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Abstract
Fick diffusion and thermodiffusion coefficients of multicomponent mixtures are 
known to depend on the frame of reference adopted for the mass fluxes. This paper 
further elucidates a recent proposal on how to define mass- and thermodiffusion 
coefficients that are independent of the frame of reference. The primary purpose of 
the paper is to emphasize the simplicity and convenience of using such frame-inde-
pendent mass- and thermodiffusion coefficients.

Keywords Fick diffusion · Mass diffusion · Multicomponent mixtures · Non-
equilibrium thermodynamics · Ternary mixtures · Thermodiffusion

1 Introduction

While the subject of mass- and thermodiffusion in binary liquid mixtures is well 
understood, the issues regarding mass- and thermodiffusion in multicomponent mix-
tures are more complex. During the past decade there has been an increased atten-
tion to mass- and thermodiffusion in multicomponent mixtures in general and in 
ternary mixtures specifically. The quality of mass- and diffusion experiments has 
increased considerably from systematic testing of different experimental techniques 
on specific benchmark systems, initially for binary liquid mixtures [1–3], and subse-
quently also for ternary mixtures [4–11]. In addition, comparisons have been made 
between earth-bound diffusion experiments and convection-free experiments at low 
gravity [12–15]. Another interesting development is the possibility of measuring 
mass- and thermodiffusion simultaneously from scattering measurements of non-
equilibrium fluctuations in mixtures subjected to a temperature gradient [16–21]. 
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Attempts to obtain information for mass- and thermodiffusion in ternary mixtures 
from studying such non-equilibrium fluctuations have also been initiated [22–27].

Fick diffusion represents the linear relation between mass diffusion and a concen-
tration gradient. Thermodiffusion represents the relation between mass diffusion and a 
temperature gradient. While for binary liquids both the mass diffusion coefficient and 
the thermodiffusion coefficient are uniquely defined, for multicomponent fluid mixtures 
the elements of the corresponding Fick diffusion and the thermodiffusion matrices 
depend on the frame of reference adopted for the definition of the mass fluxes, i.e., 
whether mass fractions, mole fractions, or volume fractions are used to specify the 
composition of the mixtures. This frame dependence of the mass- and thermodiffusion 
matrices introduces considerable complexity in dealing with diffusion research in mul-
ticomponent fluids [28–36]. An example of a careful analysis of the dependence of the 
diffusion matrices of ternary mixtures of different types on the frame of reference can 
be found in a paper of Shevtsova and coworkers [37].

In contrast to Fick diffusion matrices, Maxwell–Stefan diffusion matrices, which 
relate mass diffusion not to concentration gradients but to chemical potential gradients, 
do not depend on the frame of reference [29, 38–42]. However, knowledge of chemical 
potentials in multicomponent mixtures requires reliable information for the equation of 
state that is usually not available [43, 44]. Hence, experimentalists measure Fick diffu-
sion coefficients in practice.

My collaborator J.M. Ortiz de Zárate and I have recently proposed how one can 
define frame-invariant diffusion matrices for multicomponent fluids by applying a sim-
ple transformation in terms of matrices that only depend on the concentrations of the 
components of the mixture [45, 46]. The idea was originally developed by Ortiz de 
Zárate for thermodiffusion coefficients of multicomponent mixtures [45] and subse-
quently extended by us to mass diffusion coefficients [46]. The purpose of the present 
paper is to further clarify the proposed frame-independent mass and thermodiffusion 
matrices, in part in response to comments received regarding the previous publications 
on this subject. Specifically, I have concluded that it is conceptually much easier to start 
by first developing frame-independent Fick diffusion matrices and then extend the con-
cept to thermodiffusion.

There are a variety of possible frames of references defining diffusion fluxes [29, 
47]. To elucidate the concept of frame-invariant diffusion matrices, we shall consider 
here only diffusion fluxes relative to the center of mass velocity, commonly referred to 
as barycentric velocity [48], and diffusion fluxes relative to the center of molar velocity. 
Diffusion flux Jw

i
 of component i of the mixture relative to the center of mass velocity 

is defined by

where �i is the mass density of component i , ui the velocity of component i , and 
wi = �i∕�t the mass fraction of component i with �t =

∑
j�j being the total mass 

density of the mixture. Diffusion flux Jx
i
 relative to the center of molar velocity is 

defined by

(1)J
w

i
= �i

[
ui −

(∑
i
wiui

)]
,
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where ci is the molar concentration of component i , and xi = ci∕ct the mole fraction 
of component i with ct =

∑
jcj being the total molar density of the mixture (equal to 

the inverse molar volume). In a mixture of n components there are only n − 1 inde-
pendent fluxes, since 

∑
iJ

w

i
=
∑

iJ
x

i
= 0.

The paper is organized as follows. In Sect. 2 we reconsider isothermal diffusion 
in a binary mixture with the aim of clarifying why the Fick diffusion coefficient 
of a binary mixture is independent of the frame of reference. We then proceed 
with an analysis of isothermal diffusion in ternary mixtures in Sect.  3. Specifi-
cally, we show how one can define a frame-independent Fick diffusion matrix 
for ternary mixtures by generalizing what we have learned from binary mixtures. 
Generalizing the procedure to multicomponent mixtures is straightforward as 
shown in Sect. 4. In Sect. 5 we similarly consider thermodiffusion in binary mix-
tures and in Sect. 6 thermodiffusion in ternary and multicomponent mixtures. The 
general case of non-isothermal diffusion is then obtained as the sum of the Fick 
diffusion and the thermodiffusion contributions as shown in Sect. 7. Our conclu-
sions are summarized in Sect. 8.

2  Isothermal Diffusion in a Binary Mixture

In a binary mixture there is only one independent flux Jw = J
w

1
 or Jx = J

x

1
 with 

one mass fraction variable w = w1 and one mole fraction variable x = x1 . Accord-
ing to Fick’s law [29]

or

where D is a single diffusion coefficient. In accordance with Eqs. 1 and 2, the mass 
diffusion flux relative to the center of mass velocity is

and the molar diffusion flux relative to the molar velocity is

From Eqs. 5 and 6 we conclude that the two fluxes are related by

(2)J
x

i
= ci

[
ui −

(∑
i
xiui

)]
,

(3)J
w = −�tD∇w,

(4)J
x = −ctD∇x,

(5)J
W = J

w

1
= �1

[
u1 −

{
w1u1 +

(
1 − w1

)
u2

}]
= �tw1

(
1 − w1

)(
u1 − u2

)
,

(6)J
x = J

X

1
= �1

[
u1 −

{
x1u1 +

(
1 − x1

)
u2

}]
= ctx1

(
1 − x1

)(
u1 − u2

)
.

(7)
J
w

�tw1

(
1 − w1

) =
J
x

ctx1
(
1 − x1

) .
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Since the mass fraction w1 is related to the mole fraction x1 by 
w1 = x1M1∕

[
x1M1 +

(
1 − x1

)
M2

]
 where M1 and M2 are the molar weights of compo-

nents 1 and 2, respectively, it follows that the concentration gradients are related by

Substitution of Eq. 7 into Eq. 3 for Jw
1
 with Eq. 8 for ∇w1 reproduces Eq. 4 with 

only one single diffusion coefficient D for a binary mixture, independent of the 
frame of reference ( Dw = Dx = D).

3  Isothermal Diffusion in a Ternary Mixture

In a ternary mixture there are two independent fluxes, say Jw
1
 and Jw

2
 or JX

1
 and JX

2
 , 

with two independent concentration variables w1 and w2 or x1 and x2 . Fick’s law 
relates the two fluxes to the two concentration gradients such that [29]

or

Here, Dw and Dx are two-dimensional Fick diffusion matrices, but the problem is 
that the elements depend on the chosen frame of reference, so that Dw

≠ D
x
.

For a binary mixture we found that the frame independence of the diffusion coef-
ficient was a direct consequence of the relationships (7) and (8) between the fluxes 
and the concentration gradients. Hence, we want to generalize these relationships 
between the fluxes and the concentration gradients to a ternary mixture. This goal 
can be readily accomplished by introducing two concentration-dependent matrices 
defined by

and

In terms of these matrices the fluxes are related by

(8)
∇w1

w1

(
1 − w1

) =
∇x1

x1
(
1 − x1

) .

(9)
(
J
w

1

J
w

2

)
= −�tD

w ×

(
∇w1

∇w2

)
withD

w =

[
Dw

11
Dw

12

Dw

21
Dw

22

]
,

(10)
(
J
X

1

J
X

2

)
= −ctD

X ×

(
�x1

�x2

)
withD

X =

[
DX

11
DX

12

DX

21
DX

21

]
.

(11)W =

[
w1

(
1 − w1

)
−w1w2

−w1w2 w2

(
1 − w2

)
]

(12)X =

[
x1
(
1 − x1

)
−x1x2

−x1x2 x2
(
1 − x2

)
]
.
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while the concentration gradients are related by

For a binary mixture Jw
2
= 0, Jx

2
 = 0, w2 = 0 , x2 = 0 and Eqs. 13 and 14 reduce to 

Eqs. 7 and 8 for a binary mixture. And indeed, it is well known that the Fick diffusion 
matrices are related by a similarity transformation such that (see, e.g., Eq. 3.2.11 in 
Ref. [29])

Here, we go one step further introducing a new Fick diffusion matrix D defined by

Equations 10 and 11 for Fick’s law can then be rewritten as

in terms of a Fick diffusion matrix D whose components are now independent of the 
frame of reference.

4  Isothermal Diffusion in Multicomponent Mixtures

The formulation of Fick’s law in terms of a frame-independent diffusion matrix can 
be readily generalized to mixtures with an arbitrary number of components n . For this 
purpose we define (n − 1) × (n − 1) concentration matrices W and X with elements Wij 
and Xij defined by

where �ij are Kronecker deltas. Just as Eqs. 17 and 18 for Fick’s law in ternary mix-
tures, Fick’s law for a mixture of n components can now be written as

(13)
1

�t

(
J
W

1

J
W

2

)
=

1

ct
W ⋅ X

−1
⋅

(
J
X

1

J
X

2

)
,

(14)W
−1

⋅

(
∇w1

∇w2

)
= X

−1
⋅

(
�x1
�x2

)
.

(15)W
−1

⋅ D
w
⋅W = X

−1
⋅ D

x
⋅ X

(16)D ≡ W
−1

⋅ D
w
⋅W = X

−1
⋅ D

x
⋅ X.

(17)
(
J
w

1

J
w

2

)
= −�tW ⋅ D⋅W

−1
⋅

(
�w1

�w2

)
,

(18)
(
J
x

1

J
x

2

)
= −ctX ⋅ D⋅X

−1
⋅

(
�x1
�x2

)
,

(19)Wij = wi�ij − wiwj,

(20)Xij = xi�ij − xixj,
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in terms of a (n − 1) × (n − 1) Fick diffusion matrix D whose components are again 
independent of the frame of reference.

5  Thermodiffusion in a Binary Mixture

The thermodiffusion coefficient DT of a binary mixture relates the mass flux Jw or 
J
x resulting from a temperature gradient �T  [1, 3]:

or

Note the concentration-dependent prefactors w(1 − w) and x(1 − x) in the defi-
nition of the thermodiffusion coefficient DT . These factors are necessary to make 
the thermodiffusion coefficient DT  of a binary mixture independent of the frame 
of reference [48]. And indeed, substitution of Eq. 7 for Jw into Eq. 23 reproduces 
Eq. 24. Instead of the thermodiffusion coefficient DT , one often considers in liquid 
mixtures a Soret coefficient ST which is related to the thermodiffusion coefficient as 
ST = DT∕D . Frame independence of DT and of D implies frame independence of ST 
[45].

6  Thermodiffusion in Multicomponent Mixtures

To formulate the frame independence of the thermodiffusion coefficient for multi-
component mixtures, we note from the definitions (19) and (20) of the concentration 
matrices W and X that for binary mixtures W = w(1 − w) and X = x(1 − x) , so that 
Eqs. 23 and 24 can be rewritten as

This form can be immediate generalized to multicomponent mixtures. Specifi-
cally, we obtain for a ternary mixture

(21)
⎛
⎜⎜⎝

J
w

1

∶

J
w

n−1

⎞
⎟⎟⎠
= −�tW ⋅ D⋅W

−1
⋅

⎛
⎜⎜⎝

�w1

∶

�wn−1

⎞
⎟⎟⎠
,

(22)
⎛
⎜⎜⎝

J
x

1

∶

J
x

n−1

⎞
⎟⎟⎠
= −ctX ⋅ D⋅X

−1
⋅

⎛
⎜⎜⎝

�x1
∶

�xn−1

⎞
⎟⎟⎠
,

(23)J
w = −�tw(1 − w)DT�T ,

(24)J
x = −ctx(1 − x)DT�T .

(25)J
w = −�tWDT�T ,

(26)J
x = −ctXDT�T .
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where the matrices W and X are now defined by Eqs. 11 and 12, and where the ther-
mal diffusion coefficients DT ,1 and DT ,2 are now independent of the frame of refer-
ence. As discussed by Ortiz de Zárate [45], this result solves several complications 
encountered in the literature dealing with thermodiffusion in ternary mixtures. For a 
corresponding frame-independent formulation of the Soret coefficients ST ,1 and ST ,2 
the reader is also referred to the earlier work of Ortiz de Zárate [45].

For a mixture of n components we obtain similarly

where the matrices W and X are now defined by Eqs. 19 and 20, and where the ther-
mal diffusion coefficients DT ,i are again independent of the frame of reference.

7  Non‑isothermal Diffusion in Multicomponent Mixtures

For the general case of non-isothermal diffusion in multicomponent mixtures, we just 
add the Fick diffusion contributions and the thermodiffusion contributions, so that

where the elements Dij of the Fick diffusion matrix D and the thermodiffusion coef-
ficients DT ,i are all independent of the frame of reference.

(27)
(
J
w

1

J
w

2

)
= −�tW ⋅

(
DT ,1

DT ,2

)
�T ,

(28)
(
J
x

1

J
x

2

)
= −ctX ⋅

(
DT ,1

DT ,2

)
�T ,

(29)
⎛
⎜⎜⎝

J
w

1

∶

J
w

n−1

⎞
⎟⎟⎠
= −�tW ⋅

⎛
⎜⎜⎝

DT ,1

∶

DT ,n−1

⎞
⎟⎟⎠
�T ,

(30)
⎛⎜⎜⎝

J
x

1

∶

J
x

n−1

⎞⎟⎟⎠
= −ctX ⋅

⎛⎜⎜⎝

DT ,1

∶

DT ,n−1

⎞⎟⎟⎠
�T ,

(31)
⎛⎜⎜⎝

J
w

1

∶

J
w

n−1

⎞⎟⎟⎠
= −�t

⎡⎢⎢⎣
W ⋅ D⋅W

−1
⋅

⎛⎜⎜⎝

∇w1

∶

∇wn−1

⎞⎟⎟⎠
+W ⋅

⎛⎜⎜⎝

DT ,1

∶

DT ,n−1

⎞⎟⎟⎠
�T

⎤⎥⎥⎦
,

(32)
⎛⎜⎜⎝

J
x

1

∶

J
x

n−1

⎞⎟⎟⎠
= −ct

⎡⎢⎢⎣
X ⋅ D⋅X

−1
⋅

⎛⎜⎜⎝

∇x1
∶

∇xn−1

⎞⎟⎟⎠
+ X ⋅

⎛⎜⎜⎝

DT ,1

∶

DT ,n−1

⎞⎟⎟⎠
�T

⎤⎥⎥⎦
,
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8  Conclusions

As shown in Eqs.  31 and 32, it is possible to express mass- and thermodiffu-
sion in multicomponent mixtures in terms of Fick diffusion coefficients Dij and 
thermodiffusion coefficients DT ,i that are independent of the frame of reference. 
This result is obtained by applying a simple transformation to the Fick’s law and 
thermodiffusion relations in terms of matrices that only depend on the known 
composition of the mixtures. Unlike Maxwell–Stefan diffusion coefficients, no 
information about chemical potentials of the mixtures is needed. Listing frame-
independent diffusion coefficients in databases would mean that users no longer 
need to worry how these diffusion coefficients were obtained experimentally. 
Since recently a considerable amount of experimental Fick diffusion and ther-
modiffusion data have become available for ternary mixtures [4–11, 30–37, 
49–58], this would seem to be an ideal time to establish a data base of frame-
independent mass- and thermodiffusion coefficients, at least for ternary mixtures.

Appendix: Volume‑Average Frame of Reference

The procedure described above for the formulation of frame-independent mass- 
and thermodiffusion coefficients can be readily extended to diffusion coefficients 
obtained when the fluxes are relative to the center of volume velocity:

where �i = xiV̂i∕
∑

j xjV̂j is the volume fraction of component i with V̂i being the 
partial molar volume of component i . The corresponding elements �ij of the con-
centration-dependent matrix Φ for the frame-independent transformation are [29, 
46]

Equation 16 becomes

where DV is now the Fick diffusion matrix in the volume-average frame of reference 
[29]. Then Eqs. 31 and 32 are supplemented with [46]

While the matrices W and X are determined by the composition of the mixture, 
the matrix Φ requires knowledge of the partial molar volumes, information that 
may not be so readily available.

(33)J
V

i
= ci

[
ui −

(∑
i
�iui

)]
,

(34)�ij = xi�ij − �jxi.

(35)D = Φ−1
⋅ D

V
⋅Φ = W

−1
⋅ D

w
⋅W = X

−1
⋅ D

X
⋅ X,

(36)
⎛⎜⎜⎝

J
V

1

∶

J
V

n−1

⎞⎟⎟⎠
= −

⎡⎢⎢⎣
Φ ⋅ D ⋅Φ−1

⋅

⎛⎜⎜⎝

∇c1
∶

∇cn−1

⎞⎟⎟⎠
+ Φ ⋅

⎛⎜⎜⎝

DT ,1

∶

DT ,n−1

⎞⎟⎟⎠
�T

⎤⎥⎥⎦
.
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