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Abstract Experimental verification of thermal memory effects represents a challenge
that is important from both fundamental and practical points of view. Recent theoreti-
cal studies suggest that the thermal memory effect should lead to thermal resonances in
the modulation frequency characteristics of photoacoustic response. Therefore, studies
of thermal resonances in photoacoustic response represent an alternative for detection
of the thermal memory effect and measurement of thermal memory properties. Since
the resonances were not observed, this paper analyzes standard measurement setups
and shows that the experimental technique should be optimized to provide a better
chance of detection of thermal memory effects by photoacoustic measurements. The
results show that a proper selection of modulation frequencies and the knowledge of
the approximate transfer function of the electronic part of the photoacoustic measure-
ment system are prerequisites for detection of thermal resonances in the modulation
frequency characteristics of photoacoustic response.
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1 Introduction

The classical Fourier theory of heat conduction describes the process by the constitutive
equation �q = −k ·∇T and the parabolic differential equation ∂T /∂t = D ·∇2T , where
T stands for the temperature, q for the heat flux, t for the time, and k and D represent
the thermal conductivity and the thermal diffusivity of the medium, respectively [1].
The approach treats heat propagation as a diffusion process, which means that the heat
propagation speed is infinite, and thus, it contradicts the theory of relativity.

However, it has already been established that for the proper analysis of non-
stationary heat propagation processes, such as heat pulse [2] and laser flash [3]
experiments, it is necessary to treat the heat propagation process in a more general man-
ner [4–6], which accounts for the finite speed of heat propagation. One of the simplest
solutions for introducing a finite speed of heat propagation is the description of the heat
propagation process by a hyperbolic equation τ · ∂2T /∂t2 +∂T /∂t = D ·∇2T , which
requires the modified constitutive equation τ · ∂ �q/∂t + �q = −k · ∇T , with τ stand-
ing for the thermal relaxation time [7–11]. Such an approach treats heat propagation
as a wave process with finite propagation speed, and the meaning of the constitu-
tive equation is that the heat flux at one point depends on its values in the past. The
dependence of the heat propagation process on its history is called thermal memory.
Since the existence of thermal memory changes the nature of the heat propagation
process, it has significant theoretical importance, but also practical consequences for
the interpretation of non-stationary heat transfer phenomena and the characterization
of thermal properties of matter.

The photoacoustic (PA) effect is the generation of sound waves in a sample and its
surroundings due to the exposure to modulated optical radiation [12–19]. The effect
was discovered and reported by A.G. Bell at the end of the nineteenth century, but the
proper explanation was given almost one hundred years later [12]. The explanation
and further theoretical studies were based on the classical heat propagation theory,
and they boosted experimental research and practical applications of the PA effect,
which confirmed the validity and applicability of theoretical models. However, due
to the variable heat generation by modulated optical radiation, the PA effect causes
an essentially non-stationary heat transfer process and recent theoretical studies [7–
11,16–19] showed that thermal memory should affect PA response at sufficiently high
modulation frequencies. The results of the theoretical studies predict the existence of
thermal resonances in the modulation frequency characteristics of PA response, and
resonant frequencies depend on the thermal relaxation time. The detection of ther-
mal resonances in the modulation frequency characteristics of PA response, therefore,
would not only confirm the existence of thermal memory but would also enable the
calculation of thermal relaxation times of matter. However, with few insufficiently
described exceptions [7,16–19], the thermal resonances in PA characteristics were
not detected. Due to the potential importance, the absence of detection of thermal
resonances in previous PA experiments requires due explanation. This paper analyzes
various aspects of the experimental PA technique, with the aim to define the require-
ments that an experimental setup should meet in order to enable the detection of
thermal resonances in the modulation frequency characteristics of PA response.
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Fig. 1 (a) Schematic representation of the photoacoustic measurement system; (b) block diagram of the
photoacoustic measurement system

2 Theory

A conceptual diagram of the PA measurement system is presented in Fig. 1a. The light
source emits light under control of the modulator. The modulator may use mechanical
(such as a chopper with rotating blades) or electronic (control of the power supply
of the light source) principles. Since the rotation speed of a modulator also has to be
controlled, electronic modulation seems to be the preferable choice. Besides, elec-
tronic modulation allows simple implementation of various modulation forms. The
modulated light beam irradiates the sample that absorbs a part of the light, and a part
of the absorbed light is converted into heat.

Heat transfer through the sample causes deformation of the sample, and heat transfer
to the surroundings causes expansion of the thin layer of the surrounding medium. The
sound emission due to the deformation of the sample is called “direct” or “thermo-
elastic” (TE) PA mechanism, and the sound emission due to the expansion of the
surrounding medium is called “indirect” or “thermo-diffusion” (TD) PA mechanism.
The relative contribution of the mechanisms to PA response depends on the geomet-
ric and material properties of the sample, as well as on the modulation frequency
[20]. Within the framework of the classical Fourier heat conduction theory, the TD
mechanism dominates at sufficiently low modulation frequencies, sufficiently thick
samples, or samples with sufficiently low thermal expansion coefficients and thermal
diffusivities, whereas the TE mechanism is dominant at sufficiently high modulation
frequencies, sufficiently thin samples, or samples with sufficiently high thermal expan-
sion coefficients and thermal diffusivities [20]. The relations that determine the relative
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contributions of the mechanisms and the applicability of the respective approxima-
tions are given in [20]. However, if thermal memory is present, the frequency range
where the TD component is dominant further increases [16,17].

The emitted sound waves propagate through a closed space of a PA cell and are
detected by a microphone. The majority of microphones used in the PA experiments
are audio microphones with the frequency range 20 Hz–20 kHz. If the microphone
is placed at the irradiated side of the sample, then the experimental setup is called
“the reflection PA configuration,” and if the microphone is placed at the opposite side
of the sample, the experimental setup is called “the transmission PA configuration.”
The signal of the microphone transducer is conditioned by the preamplifier of the
microphone and led by a cable to an amplifier. The amplified microphone signal is
led to one input of the lock-in detector. The amplified signal of the photodetector that
is illuminated by the same optical beam as the sample is led to the other input of the
lock-in detector. The output of the lock-in detector consists of two signals: (1) the
ratio between the amplitudes of the signals of the microphone and the photodetector
and (2) the phase difference between the signals.

The theoretical research on PA response that is based on the Fourier heat trans-
fer theory [12–15,21–24] predicts that the amplitude of PA response monotonously
decreases with an increase in modulation frequency. However, recent research [7–
11,16–19] has shown that, due to thermal memory, the amplitude and the phase delay
of PA response show the resonant behavior at sufficiently high frequencies. The res-
onant frequencies depend on the thermal properties and thickness of the sample, as
well as on the thermal properties of the backing of the sample and the surrounding
medium [16–19].

Paper [18] presents a detailed theory of the TD component of PA response in the
media with thermal memory, and it has been shown that the limiting cases of the
surrounding medium are the case when the backing of the sample is an ideal thermal
insulator and the case when the backing of the sample is an ideal thermal conductor.
For the case of a sample with the thickness l and the ideal insulator backing in reflective
configuration, the resonant maxima (denoted as ωmax-A-ins

(m)) and minima (denoted
as ωmin-A-ins

(m)) of the amplitude are predicted at frequencies [18]

ω
(m)
max-A-ins = 2m

π

2

u

l
· c (2m) ω

(m)
min-A-ins = π

2

u

l
· c (2m + 1) (1)

where u is the speed of heat waves, given by u = √
D/τ , and c(n) represents the

factor c(n) = (1 + (l/n · μ)2)−1/2, where μ stands for the thermal diffusion length
μ = 2

√
Dτ . In the case of an ideal conducting backing, the positions of the minima and

maxima are interchanged compared to the case with an ideal insulator backing [18].
The calculations of the factors c(n) [18] show that for all practical purposes the resonant
frequencies (1) may be considered equidistant.

The studies of the TE component of PA response in the media with thermal memory
[19] predict a similar resonant behavior. The research has also shown [18,19] that the
magnitude of resonances and resonant frequencies decreases with an increase in the
thickness of the sample so that resonances are detectable only for thin samples, which
satisfy the condition l < μ.
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3 Results and Discussion

The measurements of thermal relaxation times have not been performed by now. The-
oretical estimations from various sources [7,9,18] report values in the range 10−14 s
for superconductors to 102 s for processed meat. Table 1 presents the estimations of
heat wave speed u, the thermal diffusion length μ and minimum resonant frequencies
for various materials, based on the theoretical estimations of the relaxation time and
experimental measurements of diffusivity. The table shows that the minimum frequen-
cies of thermal resonances are close to 1/τ , so that they belong to the audio-frequency
range, which is used in PA experiments, only for some classes of soft matter (poly-
mers, tissues, etc.), which explains the absence of thermal resonances in the majority
of measured PA modulation frequency characteristics.

The presence of periodic thermal resonances could be considered confirmed if
at least two resonances could be clearly distinguished in the recorded PA modula-
tion frequency characteristics and if the resonant frequencies satisfy conditions given
by (Eq. 1). It means that the modulation frequencies should be selected in a proper
range and with proper resolution in order to detect the resonances with sufficient
details to determine the positions of minima and maxima. From the equations given
by (Eq. 1), it follows that, in order to detect n resonances, the modulation frequency
range should be n times wider than the lowest thermal resonant frequency. Since
the resonant frequencies are approximately equidistant, the modulation frequencies
selected for recording of the modulation frequency characteristic should have a con-
stant step ( fn+1− fn = fn− fn−1) and not the proportional step ( fn+1/ fn = fn/ fn−1),
which is usual in acoustic experiments. The equations (Eq. 1) also show that, in order
to record n points belonging to a resonant peak, the frequency step of the modulation
frequency should be n times smaller than the respective resonant frequency.

In order to avoid confusion of thermal resonances with other resonant phenomena
in the system, the resonant mechanisms in the PA cell should be studied to deter-
mine whether their resonant frequencies belong to the audio-frequency range. For the
resonant mechanisms with resonant frequencies in the audio-frequency range, a data
processing procedure that removes their influence on the recorded PA modulation fre-
quency characteristics should be developed. Since a PA cell consists of a sample (as
the sound emitter), an air column (as the sound transmitter), and a microphone (as the
sound receiver), the resonant phenomena in the PA cell are resonances of the sample,
resonances of the air column, and resonances of the microphone.

Mechanical resonances of the sample may be the resonances of longitudinal vibra-
tions of the sample and the resonances of oscillations of the sample on the elastic
supports. The frequency of the first harmonic of longitudinal vibrations of the sam-
ple fl may be calculated as fl = cS/4l, where cS stands for the speed of sound
in the sample. If it is assumed that the minimum speed of sound in solids is higher
than 1000 m · s−1, and the length of the sample is in the sub-millimeter range, it can
be concluded that the frequency of the first harmonic of longitudinal vibrations of the
sample is close to the MHz range, far above the audio-frequency range. In the cases
where the sample is supported by an elastic support (like rubber), the elastic constant
of the support ksup may be estimated as ksup = Esup · Ssup/ lsup with Esup, Ssup and
lsup standing for the Young modulus, the cross section and the length of the support.
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With typical values for rubber supports, the elastic constant of the support has the
order higher than 104 N · m−1. If the oscillations of the sample on the support may be
considered as the oscillations of the spring-mass system, then its resonant frequency

may be calculated as fss =
√
ksup

/
ms , and with typical masses of the sample mS

of the order of milligram, the resonant frequency is of the order of 100 kHz, so also
above the audio-frequency range.

The air column in the PA cell may have two kinds of mechanical resonances,
resonant longitudinal vibrations of the air column and Helmholtz resonances. The
resonant frequencies of vibrations of the air column may be estimated as the resonant
frequencies of longitudinal vibrations of the air column closed on both sides along
the axis of the PA cell. The frequency of the first harmonic of vibrations f A may
be calculated as f A = cA/2L A, where cA stands for the speed of sound in air and
L A stands for the length of the air column in the PA cell. For usual configurations,
measurements are performed at room temperature and atmospheric pressure, when
the speed of sound is close to 340 m · s−1, and the length of the air column is few
millimeters. It can be concluded that the frequency of the first harmonic of longitudinal
vibrations of the air column is higher than 100 kHz so that the resonant frequencies
are far above the audio-frequency range. The Helmholtz resonance of the open-ended
PA cell has been studied in the paper [25]. The simplest estimation of the resonant
frequency of a closed Helmholtz resonator is fH = cA/2π

√
S/Vl, with V standing

for the volume of the PA cell, and S and l standing for the cross section and the length
of the inlet of the PA cell, respectively. With usual dimensions of the PA cell, the
resonant frequency is close to 20 kHz and may belong to the audio-frequency range.

The resonant frequency of the microphone depends on the type of the microphone
and its dimensions, with smaller microphones having higher resonant frequencies.
The electret microphones that have high resonant frequencies of the order of several
kHz [26] are predominantly used in PA measurements.

One of the methods for distinguishing thermal resonances from other resonances
in PA measurements is decomposition of the transfer function of the measurement
system. The processes in optical electronic components (light source and photodetec-
tor) are much faster than the processes in electronic and mechanic components of the
PA measurement system, and the transfer functions of the optoelectronic components
may be considered flat in the audio-frequency range. Since the bandwidth–gain prod-
uct of the lock-in detectors is of the order of MHz and the input signals to the lock-in
detector are already amplified, the transfer function of the lock-in detector may also be
considered flat in the audio-frequency range. Therefore, the remaining part of the PA
measurement system may be represented by the block diagram in Fig. 1b. Using the
block diagram, the Laplace transform of the output of the amplifier Y (s) may be rep-
resented as: Y (s) = PPA(s)G(s) = PPA(s)Gcell(s)Gmic(s)Gamp(s), where PPA(s)
stands for the Laplace transform of PA response of the sample, Gcell(s) stands for
the transfer function of propagation of pressure through the PA cell, Gmic(s) stands
for the transfer function of the microphone with the preamplifier and Gamp(s) stands
for the transfer function of the amplifier. If the transfer function of the PA measure-
ment system G(s) is known, then the amplitude PPA(ω) and the phase ϕPA(ω) of PA
response may be extracted from the PA measurement data as
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PPA (s) = Y (s)

G (s)
⇒ PPA ( f ) = Y ( f )

|G ( j2π f )| ϕPA ( f ) = ϕY ( f ) − argG( j2π f )

(2)
where Y ( f ) and ϕY ( f ) represent the amplitude and the phase outputs of the lock-in
detector at the modulation frequency f .

The transfer function may be constructed using the data obtained in the calibration
process, i.e., measurement of the output of a system that is exposed to a known input.
Various calibration methods use different types of input signals. Acoustic systems are
usually calibrated by harmonic input and white noise input. Calibration by harmonic
input provides both amplitude and phase delays of the transfer function that is stud-
ied, but reconstruction of a complete transfer function requires numerous repetitions
of measurements with different frequencies, which makes the reconstruction of the
transfer function using harmonic input calibration a long process. On the other hand,
calibration by white noise enables reconstruction of a complete transfer function G(s)
by a single measurement. The procedure implies replacement of the sample in the
PA cell by a white noise source and measurement of the output of the amplifier. The
amplitude–frequency spectrum of the recorded output of the amplifier represents the
amplitude of the transfer function G(s). However, since the phase spectrum of white
noise is usually not known, the phase delay of the transfer function G(s) cannot be
determined by the described procedure. Although there are other white noise calibra-
tion procedures, which use the phase of white noise, they are more complex and slow,
so that the described procedure of measurement of the amplitude of the transfer func-
tion G(s) may be complemented by reconstruction of the complete transfer function
using an approximate transfer function of a model of the PA measurement system. The
approximate transfer function is constructed as the product of approximate transfer
functions of the PA cell, the microphone, and the amplifier, as it will be described in
the following text.

Since the dimensions of the PA cell are much smaller than the wavelengths of sound
in the audio-frequency range, and the frequencies of vibration resonances of the air
column in the PA cell are well above the audio-frequency range, the transfer function
of the PA cell may be considered constant in the audio-frequency range, except when
the Helmholtz resonance frequency affects the transfer function in the audio-frequency
range. The existence of one resonant frequency suggests that the transfer function of
the PA cell in the audio-frequency range may be written as the transfer function of a
second-order system [27],

Gcell (s) = ω2
H

s2 + 2ζHωHs + ω2
H

(3)

with ωH and ζH being the resonant frequency and the attenuation of the Helmholtz
resonance [18].

A typical amplitude–frequency characteristic of a microphone is presented in Fig 2a.
The important features of the characteristic are the high-frequency filtering at low
frequencies and the resonant frequency at high frequencies. The microphone reso-
nances at high frequencies have already been discussed. The high-frequency filtering
is caused by the openings in the microphone membrane that provide balancing of static
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(a)

(b)

Fig. 2 (a) Typical frequency response of an electret microphone and (b) typical frequency response of an
audio amplifier

air pressure from both sides of the membrane. The openings prevent deformations of
the membrane due to the variations of atmospheric pressure, but at the same time,
they attenuate the response to low-frequency pressure changes, effectively acting as a
high-frequency filter with a low cutoff frequency. Therefore, the approximate transfer
function of the microphone may be given as the product of the transfer function of a
high-frequency filter and a second-order system that has the resonant frequency of the
microphone [27],

Gmic (s) = s

s + ωm1

ω2
m2

s2 + 2ζm2ωm2s + ω2
m2

(4)

with ωm1 standing for the cutoff frequency of the high-frequency filter, and ωm2 and
ζm2 being the resonant frequency and the attenuation of the microphone resonance.
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A typical amplitude–frequency characteristic of an audio amplifier is given in
Fig. 2b. The important features of the characteristic are high-frequency filtering at
low frequencies and low-frequency filtering at high frequencies. The high-frequency
filtering at low frequencies is the consequence of the input capacitor that removes
the DC component of the input signal before amplification. Similar to the case of
the microphone, the capacitor and the input resistance of the amplifier represent a
high-frequency filter. However, the values of the input capacitor and the resistance
are sufficiently high that the cutoff frequency of the high-frequency filter is far below
the audio-frequency range. The bandwidth of audio amplifiers is inversely propor-
tional to their gain so that the bandwidth–gain product is the constant of an audio
amplifier. Therefore, the low-frequency filter has the cutoff frequency approximately
B/A, where B stands for the bandwidth and A stands for the gain of the amplifier.
Consequently, the transfer function of an amplifier may be approximated in the audio-
frequency range as the transfer function of the high-frequency filter with the cutoff
frequency B/A [27]:

Gamp (s) = 2π · B/A

s + 2π · B/A
(5)

Therefore, the transfer function of the PA measurement system may be approximated
in the audio-frequency range with the expression

G (s)=K
s

s + ωm1
· 2π ·B/A

s + 2π ·B/A
· ω2

m2

s2 + 2ζm2ωm2s + ω2
m2

· ω2
H

s2 + 2ζHωHs + ω2
H

(6)

The parameters of the transfer function ωm1, ωm2, ζm2, ωH , ζH , A and B should be
determined by plotting the log–log diagram of the spectrum of the response of the PA
measurement system to white noise and recognizing the characteristic features in the
obtained plot. If some of the features are missing, then the corresponding characteristic
frequency should be considered infinite. Once the approximate transfer function in the
form (Eq. 6) is known, the equations (Eq. 2) may be applied to determine PA response.

4 Conclusion

The paper presented an analysis of the photoacoustic measurement setup and proce-
dure that should reveal why thermal memory effects are not detected in the modulation
frequency characteristics of PA response, despite theoretical predictions. The analy-
sis also provided some instructions for future PA experiments that intend to detect
the predicted thermal resonances in the modulation frequency characteristics of PA
response and provide support to the theory of thermal memory of matter.

The results of the analysis have shown that the values of the lowest resonant fre-
quencies that may be detected in a material are close to the inverse thermal relaxation
time of the material. Therefore, thermal resonances are expected in the modulation
frequency range of usual PA experiments only for thin samples with thermal relax-
ation times longer than a millisecond, which means only for soft matter samples with
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sub-millimeter thickness. Since detection of a single resonance would not confirm
the predicted thermal memory effects, multiple resonances should be detected, which
means that the frequency of the first harmonic of thermal resonances should be sev-
eral times smaller than the modulation frequency range. The analysis has also shown
that the modulation frequency step in measurements should be constant, and not pro-
portional because thermal resonant frequencies are approximately equidistant. The
modulation frequency step should be at least an order of magnitude smaller than the
resonant frequency to provide sufficient resolution to the detected resonant peaks.

Furthermore, the resonances detected in the modulation frequency characteristics
have to be separated into the resonances of the measurement system and thermal
resonances. The presented analysis considers mechanical resonances of the sample,
the air column in the PA cell, and the microphone. The results of the analysis have
shown that the resonance of the microphone and the Helmholtz resonance in the
case of transmission configuration have resonance frequencies in the audio-frequency
range, so that they may be confused with thermal resonances in PA experiments. The
paper presents an approximate model of the PA measurement system, which enables
separation of thermal resonances from other resonances that arise in the system.
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