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Abstract In this paper we study the gravitational collapse applying methods of loop quan-
tum gravity to a minisuperspace model. We consider the space-time region inside the
Schwarzschild black hole event horizon and we divide this region in two parts, the first
one where the matter (dust matter) is localized and the other (outside) where the metric is
Kantowski–Sachs type. We study the Hamiltonian constraint obtaining a set of three dif-
ference equations that give a regular and natural evolution beyond the classical singularity
point in “r = 0” localized.

1 Introduction

Quantum gravity, the theory that wants to reconcile general relativity and quantum mechan-
ics, is one of the major problems in theoretical physics today. The lesson of general relativity
is that also the space-time is dynamical, then it is not possible to study the other interaction
on a fixed background. The background itself is a dynamical field.

One of the more widespread theory of quantum gravity is the theory called of “loop
quantum gravity” [1–5]. This is one of the nonperturbative and background independent
approach to quantum gravity (another nonperturbative approach to quantum gravity is called
“asymptotic safety quantum gravity” [6]).

In this paper following [7–9] we apply ideas suggested by full loop quantum gravity to a
particular minisuperspace model that we obtain imposing symmetries on the full metric. In
our model as in [7–9] it is possible to implement the Dirac quantization program following
the fundamental ideas of loop quantum gravity.

Some interesting results in this theory are related to the problem of space-like singular-
ity. In fact it was shown in [10–15] that it is possible to solve the cosmological singularity
problem and the black hole singularity problem by using the ideas developed in full loop
quantum gravity theory. In [16, 17] the problem of black hole singularity has been analyzed
also under the contest of “asymptotic safety quantum gravity”; in that paper authors showed
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that nonperturbative quantum gravity effects give a much less singular Schwarzschild met-
ric.

In this paper we study the gravitational collapse of a dust sphere inside the event horizon
following the paper [18]. We consider the phase of the gravitational collapse when all (dust)
matter has crossed the Schwarzschild radius. In this phase the symmetric reduced metric is
homogeneous and it is possible to study the quantum Einstein equations for the minisuper-
space model. In particular we have two regions (Region 1 and Region 2), the first one is
where the matter is localized (Region 1) with a Friedmann–Robertson–Walker type metric
and the other one outside the matter (Region 2) where the metric is of Kantowski–Sachs
type [19]. We summarize the model in ADM variables following the paper of Nambu and
Sasaki [18]. After this we will pass to Ashtekar variables. In Ashtekar variables we quantize
the system following ideas suggested from full loop quantum gravity [1–5]. The technology
used in this paper was developed in the preview papers [13–15, 20, 21, 23].

The paper is organized as follow. In Sect. 2 we briefly recall properties of the gravitational
collapse in ADM variables inside the event horizon, r < 2MGN , [18]. As well known, here
the temporal and spatial (radial) coordinates exchange their role and so it is possible to
study an homogeneous space-time. In Sect. 3 we recall the Ashtekar formulation of general
relativity in terms of the gauge connection Ai

a and of the density triad Ea
i . In particular

we recall the form of the Ashtekar connection and of the density triad inside the event
horizon. For the symmetric reduced connection we introduce the holonomy and we define
the classical Hamiltonian constraint in terms of holonomies and of the volume operator.
At the end of this section we define the boundary conditions on the S2 separation sphere
(between Region 1 and Region 2 of above) in terms of holonomies. In Sect. 4 we recall
the polymer quantization scheme and we introduce the kinematical Hilbert space for the
gravitational collapse. In Sect. 5 we study the dynamics identifying the degrees of freedom
and deriving a set of difference equations that give a regular and natural evolution beyond the
classical singularity [34–36]. Throughout the paper we use the units: c = 1 and κ2 = 8πGN .

2 Gravitational Collapse in ADM Variables Inside a Black Hole (Classical Theory)

In this section we recall the results of [18] in ADM variables. We consider the space-time
region inside the black hole horizon and we study the collapse of a dust sphere. The metric
inside the matter for a co-moving observer is described by a closed Friedmann universe
which is homogeneous and isotropic,

ds2
1 = −N2

1 (t)dt2 + R2(t)(dχ2 + sin2 χ(dθ2 + sin2 θdφ2)) (0 � χ � χ0). (1)

The motion of dust matter is given by: R(η) = R0(1 + cosη)/2 and t (η) = R0(η + sinη)/2,
(0 � η � π ). Where R0 and χ0 are related to the initial radius Ri of dust sphere in
Schwarzschild radial coordinate and to Schwarzschild mass MSchw by: Ri = R0 sinχ0,
MSchw = R0 sin3 χ0/2. In Fig. 1 and Fig. 2 is illustrated the collapse. We define Region
1 the region inside the matter and Region 2 the exterior. The metric in Region 2 is the
Schwarzschild metric. Hence, if we use co-moving coordinates in Region 1 and Schwarz-
schild coordinates in Region 2, we obtain that the hypersurfaces becomes homogeneous in
any region inside the event horizon. The homogeneous metric outside the collapsing star is
of Kantowski–Sachs type [19]

ds2
2 = −N2

2 (t)dt2 + a2(t)dχ2 + b2(t)(dθ2 + sin2 θdφ2) (χ0 � χ < ∞). (2)
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Fig. 1 Spatial section for the
gravitational collapse inside the
event horizon for the particular
value of the radial coordinate
χ0 = π/2

Fig. 2 Penrose diagram for the
gravitational collapse inside the
event horizon (Region 1 and
Region 2) and outside the event
horizon (Region 3). This is a
schematic causal diagram of
expansion and collapse of a dust
sphere. Region 1 is described by
a Friedmann–Robertson–Walker
metric and Region 2 by a
Kantowski–Sachs metric.
Region 3 is described by the
external event horizon
Schwarzschild metric

We have assumed the 3-surface is described by the same radial coordinate χ also in the
exterior of the dust matter region.

The action in ADM variables using (1) and (2) is

S = 1

2κ

∫
d3xN

√
h(Ka

b Ka
b − (Ka

a )2 +(3) R − 2κρdust)

= V1R
3

2κ

[
− 6

N1

(
Ṙ

R

)2

+ N1

(
6

R2
− 2κρdust

)]

+ V2ab2

2κ

[
− 1

N2

(
2

(
ḃ

b

)2

+ 4
ȧḃ

ab

)
+ 2N2

b2

]
, (3)

where V1 = 4π
∫ χ0

0 dχ sin2 χ , V2 ≡ 4πL
∫ χ1

χ0
dχ ≡ 4πL(χ1 −χ0) and κ = 8πGN (the index

a, b = 1,2,3). I introduced L for dimensional reason ([L] = L) in V1, and χ1 is a cut-off
on the space radial coordinate. The spatial homogeneity enable us to fix a linear radial cell
and restrict all integrations to this cell [10, 11]. To simplify notations we restrict the linear
radial cell to χ1 − χ0 = 1. In (3) following [18] we have not considered the ambiguous term∫

N
√

h
(3)

R at the junction point χ = χ0.
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The Hamiltonian corresponding to the action (3) is

H = pRṘ + paȧ + pbḃ − L

= N1

(
− κ

12V1

p2
R

R
− 3V1

κ
R + Mdust

)
+N2

[
2κ

V2

(
−papb

4b
+ ap2

a

8b2

)
−V2

κ
a

]
, (4)

where Mdust = V1R
3ρdust is the constant total dust matter and the momentum conjugate to

the 3-metric qab is

Πa
b = − 1

2κ
(Ka

b − Kha
b) =

⎧⎨
⎩

− 1
2κN1

sin θdiag
(
2Ṙ sin2 χ,2Ṙ,2 Ṙ

sin2 θ

)
if χ < χ0;

− 1
2κN2

sin θdiag
(

2bḃ
a

, ȧ + aḃ
b

, aḃ

b sin2 θ

)
if χ > χ0.

(5)

The momentum conjugate to the variables R,a, b are

pR = − 6V1

κN1
RṘ, pa = − 2V2

κN2
bḃ, pb = − 2V2

κN2
(aḃ + bȧ). (6)

To obtain a correlation between Region 1 and Region 2 we have to take into account the
momentum constraint (Hi ∼ Π

ij

|j = 0) on the S2-sphere junction surface that is in χ =
χ0 localized. The θ and φ component of the momentum constraint are trivial because the
spherical symmetry. The χ component of the momentum constraint is identically zero for
χ �= χ0, but when we impose the condition Π

χj

|j = 0 for χ = χ0 we obtain the following
unambiguous junction conditions [18]

P1 = pR sin2 χ0

3V1
− pa

V2
= 0,

(7)
P2 = R sinχ0 − b = 0.

We can express the first of the relations (7) in terms of R, Ṙ, b, ḃ and we obtain the new
constraints set

P1 = RṘ sin2 χ0

N1
− bḃ

N2
= 0,

(8)
P2 = R sinχ0 − b = 0.

The gravitational collapse inside the horizon in ADM variables is completely defined by the
following four constraints [18]

H1 = − κ

12V1

p2
R

R
− 3V1

κ
R + Mdust = 0,

H2 = 2κ

V2

(
−papb

4b
+ ap2

a

8b2

)
−V2

κ
a = 0,

(9)

P1 = pR sin2 χ0

3V1
− pa

V2
= 0,

P2 = R sinχ0 − b = 0.

Solving the constraints equations (9) we obtain the known results for the classical dust matter
gravitational collapse [18].
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3 Gravitational Collapse in Ashtekar Variables

In this section we study the gravitational collapse in Ashtekar variables [22]. In particular
we will express the Hamiltonian constraint inside and outside the matter and the constraints
P1 and P2 in terms of the symmetric reduced Ashtekar connection [23–28].

3.1 Ashtekar variables

In LQG the fundamental variables are the Ashtekar variables: they consist of an SU(2)

connection Ai
a and the electric field Ea

i , where a, b, c, . . . = 1,2,3 are tensorial indices
on the spatial section and i, j, k, . . . = 1,2,3 are indices in the su(2) algebra. The density
weighted triad Ea

i is related to the triad ei
a by the relation Ea

i = 1
2εabcεijke

j

be
k
c . The metric is

related to the triad by qab = ei
ae

j

bδij . Equivalently,

√
det(q)qab = Ea

i Eb
j δ

ij . (10)

The rest of the relation between the variables (Ai
a,E

a
i ) and the ADM variables (qab,Kab) is

given by

Ai
a = Γ i

a + γKabE
b
j δ

ij , (11)

where γ is the Immirzi parameter and Γ i
a is the spin connection of the triad, namely the

solution of Cartan’s equation: ∂[aei
b] + εi

jkΓ
j

[ae
k
b] = 0.

The action is

S = 1

κγ

∫
dt

∫
Σ

d3x[−2 Tr(EaȦa) − NH− NaHa − NiGi], (12)

where Na is the shift vector, N is the lapse function and Ni is the Lagrange multiplier for
the Gauss constraint Gi . We have introduced also the notation E[1] = Ea∂a = Ea

i τ i∂a and
A[1] = Aadxa = Ai

aτ
idxa . The functions H, Ha and Gi are respectively the Hamiltonian,

diffeomorphism and Gauss constraints, given by

H(Ea
i ,Ai

a) = −4e−1 Tr(FabE
aEb) − 2e−1(1 + γ 2)Ea

i Eb
j K

i
[aK

j

b],

Hb(E
a
i ,Ai

a) = Ea
j F

j

ab − (1 + γ 2)Ki
aGi, (13)

Gi (E
a
i ,Ai

a) = ∂aE
a
i + εk

ijA
j
aE

a
k ,

where the curvature field strength is Fab = ∂aAb − ∂bAa + [Aa,Ab] and the determinant is
e = det(ei

a) ≡ √|det(E[1])sgn(det(E[1]) [12].
In the rest of the paper we will consider only the first term of the Hamiltonian constraint

to simplify the model. The second term will be essential to study a realistic gravitational
collapse with real Immirzi parameter γ .

3.2 The Hamiltonian Constraint Inside the Matter

In this section we recall the Ashtekar variables for an homogeneous and isotropic space-time
of topology R × S3 [23]. For this space the Ashtekar’s connection and the densitized triad
are

Ai
a = cωI

aδ
i
I , Ea

i = pXa
I δ

I
i , (14)
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where ωI are the left-invariant one-forms and XI are the left-invariant vector fields fulfilling
ωI (XJ ) = δI

J . The Hamiltonian constraint in terms of the variables (c,p) is

H = H
(RW)
E + HM = 12

κ
c(1 − c)sgn(p)

√|p| + HM, (15)

where H
(RW)
E is the Euclidean part of the Hamiltonian constraint inside the matter and HM =

Mdust is the Hamiltonian constraint for the dust matter. I recall that the metric of the space-
time in the region where the matter is localized is

ds2 = −dt2 + a2(t)(dχ2 + sin2 χ(sin2 θdφ2 + dθ2)). (16)

The volume operator for the space section inside the matter in Ashtekar variables is

V (RW) = 2π(χ0 − cosχ0 sinχ0)|p| 3
2 ≡ V(χ0)|p| 3

2 . (17)

The classical theory is define by the symplectic structure {c,p} = γ κ/3 [23].

Holonomies and the Hamiltonian Constraint Inside the Matter We introduce the holono-
mies for a space-time homogeneous and isotropic in the direction I

h
(RW)
I = eδ0cτI = cos(cδo/2) + 2τI sin(cδ0/2), (18)

and we express the gravitational part of the Hamiltonian constraint in terms of the
holonomies [23, 40]

H
(RW)
E = − 8

κ2γ δ3
0V(χ0)

×
∑
IJK

εIJK Tr[h(RW)
I h

(RW)
J h

(RW)−1
I h

(RW)−1
J h

(RW)−1
[I,J ] h

(RW)
K {h(RW)−1

K ,V (RW)}]. (19)

3.3 The Hamiltonian Constraint Outside the Matter

We recall that outside the matter but inside the horizon we have a Kantowski–Sachs type
space-time. An homogeneous but anisotropic space-time of spatial section Σ of topology
Σ ∼= R × S2 is characterized by an invariant connection 1-form A[1] of the form [24–30]

A[1] = A(t)τ3dr + (A1(t)τ1 + A2(t)τ2)dθ + (A1(t)τ2 − A2(t)τ1) sin θdφ

+ τ3 cos θdφ. (20)

The τi are the generators of the SU(2) fundamental representation. They are related to the
Pauli σi matrix by τi = − i

2σi . On the other side the dual invariant densitized triad is

E[1] = E(t)τ3 sin θ
∂

∂r
+ (E1(t)τ1 + E2(t)τ2) sin θ

∂

∂θ
+ (E1(t)τ2 − E2(t)τ1)

∂

∂φ
. (21)

The coordinate r is related to the coordinate χ used in the first section by r = lP χ .
We are interested to the Kantowski–Sachs space-time with space section of topology

R × S2; the connection A[1] is more simple than in (20) with A2 = A1, and in the triad
(21) we can choose the gauge E2 = E1 [37]. There is a residual gauge freedom on the
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pair (A1,E
1). This is a discrete transformation P : (A1,E

1) → (−A1,−E1); we have to fix
this symmetry on the Hilbert space. The Gauss constraint is automatically satisfied and the
Euclidean part of the Hamiltonian constraint is

HE = 8πlP
√

2sgn(E)√|E||E1| [2AEA1E
1 + (2(A1)

2 − 1)(E1)2]. (22)

We recall that the relation between the metric and density triad formulation and that the
volume of the space section Σ are

qab = diag

(
2(E1)2

|E| , |E|, |E| sin2 θ

)
, V = 4π

√
2lP

√|E||E1|. (23)

The phase space consists of two canonical pairs A,E and A1,E
1 and the simplectic

structure is given by the Poisson brackets, {A,E} = κγ

4πlP
and {A1,E

1} = κγ

16πlP
[14, 15].

The coordinates and the momenta have dimensions: [A] = L−1, [A1] = L0, [E] = L2 and
[E1] = L.

Holonomies and Hamiltonian Constraint Outside the Matter The elementary configura-
tion variables used in LQG are given by the holonomies along curves in the spatial section
R × S2 and the fluxes of triads on a two-surface in R × S2. Because of symmetry reduction,
it is sufficient to consider a set of functions that is sufficiently large to separate points of the
reduced phase space. We restrict our attention to three sets of curves. More precisely, we
consider only spin networks [1–5] based on graph made just of radial edges, and of edges
along circles in the θ -direction or at θ = π/2. Considering graphs of this type, we can omit
the term “τ3 cos θdφ” of the connection in the “φ” direction.

We introduce the fiducial triad oea
I = diag(1,1, sin−1 θ) and co-triad oωI

a = diag(1,1,

sin θ), and define the holonomy: h = e
∫

A[1] = e
∫

A[1]adxa = e
∫

Ai
a

dxa

dλ
τidλ = e

∫
Ai

I
oωI

a
oea

J
uJ τi dλ =

e
∫

Ai
I
uI τidλ, where ua = dxa

dλ
= ( dr

dλ
, dθ

dλ
,

dφ

dλ
) and uI = oωI

au
a . The holonomy along a curve in

the direction “I” is given by

h1 = exp
∫

Ai
1τidx1 = exp[Aμ0lP τ3],

h2 = exp
∫

Ai
2τidx2 = exp[A1μ0(τ2 + τ1)], (24)

h3 = exp
∫

Ai
3τidx3 = exp[A1μ0(τ2 − τ1)],

where Ai
1 = (0,0,A), Ai

2 = (A1,A1,0) and Ai
3 = (−A1,A1,0). The connection in (24) is

integrated in the direction “I”; μ0lP is the length of the curve along the direction r , μ0 is
the length of the curve along the directions θ and φ [12].1 The length are defined using

1Working without considering full LQG theory it comes out that μ0 is a quantization ambiguity. But in
full LQG there is a minimum (non zero) area eigenvalue and we can use this result to fix μ0 and δ0 (18).
When we define the field curvature Fab we consider the holonomy around a loop to determine the integral
of Fab on a surface of area a0 = √

3γ /4l2
P

. At this point we can fix the value of the parameters μ0, δ0
(removing the ambiguity) comparing the area spectrum in minisuperspace models to the area spectrum in full
loop quantum gravity. Comparing the area minimum eigenvalue from LQG with the minimum eigenvalues in
minisuperspace models we obtain μ0 ∼ δ0 ∼ 1 (in particular μ0 �= 0 and δ0 �= 0) [12, 14, 15].
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the fiducial triad oea
I . Introducing the normalized vectors ni

1 = (0,0,1), ni
2 = 1√

2
(1,1,0),

ni
3 = 1√

2
(−1,1,0) we can rewrite the holonomy hI in the direction “I” as

hI = exp(ĀI n
i
I τi) = cos

(
ĀI

2

)
+2ni

I τi sin

(
ĀI

2

)
,

h1 = cos

(
Aμ0lP

2

)
+2τ3 sin

(
Aμ0lP

2

)
,

(25)

h2 = cos

(√
2A1μ0

2

)
+√

2(τ2 + τ1) sin

(√
2A1μ0

2

)
,

h3 = cos

(√
2A1μ0

2

)
+√

2(τ2 − τ1) sin

(√
2A1μ0

2

)
,

where ĀI=1 = AlP μ0 and ĀI=2 = ĀI=3 = A1μ0

√
2.

We now write the Hamiltonian constraint (22) in terms of holonomies [40]

HE = − 16π

κγμ3
0

∑
IJK

εIJK Tr[hIhJ h−1
I h−1

J h[IJ ]h−1
K {hK,V }], (26)

where h[IJ ] = exp(−μ2
0CIJ τ3) = cos(μ2

0CIJ /2) − 2τ3 sin(μ2
0CIJ /2) and CIJ = δ2I δ3J −

δ3I
δ2J .

3.4 Boundary Conditions in Ashtekar Variables

In this section we recall relations between the Ashtekar and the ADM variables. In Region 1
where the matter is localized the relations are [31]

c = 1

2

(
1 − γ

ȧ

N1

)
, |p| = a2. (27)

In Region 2 instead the relations can be obtained comparing the Hamiltonian constraint
written in terms of ADM variables and in terms of Ashtekar variables. From this analysis
we obtain

A = i
ȧ

N2
, A1 = iḃ√

2N2

, |E| = b2, (E1)2 = a2b2

2
. (28)

Introducing (27) and (28) in (8) obtaining
√|p|(2c − 1) sin2 χ0 − √

2|E|A1 = 0. (29)

We can express (29) in terms of holonomies using (18) and (24) and we obtain

1

δ0

√|p|[4 Tr(h(RW)

1 τ1) + δ0] sin2(χ0) − 1

μ0

√
2|E|Tr[h2(τ2 + τ1)] + O(μ0) = 0. (30)

Introducing the explicit form of holonomies in (30) we obtain the following finally form for
the boundary conditions (8)

1

δ0

√|p|
[

4 sin

(
cδ0

2

)
+δ0

]
sin2(χ0) − 1

μ0
2
√

2|E| sin

(
A1μ0√

2

)
+O(μ0) = 0,
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(31)√|p| sin(χ0) − √|E| = 0.

4 Quantum Kinematics

We want to quantize the collapse inside the horizon using techniques from loop quantum
gravity. Now we build the kinematical Hilbert space Hkin [38]. We define a graph Γ as a
countable number of triple of points (ci,μEi,μE1i ), where ci,μEi,μE1i ∈ R. We denote by
CylΓ the vector space of functions f (c,A,A1) (f : R

3 → C) of the type

f (c,A,A1) =
∑
ij,k

fijke
iμi c

2 + iμEj lP A

2 + iμ
E1k

A1√
2 , (32)

where c,A,A1 ∈ R, ci,μEj ,μE1k ∈ R, fijk ∈ C and i, j, k run over a finite number of in-
tegers (labeling the points of the graph). We call the function f (c,A,A1) in CylΓ cylin-
drical with respect to the graph Γ . We consider all possible graphs (the points and their
number can vary from a graph to another) and denote by Cyl the infinite dimensional
vector space of functions cylindrical with respect to some graph: Cyl = ⋃

Γ CylΓ . Thus,
any element f (c,A,A1) of Cyl can be expanded as in (32), where the uncountable basis

e
iμi c

2 ⊗ e
iμEi lP A

2 ⊗ e

iμ
E1j

A1√
2 is now labeled by arbitrary real numbers (c,μE,μE1). A ba-

sis in Cyl is given by |μ,μE,μE1〉 ≡ |μ〉 ⊗ |μE〉 ⊗ |μE1〉. Introducing the standard bra-ket
notation we can define a basis [12] in the Hilbert space via

〈c|μ〉 ⊗ 〈A|μE〉 ⊗ 〈A1|μE1〉 = e
iμc

2 ⊗ e
iμElP A

2 ⊗ e

iμ
E1 A1√

2 . (33)

The basis states (33) are normalizable in contrast to the standard quantum mechanical rep-
resentation and they satisfy

〈μ,μE,μE1 |ν, νE, νE1〉 = δμ,νδμE,νE
δμ

E1 ,ν
E1 . (34)

The Hilbert space Hkin is the Cauchy completion of Cyl or more succinctly Hkin =
L2(R̄

3
Bohr, dμ0), where R̄Bohr is the Bohr-compactification of R and dμ0 is the Haar measure

on R̄
3
Bohr.

We can quantize the theory using the standard quantization procedure {, } → − i
�
[, ]. We

recall the fundamental difference from the standard Schrödinger quantization program. In
the ordinary Schrödinger representation of the Weyl–Heisenberg algebra the classical fields
c, A and A1 translate in operators. In loop quantum gravity on the contrary the operators
c, A and A1 do not exist [32, 33]. We can not promote the Poisson brackets to commu-
tators [ĉ, p̂] = iγ l2

P /3, [Â, Ê] = iγ lP /4π and [Â1, Ê
1] = iγ lP /16π ; rather, the quantum

fundamental operators are ĉ, Ê, Ê1, ĥI . The momentum operators can be represented on the
Hilbert space by

p̂ → −i
γ l2

P

3

d

dc
, Ê → −i

γ lP

4π

d

dA
, Ê1 → −i

γ lP

16π

d

dA1
. (35)

It is easy to calculate the spectrum of these two momentum operators on the Hilbert space
basis. This is given by

p̂|μ,μE,μE1〉 = μγ l2
P

6
|μ,μE,μE1〉,
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Ê|μ,μE,μE1〉 = μEγ l2
P

8π
|μ,μE,μE1〉, (36)

Ê1|μ,μE,μE1〉 = μE1γ lP

16π
√

2
|μ,μE,μE1〉.

We have to fix the residual gauge freedom on the Hilbert space outside the matter. We
consider the operator P̂ : |μ,μE,μE1〉 → |μ,μE,−μE1〉 and we impose that only the in-
variant states (under P̂ ) are in the kinematical Hilbert space. The states in the Hilbert space
are: 1√

2
[|μ,μE,μE1〉 + |μ,μE,−μE1〉] for μE1 �= 0 and the states |μ,μE,0〉 for μE1 = 0.

The holonomy operators ĥI in the directions r , θ , φ of the space section R × S2 outside

the matter are: ĥ
(μE)

1 , ĥ
(μ

E1 )

2 and ĥ
(μ

E1 )

3 , where μElP is the length along the radial direction r

and μE1 is the length along the directions θ and φ (all the length are define using the fiducial
triad oea

I ). Inside the matter the holonomy operators are ĥ
(RW)(μ)

I where μ is the length along
any direction χ , θ or φ inside the matter. The holonomies operators act on the Hilbert space
Hkin by multiplication.

5 Hamiltonian Constraint and Quantum Dynamics

In this section we are going to study the dynamics of the model. The general strategy to
quantize a system with constraints was introduced by Dirac. To implement the Dirac strategy
we must impose the classical constraints at the quantum level to obtain the physical space.
This strategy define the quantum Einstein’s equations that in general are define by (for γ = i)

Ĥ|ψ〉 = [−4e−1 Tr(FabE
aEb) +HM ]|ψ〉 = 0,

Ĥb|ψ〉 = [Ea
j F

j

ab +HMb]|ψ〉 = 0, (37)

Ĝi |ψ〉 = [∂aE
a
i + εk

ijA
j
aE

a
k + GMi]|ψ〉 = 0.

In the case of our minisuperspace (homogeneous) model the second and the third con-
straints are identically zero then to obtain the physical space we have to solve the first scalar
constraint. In this paper we want to quantize the model following the full loop quantum grav-
ity ideas. To this aim we have expressed the Hamiltonian constraint in terms of homogeneous
holonomies and we have introduced the polymer representation of the Weyl algebra. At this
point we have all the ingredients to study the Hamiltonian constraint inside and outside the
region where the matter is localized and to impose at quantum level the boundary condition
introduced in Sect. 3.4.

As in non-trivially constrained systems, we expect that the physical states are not nor-
malizable in the kinematical Hilbert space. However, as in the full loop quantum gravity
theory, we again have the triplet

Cyl ⊂ Hkin ⊂ Cyl∗ (38)

of spaces and the physical states will be in Cyl∗, which is the algebraic dual of Cyl [1–5].
A generic element of this space is

〈ψ | =
∑

μ,μE,μ
E1

ψμ,μE,μ
E1 〈μ,μE,μE1 |. (39)
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The quantum version of the Hamiltonian constraint outside the matter can be obtained
promoting the classical holonomies to operators and the Poisson brackets to the commuta-
tors. Using the relations in (25) we can express the quantum version of the Kantowski–Sachs
Hamiltonian constraint (26) as

ĤE = − 16πi

μ3
0γ l2

P

[4 sin(2x) sin(2y)(sin(y)V̂ cos(y) − cos(y)V̂ sin(y))

+ 2(cos(δ) sin2(2y) − sin(δ)(sin2(2y) + 2 cos(2y))) (40)

× (sin(x)V̂ cos(x) − cos(x)V̂ sin(x))],
where we have introduced the following notations: x = Aμ0lP /2, y = √

2A1μ0/2 and δ =
μ2

0/2.
Using the exponential form for the trigonometric function we can calculate the action

of the Hamiltonian constraint on the Hilbert space basis (33) [14, 15]. At this point we
can impose the Hamiltonian constraint outside the matter to obtain a first relation for the
coefficients ψμ,μE,μ

E1 in the (39). The constraint equation ĤE|ψ〉 = 0 is now interpreted as

an equation in the dual space 〈ψ |Ĥ †
E ; from this equation we can derive a relation for the

coefficients ψμ,μE,μ
E1

(VμE−2μ0,μ
E1 −3μ0 − VμE−2μ0,μ

E1 −μ0)ψμ,μE−2μ0,μ
E1 −2μ0

+ (VμE+2μ0,μ
E1 −μ0 − VμE+2μ0,μ

E1 −3μ0)ψμ,μE+2μ0,μ
E1 −2μ0

+ (VμE−2μ0,μ
E1 +3μ0 − VμE−2μ0,μ

E1 +μ0)ψμ,μE−2μ0,μ
E1 +2μ0

+ (VμE+2μ0,μ
E1 +μ0 − VμE+2μ0,μ

E1 +3μ0)ψμ,μE+2μ0,μ
E1 +2μ0

+ sin(μ2
0/2) − cos(μ2

0/2)

2
[(VμE+μ0,μ

E1 −4μ0 − VμE−μ0,μ
E1 −4μ0)ψμ,μE,μ

E1 −4μ0

− 2(VμE+μ0,μ
E1 − VμE−μ0,μ

E1 )ψμ,μE,μ
E1

+ (VμE+μ0,μ
E1 +4μ0 − VμE−μ0,μ

E1 +4μ0)ψμ,μE,μ
E1 +4μ0 ]

− 2 sin(μ2
0/2)[(VμE+μ0,μ

E1 −2μ0 − VμE−μ0,μ
E1 −2μ0)ψμ,μE,μ

E1 −2μ0

+ (VμE+μ0,μ
E1 +2μ0 − VμE−μ0,μ

E1 +2μ0)ψμ,μE,μ
E1 +2μ0 ] = 0, (41)

where the volume eigenvalues are defined by

V̂ |μ,μE,μE1〉 = VμE,μ
E1 |μ,μE,μE1〉,

(42)

VμE,μ
E1 ≡ γ

3
2 l3

P

4
√

8π

√|μE ||μE1 |.

The other constraint that we must to impose on the state (39) is the Hamiltonian con-
straint inside the matter. If we introduce the holonomies (18) in (19) we obtain the following
trigonometric form of the operator

Ĥ
(RW)
E = 6(1 − i)

V(χ0)l
2
P γμ3

0κ
e−i

cμ0(μ0+4)

2

× [−i + 2(1 + i)eicμ0 + 2ie2icμ0 + 2(1 + i)e3icμ0 − ie4icμ0
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+ eicμ2
0 − 2(1 + i)eicμ0(μ0+1)

− 2eicμ0(μ0+2) − 2(1 + i)eicμ0(μ0+3) + eicμ0(μ0+4)]

×
[

sin

(
cμ0

2

)
V̂ (RW) cos

(
cμ0

2

)
− cos

(
cμ0

2

)
V̂ (RW) sin

(
cμ0

2

)]
, (43)

(the operator c is not defined but the exponential and trigonometric operators are defined on
the Hilbert space). We have simplified the notation using the identification δ0 = μ0.

The action of the operator (43) on the basis (33) is

Ĥ
(RW)
E |μ,μE,μE1〉

= 3(1 + i)

γ l2
P κμ3

0

(Vμ+μ0 − Vμ−μ0)[−i|μ − μ0(μ0 + 4),μE,μE1〉

+ 2(1 + i)|μ − μ0(μ0 + 2),μE,μE1〉 + 2i|μ − μ2
0,μE,μE1〉

+ 2(1 + i)|μ − μ0(μ0 − 2),μE,μE1〉 − i|μ − μ0(μ0 − 4),μE,μE1〉
+ |μ + μ0(μ0 − 4),μE,μE1〉 − 2(1 + i)μ + μ0(μ0 − 2),μE,μE1〉
− 2|μ + μ2

0,μE,μE1〉 − 2(1 + i)|μ + μ0(μ0 + 2),μE,μE1〉
+ |μ − μ0(μ0 + 4),μE,μE1〉]. (44)

We have all the ingredients to calculate the action of the Hamiltonian constraint inside the
matter on the state (39). From equation 〈ψ |(Ĥ (RW)

E + ĤM) = 0 (〈ψ |ĤM = 〈ψ |Mdust,∀μ �= 0
and 〈ψ |ĤM = 0 for m = 0 [39]) we obtain another recursive relation for the coefficients
ψμ,μE,μ

E1

−i(Vμ+μ0(μ0+5) − Vμ+μ0(μ0+3))ψμ+μ0(μ0+4),μE,μ
E1

+ 2(1 + i)(Vμ+μ0(μ0+3) − Vμ+μ0(μ0−1))ψμ+μ0(μ0+2),μE,μ
E1

+ 2i(Vμ+μ0(μ0+1) − Vμ+μ0(μ0−1))ψμ+μ2
0,μE,μ

E1

+ 2(1 + i)(Vμ+μ0(μ0−2) − Vμ+μ0(μ0−3))ψμ+μ0(μ0−2),μE,μ
E1

− i(Vμ+μ0(μ0−3) − Vμ+μ0(μ0−4))ψμ+μ0(μ0−4),μE,μ
E1

+ (Vμ−μ0(μ0−5) − Vμ−μ0(μ0−3))ψμ−μ0(μ0−4),μE,μ
E1

− 2(1 + i)(Vμ−μ0(μ0−3) − Vμ−μ0(μ0−1))ψμ−μ0(μ0−2),μE,μ
E1

− 2(Vμ−μ0(μ0−1) − Vμ−μ0(μ0+1))ψμ−μ2
0,μE,μ

E1

− 2(1 + i)(Vμ−μ0(μ0+1) − Vμ−μ0(μ0+3))ψμ−μ0(μ0+2),μE,μ
E1

+ (Vμ−μ0(μ0+3) − Vμ−μ0(μ0+5))ψμ−μ0(μ0+4),μE,μ
E1

+ γ l2
P κV(χ0)μ

3
0

3(i + 1)
Mdustψμ,μE,μ

E1 = 0, (45)

where we have introduced the volume eigenvalue inside the matter
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V̂ (RW)|μ,μE,μE1〉 = Vμ|μ,μE,μE1〉,
(46)

Vμ ≡ V(χ0)

(
γ l2

P

6

) 3
2 |μ| 3

2 .

The other constraints to impose are the boundary conditions in (31). The first of the two
conditions assumes the following operator form

√|p|
μ0

[
4 sin

(
cμ0

2

)
+μ0

]
sin(χ0) − 2

√
2|E|
μ0

sin

(
A1μ0√

2

)
= 0, (47)

and the action of the operator (47) on the state (39) impose another condition on the physical
state for the gravitational collapse

(√ |μ − μ0|
3

ψμ−μ0,μE,μ
E1 −

√ |μ + μ0|
3

ψμ+μ0,μE,μ
E1 − iμ0

√ |μ|
3

ψμ,μE,μ
E1

)
sin2(χ0)

−
√ |μE |

2π
(ψμ,μE,μ

E1 −μ0 − ψμ,μE,μ
E1 +μ0) = 0. (48)

The last constraint to impose is the second of equations (31). When we apply this con-
straint on the candidate physical state (39) we obtain

∑
μ,μE,μ

E1

[√|p| sin(χ0) − √|E|]ψμ,μE,μ
E1 |μ,μE,μE1〉

=
∑

μ,μE,μ
E1

[√ |μ|
3

sin(χ0) −
√ |μE |

4π

]
ψμ,μE,μ

E1 |μ,μE,μE1〉 = 0. (49)

From (49) we obtain that the gravitational collapse wave function ψμ,μE,μ
E1 depends only

on the two parameters μ and μE1 . For sin2(χ0) = 3/4π we obtain

ψμ,μE,μ
E1 ≡ ψμ,μ,μ

E1 . (50)

We conclude this section summarizing the quantum dynamical results. In this section we
have imposed the quantum Einstein equations and we have obtained that the gravitational
collapse wave function must satisfy the difference recursive equations (41), (45), (48) and
then we must impose in the result the constraint (50). An important result in our simplified
analysis is that all the coefficients in the difference equations (41), (45) and (48) are regular
in μ = 0 and in μE = 0 where the classical Schwarzschild singularity is localized. We can
conclude that we have a regular and natural evolution beyond the classical singular point. In
the next paragraph we will show the consistency of the difference equations obtained in this
section.

5.1 Physical States

In the previous paragraph we have calculated four difference equations (41), (45), (48) and
(50) that the wave function for the gravitational collapse must satisfy. Now we analyze this
system introducing the boundary conditions in the dynamics. We write the physical state
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|ψ〉 in a tensor product form for the Region 1 and Region 2

〈ψ | =
∑

μ

ϕμ〈μ| ⊗
∑

μE,μ
E1

φμE,μ
E1 〈μE,μE1 |. (51)

At this point to simplify the problem we follow the following steps.

1. The first difference equation is (45), this equation gives a relation for the coefficients
ϕμ introduced in (51); we recall (45) using the simplification μ0 = 1 and introducing integer
values for the independent variable μ, μ = mμ0 ≡ m (m ∈ 2Z

2)

−i(Vm+6 − Vm+4)ϕm+5 + 2(1 + i)(Vm+4 − Vm)ϕm+3 + 2i(Vm+2 − Vm)ϕm+1

+ 2(1 + i)(Vm−1 − Vm−2)ϕm−1 − i(Vm−2 − Vm−3)ϕm−3 + (Vm+4 − Vm+2)ϕm+3

− 2(1 + i)(Vm+2 − Vm)ϕm+1 − 2(Vm − Vm−2)ϕm−1 − 2(1 + i)(Vm−2 − Vm−4)ϕm−3

+ (Vm−4 − Vm−6)ψm−5 + γ l2
P κV(χ0)

3(i + 1)
Mdustϕm = 0, (52)

this difference equation can be solved for ϕm0+5 introducing the following initial conditions:
ϕm0−5, ϕm0−3, ϕm0−1, ϕm0+1 and ϕm0+3 (m0 ∈ 2Z). The component ϕm0 that is the even com-
ponent in (52) can be calculated using the constraint (48) with μE = 0 as we will stress at
the point 3. of this paragraph.

2. The second equation is (41) with μ0 = 1, μE1 = 2n and μE = 2l with n, l ∈ Z

(V2l−2,2n−3 − V2l−2,2n−1)φ2l−2,2n−2 + (V2l+2,2n−1 − V2l+2,2n−3)φ2l+2,2n−2

+ (V2l−2,2n+3 − V2l−2,2n+1)φ2l−2,2n+2 + (V2l+2,2n+1 − V2l+2,2n+3)φ2l+2,2n+2

+ (sin(μ2
0/2) − cos(μ2

0/2))[(V2l+1,2n−4 − V2l−1,2n−4)φ2l,2n−4

− 2(V2l+1,2n − V2l−1,2n)φ2l,2n + (V2l+1,2n+4 − V2l−1,2n+4)φ2l,2n+4]/2

− 2 sin(μ2
0/2)[(VμE+μ0,μ

E1 −2μ0 − V2l−1,2n−2)φ2l,2n−2

+ (V2l+1,2n+2 − V2l−1,2n+2)φ2l,2n+2] = 0. (53)

We can solve this difference equation to obtain φ2l,2n giving the boundary conditions:
φ−2l0,2n, φ2l0,2n ∀n and φ2l,2n0−4, φ2l,2n0−2, φ2l,2n0 , φ2l,2n0+2 ∀l.

3. The last equation is (48) with sin2(χ0) = 3/4π (this is useful to simplify the notation),
in this equation we introduce μE = 2l and μE1 = 2n as in the previous equation

(3/4π)(
√|m − 1|ϕm−1 − √|m + 1|ϕm+1 − i

√|m|ϕm)φ2l,2n

− √
3|l|/πϕm(φ2l,2n−1 − φ2l,2n+1) = 0. (54)

(a) For l = 0 we obtain a relation to express ϕm in terms of ϕm+1 and ϕm−1. In particular
introducing the initial conditions ϕm0−1 and ϕm0+1 (that are the same initial condition
introduced in (52)) we can obtain ϕm0 from equation

√|m0 − 1|ϕm0−1 − √|m0 + 1|ϕm0+1 − i
√|m0|ϕm0 = 0. (55)

2It is possible repeat the same analysis for the components with m ∈ 2Z + 1.
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At this point we have the even component ϕm0 useful to solve at the same time equation
(52) and (55) (see point 1).
We observe that if we introduce m = 0 (and obviously l = 0) in equation (54) we obtain
ϕ−1 = ϕ1, ϕ0 decouples from the difference equation; this means that not all the initial
boundary conditions ϕm0−5, ϕm0−3, ϕm0−1, ϕm0+1, ϕm0+3 are independent; there is one
consistency relation between the five initial conditions.

(b) For l �= 0 we insert the solution ϕm of (52) in (54) and we obtain a second order differ-
ence equation for φ2l,2n in the variable n. Using the constraint (50) for sin2(χ0) = 3/4π

we can evaluate equation (54) on m = μE = 2l to obtain

(3/4π)(
√|m − 1|ϕm−1 − √|m + 1|ϕm+1 − i

√|m|ϕm)|m=2lφ2l,2n

− √
3|l|/πϕm|m=2l (φ2l,2n−1 − φ2l,2n+1) = 0. (56)

Introducing the initial condition φ2l,2n0−1 ∀l and φ2l,2n0 ∀l (this second condition can be
obtained from equation (53)), we can calculate φ2l,2n0+1. This observation implies that
in the variable “n”, from equation (53) we can calculate the even components φ2l,2n and
from (56) we calculate the odd components φ2l,2n+1 of the wave function.

We conclude the section summarizing the results about physical states. Using the news
notations we can write the physical states in the following way

〈ψ | =
∑
m

ϕm〈m| ⊗
∑
l,n

φ2l,n〈2l, n|, (57)

where ϕm is calculated using the two difference equations (52) and (55), and φ2l,n can be
obtained from equations (53) and (56).

6 Conclusions

In this paper we have studied the gravitational collapse in Ashtekar variables following the
paper [18]. We have studied the gravitational collapse when all dust matter has crossed the
event horizon. In this particular region the metric is homogeneous and we have applied
the technology developed in “loop quantum cosmology” and in “loop quantum black hole”
papers [12, 14, 15, 31]. We have divided the space-time region inside the event horizon in
two parts, the firs one where the matter is localized and the other one part outside the mater.
The space-time metric inside the matter is of Friedmann–Robertson–Walker type and the
metric outside the matter is of Kantowski–Sachs type with spatial topology R × S2.

The quantization procedure is induced by full “loop quantum gravity”. We have intro-
duced homogeneous holonomies and we have expressed the Hamiltonian constraint in terms
of such holonomies in all the region inside the event horizon. The main result is that the
Hamiltonian constraint gives a regular difference equation for the coefficients of the phys-
ical states which are defined in the dual space of the dense subspace of the kinematical
Hilbert space. We can summarize this result recalling that the quantum Einstein’s equations

(ψ |ĤE(h,V ) = 0,
(58)

(ψ |(Ĥ RW
E (hRW ,V RW ) + ĤM) = 0,

and the boundary conditions are regular in r = 0 where the classical singularity is localized
(h,V and hRW ,V RW are respectively the holonomy and the volume inside and outside the
matter).
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An important consequence of the quantization is that, unlike the classical evolution, the
quantum evolution does not stop at the classical singularity and the “other side” of the singu-
larity corresponds with a new domain where the triad reverses its orientation. In this simply
model we have imposed the quantum Einstein’s equations obtaining recursive consistent
equations for the coefficients ψμ,μE,μ

E1 of the physical states

〈ψ | =
∑

μ,μE,μ
E1

ψμ,μE,μ
E1 〈μ,μE,μE1 |. (59)

We can interpret ψμ,μE,μ
E1 as the wave function of the gravitational collapse, after the matter

has crossed the event horizon. We have also showed the consistency of the four difference
equations. In a future paper we will study the difference equations (41), (45), (48) to obtain
a numerical solution of those equations for a particular value of the boundary condition on
the wave function.

We hope that the analysis performed here will shed light on the problem of the “informa-
tion loss” in the process of black hole formation and evaporation. See in particular [41] for
a possible physical interpretation of the black hole information loss problem.
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