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Abstract
In this article, we propose a numerical analysis of the effect of the orthotropic ten-
sor of thermal conductivity during microwave heating of a heterogeneous core–shell 
morphology. The core is made of a material with high thermal conductivity, whose 
dielectric loss coefficient guarantees high microwave energy to heat conversion. This 
type of morphology has a high potential for use in the ablation of tumors, chemo-
therapy, drug release, and enhancing nano-catalysis, among other applications. 
Nonetheless, the effect of orthotropic thermal conductivity has not been extensively 
studied. The system under analysis is a core surrounded by two shells, which are 
made of materials whose thermal conductivities vary orthogonally. The thermal 
model consists of a system of three time-dependent coupled parabolic partial dif-
ferential equations. Such a model is numerically solved using finite elements, and 
assuming a thermal conductivity tensor for each layer. A strong effect of this type of 
anisotropy was observed on temperature profiles compared to traditional isotropic 
materials. Besides, the symmetric release of its internally generated energy was seri-
ously affected. Selected simulated experimental scenarios are presented.

Keywords  Core–shell structure · Microwave treatment · Orthotropic material · 
Thermal conductivity · Thermal model
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�
′′

ef
	� Imaginary part of effective permittivity

Erms

[
V ⋅m−1

]
	� Electrical field strength

f [GHz]	� Microwave frequency
�i[K]	� Initial temperature distribution function
ġ
[
W ⋅m−3

]
	� Internal volumetric heat generation

h 
[
W ⋅m−2

⋅ K−1
]
	� Convection heat transfer coefficient

Hrms

[
A ⋅m−1

]
	� Magnetic field strength

i	� Index corresponding to the i th sphere or shell
i ∶ j	� Interface between bodies i and j
K
[
W ⋅m−1

⋅ K−1
]
	� Thermal conductivity tensor

kij

[
W ⋅m−1

⋅ K−1
]
	� ijth component of K

�	� Variable change of �, � = cos �

�0

[
H ⋅m−1

]
	� Vacuum magnetic permeability

�
′′

ef
	� Imaginary part of the effective permeability

�	� Del operator
�	� Domain limited to a plane or to a region
� [rad·s−1]	� Angular microwave frequency
�∕��	� Partial differential operator with respect to �
P

���

av

[
W ⋅m−3

]
	� Average volumetric power dissipated

�[rad]	� Azimuthal angle in the spherical coordinates
q′′ [ W ⋅m−2]	� Heat flow per unit area dissipated
Q̇conv[W]	� Convection heat power
r[m]	� Radius in the spherical coordinate system
�
[
kg ⋅m−3

]
	� Density

ri[m]	� Radius of the i-th sphere or shell
t[s]	� Temporal variable
T  [K] or [°C]	� Temperature
�[rad]	� Polar angle in the spherical coordinate system
T∞ [K] or [°C]	� Temperature of the fluid away from the surface
Ts [K] or [°C]	� Temperature at the surface
x[m]	� Cartesian coordinate
y[m]	� Cartesian coordinate
z[m]	� Cartesian coordinate
�	� Dummy variable

1  Introduction

Microwave-based heat treatment is a strategy of high interest to both industry and 
academia. One of the reasons rests on the features that separate it from conventional 
heating. This type of processing has relevant features such as high efficiency of 
converting electrical to thermal energy, savings in processing time, the appearance 
of temperature profiles opposite to those achieved with conventional heating (con-
duction, convection, and thermal radiation), focused heating, and instant shutdown 
[1–5]. Even so, there are properties that must be well defined prior to designing 
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processes where microwaves and matter interact. Some examples include the mag-
netic permeability, the permittivity, and the electrical conductivity, along with the 
thermodynamic properties (thermal conductivity, specific heat and density).

In general, both types of properties depend on temperature, and their relationship 
is found through experimentation. Most case studies assume that these properties 
are either constant or that they only change in a polynomial way. However, there are 
situations in which they depend particularly on the position and direction in which 
they are measured, which is frequently observed with the continuous development 
of new materials. On the other hand, microwave-sensitive spheres coated with dif-
ferent layers (forming a core–shell structure) have extensive applications, especially 
in medicine. For example, Tang et al. [6] prepared mPEG-PLGA microspheres with 
microwave sensitivity for the treatment of hepatocellular carcinoma. This core–shell 
morphology was achieved using the double emulsion technique. They found that 
microspheres coated with MoS2 nanosheets dispersed in saline can increase their 
temperature by 8.5 °C under microwave irradiation. Likewise, Mao et al. [7] devel-
oped a system made of zirconium oxide microspheres along with an ionic liquid that 
interacts with microwave energy. By rapidly heating this substance, a drug is pro-
gressively released aimed at removing cancerous tissues. Conversely, Paruch used 
3D numerical simulations as a tool to correctly select the control parameters of arti-
ficial hyperthermia during the ablation of cancerous cells [8]. The author analyzed a 
system composed of two external electrodes, which induce an electromagnetic field 
and a temperature profile resulting from electrodes action. In tumor excision proce-
dures, two parameters are of paramount importance. The first one is the biocompat-
ibility of the material used for heating purposes. The other one is the precise direc-
tion of the heat flow generated within it. Biocompatibility is linked to the chemical 
nature of the material. Heat flow direction, instead, is related to the uniform heat-
ing of all surrounding tissues (3D). The idea is to destroy the tumor while avoid-
ing damaging any healthy tissue that may be present. One way to satisfy these two 
basic requirements is to use particles with a core–shell structure. The core should 
efficiently absorb the energy present in the electromagnetic field. At the same time, 
the layer (or layers) that surrounds it must diffuse heat uniformly and should have a 
well-defined chemical structure (biocompatible). Similar studies to those described 
above are found in the literature [9–12].

Given such a particular application for this type of spherical material with 
core–shell structure, it is relevant to be able to predict the temperature profile cre-
ated within them. In doing so, the effect on heating uniformity of healthy and can-
cerous tissues can be estimated. It is for this reason that we propose this work. Our 
goal is to simulate such a situation, and in particular, when thermal conductivity 
changes with the direction in which it is measured. We assume here that there is 
anisotropy in the directions of the unit vectors, i.e., orthotropic variation of the ther-
mal conductivity of two layers surrounding a core. Similarly, having an orthotropic 
variation of the thermal conductivity at the industrial level leads to undesirable tem-
perature profiles. From the point of view of the estimation and experimental deter-
mination of conductivity with orthotropic variation, there are several works recently 
reported. For example, Cao et  al. proposed a numerical estimation of the thermal 
conductivity of orthotropic materials based on knowledge of internal temperature 
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profiles [13]. They solved a classic inverse problem considering a regular two-
dimensional geometry. Their thermal model consisted of a two-dimensional partial 
differential equation valid for a square plate of negligible thickness and uniform 
density. Once the direct and inverse problems were raised, they minimized the esti-
mates with the slightest variance, i.e., the ordinary least squares norm, which is also 
known as the sum of squared residuals. The optimization procedure was carried out 
using the conjugate gradient method, together with the method of finite differences. 
Their results indicated that this approach is a valid strategy for finding thermal con-
ductivity values. The work carried out by Mahmood et al. [14] also focused on esti-
mating (identifying) the thermal conductivity of a non-homogeneous and possibly 
anisotropic medium from internal temperature measurements. They discretized the 
heat equation by including orthotropic thermal conductivity coefficients and using 
the finite differences method. For the solution of the objective function, the MAT-
LAB lsqnonlin toolbox was employed. The authors concluded that their results were 
accurate and stable, even with noisy input temperature data. In a similar report, 
Zhou et al. used the differential transformation dual reciprocity boundary element 
method combined with the Levenberg–Marquardt algorithm and estimated the ther-
mal conductivity of a 2D orthotropic material [15]. It is worth mentioning the exist-
ence of new methods proposed for experimental measurements of the orthotropic 
thermal conductivity tensor. Chen et al. proposed an extension of the conventional 
method of measuring thermal conductivities to include measurement in orthotropic 
materials [16]. This new version was validated by comparing with the guarded hot-
plate method, based on the results from a test on cherry wood specimens. Results 
were reported by the authors under certain operational conditions. Wojciech et al. 
[17] developed a new non-destructive technique to measure the thermal conductiv-
ity of isotropic and orthotropic materials. Their method is based on the inverse heat 
transfer problem solution. They used a commercial CFD solver combined with the 
traditional Levenberg–Marquardt algorithm. Conversely, knowledge about the ther-
mal conductivity is paramount for processes involving conduction heat transfer. But 
we will not delve into it. Instead, we will focus on the second-order thermal con-
ductivity tensor, which is symmetric. Such tensor exhibits components that vary 
with direction. So, it must be included in the global energy balance. A common sce-
nario for this behavior rests on the thermal variation across orthogonal coordinate 
axes. This is known as orthotropic thermal conductivity and has three components. 
Recently, Mahmood et al. [14] numerically solved an inverse problem aimed at esti-
mating components of the orthotropic thermal conductivity in heterogeneous media 
and using temperature profile measurements. The authors used a traditional finite 
difference approach. They stated that their solutions were precise and stable, despite 
adding errors into the measurements.

In this work, we formulate the mathematical model that describes a medium 
with multiple phases, where said phases exhibit thermal conductivities that vary 
in an orthogonal fashion. We analyzed its effect over the global temperature pro-
file, and thus, over the heat generation of the system. Such an effect becomes 
essential when analyzing tumor destruction using nanoparticles that exhibit ther-
mal conductivities with this variation. As will be shown in the results section, 
if heating is asymmetrical, it would eliminate tissue in a non-uniform way. This 
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may be a highly desirable feature in some scenarios. For example, imagine the 
case where you have a tumor next to an organ, or the case where you have a 
tumor with a non-uniform shape. In both cases, it would be desirable to have the 
means for generating a heterogeneous temperature profile centered on cancer tis-
sue, and that closely resembles its geometry. To that end, we focus on analyzing 
the effect of varying thermal conductivities in the heat generation of heterogene-
ous systems. Such heat comes from nanoparticles that absorb microwaves, and 
which can be used in processes such as tumor ablation. We use simulations to 
visualize generation asymmetry. As mentioned, the desirability of such a feature 
is subjective. Since we already mentioned a desirable scenario, let us focus on an 
undesirable one. Imagine that you need to thermally treat a material, such as rub-
ber. It would be desirable to generate a uniform temperature profile that covered 
the whole sample. Otherwise, the material will be untreated at some points or 
overly treated at others. Therefore, asymmetry would have negative consequences 
for the process. Due to space restrictions, throughout this work, we only show the 
generated temperature profiles for some exemplary cases.

Despite the number of works dealing with thermal simulations, we found no 
evidence about the effect of orthotropic thermal conductivities in heat generation. 
So, this work fills that knowledge gap by providing a way for easily simulating 
such an effect. Besides, we show the impact that these properties have when deal-
ing with nanoparticles that absorb microwaves. To this end, we present tempera-
ture profiles for four examples. In the first one, we considered shells exhibiting an 
isotropic condition, i.e., identical thermal conductivities. Moreover, we assume 
that the core has a dielectric constant that is ten times higher than those of the 
shells. In the second scenario, however, we consider different thermal conduc-
tivities, so that we can study the effect of orthotropic shells. In the third one, we 
analyze a scenario similar to the first one. This time, however, the shells exhibit 
a thermal conductivity with a higher value in the � direction than in the r and � 
directions. Conversely, the last scenario shows the inverse case. Hence, values for 
the r and � directions are quite higher than the value for the � direction. In doing 
so, we aim at generating a high contrast in the temperature profiles and heat flows 
across scenarios. We organized this article as follows: after this brief, introduc-
tion appears with the mathematical model of the thermal system and its numeri-
cal solution. Some simulation findings arise in the results section. In the end, the 
most relevant conclusions are included.

2 � Thermal Model

The model that we tackled in this work is given by a heat transfer problem in a het-
erogeneous medium, where thermal conductivities vary in the direction of each axis 
of the spherical coordinates. For this reason, we formulated the mathematical model 
based on the heat diffusion equation for each phase of the system in a transitory 
state, including the internal generation of heat, which represents heating utilizing 
microwaves. We now provide more details about the problem and the model.
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2.1 � Thermal Problem

The problem is to evaluate the effect of the orthotropic conductivity tensor in a 
nano-sphere with core–shell morphology, on the generation of temperature pro-
files, and therefore, on its homogeneous and symmetrical heat release.

2.2 � Thermal System in 3D

As mentioned, the modified core–shell system has one core and two layers. The 
core absorbs microwaves. It will be assumed that the thermophysical properties 
of the two layers are time, position, and temperature invariant; the only exception 
being thermal conductivities. They will vary in all three orthogonal directions 
(orthotropy). For simplicity, in this work, we disregarded contact thermal resist-
ances between shells. Also, we assume high conductivities and a great amount of 
energy is transformed into heat, so such an assumption seems feasible, at least for 
initial calculations. In addition, the whole sphere hangs inside an electromagnetic 
cavity and slowly rotates. The system receives uniform radiation from micro-
waves due to a mode stirrer included within the cavity.

2.3 � Thermal Model

Consider a heat transfer process ruled by

where (x;y;z;t) ∈ � , and � is a domain limited to a plane (2D) or to a region (3D). 
Likewise, �

[
J ⋅m−3

⋅ K−1
]
 is a constant coefficient dependent on either temperature 

or position, known as the volumetric coefficient of thermal expansion. It represents 
the product of density ( �

[
kg ⋅m−3

]
 ) and specific heat capacity ( c

[
W ⋅m−3

⋅ K−1
]
 ) for 

the solid, in the case of the energy equation. K(x;y;z)
[
W ⋅m−1

⋅ K−1
]
 is the thermal 

conductivity tensor,

For this work, components outside the main diagonal are zero. Also, 
k11(x;y;z) ≠ k22(x;y;z) ≠ k33(x;y;z). c(x;y;z)

[
W ⋅m−3

⋅ K−1
]
 is a constant or vari-

able factor. ġ(x;y;z;t)
[
W ⋅m−3

]
 represents the internal volumetric generation 

term, which is due to electromagnetic radiation. For all cases, T[K] represents 
temperature.

(1)𝛼
𝜕T(x;y;z;t)

𝜕t
− � ⋅ (K(x;y;z)�T(x;y;z;t)) + c(x;y;z)T(x;y;z;t) = ġ(x;y;z;t)

(2)K(x;y;z) =

⎡⎢⎢⎣

k11(x;y;z) k12(x;y;z) k13(x;y;z)

k21(x;y;z) k22(x;y;z) k21(x;y;z)

k31(x;y;z) k31(x;y;z) k33(x;y;z)

⎤⎥⎥⎦
.
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2.4 � Thermal Model in Spherical Coordinates

After some manipulations, the mathematical model describing heat conduction 
in the system is given by a set of three coupled time-variable partial differential 
equations. The solution allows generation of temperature profiles as a function of 
position (3D) and time, for each component of the system. The model is given by 
the energy balance (also known as heat diffusion equation) shown in (3), which is 
valid for ri ≤ r ≤ ri+1 , 0 ≤ � ≤ � , and 0 ≤ � ≤ 2� with i = 1, 2, 3,

Through a variable change common in literature ( � = cos � ), the initial and 
boundary conditions are set as detailed below.

Initial conditions:

since �i, is the initial temperature distribution function of the i th sphere or shell.
Boundary conditions:

1.	 Direction r and for the core (i = 1):

2.	 Direction r for the outermost shell (i = 3):

	 
where q��

(
r = r3;�;�

)
 [ W ⋅m−2 ] is the heat flow per unit area released through 

the outer surface.
3.	 Temperature continuity on the same sphere (∀i ∈ {1, 2, 3}):

4.	 Heat flow continuity on the same sphere (∀i ∈ {1, 2, 3}):

5.	 Temperature continuity (∀i ∈ {1, 2, 3}):

(3)

�ici
�Ti(r;�;�;t)

�t
=

1

r2
�

�r

(
r2kii(r;�;�)

�Ti(r;�;�;t)

�r

)

+
1

r2sin2�

�

��

(
kjj(r;�;�)

�Ti(r;�;�;t)

��

)

+
1

r2 sin �

�

��

(
sin �kkk(r;�;�)

�Ti(r;�;�;t)

��

)
+ P

���

av
(r;�;�;t).

(4)Ti(r;�;�;t = 0) = �i(r;�;�),

(5)
�T1

(
r1;�;�;t

)
�r

= 0.

(6)k33
�T3

(
r3;�;�;t

)
�r

= q��
(
r = r3;�;�

)
,

(7)Ti(r;� = −1;�;t) = Ti(r;� = 1;�;t).

(8)
�Ti(r;� = −1;�;t)

��
=

�Ti(r;� = 1;�;t)

��
.



	 International Journal of Thermophysics (2020) 41:82

1 3

82  Page 8 of 21

6.	 Heat Flow continuity (∀i ∈ {1, 2, 3}):

7.	 Temperature continuity at the interface between core and first shell, as well as 
between shells (1 ∶ 2;2 ∶ 3):

8.	 Heat flow continuity at the interface between core and first shell, as well as 
between shells (1 ∶ 2;2 ∶ 3):

Conditions 3 and 4 belong to the � direction, while conditions 5 and 6 belong to �. 
In this case, the internal energy generation (i.e., volumetric heat generation) exists for 
the core ( i = 1 ). It is assumed to be constant with time and position and is modeled as a 
constant energy flow. Other components of the system are described further on.

2.5 � Power Generated by Microwaves

Microwave heating implies direct conversion of electromagnetic energy into heat [1–3]. 
The average power per unit volume ( P���

av

[
W ⋅m−3

]
 ) dissipated by microwaves is given 

by

which considers electric ( �0�
��

ef
(T)E2

rms
 ) and magnetic ( �0�

��

ef
(T)H2

rms
 ) losses on the 

material. In this equation, f  [GHz] is the microwave frequency. We used f = 2.45 
GHz in the simulations because it is the standard frequency employed by microwave 
ovens. Recall that �0 ≈ 8.85 × 10−12F ⋅m−1 and �0 ≈ 1.256 × 10−6H ⋅m−1 corre-
spond to vacuum permittivity and permeability, respectively. Likewise, �′′

ef
 and �′′

ef
 

are the imaginary parts of the effective values of permittivity and permeability, 
which are also known as effective loss factors. Last, Erms

[
V ⋅m−1

]
 and Hrms

[
A ⋅m−1

]
 

stand for the electrical and magnetic field strength, respectively. Here, we consider 
that both fields interact with the material of the inner sphere, and that the permittiv-
ity and permeability coefficients are temperature independent.

2.6 � Heat Transfer Due to Natural Convection

This mechanism is modeled through Newton’s cooling law,

(9)Ti(r;�;� = 0;t) = Ti(r;�;� = 2�;t).

(10)
�Ti(r;�;� = 0;t)

��
=

�Ti(r;�;� = 2�;t)

��
.

(11)Ti
(
ri;�;�;t

)
= Ti+1

(
ri+1;�;�;t

)
.

(12)kii
�Ti

(
ri;�;�;t

)
��

= kii+1
�Ti+1

(
ri+1;�;�;t

)
��

,

(13)P
���

av
(r;�;�;t) = �f

[
�0�

��

ef
(T)E2

rms
+ �0�

��

ef
(T)H2

rms

]
,
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where Q̇conv [W] represents the energy per time unit being exchanged between a solid 
and a fluid. The convection heat transfer coefficient is given by h 

[
W ⋅m−2

⋅ K−1
]
. 

As

[
m2

]
 is the surface area for convection heat transfer, Ts  [K] is the corresponding 

temperature and T∞  [K] is the temperature of the fluid away from the surface. It is 
evident that h is not a property of the fluid. Hence, determining it experimentally is 
complex as it depends on many variables. Some of them include geometry, orienta-
tion of the solid, surface features, nature of the fluid, thermophysical properties, and 
velocity.

3 � Methodology and Results

This section includes scenarios simulating microwave irradiation of the core–shell 
morphology. Temperature profiles and heat flows through the second layer are 
included in the resulting data.

Numerical solution: All numerical procedures carried out in this work were per-
formed in a MacBook Pro (2016), 256 GB SSD, i5-i7 Quad Core, 2133 MHz, 8 GB 
RAM Intel Iris Graphics 550. Furthermore, scripts and plots were developed and 
implemented on MATLAB (R2019a).

Simulation procedure: Since each thermal conductivity is a property represented 
by a vector with three elements (one for each of the r, � and � directions), and con-
sidering that each component is real-valued, there is an infinite number of values 
it can take. Hence, there are infinite parameter combinations (i.e., examples). We 
selected some of them as different illustrative scenarios. For starters, we considered 
that the shells had identical thermal conductivities, i.e., an isotropic condition, and 
that the dielectric constant of the core was ten times higher. Such a condition was 
not preserved for the second scenario. To study the effect of orthotropic shells, we 
assumed different thermal conductivities. Subsequently, for the third scenario we 
analyzed the impact of possessing a core with high thermal conductivity, while the 
shells shared, once again, the same conductivity values. This time, however, the 
value for the � direction is quite high when compared with those in the r and � direc-
tions. For the last scenario that we analyzed, we reversed such situation. So, this 
time around values for the r and � directions are quite higher than the value for the 
� direction. In doing so, we were able to generate high contrast in the temperature 
profiles and heat flows across scenarios.

The physical system: An internal solid sphere surrounded by two layers with dif-
ferent thermophysical properties and with orthotropic conductivities is heated within 
an electromagnetic cavity. Heating is assumed as homogeneous along the whole sur-
face. The inner sphere absorbs all microwave energy and transforms it into heat. The 
composite sphere exchanges heat uniformly along the whole surface of the external 
layer, as it is immersed into a liquid at 36 °C. As an initial approximation, a constant 
convection heat transfer coefficient was assumed. Furthermore, the surrounding liq-
uid is presumed to be a microwave transparent material.

(14)Q̇conv = h ⋅ As

(
TS − T∞

)
,
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Simulation conditions: Here, the core is isotropic and it converts all energy from 
electromagnetic waves (at 2.45  GHz) into heat (thermal energy). The core is sur-
rounded by two layers of materials of different thicknesses. The internal volumet-
ric heat generation can be adjusted depending on the required temperature level, 
and therefore, of the amount of heat needed. Ideally, for an application such as the 
complete destruction of cancerous tissue, for example, controlled and homogeneous 
conditions will be mandatory. The release of heat will be homogeneous, if the nano-
spheres have a homogeneous (symmetric) temperature profile in all three directions. 
Table 1 includes all the simulation parameters, which were kept constant for all tests. 
Note that we use dimensionless values for the radii so that the effect of their ratio 
can be more easily assessed. Striving for repeatability, the value of each radius was 
r1 = 0.02 m, r2 = 0.06 m, r3 = 0.12 m . Besides, the thermophysical property values 
were chosen to analyze different simulation scenarios of an orthotropic core–shell 
system. Temperature corresponds to the lower limit of the normal human body tem-
perature range.

It is essential to highlight that this is a first analysis that relates the simultane-
ous effect of nanoparticles, microwaves, and thermal conductivities with orthotropic 
variation of a core–shell morphology on temperature profiles and heat flows. So, 
we found no experimental values where the thermodynamic and physical proper-
ties were like the ones used in this work. Nonetheless, we observed that they match 
with the tendencies reported in [14, 17, 18]. Also, note that we neglected the inter-
phase region properties between spheres for all simulations. This is mainly due to 
the presence of high thermal conductivities in the model, and because of the mas-
sive amounts of thermal energy transported.

Table 1   Simulation parameters for steady and transient states

Parameter Value or range Unit

Body index of the inner sphere i = 1 –
Body indices of shells i = {2, 3} –
Radii relations r1:r2 = 1:3, and r1:r3 = 1:6 –
Densities �1 = 35 , �2 = 15 , and �3 = 5 kg ⋅m−3

Specific heat capacities cp1 = 15 , cp2 = 7.5 , and cp3 = 2.5 W ⋅m−3
⋅ K−1

Thermal conductivity of the sphere k11 ∈ [1, 1000] W·m−1· °C−1

Thermal conductivity of the inner shell k22 ∈ [0.1, 200]3 W·m−1·°C−1

Thermal conductivity of the outer shell k33 ∈ [0.1, 200]3 W·m−1·°C−1

Convection heat transfer coefficient h ∈ [10, 1000] W·m−1·°C−1

Surface temperature Ts = 36 °C
Volumetric heat generation P

���

av
∈ [200, 250] W ⋅m−3

Irradiation time t ∈ [0, 250] s
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3.1 � Scenario 1

The composite sphere is inserted in a medium that is at a nearly constant tempera-
ture of 36 °C. The power of the microwave generator was adjusted in such a way that 
the maximum temperature within the thermal system did not exceed 70 °C for an 
irradiation time from 0 s to 250 s. Both, generator power and irradiation time, are 
tunable parameters. The steady and transient states of the system are analyzed.

(a) Heat flow (b) Temperature profile
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Fig. 1   Heat flow and temperature profile for the composite sphere (one isotropic core with two isotropic 
layers) at steady-state, with r1 : r2 = 1:3 and r1 : r3 = 1:6

Fig. 2   Heat flow distribution at steady-state when the isotropic composite sphere is heated by micro-
waves. Left: whole sphere. Right: zoom into a smaller region
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3.1.1 � Steady‑State

The ratio of each of the components of the conductivity tensor to the thermal con-
ductivity of the core is k11 = 1.0, and for the two shells are k22 = [0.1;0.1;0.1], and 
k33 = [0.1;0.1;0.1] . Each position represents the value of the conductivity kii(r;�;�) 
in spherical coordinates. Figure 1 shows the main result for the isotropic case, con-
sidering a view in the (r;�∕2;�) direction. As noted, both heat flow (Fig. 1a) and 
temperature profile (Fig. 1b) are symmetrical. The uniform level curves in the latter 
illustrate such homogeneously distributed core temperatures, while the concentra-
tion of colored elements in the former shows the effect of higher temperature values.

The corresponding heat flow that is released when heating the core with micro-
waves is simulated as shown in Fig. 2. As observed, the heat flow is also symmet-
ric in all three dimensions. The heat flow in each direction is simply the first par-
tial derivative of the temperature profile multiplied by the thermal conductivity as 
shown

(15)

q
��

r
= −kiir

�Ti(r;�;�;t)

�r
, q

��

�
= −

kii�

r

�Ti(r;�;�;t)

��
, and q

��

�
= −

kii�

r sin �

�Ti(r;�;�;t)

��
.

Fig. 3   Transient temperature profile within the isotropic thermal system after: (a) 5 s and (b) 250 s
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3.1.2 � Transient State

The mathematical model was now solved including the temperature variation over 
time. Figure  3 shows some symmetrical temperature profiles in the isotropic sys-
tem for t = 50 s (Fig. 3a) and 250 s (Fig. 3b). In this figure, we observe that a spe-
cific temperature value was reached guaranteeing a symmetrical temperature profile. 
Keep in mind that this will ensure that all surrounding elements (e.g., tissues) will 
receive the same amount of thermal energy.

Now, Fig. 4 shows the symmetrical variation of temperature and heat flow over 
time. The inner sphere, with a higher temperature, irradiates thermal energy uni-
formly. The reason is conductivities on all three perpendicular dimensions (r;�;�) 
are the same. The components of thermal conductivity can be observed in the cone 
given by the � variation, at a distance r from the center, and by the azimuth planes 
� . Figure 4a shows that steady-state heat flow is reached by the whole sphere around 
the 40 s mark. Moreover, Fig. 4b shows the homogeneous distribution of tempera-
ture throughout the transient state of the composite sphere. Ranges and thermophys-
ical properties considered for this simulation are given in Table 1. Our data corrobo-
rate that the developed software generates the expected profiles for limit scenarios, 
independently of the magnitude of thermal conductivities. Heat flow per unit area 
changes directions due to the heating process. The initial temperature of the sys-
tem is 25 °C. Since the surrounding liquid begins at 36 °C, spheres begin receiving 
energy from the fluid (−). After the core transforms enough microwaves into heat, 
the temperature of the composite sphere increases above 36  °C and begins deliv-
ering energy to the fluid (+). As expected, after reaching a steady-state, heat flow 
remains stable.

(a) Heat flow rate generated as a function of time (b)Temperature profile and heat flow 

variation after 75 s

Fig. 4   Thermal behavior in the core of the isotropic sphere with k11 = 100 and k22 = k33 = [200;200;200]
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3.2 � Scenario 2

Most of the simulation conditions of the previous scenario were maintained. The 
conductivities of the first layer (of radius r2 ) in the orthogonal directions were 
changed to k22 = [0.2;10;5] and [10;0.2;5].

3.2.1 � Steady‑State Performance

In this section, we present simulation data after the system has reached its steady-
state. For illustrative purposes and clarity, some 3D figures are included. Figure 5 
shows the temperature profile for two scenarios with different properties at the 
inner layer: [0.2;10;5] (Fig. 5a) and [10;0.2;5] (Fig. 5b). Bear in mind that this fig-
ure also shows the heat flux generated by the temperature difference but affected by 
the orthotropy present in its two layers. Arrows in Fig.  5 indicate the preferential 

Fig. 5   Steady-state temperature profiles (top) and heat fluxes (bottom) for two different configurations of 
the thermal conductivity at the inner layer
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Fig. 6   Transient temperature profiles for k11 = 200, k22 = [10;0.2;5], and k33 = [40;80;120]

(a) = 100 , = [10; 0.2; 5],
= [6; 0.8; 4]

(b) = 200 , = [10 ; 0.2; 5],
= [40; 80; 120 ]

Fig. 7   Heat flux rate for two composite spheres
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Fig. 8   Temperature profiles for k11 = 100, k22 = [10;0.2;5], k33 = [6;0.8;4] generated after (a) 5  s, (b) 
75 s, (c) 150 s, and (d) 350 s
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direction of heat flow. In Fig. 5b, the x-axis temperature of a point on layer two is 
about 40 °C, but, for that same point, the y-axis temperature is about 75 °C. Since 
there is a temperature difference, the heating of neighboring points across both axes 
will differ. Thus, heating due to the composite sphere will be affected, as shown by 
its temperature profiles and heat flow preferential direction.

3.2.2 � Transient State

The thermal mathematical model was solved numerically but randomly changing a 
few parameters. Figure 6 shows the corresponding temperature profile and the con-
tour plots after 5 s and 150 s have elapsed (Fig. 6a, b, respectively). As observed, 
the orthotropy characteristics of the shells have a crucial effect on the temperature 
profiles, and consequently, on the preferential directions of the heat flow. This last 
aspect impacts the applications of this type of morphology.

Figure 7 shows two examples for determining heat flow per unit area of a couple 
of orthotropic shells, with different volumetric heating (microwaves) conditions that 
are kept constant with time and position (250 W ⋅m−3 and 200 W ⋅m−3 ). For both 
cases, k22 = [10;0.2;5] . But, in the first case (Fig. 7a) both k11 and k33 are smaller 
than for the second one (Fig. 7b). Since the composite sphere has an initial tempera-
ture below that of the liquid, heat will initially flow into the former. It is observed 
in the concavity of both heat flow curves. It is worth remarking that we adopted the 
thermodynamic convention where heat output is given by (+) and heat input is pro-
vided by (−). Also, the core always generates heat because of its interaction with the 
energy being transported by the electromagnetic field. As an example of the effects 
that orthotropy may have, we decided to plot the temperature profiles correspond-
ing to Fig. 7a in Fig. 8. Note that the effect is consistently observed in the profiles, 
and thus, in the heat flow direction. Here, we selected four instants of time for better 
assessing the evolution of the profiles: 5 s (Fig. 8a), 75 s (Fig. 8b), 150 s (Fig. 8c), 
and 350 s (Fig. 8d).

3.3 � Scenario 3

As before, some of the simulation conditions of the previous scenario were main-
tained. While k11 = 1000, the conductivities of the first and second layers are kept 
equal, k22 = k33 = [1;140;1] . Figure  9 includes the simulated transient state tem-
perature profiles, as well as the preferred heat flow direction for this scenario, and 
at two different time instants: after 5 s (Fig. 9a) and after 250 s (Fig. 9b). Starting 
at this figure, it becomes evident that having orthotropy in the conductivities affects 
the preferential direction of heat flow to its surroundings. Bear in mind that the inner 
sphere considers constant thermophysical properties, including thermal conductivity 
across its volume.
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3.4 � Scenario 4

Simulation conditions of previous scenarios were maintained. While 
k11 = 1000, the conductivities of the first and second shells are kept equal, 
k22 = k33 = [140;1;140] . As in past cases, Fig.  10 includes the simulated 

Fig. 9   Temperature profiles for k11 = 1000, k22 = k33 = [1;140;1] , after (a) 5 s and (b) 250 s. The lower 
figures show the heat flow preferred direction
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transient state temperature profiles, and the preferred heat flow direction after 5 s 
(Fig. 10a) and after 250 s (Fig. 10b). This scenario clearly shows the variation of 
the temperature profile due to the orthotropic variation of thermal conductivity. 
We assume that the core possesses a single thermal conductivity, while the lay-
ers exhibit the same orthotropic anisotropy. Regarding temperature profiles of the 
composite sphere, Fig. 11a shows the variation as a function of time and radius. 

Fig. 10   Temperature profiles for k11 = 1000, k22 = k33 = [140;1;140] , and after (a) 5 s and (b) 250 s
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It can be observed that the system reaches a steady-state after 150  s. Likewise, 
the outer layer loses heat toward its surroundings, and hence, temperature varies. 
Figure 11b shows a 3D plot of the preferential heat flow direction.

4 � Conclusions

This article tackled the mathematical model of a thermal system that included the 
effect of orthotropy in heterogeneous conditions. Such a system included a com-
posite sphere with two layers (or shells) and a core with high magnetic permeability 
and electric permittivity. It allows the core to absorb an electromagnetic field and to 
transform it into thermal energy. The outer layers have known thermodynamic prop-
erties, but their thermal conductivities vary in the direction of perpendicular unitary 
vectors. We observed that a previous determination of this property is paramount, 
especially when a homogeneous and uniform thermal energy distribution is required. 
For the analyzed scenarios, our developed software generated expected results, 
under several simulated experimental conditions. Consequently, our contribution 
is twofold. On the one hand, we provided a way for easily simulating the effect of 
orthotropic thermal conductivities in heat generation. On the other, we showed the 
impact that such kind of properties has for nanoparticles that absorb microwaves. It 
was shown through temperature profiles, and heat flows for some selected scenarios.
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