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Abstract

A closed-form analytical solution for transient solidification of multicomponent
alloys is proposed by analytically solving the microscale solidification to feed the
local conditions, such as surface energy, surface tension, nucleation radius, inter-
face temperature, and solute concentration, necessary to the evolution of macro-
scopic solidus, liquidus, and eutectic interfaces. Expressions for the critical radius,
total free energy, and nucleation rate are derived for homogeneous and heterogene-
ous nucleation based on recent propositions for nucleation and surface energy. A
general solution for interface evolution is proposed, encompassing local temperature
and concentration conditions to provide the proper integration of the macroscopic
temperature necessary for latent heat release in the solid—liquid phase.

Keywords Analytical solution - Phase growth - Phase nucleation - Moving boundary
formulation - Multicomponent alloys

1 Introduction

Solidification plays a vital role in obtaining homogeneous materials and in control-

ling the structure of castings and ingots in some industrial processes such as con-
tinuous casting, surface remelting, casting and laser welding. Therefore, the study
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of the solidification of metals has assumed considerable proportions in recent dec-
ades since essentially all metals undergo liquid—solid transformation at some stage.
In many cases, peculiarities of grain structure, composition and phase distribution
result from solidification and these seriously influence subsequent treatments and
properties. In this sense, interest in solidification has gone beyond the field of mate-
rials and metallurgical engineering, advancing to other applied sciences, in which
the knowledge of solidification theory aggregated to the fundamentals of electron-
ics, mechanics, chemistry, physics, applied mathematics, etc., has been used to solve
concrete technological problems [1]. Thus, it is essential to understand the under-
lying mechanisms involved in solidification to control the composition and struc-
ture of the solidified metal. Nevertheless, it must be noted that in many cases com-
plete details of the physical mechanisms related to the formation of various types of
micro- and macrostructures in the obtained solids are not yet known.

On the other hand, it has been reported that the phenomenon of heat conduction
with phase change due to melting—freezing occurs in many areas of current practical
interest; however, as the space domain where the heat conduction equation is to be
solved changes with time, these are known as moving boundary or Stefan problems
[2-4]. Consequently, the mathematical treatment of this problem is complicated
since it leads to differential equations presenting nonlinear boundary conditions at
the moving interface. Nevertheless, numerous mathematical approaches have been
developed to provide an adequate theoretical background for modeling the solidifica-
tion of metals over the years. In this sense, many mathematical studies aimed to find
exact solutions for simple geometries (slabs, cylinders and spheres) or simplified
quasi-stationary assumptions that are not realistic in many situations. The analytical
methods [1, 2, 5-18], proposed to investigate the solidification process, mainly con-
sider systems with plane geometry due to the greater simplicity of the mathematical
treatment as a function of their geometric characteristics. Thus, they present consid-
erable limitations from the point of view of their practical application. It is worth
remembering that exact analytical solutions for cylindrical and spherical geometries
have not yet been obtained since these geometries present greater mathematical
complexity arising from both the mathematical equations and the assumed boundary
conditions. The accuracy of numerical solutions [19—42] is often extremely high;
however, the use of such solutions requires either programming knowledge and/or
special software since these methods demonstrate a certain complexity. They gen-
erally lead to a greater proximity of practical cases in industry allowing more real
boundary conditions to be assumed for which it would not be possible to obtain ana-
lytical solutions. Finally, a number of experimental methods [43—62] have also been
used to investigate solidification. Although the several variables and transient condi-
tions involved in the liquid—solid phase change make these methods very specific,
they assume an important characteristic because in many cases they are employed to
validate analytical and numerical methods.

The main purpose of the present study is to derive an analytical solution for the
transient solidification of multicomponent alloys in a slab and deduce a general
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form for moving solidus, liquidus, and eutectic interfaces according to the heat flux
direction. To achieve this goal, a solution for transient solidification of multicom-
ponent alloys is proposed analytically for microscale solidification to furnish the
local conditions necessary for the evolution and proper integration of heat at mac-
roscopic interfaces. New formulations are derived for homogeneous and heterogene-
ous nucleation based on recent propositions for nucleation and surface energy [17].
A solution for transformation interface evolution is proposed to provide the proper
integration of macroscopic latent heat release during the fusion/solidification of
multicomponent alloys. Liquidus and eutectic macroscopic interface equations were
proposed, and a new derivation was carried out of a well-known analytical transient
solution for the solidification of binary alloys [1]. Simulations were performed for
different Cu contents and levels of superheat.

2 Mathematical Simplifying Hypotheses

The mathematical simplifying hypotheses assumed in this work can be found in the
literature [1, 2]. The purpose of the solution to be obtained is to investigate the solid-
ification of a semi-infinite slab [3, 4]. Thus, the following assumptions are taken into
account in this study:

a. The microscopic and macroscopic domains are three-dimensional;

b. The macroscopic domain consists of a solid mould and three metal subdomains:
solid, solid and liquid, and liquid;

c. Solidification occurs in a temperature range between solidus and liquidus iso-
therms, where the latent heat is released;

d. The macroscopic solidification is unidirectional along the x-axis, and all limiting
wall boundary conditions in both the y and z axes are assumed to be adiabatic;

e. The microscopic solidification is three-dimensional and the boundary conditions

are periodic;

The investigated systems are isotropic;

The thermal contact resistance at the metal/mould interface is considered;

The convection in the melt is neglected;

The thermophysical properties are constant within each phase but different among

phases.

= 5ge o

2.1 Binary Alloy Solidification

Alloys solidify in a temperature range, i.e., an example is between the liquidus and
solidus isotherms, in such a way that these boundary conditions can be seen in
Fig. 1, demonstrating the temperature profile during unidirectional solidification of
a volume element.
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Fig. 1 Temperature as a function of the distance of a volume element during the unidirectional solidifica-
tion of a binary alloy

where S¢ and §; are the positions of the solidus and liquidus interfaces, respectively,
q, is the heat flux in the liquid phase, gg; is the heat flux in the solid-liquid mixture
phase, gy is the heat flux in the solid phase, g, is the metal/mould heat flux, g, is
the heat flux in the mould, 7y, is the environmental temperature far from the mould
external surface, T;, is the mould temperature at the metal/mould interface, T}, is
the solid temperature at the metal/mould interface, T is the temperature of the solid
phase, T, is the temperature of the solid—liquid (mushy zone) phase, 7; is the tem-
perature of the liquid phase and, finally, T is the pouring temperature.

Before diving into the problem of the solidification of an alloy, a physical
formulation of the solidus and liquidus moving phase-change interfaces must
be derived, as far as alloys solidify according to a solidification range, i.e., the
latent heat AH from a primary a-phase will be released in the temperature range
between the liquidus and solidus isotherms, which move at different speeds. Let
us consider the heat balance according to Fig. 2.

Recently, Ferreira [17] derived an equation for nucleation based on the thermal
field gradient normal to the forming nucleus surface area. This equation is a general
form of the Gibbs—Thomson equation, and it is the so-called Gibbs—Thomson-Ferreira
equation—GTF [63, 64], which considers the surface stress tensor, the surface energy,
and the transformation entropy associated with the normal thermal gradient to a given
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Fig.2 Temperature distribution as a function of distance in a volume element during unidirectional
solidification of a binary alloy
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nucleating phase surface area. The application of the GTF equation to phase growth
implies in the derivation of a general formulation to deal with the evolution of micro-
scopic transformation interfaces and its application to bridge microscopic to macro-
scopic phase-change interfaces during transient alloy solidification, which straighta-
way implies in a multiscale formulation. As an example of multiscale calculation,
Karma et al. coupled an atomistic model and Phase-Field for micro and mesoscale
solidification simulation [65]. Multiscale formulations can be found in the literature
applied to numerical and analytical solidification models [66, 67]. Let us assume a
stable nucleus of radius r < rg, for given temperature, volume, pressure and composi-
tion gradients, assuming the equilibrium radius rg, corresponding to the level of sur-
face energy associated only with creating a surface area A,,. The equation expressing
the Gibbs—Thomson coefficient for any thermal field gradient for nucleation can be
expressed as,

I'(7) = VT - 7A(7) 1)

where I' is the Gibbs—-Thomson coefficient, 7 is the vector radius, VT is the
thermal field gradient normal to the surface area A(?), which can be dependent on
temperature, volume, pressure and composition gradients, and 7 is the unit normal
vector. Gibbs—Thomson coefficient F(?) is defined by Ferreira [17] as the thermal
field gradient VT normal to a surface area created in equilibrium A, and created and
deformed A(7) in nonequilibrium.

2.2 Application of GTF to the Energy Balances of Liquidus and Solidus Isothermal
Surfaces in a Microscopic Domain

To analyze the correct dimensional form for the proposed moving transforma-
tion interface formulation, first a heat balance for each transformation interface
evolution must be derived, and the relationship between heat flux and latent
heat release due to interface coalescence must be established by introducing
both properties in Eq. 1. A simple relationship between thermal conductivity K
[W -m~!- K~ ] and molar specific heat capacity c,, [J mol ™! - 1] at a given
temperature 7', demands c,,,, /v, where v is the phase molar volume [m - mol™ ]
Now, considering the sohd/liquid transformation, latent heat of solidification,
by considering the heat flux of the moving liquidus isotherm at both sides,
forr =8, qg = —kSL VT|. - and, G, = —kL VTL < the latent heat of the pri-

mary phase, AH at T =T, and Gibbs-Thomson coefﬁment r, (SL>, and a heat

source ¢g; similar to what is found in Crank [68],

r,(7=S
AH hy L( L) dA; = = - R _
Ul R e (A A (I Ry

(2a)
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where 6 is the piecewise Heaviside function, which depends on the heat flux signal,

. 1 forg >0
5(q) = -

0 forg<0

If no heat source is present, g = 0,
r,(7=S
AH hy L( L) dA, ~ A (=
) 1-6)——+— - A
Ta— +( )TL v ar = (qr —ds) - 1 AL(7) (3)

for 7 = SS, qs = _ks VTL - 3 and gy, = —kSL VTL < the latent heat of the pri-
mary phase, AH atT = T, and the Gibbs—Thomson coefﬁc1ent FS(S s)

Is(7=35
hy S( S) AH | dAg
o————+({1-96 — = |4g — 45 + (T, Ag, t)| - ngAg(F
T, v +( )VL_VS 7 [Gs. — G5 + (T Ag.1)] - Tis Ag(7)
“
By considering no heat source g = 0, it gives
Iy(7=3$
hS(S) AH |dAs . . A,
§ 22—+ (1-0) Tts = (s — s) - isAs(7) (5)

T Vg VL — Vs

By substituting the thermal gradients and the proper heat fluxes into Eqs. 1-5
allows the determination of the time evolution of the liquidus, Eq. 6 and solidus
fronts, Eq. 7. For the liquidus isotherm,

r,(7=5
_AH hy L< L) dA; 2 - ~ -
6 +-dL— VT (%, VTL « —k, - VTL = ) -7,A
v, — Vg ( )TL ” a0 SL |—;=SL L L;:SL n. L(r)
(6)
and, for the solidus isotherm,
ry(7=S
hs S( S) AH | dAg - - R
0————+(1-6 —2 = (ke - VTL > — ko - VTL o+ | - 7 A7
T Vs ( )VL —vg | dt < S I*r=ss SL I7=Ss g s(r)

@)
The relationship between the Gibbs—Thomson coefficient, I'; <§L (7) ), and the vector

radius, 7, is defined in terms of the surface energy, y, and the surface stress tensor, Sapr 1O
consider surface area creation and deformation [17, 69-72], volume VV, pressure VP,
species VC; and temperature VT gradients. It is important to mention, that in the case of
non-diffusional solid-state phase change, as the martensitic transformation, the term %
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can be as higher as the Debye speed of sound in the solid [17]. Ferreira proposed a solu-
tion for the dependence of the surface energy of the vector radius 7(0, ¢) [17, 73],

0. —r:[’) < —s(?)
o3 = y(M) _ <M) ®)
(7) = AS, AS,

where 7(0, ¢) is the radius vector of a variable radius sphere [73], rg, is the nuclea-
tion radius when the surface energy y, is only due to surface area creation A, and s
is the surface stress tensor, which is written for anisotropic materials [69-72] as

9y

Sup = yéaﬁ + —

o€, ) ©)

For isotropic materials, assuming isothermal volumetric work [71] and iso-
tropic surface stress tensor [70],

sApe = y(€)A(€) — 704 (10)

where ¢ is the strain, y(¢) is the surface energy due to surface area deformation A(g)
and s is the isotropic surface stress tensor [69, 71].
The absence of a term to account for the decreasing crystal ordering by increas-
ing crystal defects as a function of the level of undercooling, can culminate, for a
n—1 oT

given thermal field gradient vi = £ .vy + Z.yp4+ Y 2L . yC, 4+ VT, in a non-
av opP i=l 9c;

crystalline (glassy) material. This dependence of latent heat and transformation
entropy on undercooling is well-known and it is based on experimental observa-
tions. A suitable equation for the expression of the Gibbs—Thomson first term,
Eq. 8, can be derived from homogeneous and heterogeneous nucleation consider-
ing the surface energy dependence on surface area creation and deformation [17,
69-72], and both nucleation conditions will provide the same relationship for the
critical radius. In the case of homogeneous and heterogeneous nucleation,

4 AT
AGyom = —gnr3AHT—F + 4nr2ySL (11)
AGyy = (2 = 3cosb + cos’0) <—%nr3AH¥ + xr2y5L> (12)
F

By deriving Eqgs. 11 and 12 with respect to r at r = r. gives,

aAGHom AT aySL
—Hom| = 42, AH—= +8nrcyg, + dnr . =0 13
or r=re F ot ¢ ar r=rec (2
0AG —AT 2
arHet . = (2 —3cosd + 00530) <—m%AH T, + 2mrcygy, + ﬂré 0rL . =0
(14)
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The critical radii for nonequilibrium homogeneous and heterogeneous nucleation
are the same and given by,

251, 2 YsL 2 YsL 2

re = = = _— = —F
¢ AHﬂ - m AT 1 dysp (AS ASAurf) AT
Tk AS — ET rere

ar
(15)
On the other hand, a more suitable form to express the Gibbs—Thomson coef-
ficient for nonequilibrium nucleation to be applied to Egs. 1, and 7 can be deduced
from Eq. 15 as follows

r=re

_ VsL _ VsL

MM _ 1 org ~ AS—ASg,, (16)
T AT 0r |r=

r'c

and, the latent heat release is defined as AH* = AH — ySL . By comparing it to
equilibrium nucleation, in which the surface energy y, con51ders only the surface
area creation Ay,
Eq _ 2y, _ 2y, _ 2 5y
e = = =<7l (17)
AHAL  AS,AT AT
T

F

The results of Egs. 13 and 14 confirms that crystallinity is dependent on the degree
of undercoolinT AT and on the variation in surface energy with respect to the nuclea-

Y5t , which defines the surface entropy, AS surf = L ‘)ﬂ’ . Once the
=rc 0 AT or r=re

surface energy is a function of temperature, concentration, volume and pressure gradi-
ents according to Eq. 1 [17], the condition for liquid—solid or solid—solid transformation
for nonregular crystals, Eq. 16, considering an undercooled liquid can be expressed as

tion radius

AH <L 1 a?/SL (18)
T AT or |-,
Similar to a superheated phase nucleation,
0
By expressing in terms of entropy, for an undercooled phase,
ASy < ASWf (20)
For a superheated phase nucleation,
ASy > ASWf (1)

For a regular monocrystal,
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1 dysL
A = — =0
Surf AT or rr, (22)
By combining Egs. 1 and 16 gives
v or =
- SL ~ AL (=
F(r):A_T=VT-nA() [av VV+— VP+Z Vc,.+VT]-nA(r)
AT 0F 77,
(23)

By substituting the critical radius from Eqs. 15 into 11 and Eq. 12, nonequilib-
rium critical free energy equations are obtained for homogeneous AG¢ gy, and het-
erogeneous AGc g, nucleation, given by,

P
16 y§L<AS‘ Air«;_)
AGC,Hom = ?Tl', R | oy 3 (24)
SL
AT <AS - ET)
and,
3 3 st
(a5 )
AGe e = 16, Ao 5 [1(2 — 3cosf + cos39)] (25)
3 AT2(AS - L% ) 4
AT or

The nucleation rate for homogeneous and heterogeneous nucleation can be
expressed as

3 3 drs
oy (4| e rlas-3%)
Iom = | = C,exp 3" (26)

ATz(AS L "’f’) kT

and, for heterogeneous nucleation

3 drs

3
— <&> [ang(l—coso)]c 16 m(As- E?) [
Het — 612

5 EXpY——T
a 0
ATZ(AS L m) kyT

j—‘ (2 —3cosf + cos30)]

27)
Equation 8 can be rewritten in terms of Eq. 23 to incorporate the surface entropy

10
ASgyy = N Z_‘,L '_ by considering a solution for surface energy in terms of a vari-
r—r

able radius sphere,
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Fig.3 Schematic representation of an alloy solidification range in the microscopic domain

r(7) = = = VT - 7A(7)
1 0 1 0
ASy - —= ;;L I_r:_;c ASy - = ;;L I.r:_;c (28)
n—1
_|oT. or 9T ye, A
- lav vV S VP+§6Q VC,+VT] AA(7)

A stable nucleus shape is not assumed to be a regular sphere, because it is only a
special case, |'r'| =, [17], but its shape depends on the thermal field gradient pattern
normal to its surface, a function of the azimuth # and zenith ¢ angles, 7#(6, ¢) in x,;,
which is better defined in terms of a vector radius 7 that describes a variable radius
sphere. Now, the shape of the nucleus can be engineered through the knowledge of

the thermal field gradient VT = [% -VV + % VP + Y % -VC; + VT],

expressed as a function of volume V'V, pressure VP, species VC; and temperature VT'
gradients. A set of points in R? defines a sphere in Euclidean coordinates in 3-space,
with a variable distance (6, ¢), as a function of any property p € R?, defined as a
vector radius 7 from a set of fixed center points x,,, r*(p) = 213: (= xo,i)z. There
are several algorithms applied to sphere decoding—SD. One situation can be posed
as a known surface area, and a set of unknown vector radii must be found as described
in Di et al. [73]. In the present formulation, the property p = VT.
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Figure 3 shows a schematic domain representation for nucleation and solidification
evolution interfaces of an alloy in the microscopic domain r € R3, consisting of three
distinct subdomains: a solid for 0 < r < S, solid and liquid for S¢ < r < §;, and liquid
for r > S, phases. For the microscopic domain, Egs. 3, 4, 6, and 7 can be applied directly.

2.3 Application of Energy Balances of Liquidus and Solidus Isothermal Surfaces
in the Macroscopic Domain inside a Slab for Unidirectional Solidification

In the present model proposition for the unidirectional transient solidification of
multicomponent alloys, the microscopic and macroscopic domains are defined in
R3. Nevertheless, solidification occurs macroscopically only along the x coordi-
nate. The mathematical formulation of transient solidification of a binary alloy
inside a slab, consisting of a cross-section A, = Y,Z, and height h = X, along
with x coordinates, is derived in terms of macroscopic phase subdomains for the
temperature fields inside the solid T(x, ), solid and liquid T (x, 1), and liquid
T, (x,t) phases.

The thermal gradients at each transformation interface are written in terms of
the x coordinate for the liquidus and solidus (indeed eutectic) moving interfaces
and are given in terms of the heat flow direction 6 as the follows:

r,(7=5
AH hy L( L) dA; JaT JT = ~
s ya-e—— UL (D k- D +G(TLAL ) RA
v —vs ( )TL v 7 L 5% st SLT oy - q(Tp. A1) ) -4,
(29)
and,
Iy(7=35
hg 5( S) AH | dAg aT oT _ ~
s 2N V-5 D5 gy - & —k L 4G(TeAgt) )R
Ty v ( )v o SLT oy st ST ox s G(Ts, Ag.1) | - TisAg
(30)

where A is surface area normal to the heat flux, which is independent of the mov-
ing surface position, and ¢, and g are source terms. In the case of I'; (7) and I'y(7)
formulations, such as the Representative Elementary Volume [66] and the Volume
Averaged Technique [67], it is necessary to capture the mean radius from the micro-
scopic domain.

2.4 Mathematical Model Physical Assumptions

As proposed by Garcia and Prates for solidification of metals in cooled moulds
[6] and by Garcia, Clyne and Prates in massive moulds [7], a virtual system can
be introduced in which heat flow is treated in two regimes, as shown in Fig. 4 for
a binary alloy in a massive mould [11]. In the virtual system, the metal/mould
heat transfer coefficient is represented by two parcels of pre-existing adjuncts of
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Fig.4 Temperature (T)-distance (x) profiles during solidification in the real, virtual and transformed vir-
tual systems

material: a solid layer of metal (S;), a layer of metal due to the solid and mushy
zone (L), and, finally, an existing layer of mould (E,).

In the virtual system, Eq. 1 is exactly applicable and heat flow in the metal
and mould are connected by a hypothetical plane of invariant temperature Ti. The
transposition of variables between real and virtual systems is given by the follow-
ing expressions:
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x =x+Ly forx>0 (31)
x =x— E,, forx <0 (32)
Sy =S5+ 5, (33)
S, =58, +L, (34)
= tg + log (35a)
=1+ 1y (35b)

By considering #, as the solidification time of a virtual thickness S, as found in [11],
the time is assumed to be

{=t1+1, (36)

where x and x" represent the distances from the metal/mould interface, Sg and S are
the solidus isotherm interface in real and virtual systems, S, and S are the 11qu1dus
interface isotherm interface in real and virtual systems, and t/t" are the time from
zero point in the real and virtual systems, respectively, E; is the thickness of mould
pre-existing adjunct in the virtual system, S, is the thickness of solid pre-existing
adjunct in the virtual system, and L, is the thickness of mushy and solid pre-existing
adjuncts in the virtual system.

For alloy solidification [6, 7, 11], the temperature-distance system is given in Fig. 2.
At x =S; and ¢ > 0, the temperature of the moving boundary is 7 = T, after a time 6,
and the solidus isotherm moving boundary at x = Sy is T = T. The boundary condi-
tions are written in terms of the virtual system,

o _ < POT | T

T+ )-E,<x <Lyandt>0
o7 7 ox 0x’2> 0<x <L (37)

2
a—T/:av 5,0—7:+0T Ly<x <S andz >0 (38)
at X ox gy?

2
£= ga—T,+aT S<x<S andz >0 (39)
ot X ox gy
oT <PaT 0’T

= +

— Sx < dr>0
or Yo 6x’2> x <coan (40)

forf =0,
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OSX/SOO,T:TO 41)
fort >0,

X =-00, T, =T, (42)
X =0,T,=Ts=T, (43)
X =8, Tg=Tg, (44)
x =8¢, Ty =Tsy (45)
x =8, Ty = Ty, (46)
X=8,.T, =T, 47)
X =400, T, =Tp (48)

AH hg Fs(r - SS) dA oT oT ,

1= o ———— ¢ = |k o= —Ksr 57 Ag

vy — Vg T Vg dt ox ¥ =S ox ¥=s;
49)
AH h TL(r=5,) | dA, _ oT oT '

{5‘1— +(1—5)——VL vl kp - gx,:‘gu— SL gx,:,[ 4, (50)

where A = r2f¢ 0 ; ,Cc0s0sinddOd¢ and A = 2f¢ 0 92 0C080sinfd0d¢p are
normal to the surface area 1ndependent of the movmg surface posmon By consid-
ering the heat flux direction, A = 88zr + (1 — 8)8(xr)%, and dA = 8xrdr. In the
case ofA =(1-6)8xr+ 58(7tr) and, dA = 8xrdr. kg is the solld phase, kg; is the
mushy zone and k; is the liquid phase thermal conductivities. T}, is the initial tem-
perature of the liquid phase, and I'g and I'; are the Gibbs—Thomson at the eutectic

and liquidus isotherms, respectively.

2.4.1 Solid Region

Applying the performed change of variables to the exact solution based on the error
function, which represents the solidification of a semi-infinite slab, gives

T x/,t/ = A+ Bger x 51
s(x.1) s+ bg f<2\/H> (5D
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Then, applying the boundary conditions of Egs. 43 into 51, provides
Ag=T, (52)

and introducing the similarity variable ¢,,

S/s — ¢ x — o x+ Ly
==0g7 =%
2+/at S Ss + Lo

Substituting the boundary conditions of Eqgs. 44, 52 and the function argument
Egs. 53 into 51, the integration constant B can be derived as

(53)

5 T, —T,
= 54
§ erf(tbl) 4

Substituting the obtained integration constants Eqs. 52, 54 and the error func-
tion argument Eqgs. 53 into 51, an expression for the temperature profile in the
solid phase is obtained as follows:

Ts(x, Ss) T4 Lo = Ti f<¢ HL")
X, =T, + ——er, ———
S\ES erf(,) 'S+ L (55)

2.4.2 Liquid Region

The solution for Eq. 40 for the liquid phase, considering the transformed radial
variable, can be expressed as

TL(x/,t/)=AL+BLe;jf( o > (56)

24/a;t

Then, applying the boundary conditions given by Eqgs. 4) and Eq. 48 into
Eq. 56, provides

S/
T,=AL+ BLerf< = > (57)

2+/a,t
and,
Tp=A;, +B; (58)

Then, A; and B, are provided as

A =Tp— ——— (59
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and,
T, — Ty,
(T L) )
1 —erf (n¢2)
and the similarity variable ¢,,
x v aSL|5/[ ‘ X X+ 1L
- =mep,— =m¢2S T L (61)
24/a;t /aSL|S’L—t/ S, L 0

where n is the relation between the solid-liquid (mushy zone) and liquid phase heat
diffusivities, given by

(62a)

By solving the mean integral at the neighborhood of S'L_ for thermal conductiv-
ity kg |¢- and density dg; |¢-,
L L

G? G2 1 8Lmax 2 2 11.00
[kS<GL_7L>+kL7L] [kS<GL—i>+kL%

kgt = SLuin 2 099 (62b)
S SL (ngax - ngin) B 100 - 099
and,
G? G2 1 8Lmax 2 2 11.00
[dS<GL_ 7L>+kL7L] [dS(GL—ﬂ)+dLﬂ]
dy g = SLuin 2 21099 (62¢)
St S[ (ngax - ngin) B 100 - 099
Finally,
AH
CPSL|5’[ =Cpt (624d)
L

Then, the thermal diffusivity in the neighborhood of S’L‘ can be expressed as

ke | s
age |- = Tl craly (62¢)
For comparison purposes with Garcia’s model [1],
cpstly- = cps|g+ =cp + af (62f)
L L T, —Tg

Substituting the obtained integration constants, Eqs. 59-62 into Eq. 56 pro-
vides an expression for the liquid temperature profile,
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B Tp—Tyy . x+L,
TL(X, SL) = TP T(rnd)z) - erf m¢2SL +L (63)

2.4.3 Mold Region

The solution of Eq. 37 for the mould region can be expressed as

T,(x.f)=A4, +Bmerf<2\;ﬁ> (64)
Then, applying the boundary conditions of Egs. 42 into 64, provides
T,(-co,f)=Ty=A4, -B, (65)
By applying boundary conditions Eqs. 43 into 64, gives
An =T, (66)
where
B, =T,—T, (67)

and, introducing the geometric correlation ® into the similarity variable A,

2\/— a, Ss+ L, (68)

where n is the relationship between the heat diffusivities of the solid and liquid
phases, given by

69
km Cs dS ( )

Substituting the boundary conditions of Eqs. 66, 67 and 58 into Eq. 64, provides
an expression for the temperature profile in the mould:

E
T, (x.Ss) =T;+ (T, —T)er:f(Ncb]S +L°> (70)
N 0

2.4.4 Determination of the Equilibrium Temperature at the Metal/Mould Interface

(T)

The equilibrium temperature at the metal/mould interface can be derived by deter-
mining the heat balance at this interface,
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qm|x’:—0 = qslx/:+0 (71)

which provides

L <6Tm> L <6TS> 2)
m\ . = Ks\ 7
0x X==0 0x X' =+0
The derivatives of Egs. 55 and 70, with respect to x give, respectively
oT 2 (T =T) 1
<a—s> = (73)
* /v =+0 \/; erf (1) S
and,
o7, > 2 1
=Y = _N(Ti - To)¢1 o (74)
< 0x X =+0 \/; SS
By substituting Eqgs. 73 and 74 into Eq. 72
M
Ty =Ty + (T = Tp) =————— 75
M + erf(d)l) (75)
where M is defined as
k Ky [ksComPm
Iy = Dm [ S TpmEm 1 (76)
kg ks \ Kk, pSPs M
and, Eq. 55 for the solid region
T — Ty [ < x+ S, >]
Tg(x,Sg) =Tg+ ————— (M +erf| ¢y ——
s( s) 0 M+erf(¢1) ISS+L0 X))

Substituting 7; from Eq. 75 into Eq. 70 mould temperature profile,

3 M(Ts, = Ty) x—Ey
Tm(X,SS)—T0+W{l+erf[N¢1<SS+LO>]} (78)

2.4.5 Solid + Liquid Region

The solution of Eq. (39) for the mushy region can be written as follows:

Ty, (x,, f/) =Ag + BSL”f( al ) (79)

2+/agt

By applying the boundary conditions Eqs. 45 and 46,
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S
Tg, =Ag + Bgerf (80)

2+/agt

and,

S!
Ty, = Ag + By erf L (81)

A possible relationship between Eqgs. 80 and 81 arguments can be made by rear-
ranging in terms of similarity variables ¢, and ¢,, and by combining them with
Eq. 61

L L S L
¢2 = = —_ = n(tbl_/ (823)

By solving the mean integral at the neighborhood of S;* for thermal conductivity
k| ¢+ and density dg; |+
N N

G? G? | 8Lmax 2 2 10.01
[ks(GL—yL>+kL7L] [kS(GL—ﬂ)+kLi

Limin 2 2 1o 82b)
kSL|s’+ = Btnin (
) (ngax - ngin) 0.01-0
and
G? G2 1 8Lmax & = 0.01
e R S P (A P
dSL |S7+ — Lmin E 0 (820)
’ (ngax - ngin) 0.01 -0
Finally,

AH
cpsilss = cps + 3 (82d)
Sol

Then, the thermal diffusivity in the neighborhood of S’L‘ can be expressed as

| kSL |S;+
aSL S’+ = — (826)
§ dg;, |s;+ Cpst |s_;+
where
dg
n= 83
QSL|5'S,+ (83)

The present model equivalent to Garcia’s model demands cpg; defined as given by
Eq. 62f.
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Now, integration constants Ag; and B; can be determined as follows:

TLiq - TSOZ
Ay =T, —
SL Lig erf(¢2) _ erf(n¢1) erf(d’z) (84)
and,
T ig T 0
By o (85)

erf(¢>2) —erf (nd)l)
By combining Eq. 82 with Eqs. 53, 83 provides

’ ’ ’

X X x+ L
="¢1S_,=¢2—,=¢2 0

x X y/fas
- = B S, +L (86)
2vart Sq /aSL|S;+ s L LT

The temperature profile for the mushy zone can be written by substituting
Egs. 84, 85 and Egs. 86 into 79

' TLiq - TSol

T( S)——T - { f((l))—erf[d)(x O)]}
SLAE oL Lig erf(<,b2) —erf(nd)l) AN 2 S+ L,
87)

2.4.6 Determination of Similarity Variables (¢b,, ¢,)

Regarding the heat balance equation at the moving solid/liquid interface, Eqgs. 49 and
50, the derivatives with respect to x at the interface position S; and S’L of Egs. 63,
77, and Eq. 87) for liquid, solid and solid-liquid phases, respectively, provide the
following equations:

2
T, —T,, /
<0TL> _ 2 m¢2 ( P qu))exp _<m¢2;€_,) (88)

o)z S, 1= erf(mg, .
and,

oty 2 & (Tou—To) 2N

() - e (+5) <89>
and,

2
aTSL) 2 ngy (Tug = Tsol) X
- | =—F=—7 - - 90
< o )T Jr S, et () et ()T T\ 0
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The time derivatives of the expression for the similarity variables for ¢, and ¢,
and their derivatives with respect to with x' for S/L are

S, =2¢,\/a,t 91)

and,

S, —F =2¢%a, (92)

and, for S’S provides,

Sy =2¢,1/agt (93)

and,
ds.
’ S 2
SSW = 2¢1as (94)
Combined with Eq. 83,
@ = ”ﬁ 95)
Sy Ss

By substituting Eqs. 88-95 into Eq. 49) and Eq. (50), expressions for ¢, and ¢,
are obtained:

Iy (r=5§
ﬁ{aVAH +(1_5)%—L(r L)}¢2aL

L~ Vs VL

m(Tp = Tp,) i (Trig = Tsot) (96)
[1- erf(m¢2)]exp<m2¢§) SL [erf(y) - erf(ngp, )]GXP("%%)

=k

[6 + (1 - 8)xr]

and,

97
”(Tuq - TSol) _ (TSol - To)

l SL [erf(¢2) - erf(nd)l)]exp(nzdﬁ) s [M + erf((,bl)]exp(d)f)
[(1=6)+bxr]

In the case of solidification, 6 = 0, and the interface is a function of r, then the
liquidus interface is a nucleation and growth site and the latent heat integration
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occurs at the eutectic interface. For fusion, 6 = 1, the eutectic is a nucleation and
growth site and liquidus is a latent heat integration isotherm.

I =S
\/;{5 L —5>};—LM}¢M

VL — Vs L 192

m(Tp — T,) s (Trig = Tsur)
[1 - erf(mgbz)]exp(mzd);) * [erf(¢2) - erf(n¢1)]exp(n2¢%)

[6+ (1 = 8)xr]

=k,

(98)
and,

il =%)
s—m— 2 4+(1-6
T T, v ( )

AH
a
Vi — Vg ras

99)
n(TLiq - TS()Z) (TSOI - To)

l St [erf(d)2) - erf(nd)l)]exp(nzd)%) s [M + erf(d)l)]exp(d)%)
[(1 = 8)zr + 6]

The Gibbs—-Thomson coefficient, surface energy, surface tension, and nuclea-
tion radius for the liquidus and solidus isotherm positions are calculated from the
microscopic scale and will be discussed in detail in the coming sections.

2.4.7 Determination of the Virtual Pre-existing Adjuncts to Mold (S,, L,andE,)

In the real system, the Newtonian resistance at the metal/mould interface is rep-
resented by the heat transfer coefficient 4;, which must be determined for each
experiment. In the virtual system, a portion of the Newtonian thermal resistance
is exchanged by an additional layer of solid, and it must be related to the heat
transfer coefficient ;. As both systems are equivalent, the same thermal behavior
is expected. The real and virtual systems can be related to each other at the begin-
ning of the solidification process. The heat fluxes at the mould for both systems
must be the same. According to the real and virtual system, the following set of
equations can be determined as a function of the total thermal resistance, i.e.,

dT
hS(TSOI_Ti) =ks<d_x/s> (100)
X' =S,

where hg is the Newtonian heat transfer coefficient at the metal/mould interface.
The temperature T; can be eliminated from Eq. 100 by comparing the thermal resist-
ances, as shown in Fig. 2 as
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ho(Triy = To) = by (Ti = Ty) = hs(Tspy = T;) = bt (Tpiy = Tsr)  (101)

By applying x' = Sp in S/s =S, 1n Eq. 89 gives
2 ¢ (Tsu—Tp) 2
b =) o]

(). :
o )|, T VRS Mt e (9]

By substituting Egs. 101 and 102 into Eq. 100), the following relation is
obtained:

(102)

¢ - 2 (l)1 kS(TSDZ_TO) (103)
)= ——
\/; (TLiq - TO) [M+ erf(¢1)]eXp(¢l)2hg

The pre-existing adjunct L, is related to §, from the boundary conditions
Egs. 44 and 45 and Eq. 95,

/ ’ (,bl
Ss=nS.y (104)
For{ = ty, and considering S; =S, and S/L = L, and substituting into Eq. 104 pro-
vides the following relationship:

&,
b,

The energy balance, at the beginning of solidification ( # = 0) in the real coordinate
system metal/mould interface, demands the following translation to the virtual system,
{ =tyand x' = —E,. In this case,

dT
hy (Ti = Ty) = kM< dxM> (106)
X =—E

Sy =nLy— (105)

Considering x = —E, in S; = L, the thermal gradient can be evaluated

Ty _ 2 N¢y Ey\’
(W) . \/_ LO (T To)expl (N(,blLO) ] (107)

By substituting Eq. 107 into Eq. 106, the following E|, correlation can be obtained:

k N
N¢, hM Vr Lo

Now, the heat transfer coefficient /,, at the mould must be expressed in terms of the
global heat transfer A, and by applying Eq. 75 to eliminate 7;. In this case,
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(Toig = To) [M +erf(¢))]

M= (109)
¢ (TSOI - TO) M
and, by substituting Eq. 109 and the product N.M = :—5 in Eq. 108, E; can be written
as follows
L 2kgp (T, — T
Eo=N0 In s 1(51 0) (110)
Pv\ (T, —To) [M + erf ()] kL
and, by introducing Eqgs. 105 into 110, the final equation for E is given by
Ey =0 111

0= (111)

2.4.8 Expressions for the Solidification Time (t) and Velocity of the Solidification
Front (v)

The solidification kinetics were handled previously by the relationship between
the time in the virtual and in the real systems, by considering either that the kinet-
ics represented by the pre-existing virtual adjunct is not the same as that expected
for the liquid and solid metal domains, as no latent heat release is expected from
the virtual layer. No energy barrier implies faster kinetics for heat conduction in
the virtual adjunct domain. The similarity variables ¢, and ¢, can be obtained
employing interface equations Eqs. 49 and 50 by considering a parabolic relation-
ship between space and time, providing

SS
¢ = — (112)
24/agt
and,
S/
b, = —— (113)
24/a;t

By rearranging Eqs. 112 and 113 for 7 gives

! S;Z
=— (114)
4a5¢1
and,
. S?
=L (115)
4aL¢>2
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By setting t = 0, implies Sg = §; = 0, according to Eqs. 33-36, which assumes

Sy =Ss+LyandS, =S, + Lyand? =t +t0 (116)

By applying Sg'=S,and f= ty into Eq. 114:
2

4a5¢%

o 17

By substituting Eqs. 35, 36, 116 and 117, into Eqgs. 114 and 115, the following
relationships for the times of displacement of solidus (tg) and liquidus (t;) iso-
therms are obtained:

for solidus

2 2 2 2
o4ty =1+ So_ _ BsH25slo + L) + % (118)
SO 4as¢% 4“5‘1’% 4as¢f

and for liquidus

1=t + S —(Si+QSLLO)+ & (119)
RO 44,2 4a, 2 4a, 2

The time can be written as a function of S and L, so that
2 2 _ 2
Ss LySs  Lo=5

= =a,S?+ S+ 6 120
4a5¢% 2a5¢% 4as¢? 5Ts ﬁS § ( )

Is

_ Si LyS,
4aL¢)% 2aLd)§

1 =, 5]+ B.S; (121)

From Eqgs. 110 and 111, S, and L, can be derived as

2 ol aSCPSdS(TSol - To)
Sy = — 3 (122)
\/; (TLiq - TO) [M+ erf(qbl)]exp((;bl) hg
and,
2 b, aSCPSdS(TSol - To)
Ly=—— 3 (123)
Va (Trig = To) n[M + erf (¢,)|exp(éy ) h,
By substituting Eqs. 122 and 123 into Eqgs. 120 and 121
S cpsds(Tsp = To)Ss L= S5
I (124)

= + +
dagpy \/;(TLiq —Ty) ¢ [M + erf(d)l)]exp(d)l)zhg 4as;
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and,
_ s? . nepsds(Tsy — To) S,
by (T, —To)d, [M +erf (6))exp (1) by

I (125)

By rewriting the time of the solidus and liquidus isotherms in terms of ay, fg, a; and
P, , the following expressions are obtained:
tg = agSs + PgSg+ 6 (126)
and,
t, =a, S+ B, S, (127

The deduced solidus and liquidus isotherm velocities, the reciprocal derivative
of tgand t;, give

a5 o 1

oty 57T 2agS + fs (128)
and,

oSy 1

— = (129)

o, LT 2a,8, + B,

3 Application of GTF at Liquidus and Solidus Isothermal Surfaces
in the Microscopic Domain

The macroscopic energy balance of moving solidus and liquidus macroscopic
interfaces demands the values of Gibbs—Thomson at liquidus, I';(r) Eq. 98 and
solidus I'¢(r), Eq. 99, the sides of the microscopic moving interface are known
beforehand to calculate similarity roots ¢, and ¢,. By applying Eq. 1 into Egs. 6
and 7 and by assuming spherical or any suitable shape (for ice, a hexagonal
prism or cylindric can be assumed depending on concentration, temperature, vol-
ume and pressure gradients) for the surface area of the nucleus A(?), as can be
observed in Egs. 1 and Eq. 23, which depends on temperature, volume, pressure
and concentration gradients, isotherm velocity and cooling rate,

140} — S(r)

&) Ty e |3 (L) Ly | 0T OV, 0T 0P, Y
A(ASy = AS,,;)  dr” =1\ oCy; ), or " oVar " oPor " or’
(130)
In the absence of mechanical or electromagnetic vibration or agitation, the
T 9P oT oV . .
term — — and — — can be neglected, which provides
oP or oV or
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- 5 — s(r)
(E) _d_T/e\ ';’l\_ Zn_1< oT ) aCLJ/é +i/g\ ;1\
A(r)(ASy — AS,,,) dr’ =t\oCy; ), or " or”

(131)

The temperature and concentration gradients will be applied for the determi-

nation of surface energy, surface stress, nucleation radius and Gibbs—Thomson

coefficients, which are necessary to determine the evolution of the macroscopic

solidus and liquidus interfaces. Neglecting the pressure and volume gradients,

considering a spherical nucleus of radius of r, and assuming A(r) = 4nr?, provides
the following expression for the nucleation radius at the liquidus temperature:

< YU>2 —s(r)

= - aC, . 7

- =D 1( "T> Lip 295 1.7 (13

4mz<A_H_Laﬂ> =1\ aCy; ). or or
T, AT oF J

i

For the solidus side of the microscopic transformation moving interface,

( 70)2 —S(}")

P n— dCq; T

Eq ) _ lz 11<;TT> aS://ér + ?)_T@r] ) (133)
2 AH _ 1 9y = ). or r

4nr <Tsl» AT a*iL) S

Recently, Jahkar et al. [74] derived a similarity solution for solidification of
undercooled binary alloys, including shrinkage-induced flow, in which the thermo-
physical properties are assumed to be constants within a phase but discontinuous
between the solid and liquid phases, and temperature and concentration fields are
coupled through the Lewis number. The solution derived by the authors encom-
passed only the solution for the liquid phase gradient, but in the present case, solid
and liquid phase gradients are necessary. Problems arise concerning the stability of
analytical solutions when concentration and temperature fields are coupled, accord-
ing to Voller [13] and Swaminathan and Voller [66], and the only critical change of
variable is given by Eq. 133

n—1
~ = oT
T"=T-Tpy— Y —C,. (134)
C
== 135
C, (135)
dg
Les=1p, (136)
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ar
Le, = D, (137)
dg
R= Z (138)
For the solid phase, 0 < x' < §' (t/)
(7,-7)
~ o~ si— o + S
Ti=Ti+~—— 2 Myerf|p—0| b, (139)
M + erf(¢) S+S5,

( —kC")
Si.
L= kCy + i o

Leg,——
0 ¥ erf[d)\/LeSJ [ S"S+S0

For the liquid phase, s’ (t’) <x < +oo

~ (TZ - TE’) x+ 8,
TL = TLi - 1 —erf n(i)rso - Vld)(R - 1)

1 —erf(ng — nd(R — 1))

(140)

(141)
o o (CZJ C;IJ) {1 f[ ¢\/L_ ¢+/Le; (R 1)]}
.= P —€erl |n € —n ey i -
AR e [mln/LeL — np\/Le (R — 1)] S+ S -

(142)
and the interface temperatures 7}, and T, and concentrations Cy, and C;l,; can be
derived as

dsL 4s 07* aT*
——=k—=|  ~k— (143)
R dt ox' |, | ox |, |
x =5 X =5+
(CLIJ - CSIJ) ds’ 9Cy, 9Cy,
- =Dy, —* — (144)
R dr G oox e,
By deriving Egs. 139-142 with respect to x’ at the interface x = S,
oF: (T, - T5;) :
a_/L _ L o lnd=ngR-DP? (145)
x _ _ _ v
s_ge  Vmll—erflng —ndpR - DI}S
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* 2n¢y/Le ( )
aCL,j B ¢ Lj le SIJ e—[ml)\@—nd)\@(R—l)]z

ox' g B \/;{1 —erf [nq,’)\/LeLJ —n¢/Leg (R — 1)] }S/
(146)
=, 20(T5 - T
Ty _ ¢< Si 0) o107 (147)
0|, o VEM+erf(@))s
9Cs; 2"’VL"’SJ< L~ W)e—wmz (148)
o fyg Valertpy/Les)) )

To derive the interface temperature, T, the liquidus interface temperature is
defined as a function of the temperature-concentration slope for each solute j,

3

oT;
my ; as follows:

J ac* >
n—1 ()T* n—1
Tzi = ;_ oC* :J = ;'_ mLJ :x/ (149)
j=1 J =1
since
Cop+ D, Co=1 (150)
J=1

The interface temperature T, can be written as

(5-%3) _ Ve
’7‘_,* _ [M+erf(<i))]e‘/’2 [1—erf(nqﬁ—nqﬁ(]i’—l))]e("@”*"d’(’?*”)2 RCp, (15 1)
Li — m
[L—erf (np—np(R—1))]elrd=n(k=1)*
and Cy ,
c,
o erf (¢/Leg, ) e®’
e 1 _ % n _ \/;L¢\/ Leg;
erf (/L5 ) eVED) Dsi [1 = erf (ng /e — np/Lep (R — 1))V -nEar @-0)° k

(152)

The equilibrium equation is expressed as a function of liquidus and solidus
temperatures,

n—1

Ty =Ty + ) m,Cy; (153)

j=1

Then, Eq. 152 permits the similarity root ¢ to be calculated.
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~

n—1
T —Tp, - 2 my;Cri; =0 (154)
J=1

The temperature and concentration gradients of a semi-infinite slab will be
applied to provide the nucleation radius at the liquidus and solidus sides of the
microscopic moving transformation interface, Eqs. 144—147, by substituting them
into Egs. 132 and 133 at any position S’ = S + S, and S, = % based on the solidus
and liquidus sides at the moving microscopic interface.

0
— — s
L
( "Eq >
AH 1 dysL
4mp2 (4 - Lo
T;; AT o7

_ Zn—l T}, 2"¢VL"L,1‘(CZ,;_C§:’J> e—[n(j) Tep—n LeLJ-(R—l)]Z
L \x {1 = extng\/Ter; - nap[Tep (R - D] } (2222

2n¢(7*. - T*,)
+ LS o= L

V(L = exflng - np(R = 1]} 252 )

(155)
0
5 — s(r)
()
4nr2<% - A—IT dyd%)
o T 2¢\/L3sx;(csu —kfci,f) N 24’(?‘“ _T‘]) RO TP
= Ls ¢ sil |+ e e, -7
& 9Cs,; \/;{erf[¢\/LeS_j]}(2”25:ﬂ) \/;{M"'eff(d’)}(%)
(156)

The surface stress tensor s, considering an isotropic mean, can be determined by
the Gurtin and Murdoch [70] approach for spheres,

20
Tt a (157)
and,
_ 2o +2( A + #p)] (158)

r(3A+2u)

where the o is the surface tension and A, 4, ¢ and y are the Lamé moduli. Equa-
tions 157 and 158 will be used for local integration to provide an analytical solution
for the surface stress tensor s at the nucleating surface A(r).
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4 Results and Discussion

The analytical model derived to calculate local temperature/concentration gradients
is a closed-form solution, and it is used to reckon analytically by Eqs. 154—157 the
critical radius, surface energy, surface tension, surface stress, local Gibbs—Thomson,
critical nucleation energy, and rate. Based on numerical simulations, both the mac-
roscopic present proposition and Garcia’s model are dependent on the Biot and Fou-
rier numbers, where only the Biot number was considered in the pre-existing virtual
adjunct i, = f (So»Ly) = f(Biot, Fo, Biot* Fo). There is a relationship with the virtual
adjunct for which the macroscopic solidification model is a closed-form solution.

The results and discussion section will be divided into microscopic and macro-
scopic solidification, since the temperature and species gradients must be provided
for liquidus and solidus macroscopic interfaces, as both are dependent on the local
nucleation conditions associated with the temperature, solute, volume, and pressure
gradients captured by the Gibbs—Thomson coefficients, which are calculated at the
microscopic transformation moving interface from the liquid and solid phase sides.

In Fig. 5 the temperature gradients are calculated at the solidus and liquidus
sides of the microscopic interface for the very first solidified layer plotted against
the global heat transfer coefficient /,. As can be observed, according to Eq. 142 for
higher values of &,, the temperature gradient of the solid will increase faster than
that of the liquid and the interface velocity will be controlled by the solid phase
gradient.

In Fig. 6 the solute concentration is plotted against interface position S = 4 mm,
considering the global heat transfer coefficient varying from 1 W-m™2-K~! to
200W - m~2 - K~!. Assuming Lewis number for the solid, Leg = 10%, and for the
liquid, Le; = 10%, a similar test was performed in Jakhar et al. [74]. As can be
observed, for lower £, the composition remains unchanged in the liquid region. For

Temperature Gradient G as a function of Global Heat Transfer hg
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Fig.5 Temperature gradients for positions close to the liquidus and solidus side of microscopic moving
interface for the first solid layer
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Fig. 6 Concentration profiles as a function of microscopic phase-change interface position

higher h, a continuous decrease in the concentration profile causes a decrease in the
diffusion layer in the liquid, reaching the nominal alloy concentration closer to the

interface.

Recently, Ferreira and Moreira [64] presented the transformation interfaces
occurring during the solidification of Al-Xwt%Cu alloys for the composition range
of Cu varying from pure Al to 33wt%Cu. The addition of Cu causes the single solid-
ification interface to split into two, a liquidus and a solidus, until the solid phase
Al-rich a,; reaches its solubility limit at C; ~ 5.65 wt% Cu, where a eutectic reaction

Nucleation radius rc as a function of Global Heat Transfer hg
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Fig.7 Nucleation radius at positions close to the liquidus and solidus side of microscopic moving inter-
face for the first solidified layer
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Fig.8 Absolute surface tension at positions close to the liquidus and solidus side of the microscopic

moving interface versus global heat transfer coefficient

Surface Energy ys; as a function of Global Heat Transfer hy

2.25
2.00 Al-4.5Wt%Cu
Cii = 4.5377wt%
— 175 Csi = 0.7759wt%
{TE T = 921.0K
= 150 Tsi = 843.15K
3
> 125 —— At Liquidus
= —— At Solidus
g 1.00 —— Equilibrium, v, =0.189[). m~2]
o
& 0.75
h
A
0.50
0.25
0.00
0 2000 4000 6000 8000 10000 12000 14000 16000 18000

Global Heat Transfer Coefficient, hy [W. m~2.K1]

Fig.9 Surface energy at positions close to the liquidus and solidus side of the microscopic moving inter-

face versus global heat transfer coefficient

takes place. The eutectic solid interface remains until the liquidus isotherm reaches
the eutectic concentration C; = Cg,,, where a single eutectic interface governs the
final instants of solidification. Considering only the liquidus and solidus isotherms,
here for example, Fig. 7 shows the nucleation critical radius determined at both sides
of the microscopic moving transformation interface, as the Gibbs—Thomson coef-
ficient I" at both the macroscopic liquidus and solidus fronts needs to be calculated
to determine the similarity roots ¢; and ¢, by Eqgs. 29 and 30. For the first solidified
layer, considering the Al-4.5wt%Cu alloy as a function of the global heat transfer
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Fig. 10 Gibbs-Thomson coefficient close to the liquidus and solidus side of the microscopic moving
interface as a function of the global heat transfer coefficient
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Fig. 11 Interface formulation for pure solvent and for liquidus and solidus interface versus solute content

coefficient hg, the nucleation critical radius will decrease at the solidus and liquidus
fronts compared with the equilibrium critical nucleation radius. At positions close to
the solidus isotherm the lowest values of critical radius are found due to the higher
thermal gradients.

Figures 8 and 9 present the surface tension and surface energy, respectively, for
the first solidified layer of the Al-4.5wt%Cu alloy as a function of the global heat
transfer coefficient, i;. At both sides of the microscopic transformation interface, at
liquidus and solidus temperatures, both surface tension and surface energy increase
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with the increase in /. In the case of the liquidus isotherm, for hg > 2000Wm—2K !

both surface tension and surface energy are higher than those of equilibrium. The
same behavior occurred for the critical radius. The surface energy is more sensitive
to the kinetics than the surface tension. That is why Ferreira et al. [75] have noticed
that the surface energy reaches similar values when the kinetics are considered (120
to 1540 K.min_l) due to the surface area deformation [17].

Figure 10 shows the Gibbs—Thomson coefficients calculated at both sides of the
microscopic moving transformation interface relative to the liquidus I'; and solidus
I'y isotherms for the first solidified layer as a function of the global heat transfer
coefficient. These coefficients are related to the nucleation resistance of liquidus
’T’—’FLV—G) and eutectic —I;—ZFSV—G) on the moving interfaces depending on the heat flow
dLirethion under nucleation; which is related to the heat flux direction of the integra-

tion of latent heat, i.e., fusion or solidification as shown in Fig. 11.

The evaluation of the proposed multiscale model assumes that the Lamé moduli
are the same for Cu compositions varying in the range from 4.5 wt% to 8.1 wt%.
A microscopic multicomponent model was derived to calculate the liquidus and
solidus thermal gradients necessary to compute the surface energy, surface tension,
Gibbs—-Thomson coefficient, local nucleation critical radius, energy and nucleation
rate as a function of thermal gradients. The multiscale model is validated against the
model proposed by Garcia [1] for the transient solidification of binary alloys. The
macroscopic model developed is a multicomponent model, as it is coupled to the
multicomponent microsegregation model. In the case of the proposed macroscopic
model, velocities were considered from both interfaces, i.e., the proposed eutectic
and liquidus. The alloy compositions chosen are Al-4.5 wt% Cu, Al-6.2 wt% Cu,
and Al-8.1 wt% Cu, in Figs. 12, 13, and 14, respectively. In Fig. 12 good agreement
is found for the liquidus position, velocity and cooling rate. In the case of eutectic
times and velocities, a similar trend can be noticed for higher positions. In Fig. 13
a similar behavior can be observed. However, for low superheats, the agreement is
improved. In the case of Fig. 14, again, excellent agreement can be noticed for the
liquidus isotherm times, velocities and cooling rates for both low and high super-
heats. Considering the eutectic isotherm for the highest superheat AT = 113K, the
proposed model occurred for higher times when compared with Garcia’s model
[1]. On the other hand, for the isotherm growth rates, both models have a similar
behavior.

5 Conclusions

In this paper, a multi-scalar analytical solution was proposed for the unsteady solidi-
fication of multicomponent alloys by solving the microscopic local temperature
field and compositional fields and coupling the nucleation with local kinetics based
on the Gibbs—Thomson-Ferreira-GTF equation [64], which was recently proposed
[17]. Surface energy based on area creation and deformation formulation was solved
for homogeneous and heterogeneous nucleation, critical radius, critical nucleation
energy, and nucleation rate.

@ Springer



International Journal of Thermophysics (2023) 44:2 Page390f42 2

The derived model can predict the decrease in crystal regularity and the crystal-
line-glassy transition by considering the volumetric and surface entropy relationship
in the present formulation of nucleation. An analytical solution for nucleation was
proposed by considering the surface stress tensor, solidification shrinkage, and tem-
perature and concentration coupled fields assuming that the analytical solution of a
slab can be applied for the one-dimensional solidification/fusion problem, depend-
ing on 6. The microscopic and macroscopic models were applied to Al-Cu alloys,
and the macroscopic model was plotted against a well-known analytical solution for
transient solidification of binary alloys. A macroscopic multicomponent solidifica-
tion model was derived and found to provide a similar solution to a well-known ana-
lytical model [1]. Numerical analysis has shown that the present macroscopic model
provides an exact solution, and a set of dependencies of S, and L, virtual adjuncts on
Fourier and Biot numbers need to be determined. The results of the model with the
addition of interfaces were very similar to those calculated without the equations for
the interfaces, which reiterates the robustness of the model previously deduced [1]
and, at the same time, confirms the validity of the interface formulation.
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