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Abstract
Single-valuedness is a property of an expression occurring in a SPMD program and 
states that concomitant evaluations of this expression lead to the same value at all 
processes. Although widely used, this property still lacks a formal definition, which 
is necessary to tackle the subtleties of the notion of concomitance. First, we pro-
pose such a definition in which the states of all processes can be compared when 
they reach textually aligned program points. These program points, of which all pro-
cesses execute exactly the same textual instances, act as logical global synchroniza-
tion barriers. Single-valuedness is then defined at these program points. Secondly, 
we show how textual alignment and single-valuedness can be used to ensure proper 
use of Direct Remote Memory Access (DRMA) in BSP programs.

Keywords  SPMD · BSP · Collective primitives · textual alignment · single-
valuedness · formal semantics

1  Introduction

In the spmd programming model [1, 2], a collection of parallel processes executes a Sin-
gle Program on Multiple Data. Unlike the Single Instruction, Multiple Data (simd) [3] 
model, where all processors execute the same instructions at the same pace, the spmd 
model allows replicated processes to follow distinct flows of control. Several communi-
cation means may be proposed by spmd programming languages (MPI[4], OpenMP[5], 
BSPlib[6], ...). The most popular are Direct Remote Memory Access (DRMA) and mes-
sage passing. In both cases, collective operations (or collectives for short) play a major 
role. They expose a simple synchronization scheme: all processes execute the same 
sequence of collectives, performing a global synchronization for some of them. Broad-
casts, reductions and global barriers are examples of collectives. However, behind the 
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apparent simplicity of the model, the ability to execute distinct instruction streams with 
no restriction may lead to programming errors.

To preclude these types of errors, one can introduce a strict separation at the pro-
gramming language level between global and parallel flows of control. The former 
produces a single instruction stream, which every process follows. The latter pro-
duces multiple instruction streams free of collectives  [7–9]. It is noteworthy that 
this distinction had already been present in the early definition of the spmd model, 
quoting [10]: “the participating processes follow a different parallel flow of control, 
but all the processes follow the same global flow of control”. However, spmd pro-
grams are most often written in general programming languages using libraries, the 
result being that the two flows are mixed up (e.g., mpi, implementations of the bsp 
model  [11, 12]). This simple observation highlights the need for tools capable of 
reconstructing the global control flow in library based implementations.

Current practices show that global barriers are usually textually aligned, which 
means that all processes synchronize on the same textual occurrences. In other 
words, their use is confined to global control flow. The same applies to other kinds 
of collective operations. This model not only simplifies programming, but also it 
is a prerequisite for some program analysis [13–15]. In previous work [16–18], we 
formally defined textual alignment and prove that enforcing textual alignment of 
synchronization barriers is a sufficient condition to avoid deadlocks. In this paper, 
we consider another relevant property: single-valuedness. This property states that 
an expression occurring in the text of a program evaluates to the same value at all 
processes. For some collectives, not only processes must execute the same instruc-
tion but also they must execute it on the same data. For example, in mpi all processes 
must pick the same source process when performing a broadcast. By combining tex-
tual alignment and single-valuedness, one can enforce this stronger property. The 
main contribution of this paper is to show (Sect. 7) :

–	 how textual alignment can be used to provide a formal definition of the single-
valuedness property. This approach solves a problem raised by Aiken et  al. 
in [19, 20]; namely the comparison of values computed by distinct programs at 
programs points occuring between global synchronization barriers.

–	 how, when combined with textual alignment, single-valuedness can be used to 
enforce proper synchronization of DRMA programs

In Sect. 3 we present a subset of the BSPlib language supporting drma communica-
tions. In Sect. 4 we present BSPDRMA a toy language that mimics the features of this 
BSPlib subset. We define its operational semantics and two kinds of errors we aim 
to rule out, deadlocks and stack mismatches. Sections 6 and 7 introduce formal defi-
nitions of textual alignment and single valuedness and show how these properties 
can be used to rule out errors introduced in sect. 4. We conclude in Sect. 8.
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2 � Related Works

In [19, 20], Aiken and Gay introduced the concept of structural correctness in non 
textually aligned programs. This property ensures the absence of deadlocks. Unlike 
our work it only considers parameterless primitives. Their work had been used for 
the design of the Titanium language [21, 22]. A latter proposal introduced textually 
aligned barriers in Titanium by revisiting structural correctness. This proposal was 
finally replaced by a dynamic approach [23] after it has been observed that it was 
flawed [23, 24]. A recent work also considers dynamic approaches to the problem of 
textual alignment of collectives [25]. In [26], the authors consider an empirical static 
analysis for detecting Multi-Valued expressions, which is used to lower the number 
of dynamic checks. Barrier checking for non-textually aligned is also studied in [27].

The formal definition of textual alignment was first introduced in [17]. In [28] the 
authors propose a sufficient condition to ensure correct usage of registers in BSPlib 
programs. This condition requires that all bsp actions are textually aligned (i.e. con-
comitant in a logical sense) but also that memory locations used by concomitant 
DRMA operations are the same up-to renaming. The condition is expressed over 
execution traces and provides no programming methodology to ensure it. No formal 
definition of the meaning of “computing the same value at the same time” was pro-
vided. This paper improves over [28], it provide such a definition (based on textual 
alignement) and shows how it can be used to provide a sufficient condition to ensure 
correctness in the sense of the later. Some formal definitions of the semantics of 
BSP programs have already been proposed [29, 30], some were mechanized in Coq 
[31].

3 � BSP

In the Bulk Synchronous Parallel (BSP) model, a static number of processes pro-
gress at the same pace, synchronizing on global barriers. Between two consecutive 
synchronizations, processes perform local computations and issue communication 
requests. These requests will be handled at the time of the next synchronization bar-
rier. Communication requests are either message-passing requests or direct remote 
memory access requests. Several implementation of the BSP model exists (BSPlib 
[6], BSML [32], BSPOnMPI [33], MulticoreBSP [34],...). Here we focus on BSP 
DRMA primitives as proposed by BSPlib and provide a short description of their 
behavior.

Each process has access to its identifier and to the total number of processes 
through the functions
bsp_pid_t bsp_pid(void) and bsp_pid_t bsp_nprocs(void)
The execution of a program proceeds in successive steps, which are local compu-

tation steps issuing communication requests, terminated by global synchronization 
barriers. Requests issued during a step are served at the end of this step (Fig.  1). 
Synchronization barriers are performed by a collective call to
void bsp_sync(void)
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Processes can communicate by accessing the memory of other processes. To refer 
to a remote memory location processes rely on a mapping between local addresses. 
This mapping is built programmatically. Processes collectively push memory loca-
tions on a distributed stack. As the stacks have the same size at every processes, 
they can be seen as a global stack of p-tuples (where p is the number of processes). 
Elements of a tuple are the physical adresses at each process of a replicated logical 
adress. For example in (Fig. 2) both process 0 and process 1 have pushed the address 
of the variable y which is a at process 0 and b at process 1. In this case the address 
a of process 0 is mapped to the address b of process 1 (and vice versa). Pushing a 
memory location on the stack is done by a call to
void bsp_push_reg(const void* addr, bsp_size_t size)
where addr is the local memory location and size is the length of the buffer. A 

line of the global stack can be removed by a collective call to
void bsp_pop_reg(const void* addr)
Finally, a process can issue a read or write request to a remote location on process 

pid by calling the following functions

–	 void bsp_put(bsp_pid_t pid, const void * src, void 
*dst, bsp_size_t offset, bsp_size_t size): writes size bytes 
from the location src to the offset offset of the remote location dst.

–	 void bsp_get(bsp_pid_t pid, const void * src, void 
*dst, bsp_size_t offset, bsp_size_t size): reads size bytes 
from the offset offset of the remote location src to the location dst.

Fig. 1   Execution of a BSP program

Fig. 2   Two processes registering physical addresses into their stacks



806	 International Journal of Parallel Programming (2021) 49:802–819

1 3

Example 1  Here, each process writes its id in the memory of its right neighbor. First 
each process pushes the address of variable y and perform a barrier to update the 
stack (bsp_put_reg and bsp_pop_reg issue requests that are served at the end 
of the current step). Then each process requires a write of the value of x to the 
distant register matching the address of y in the stack. Finally, processes pop the 
addresses and perform a barrier to execute the communication.

In this paper we consider two kinds of errors:

–	 deadlocks: occur when one process is blocked on a barrier while another pro-
cess is terminated (we only consider partial correctness)

–	 stack mismatch: two processes pop locations occurring in distinct lines of the 
stack. As we have seen each line is a mapping between remote addresses, pro-
cesses must thus agree on which line to remove.

In the next section we present a simple language and its semantics. This language 
is used to formalize these kinds of errors.

4 � BSP
DRMA

The language BSPDRMA is a variation of the While language, extended by a mini-
mal set of primitives dedicated to bsp-like drma programming. It supports global 
synchronization, dynamic register allocation, push and pop operations and 
updates of remote registers. It is akin to the subset of bsp of Sect. 3, besides a few 
limitations whose aim is to simplify the presentation. Dynamic allocation is sup-
ported only in the context of drma communications, there are no heap allocated 
structures. We use the name register instead of memory location to reflect this. 
Registers hold data of size one. We modify the communication scheme to avoid 
nondeterminism due to concurrent writes to remote registers. More precisely, 
messages received by a process are buffered on a per source process basis and can 
be read separately by the target process. These restrictions are made without loss 
of generality:
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–	 in practice, shared memory locations are used to exchange contiguous data 
(dynamic structures are serialized, processes don’t exchange pointers),

–	 concurrent writes are communication errors that we do not deal with in this 
paper.

4.1 � Syntax

We consider a countable set of variables Var that we note x, y, z, .... An expression 
a is a term built from integers, variables, arithmetic operations and the constants pid 
and nprocs . The two constants denote respectively the current process id and the total 
number of processes. Statements are decorated with labels taken in a countable set Lab , 
elements of which are noted � (possibly with subscript). The syntax of the language 
is given in Fig. 3. Each label occurs at most once in a statement. When not necessary 
labels are omitted.

The instruction ���� does nothing and returns control to the rest of the computation. 
An instruction x ∶= a stores the value of the expression a in the variable x. Sequences, 
conditionals and loops behave as usual.

–	 global synchronizations are performed by ���� . It is a blocking instruction that 
must be performed collectively by all processes. Pending requests are realized at the 
time the synchronization occurs.

–	 a fresh register is allocated and stored in the variable x by the instruction ���� x.
–	 a register stored in x is pushed (resp. popped) by the instruction ���� x (resp. ��� x

).
–	 An instruction x[a] ← y performs a request to update the register paired with the 

register stored in x at process a. The new value is that of y.
–	 an instruction [���� x ← y[a]] {s} stores in x the last value written by processor 

a in the register paired with the register stored in y and executes s. The value was 
written at the previous step. If no such value exists, s is ignored and the control 
returns immediately to the rest of the computation.

As stated before, remote writes in BSPDRMA differs a bit from what can be found in 
BSPlib. Here, a register is rather like a buffer in which other processes can write at a 
reserved position. Let’s rephrase the example of the previous Sect. in BSPDRMA to illus-
trate this:

Fig. 3   Syntax of BSP
DRMA
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We use the local variable y to store the value written in z by the right neighbor of the 
process. Specifying the emitter rather than reading the last written value rules out 
nondeterminism.

4.2 � Semantics

We give an operational semantics for our language as a small-step transition system. 
The semantics records execution paths (sequences of labels) followed by processes 
during the execution. These annotations will be used in the definitions of textual 
alignment and single-valuedness. They have no effect on the behavior of programs 
and can be erased. The purpose of this semantics is to provide annotations that are 
needed to define textual alignement and single-valuedness in the following sections. 
It does not improve the description of programs made by previous BSP semantics. 
However it does improve the annotations and formal definitions we gave in [17] 
which are now much more simple.

4.3 � Definitions

A path pt is a finite sequence of labels. A register is a triple (u, pt,�) where u belongs 
to a countable set of names ⊓ , pt is a path and � a label. A value v ∈ V is either an 
integer or a register. An environment E ∈ Env is a mapping from variables to values.

The semantics of expressions is given by a function [[.]] ∶ Env × nat → V where 
the second parameter is the process id at which the evaluation takes place. The spe-
cial constant pid returns the process id so we have [[pid]](E, i) = i . The special con-
stant nprocs returns the number of processes so we have [[nprocs]](E, i) = p . Unlike 
the process id, the number p of process, which is unique for a given execution, is left 
implicit to improve readability. The semantics of remaining expressions is as usual. 
For the sake of simplicity, we assume that [[.]](E, i) is a total function.

The semantics is a transition system over global states, which consists of vectors 
of size p where p is the number of processes. Components of vectors are processes 
states. They have the form of tuples (s, (E, S,B,R), pt) where, at process i,

–	 s is either a statement or the termination symbol ∙
–	 E is the environment of process i
–	 S is the contribution of process i to the stack
–	 B is the buffer of process i; it is a function mapping registers and process ids 

to values. It is a partial function. If B(u)[j] = v then process j has requested an 
update of u with value v at i.

x ∶= pid;

���� z; ���� z; ����;

z[(pid + 1) ��� nprocs] ← x;

��� z; ����

[���� y ← z[(pid − 1) ��� nprocs]] {����};
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–	 R is the history of requests performed by process i since the beginning of the cur-
rent step. Requests, noted r, are defined by 

 A write((u, pt,�), i, v) denotes a write of value v at the location paired with u at 
process i. We note R1 ⋅ R2 the concatenation of R1 and R2.

–	 pt is the sequence of labels crossed by i since the beginning of the execution.

As usual a context C denotes the rest of the computation, it has the form of a 
statement with a hole. Given a context C and a statement s we note C[s] for the 
result of placing s in the hole in C. Contexts are defined by the grammar:

We generalize the notation to the termination symbol ∙ by the equations: [∙] = ∙ and 
[∙];s = s . Given a function f, We note f [x ↦ v] the function defined by

If f is partial, we note dom(f ) its definition domain. We note Γ ⋅ � a sequence Γ 
extended with the element �.

A global transition, v → v′ moves from one global state to the next. Figure 4 
gives the two rules that define global transitions.

–	 Rule local specifies individual computation steps. The vector is updated 
according to the result of a transition of the picked component (see below). 
Note that processes may execute ���� instructions occurring at distinct labels.

–	 Rule sync specifies global steps which occur when all process reach a syn-
chronization barrier. Communications requested during the computation step 
are served. All components of the vector are updated according to the result. 
The definition of ⊳ is given in Fig. 5. We note R↓ (resp. R↑ ) the sequence, in 
order, of registers pushed (resp popped) in R.

In both cases we record the labels crossed by processes. Other rules specify local 
transitions. They have the form

where i is the process id, pt is the sequence of labels crossed so far by i and � is the 
current label. Executing s with environment E and buffer B leads to the statement s′ 
and the environment E′ performing the request r (or � if no request is performed).

–	 The ���� instruction, assignment, conditional and loops behave as usual (rules 
skip, assign, if1,if2,while1 and while2).

r ∶∶ = push(u, pt,�) push request

∣ pop(u, pt,�) pop request

∣ write((u, pt,�), i, v) message request

C∶∶ = [ ] ∣ [ ];s

f [x ↦ v](y) =

{
v ifx = y

f (y) otherwise

pt,� ⊢i s,E,B → s′,E′, r
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Fig. 4   Dynamic Semantics
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–	 An instruction ���� x generates a fresh register stored in variable x (rule init). 
The new register is annotated with pt and � . We assume a function fresh that 
maps a buffer to a fresh register, two buffers with the same domain are mapped 
to the same register.

–	 An instruction ���� x (resp. ��� x ) performs a request to push (resp. pop) the 
register (u, pt,�) stored in x. A request push(u, pt,�) (resp. pop(u, pt,�) ) is 
issued (rules push and pop).

–	 An instruction x[a] ← y performs a request to write the value v stored in y to a 
remote register paired with the register stored in x . The value j of a is the target 
process. A request write(u, j, v) is issued (rule send).

–	 A statement [���� x ← y[a]]� {s} reads the message sent to the current pro-
cess to the register stored in y and stores it in x (rule receive1 ). The control is 
then returned to the statement s. If no such message exists, the control is simply 
returned to the rest of the computation (rule receive2).

Given an environment E, the initial state init(E) is (E, �, �, �) . We note 
E ⊢ s ⇝i (s

�, st, pt) if ⟨(s, init(E), �),… , (s, init(E), �)⟩ →∗ v and �i(v) = (s�, st, pt) . 
The relation ⇝i is the projection on process i of an execution. We note →∗ the reflex-
ive transitive closure of v and say that v′ is reachable from v if v → v∗ . The semantics 
is deterministic in the sense defined below. Indeed, local transition are determinis-
tic and “scheduling” choice are not significant. Moreover, thanks to the with con-
structs, communications are also deterministic.

Lemma 1  Let v, v1 and v2 be vectors. If v →∗ v1 and v →∗ v2 then there exists v′ such 
that v1 →∗ v� and v2 →∗ v�.

5 � Programming Errors

As stated before, we intend to rule out two kinds of errors: deadlocks and stack mis-
matches. In this section we introduce their formal definitions. A deadlock occurs 
when a process is blocked at a barrier waiting for a terminated process. All pro-
cesses are stuck (we do not consider infinite loops).

Definition 1  A deadlock occurs in v, if the following property holds

Fig. 5   Exchange
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A statement is well-synchronized if no deadlock occurs in any state reachable from 
an initial state.

Example 2  The following program is not well-synchronized because some processes 
perform less synchronizations than others

More precisely all processes but 0 (which is terminated) are stuck on the first bar-
rier. Thanks to determinism, deadlocks are reproducible and are easily observed by 
programmers.

A stack mismatch occurs when two processes perform incompatible push and pop 
requests. Intuitively, requests are compatible if all processes perform the same num-
ber of push/pop request and if “concomitant” pop requests refer to the same posi-
tions in the stacks. Intuitively, a mapping between remote registers, as defined by 
stacks can be removed but it cannot be modified (see example 3).

Definition 2  A stack mismatch occurs in v if there exists i and j such that 
�i(v) = (Ci[����], (−, Si,−,Ri),−) , �j(v) = (Cj[����], (−, Sj,−,Rj),−) and

A statement is well-matched if no stack mismatch occurs in any state reachable from 
an initial state.

Example 3  The following program is not well-matched because process 0 tries to 
pop the first line while other processes try to pop the second line.

But the following statement is well-matched (processes may pop any line).

Remember that we only consider programming errors related to misuses of col-
lectives. In particular, we don’t consider local errors such as trying to pop or to use 
non pushed registers In the next section, we will show how to use textual alignment 
and single-valuedness to define a programming methodology that rules out the two 
kind of errors we have introduced.

deadlock(v) = ∃i, j.�i(v) = (C[����],−,−) ∧ �j(v) = (∙,−,−).

x ∶= pid;�����(x > 0){x ∶= x − 1;����}

|R↓

i
| ≠ |R↓

j
| ∨

|R↑

i
| ≠ |R↑

j
| ∨

(∃k.(R
↑

i
)k = ui ∧ (R

↑

j
)k = uj ∧ pos(Si, ui) ≠ pos(Sj, uj)

���� x;���� y;���� x;���� y;����;��(pid = 0){��� x}{��� y};����

���� x;���� y;���� x;���� y;����;��� x;����
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6 � Textual Alignment

Instances of textually aligned labels are crossed by all processes at the same pace, at 
least from a logical point of view. Intuitively, textually aligned code blocks could be 
executed in a pure simd mode. We will return to this remark later. Some programs 
are obviously classified as textually aligned, whereas others require more explana-
tions to justify their classification.

Example 4  Consider the following statements written in C.
The first statement (line 1) is clearly not textually aligned. Processes execute sync 

instructions that occur in distinct branches. Obviously, label equality is the weaker 
reasonable condition. On the contrary, it is obvious that the second statement (line 
3) should be considered textually aligned. In the third statement (lines 5,6), all pro-
cesses perform the same number of iterations of the loop. Yet, they call the sync 
primitive at distinct iterations. Although the behaviors of all processes are obser-
vationally equivalent, this statement should not be considered as textually aligned 
(think of loop unrolling). On the opposite, the last statement (lines 8,9) is textually 
aligned.

Intuitively, a label � is said to be textually aligned if, whenever a process 
reaches a textual occurrence of � , other processes will eventually reach the same 
occurrence (we consider partial correctness only). An obvious way to distinguish 
occurrences of a label � is to consider the set of execution paths leading to � . 
However, for our purpose, this definition is not appropriate as exemplified by the 
following statement:

In this case, we would like to consider that whichever branch is taken, the same tex-
tual occurence of the last assignment is reached. We note Δl the function that retain, 
from a path, the labels of loops surrounding � in a program statement s (we omit 
the statement which is always clear from the context). Obviously, the information 
extracted by Δ

�
 is sufficient to distinguish distinct occurrences of � in the execution 

trace of processes.

�� b ���� x ∶= 0 ���� x ∶= 1 ���;x ∶= x + 1
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Definition 3  A label � in a statement s is textually aligned if for all E, if exists i < p 
such that E ⊢i s ⇝ (s�, sti, ptj) where entry(s�) = � then for all j < p , there exists stj 
and ptj such that E ⊢j s ⇝ (s�, stj, ptj) and Δ

�
(pti) = Δ

�
(ptj).

This definition relate local executions rather that global executions. This is 
because, in general, the execution of the same textual occurrence of a label at dis-
tinct processes may be separated by arbitrarily many synchronizations. Although, 
in this paper, we will consider programs with textually aligned barriers, this prop-
erty cannot be assumed a priori. For such programs it will be the case that the 
same textual occurrences of labels are always reached during the same steps by 
all processes. Indeed, instances of textually aligned label occur in the same order 
in distinct processes as stated by the following lemma.

Lemma 2  Let �1 and �2 be two textually aligned program points in s and let E be an 
environment.

–	 E ⊢i s ⇝ (si, sti, pti) and E ⊢i s ⇝ (s�
i
, st�

i
, pt�

i
)

–	 E ⊢j s ⇝ (sj, stj, ptj) and E ⊢j s ⇝ (s�
j
, st�

j
, pt�

j
)

–	 entry(si) = entry(sj) = �1 and entry(s�
i
) = entry(s�

j
) = �2 (entry : entry label of 

the statement)
–	 Δ

�1
(pti) = Δ

�1
(ptj) and Δ

�2
(pt�

i
) = Δ

�2
(pt�

j
)

then if pti ≺ pt′
i
 we also have ptj ≺ pt′

j
 where ≺ is the prefix order.

We omit the proof of this intermediate result, the interested reader can refer to 
our previous Coq[35] developments [36].

Proposition 1  If all barriers of a statement are textually aligned then this statement 
is well-synchronized.

Proof  Let i and j be two process ids. We prove that for all n > 0 
if E ⊢i s ⇝ (C[[����]�],wi, pti) where i has crossed n barri-
ers then there exists a vector v such that ⟨…(s, init(E), �)…⟩ →∗ v , 
�j(v) = (C[[����]�],wj, ptj) and Δ

�
(pti) = Δ

�
(ptj) . The proof is by induction 

on n. Suppose that E ⊢i s ⇝ (C[[����]�],wi, pti) , then by hypothesis we have 
E ⊢j s ⇝ (C[[����]�],wj, ptj) and Δ

�
(pti) = Δ

�
(ptj) . We have to prove that these 

two local state are part of the same synchronisation. Suppose that the local state of 
(C[[����]�],wj, ptj) , which we call Aj , corresponds to another synchronization (oth-
erwise we are done). We distinguish two cases, whether Aj occurs in a synchroniza-
tion preceding Ai = (C[[����]�],wi, pti) or not.

–	 Suppose Aj was part of a previous synchronization. Then we have a previous 
state of i of the form (s�

i
,w�

i
, pt�

i
) such that pt′

i
≺ pti and, by induction hypothesis, 

Δ
�
(pt�

i
) = Δ

�
(ptj) . Consequently Δ

�
(pti) = Δ

�
(pt�

i
) which is incompatible with 

pt′
i
≺ pti .
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–	 Now suppose Aj was not part of a previous synchronization. We assumed Aj is 
not part of same synchronization as Ai . Then there exists a state 
A�
j
= (C�[[����]�

�

,w�
j
, pt�

j
) which is part of the same synchronization as Ai and 

pt′
j
≺ ptj . But by textual alignment, there exists A�

i
= (C[[����]�

�

],w�
i
, pt�

i
) such 

that Δ
�� (pt�

i
) = Δ�

�
(ptj) . We have pti ≺ pt′

i
 otherwise Ai and A′

i
 denote the same 

local state and then we have � = �
� and Δ

�
(ptj) = Δ

�
(pti) = Δ

�
(pt�

i
) = Δ

�
(pt�

j
) 

which leads to a contradiction. Finally we get a contradiction by Lemma 2.

From this result it is immediate that assuming a deadlock leads to a contradiction. 	
� ◻

In this section we have shown how textual alignment can be used as a sufficient 
condition to ensure correctness of parameterless collectives such as global syn-
chronization barriers. More elaborated collectives require not only the execution of 
the same instruction but also coherency in the actual values the instruction is used 
with. This is the case, for example, of the broadcast instruction in mpi for which all 
processes must agree on the source process. In the next section, we consider sin-
gle-valuedness and show how it can be used to prove correctness of push and pop 
instructions.

7 � Single Valuedness

As informally defined in the literature, a variable is single-valued if all processes 
map it to the same value at the same time. Quoting [19],

[...] “at the same time” is a slippery notion in a setting with asynchronous exe-
cution. Only at global synchronization points (i.e., barriers, broadcasts, and the 
start and end of execution) is it possible to assert anything useful about the 
state of all processes,

In this section, we show how textual alignment can be used to define a logical notion 
of time that is more effective than the one induced by global synchronization points. 
This section is the main contribution of the paper. In particular, we show:

–	 how to use this logical time to define formally the single-valuedness property 
(Sect. 7.1)

–	 how, when combined with textual alignment, this property can be used to define 
a correctness criterion to enforce a proper use of collectives (Sect. 7.2)

7.1 � Definition

Before we present the definition of single-valuedness, we must give some precisions 
about the equivalence relation on which it it is based. Basically, single-valuedness 
refers to equality. However, we need to consider a slightly weaker relation that does 
not distinguish memory locations allocated at the same logical time (as defined by 
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textual alignement). More precisely, we identify memory location carrying the same 
time annotations. Two values v1 and v2 are equivalent, noted v1 ⋍ v2 , if

–	 v1, v2 ∈ Int and v1 = v2 or,
–	 v1 = (u, pt,�) and v2 = (u�, pt�,��) where � = �

� and Δ
�
(pt) = Δ

�
(pt�)

As mentioned earlier, we rely on textually aligned program points to define sin-
gle-valuedness. Given a textually aligned program point � , a variable x is single-
valued at � if whenever two processes reach � “at the same time”, the occurences 
of x at each process hold equivalent values. The following definition states this 
property more formally.

Definition 4  A variable x in a statement s is single-valued at label � if � is 
textually aligned and if for all E, if there exists i < p and j < p such that 
E ⊢i s ⇝ (si, (Ei, Si,Bi,Ri), pti) and E ⊢j s ⇝ (sj, (Ej, Sj,Bj,Rj), ptj) where 
entry(si) = entry(sj) = � and Δ

�
(pti) = Δ

�
(ptj) then Ei(x) ⋍ Ej(x).

The notion of single value easily extends to expressions by requiring that their 
evaluation leads to equivalent values in the local environment.

Example 5  In the following examples, the pushed variable is single-valued in the 
first statement but not in the second.

Indeed, in the first example, we have entry([���� x]�2 ) = entry([���� x]�2 ) = �2 , 
Δ

�2
(�1) = Δ

�2
(�1) = � and (u, �,𝓁1) ⋍ (v, �,𝓁1) for the run

In the second example, we have entry([���� x]�4 ) = entry([���� x]�4 ) = �4 
Δ

�4
(�1�2) = Δ

�4
(�1�3) = � but (u, �,𝓁2) ̸⋍ (v, �,𝓁3) for the run

7.2 � Correctness Criterion

In this section, we show how to use the single-valuedness property to avoid stack 
mismatches. Intuitively, if push and pop instructions are textually aligned, all pro-
cesses will perform the same sequence of push/pop instructions (up-to param-
eters). This is sufficient to avoid stack mismatches due to push instructions. 

s1 = [���� x]�1 ;[���� x]�2

s2 = �� [b]�1 ���� [���� x]�2 ���� [���� x]�3 ���;[���� x]�4

[] ⊢0 s1 ⇝ ([���� x]�2 , ([x ↦ (u, 𝜖,�1)],−,−,−),�1])

[] ⊢1 s1 ⇝ ([���� x]�2 , ([x ↦ (v, 𝜖,�1)],−,−,−),�1])

[] ⊢0 s2 ⇝ ([���� x]�4 , ([x ↦ (u, 𝜖,�2)],−,−,−),�1�2])

[] ⊢1 s2 ⇝ ([���� x]�4 , ([x ↦ (v, 𝜖,�3)],−,−,−),�1�3])
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However, we must also ensure that concomitant pop instructions must refer to 
the same line in the stack. This last requirement is met by enforcing concomittent 
push/pop to operate over single-valued memory locations. Global synchronisation 
barriers must also be textually aligned. The following proposition formalizes this 
intuition.

Proposition 2  If all barriers in s are textually aligned and if push/pop instructions 
in s are textually aligned and single-valued then s is well matched.

Proof  We prove a stronger property which is that for every reach-
able state v there exists R, R′ and S such that for each process i we have 
�i(v) = (Ci[����], (−, Si,−,Ri),−) and

where ⋍ is applied point-wise. Because barriers are textually aligned, we can reason 
on a single step and conclude by induction on the number of barriers crossed so far. 
So suppose the property holds at the beginning of the step. By hypothesis and by 
Lemma 2, push/pop instructions at � that occurs in i at path pti also occurs, in same 
order, in j at path ptj and Δ

�
(pt) = Δ

�
(ptj) . By the single value hypothesis we have 

requests that are performed in the same order with compatible (with respect to ⋍ ) 
values. Moreover, the stacks are equivalent because of the hypothesis (pushed/pop 
values were equivalent at the end of the previous step). If there is no previous step, 
the initial state trivially satisfies the conditions. 	�  ◻

In this section, we have shown how textual alignement can be used to define an 
effective notion of logical time. We have used this logical time to provide the first, 
as far as we know, formal definition of single-valuedness in SPMD programs. 
Finally, we have shown how to combine textual alignment and single-valuedness 
to define sufficient conditions to ensure correctness of drma collectives in a bsp 
like language. Here, we have focused on issues related to the collective nature of 
push and pop instructions. It is still possible for a program to get stuck because 
processes collectively fail, for example by trying to pop a non-valid register. Such 
behavior can be ruled out by simple local correctness properties. This issue was 
already considered in [28].

8 � Conclusion

We have formally defined sufficient conditions to ensure correctness of collec-
tive drma communications la bsp. These sufficient conditions rely on the formal 
definitions of two important properties, namely textual alignment and single-
valuedness. The formal definition of textual alignment improves on our previous 
work in term of simplicity. As far as we know this is the first formal definition 
of single-valuedness based on textual alignment. We have shown that the latter 

R
↓

i
⋍ R ∧ R

↑

i
⋍ R� ∧ Si ⋍ S



818	 International Journal of Parallel Programming (2021) 49:802–819

1 3

permits to define the former not only at synchronization points but also at all tex-
tually aligned points. Indeed, textually aligned program points behave as synchro-
nization points at the logical level. We are currently working on a static analysis. 
We also expect to study the interaction of our analysis with the PARCOACH [37] 
dynamic checker. In this context, we expect our analysis to reduce the overhead 
of its instrumentation by removing checks that operate over textually aligned 
program points. Another direction is to consider more collective communication 
schemes like broadcast, map, reduce and others.
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