. (16)

Denote M = (λji)m×n. By (16),

M∗M = In×n. �

Corollary 3.5 Under the assumption as in Theorem 3.4, additionally, n = m, then the ma-
trix M is an n × n unitary.

Remark

(1) In general, m ≥ n in Theorem 3.4.
(2) It is obvious that, in Theorem 3.4, Aj , 1 ≤ j ≤ m, are mutually commutative normal

operators.
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