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Abstract The results are reported of an experimental investigation of the soil thermal
conductivity over a wide temperature range, for various water contents and two soil
types. The results are particularly important in predictions of underground heat trans-
fer, which require a quantitative understanding of the coupled dependence of the soil
thermal conductivity on texture, temperature, and water content. In the research, com-
prehensive sets of thermal conductivity for Ottawa sand (coarse soil) and Richmond
Hill fine sandy loam (medium soil) are experimentally obtained using the guarded
hot-plate method, for temperatures ranging from 2 °C to 92 °C and water contents
varying from complete dryness to full saturation. For both soils, the thermal conduc-
tivity is observed to vary in three stages with respect to increasing water content: a
very minor increase as water content increases to the permanent wilting point, a steep
increase as water content further increases to field capacity, and a minor increase
(for temperatures less than 72 °C) or decrease for (temperatures greater than 72 °C)
when the field capacity is exceeded. Then, on the basis of gathered datasets, a similar
Ke(S;, T) form of the soil thermal conductivity model by Tarnawski et al. is used to
empirically fit the data. The resulted correlations fit the data well with their overall
root-relative-mean-square percentage errors of 4.7 % and 6.1 % for Ottawa sand and
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Richmond Hill fine sandy loam, respectively, and are suitable for most engineering
applications.

Keywords Guarded hot-plate method - Soil thermal conductivity -
Thermal-conductivity modeling - Underground heat transfer

1 Introduction

Accurate soil thermal properties are necessary for numerous engineering, environmen-
tal, and agronomical applications. A property often of interest is the effective thermal
conductivity, A, since it reflects the ability of soil to conduct heat. This makes thermal
conductivity an important parameter in solving problems of ground waste disposal,
geothermal energy extraction, enhanced oil recovery, ground thermal storage, thermal
soil remediation, behavior under forest fires, and climate tuning of buildings to specific
environments, to name a few. Not surprisingly, numerous attempts have been made to
develop advanced analytical techniques to predict quickly the thermal conductivity of
soils and, although these approaches have evolved significantly over the past several
decades, none is capable of precise estimation. This is mainly because of the com-
plexity of the model formulation, since the thermal conductivity of soil depends on
numerous interconnected parameters which are difficult to incorporate into a single
model. Also, reliable experimental data are required to properly calibrate and verify a
model, and such data are not widely available.

In general, thermal-conductivity models of soils are classified as empirical or theo-
retical. The theoretical modeling involves an approximate analytical reconstruction of
the actual soil structure, based on its properties, and as such, is very challenging due
to the dependence on a wide variety of parameters, including mineral composition,
particle shape and size distribution, temperature, dry density, porosity, water content,
etc. Some of these parameters are hard to measure precisely, and it is difficult to incor-
porate all of them into a single universal model. Moreover, analytical models normally
involve empirical coefficients which also cannot be estimated precisely [1].

In comparison, empirical modeling is based purely on the numerical and mathe-
matical analyses of experimental data. Empirical correlations are much easier to use
and incorporate in numerical algorithms, but are primarily dependent on the accuracy
of the experimental data [2]. Numerous correlations for soil thermal conductivity have
been proposed. Among others, Kersten [3], Gemant [4], Johansen [5], de Vries [6],
Van Rooyen and Winterkorn [7], Cote and Konrad [8], Tarnawski and Leong [9], and
Tarnawski and Gori [10] have developed correlations that vary in complexity. Each
of these correlations is limited to a certain type of soil as well as specific conditions.
Kersten [3] based his correlations on empirical data he collected. He produced expres-
sions for the thermal conductivity of frozen and unfrozen silt and sandy soils as a
function of water content and dry density. However, as shown by Farouki [11], Ker-
sten’s correlation is accurate only for frozen soils with saturations up to 90 %. Also,
for a very low degree of saturation down to dry state, the correlation produces negative
thermal conductivity values. Gemant’s correlation [4] assumes an idealized geometri-
cal model of soil particles with point contacts. The soil thermal conductivity is derived
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as a function of the dry bulk density (ratio of dry soil mass to dry soil volume), water
content, apex water (i.e., water collected around the contact points), water absorbed
as a film around the soil particles, and thermal conductivities of water and solids.
However, Gemant’s correlation gives a reasonable estimate for only unfrozen sandy
soils. Johansen’s correlation [5] presents the soil thermal conductivity as a function
of the degree of saturation, and is suitable for both coarse and fine grained soils in the
frozen and unfrozen states. However, accurate results are predicted for water content
up to 20 %. The de Vries model [6], based on the assumption that soil is composed of
two phases, considers solid uniform ellipsoidal particles within a fluid. The method
represents the thermal conductivity as a function of the solid volume fraction and the
thermal conductivities of the solid and fluid phases. However, its results are reason-
able only for unfrozen coarse soils with saturations of 10 % to 20 %. The correlation
developed by Van Rooyen and Winterkorn [7] is based on data collected for sands and
gravels. The thermal conductivity is given as a function of the degree of saturation, dry
density, mineral type, and particle shape. The Van Rooyen and Winterkorn correlation
is limited to unfrozen sands and gravels with saturation levels between 1.5 % and
10 %. A common deficiency in all these correlations is a very narrow range of water
content.

Another major problem with analytical modeling is a lack of comprehensive and
accurate experimental research for proper verification and calibration, especially for
low to intermediate water contents and temperatures above 50 °C. Even the most
recent and advanced analytical and numerical studies are verified on the basis of
limited experimental data. For instance, using the heated probe method, Sepaskhah and
Boersma [12] provide thermal-conductivity data for loamy sand, loam, and silty clay
loam textures, but at only two moderate temperatures (25 °C and 45 °C) and a limited
range of water content (with some soil texture, porosity, and bulk density data being
misprinted). Another well-referenced experimental study by Campbell et al. [13] is
more extensive and involves nine soils, covering three textural groups: coarse soils (L-
soil, Royal, Volkmar), medium soils (Palouse-A, Salkum, Mokins, Walla Walla), and
fine soils (Palouse-B, Bouldercreek). The thermal conductivity was measured using
the heated probe method for a temperature range of 30 °C to 90 °C, at 20 °C intervals.
However, the data are reliable only for lower temperatures (30 °C and 50 °C), since the
data vary somewhat erratically with water content for temperatures of 70 °C and 90 °C.
The thermal study conducted by Black et al. [14] for Ottawa sand was based on the
heated dual-probe technique as well as a guarded hot-plate (GHP) apparatus. However,
the study does not mention the temperature range over which the measurements were
taken. Moreover, the thermal-conductivity measurements for low water contents are
significantly scattered and thus are of doubtful validity. The reason is probably moisture
migration around the probes, which also resulted in the thermal conductivity measured
by a heated probe being on average lower than the GHP measurements. One of the
most reliable studies was conducted recently by Hiraiwa and Kasubuchi [15] on the
basis of dual-heated probes and involved thermal-conductivity measurements of clay
loam and light clay soil textures for the temperature range of 5°C to 75 °C, at 10°C
intervals. However, the temperature range is not extensive enough for comprehensive
verification of high- or low-temperature models. A common deficiency in all these
studies is the absence of detailed information regarding particle size distribution and
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mineralogical composition of the soil samples, which are crucial for refining the model.
The experiments were done over limited low- to mid-temperature ranges, in many cases
exhibiting a questionable accuracy. Despite limitations, these datasets are commonly
used for theoretical and numerical modeling.

The objective of this research is to aid the development of accurate high-temperature
models of soil thermal conductivity by establishing comprehensive sets of experimen-
tal data and corresponding models for two soils with established physical and min-
eralogical properties over a wide temperature range (2 °C to 92 °C). First, an exten-
sive experimental thermal-conductivity study is conducted for two soils of different
textures and particle size distribution: Ottawa sand (coarse soil) and Richmond Hill
fine sandy loam (medium soil). Then, a similar Ke(S,, T) form of the soil thermal-
conductivity model of Tarnawski et al. [16] is used to correlate between the model and
the experimental datasets.

2 Experimental Technique and Procedures
2.1 Preparation of Soil Samples

Soil thermal properties are strongly influenced by the soil volumetric water content as
well as by the volume fraction of solid and air. Since air is a poor thermal conductor,
it reduces the effectiveness of the partially saturated soil in conducting heat; and
while the solid phase has the highest conductivity, it is the variability of moisture
within the sample that most influences the thermal conductivity. Hence, a successful
experimental measurement of soil thermal conductivity requires a careful and reliable
sample preparation technique. Dry soil properties such as dry bulk density and soil
particle density have to be precisely measured since, without them, the thermal data
are much less meaningful. Then water is added to achieve the desired water content
according to the procedure described below.

The specimen preparation procedure is based on that first introduced by Holton et
al. [17]. First, the soil samples are dried in an oven at 105 °C for 24 h. The dry-bulk
density is then determined by

Mg
Ve

ey

Pdb =

where My is the mass of the dry soil which is hard-packed into a sample container of
volume V.. The porosity (void fraction) of the soil samples is calculated by

¢=1—p— @)

where ps is the density of soil solid particles. Then, to obtain a specific volumetric
water content, 0y, the following equation is used to determine the required volume
Vw or mass My, of water to be added to the dry soil:

Vw = VCOW (3)
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The dry sample is hand mixed in a sealed ziploc bag with the required amount of water.
To achieve a more uniform moisture distribution, the sample is heated in cycles in a
microwave oven and eventually left for 48 h in a constant-temperature environment.
Consequently, the sample is hard-packed into an experimental container, made from
electroplated 0.20 mm thick mild steel, and covered by an overlapping sliding lid.
The containers are sealed with a non-hardening, high-temperature resistant sealant
for pressures up to 34.5 MPa. The containers are then weighed and left for 24 h for
the sealant to cure. Finally, the weight and the thickness of the filled container are
measured again and it is ready for the experiment. The diameter and thickness of soil
layer are about 150 mm and 20 mm, respectively. After the experiment the container is
weighed again for making sure of no loss of moisture, and then the sealant is removed
and the soil is dried in the oven for 24 h. The mass of dry soil is then determined and
divided by the volume of the container to get the dry bulk density of the soil. The
volumetric water content, 0y, can also be re-evaluated through the mass difference
between before and after drying.

2.2 Properties and Composition of Experimental Soils

Samples of two types of soils, namely, Ottawa sand and Richmond Hill fine sandy loam,
are used in this study. The Ottawa sand is a natural silica coarse sand with 99 % quartz
content, a particle density ps = 2650kg-m 3, a dry bulk density pg, = 1680kg-m—3
(at well-compacted condition), a porosity ¢ = 0.366, and particles with diameters
variation from 0.59 mm to 0.84 mm [18]. The Ottawa sand is chosen because it
has been studied extensively at low temperatures [18-20] and thus can be used as a
reference material for verification of experimental results. The Richmond Hill soil is
grayish-brown in color when dry, and has a fine sandy loam texture. The soil has been
extracted from a site in the town of Richmond Hill, Ontario, at the northeast corner
of Bayview Avenue and Elgin Mills Road from three pits 50 cm to 60 cm deep and
approximately 50 m apart from each other. The samples were extracted below the
top fertile layer (25 cm to 30 cm) and hence are not influenced by biological activity
nor do they contain organic matter. The original soil comprises about 13 % to 15 %
rock/gravel fragments, which are 3 mm in average diameter, however the soil has
been sieved through a 2 mm mesh screen to remove them. The sieved soil for the
experiment has the following composition: sand mass fraction mg, =& 0.523, silt mass
fraction mg ~ 0.322, and clay mass fraction m. =~ 0.155. The mass fractions of the
particle size distribution for Richmond Hill fine sandy loam can be found in Table 1.
The average particle density of Richmond Hill soil is around 2650 kg - m 3 (which is
typical for most North American soils), the dry bulk density is pg, = 1137kg - m—3
(at well compacted condition), and the porosity is calculated to be ¢ = 0.571, which
is typical for its textural class. According to Bristow [21], the quartz content in a soil
strongly influences the thermal conductivity of soil solids, because quartz has a much
higher thermal conductivity than other minerals. The complete mineral composition
(as tabulated in Table 1 with an absolute error of 2 mass% to 3 mass% of the soil
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Table 1 Mass fractions of particle size distribution and mineral composition for Richmond Hill fine sandy
loam

Name of particle Particle size (um) Fraction (mass%) Mineral Fraction (mass%)
Very coarse sand 1000-2000 2.8 Quartz 33

Coarse sand 500-1000 5.4 K-feldspar 7

Medium sand 250-500 10.3 Plagioclase 20

Fine sand 100-250 19.9 Actinolite 2

Very fine sand 53-100 13.9 Calcite 29

Silt 2-53 32.2 Chlorite

Clay <2 15.5 Clay

Table 2 Permanent wilting
point, field capacity, and full
saturation points of two tested
soils

Volumetric water con- Ottawa sand Richmond Hill soil
tent (m3 . m*3)

Opwp 0.092 0.143
Opc 0.183 0.290
Ors 0.366 0.571

is obtained by combined use of the X-ray diffraction (XRD) and X-ray fluorescence

(XRF) techniques. Using the geometric mean model, i.e., As = Agg"‘xéjg?j with
Az = 77W -m~! - K7l and Ao—min = 2.13W - m~! . K~! at 20°C [22], the
thermal conductivity of soil solids for Richmond Hill fine sandy loam is estimated
tobe Ay = 3.26W -m~! . K~! for B4 = 0.33 m? of quartz per m> of soil solids.
The empirical correlations for A; and ©¢ developed by Tarnawski et al. [22], based
on measured quartz contents of 40 Canadian soils, give s = 3.30W - m~! . K~!
and O = 0.35 m? of quartz per m? of soil solids, which are about 1.4 % and 6.1 %
differences, respectively.

The permanent wilting point, Opwp, and the soil’s field capacity, Ogc, are then
estimated on the basis of physical properties. In particular, a useful rule of thumb is
to estimate Orc as ¢ /2, and fpwp as 6pc/2. Banin and Amiel [23] and Dahiya et al.
[24] have demonstrated that the assumed ratios of

Orc _ 1

2 ©)
and

Opwp _ 1

o 3 ©

are good approximations, based on measured correlations on many soils. Table 2 shows
the volumetric water contents at the permanent wilting point, field capacity, and full
saturation for Ottawa sand and Richmond Hill fine sandy loam.
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Fig. 1 General illustration of GHP apparatus

3 Measurement of Thermal Conductivity

The effective soil thermal conductivity is measured by a steady-state technique called
the GHP method, which involves a monitored uniaxial heat flux through a specimen
fixed between parallel plates (Fig. 1). The principle of this technique is to generate
a steady known heat flux that flows unidirectionally through a specimen between the
planes of hot and cold plates. The hot plate consists of a main copper plate (178 mm x
178 mm x 19 mm) and a copper heater plate (metering device) embedded in a recess
(78 mm x 78 mm x 6.4 mm). The main plate forms a guard around the metering device
embedded in the center separated by an air gap of 0.80 mm, which acts as a thermal
barrier. The cold plate consists of a copper plate (178 mm x 178 mm x 13 mm), which
is thinner than the hot plate because it does not contain any embedded metering device.
The hot and cold plates are maintained at different temperatures by two streams of
circulating fluid through passages drilled in the plates (see Fig. 1), each uniform to
within 0.03 °C. Details on the design, operation, and measurement principles of the
GHP apparatus are presented in Reid et al. [25] and Reid [26].

In order to capture the complete trend of thermal-conductivity variation with water
content, the following eleven to twelve experimental points of volumetric water content
are considered: one point at dry condition (6, = 0), two points within the barely moist
range (0 < 6y < Opwp), five points within the moderately moist range (Bpwp < Oy <
Orc), two or three points within the highly moist range (fpc < 6w < Ops), and one
point at fully saturated condition (6 = 6gs = ¢). Based on these volumetric water
contents, the soil samples were prepared accordingly.

The thermal conductivity is obtained for a temperature range of 2°C to 92 °C,
at 10 °C intervals, with AT = 4°C between the hot and cold plates, and for water
contents from completely dry to fully saturated conditions. The AT of 4 °C is found
to be an optimum temperature difference for maximizing the sensitivity of measuring
equipment and minimizing the temperature gradient across the specific thickness of
present soil samples through a series of preliminary tests. The resulting temperature
gradient for the entire study is about 170K - m~!, which gives a range of heat flux
through the soil samples ranging from about 38 W - m~2 to 765 W - m~2. The overall
error of each measurement is a combination of quantifiable errors from various sources,
such as temperature non-uniformity of apparatus, calibration, signal conditioning,
data acquisition, and data reduction. The overall experimental uncertainty associated
with the 95 % confidence level, Uy g5, of all thermal-conductivity measurements is
determined to be 3.0 %, which is obtained by combining both the precision and bias
errors through the root-sum-square method [27]. There may also be effects due to non-
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Fig. 3 Variation in thermal conductivity of Richmond Hill fine sandy loam with volumetric water content

and temperature

quantifiable parameters, such as moisture re-distribution in soil layer (due to gravity

and thermal gradient) and homogeneity of soil sample.

4 Discussion of Experimental Results

The variations in the thermal conductivity of Ottawa sand and Richmond Hill soil
with volumetric water content for each temperature investigated are plotted in Figs. 2
and 3, respectively (for tabulated data, please refer to the Appendix Tables 5 and 6).
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The straight lines joining the data points are only for demonstration purposes and
may not be the true trends. The effects of temperature and water content are clearly
visible on the graphs. In particular, in both cases the thermal conductivity increases in
three stages with respect to increasing water content. At very low water contents up to
the permanent wilting point, the thermal conductivity of soils increases slowly, since
the water just coats the soil particles and the voids between the soil particles are not
filled with water. At the permanent wilting point, the particles are fully coated with
water, and as the water content further increases, the water fills the gaps between the
soil particles. This results in the rapid increase of the heat flow between the particles
caused by a rapidly increasing thermal conductivity. The rapid increase is even more
prominent for high temperatures, such as those greater than 62 °C, resulting in a peak
thermal conductivity greater than the one at full saturation, which may be a result
of water vapor migration through air passages in the soils [28]. However, when the
field capacity is exceeded, the voids are mostly filled, and a further increase in water
content does not appreciably increase the heat flow between the particles. Thus, the
thermal conductivity increases slightly after that point. Moreover, as the temperature
exceeds approximately 65 °C to 70 °C for both soils, the thermal conductivity slowly
decreases as the volumetric water content exceeds ~ 0.2m? - m~3 t0 0.25m> - m—3
and ~ 0.3m? - m~3 t0 0.37m?® - m~3 for Ottawa sand and Richmond Hill fine sandy
loam, respectively. This observation may be explained by the formation of small air
pockets, which are completely surrounded by soil particles and water; water vapor
stays within the air pockets and does not easily migrate, leading to a reduction in heat
transfer due to limited mass transfer.

Ottawa sand (a coarse textured soil) has higher thermal conductivities than Rich-
mond Hill fine sandy loam (a medium textured soil) by an average of 1.5 to 2.6 times,
corresponding from dry to full saturation, for all experimental temperatures. It can
also be observed from Figs. 2 and 3 that the thermal conductivities for 2°C, 12°C,
and 22 °C (maybe up to 30 °C) are relatively similar; however, for higher temperatures
(especially greater than 40 °C), the effect of temperature on the thermal conductivity is
more obvious and causes the curves to shift further upward. This may suggest that the
heat transfer in the low-temperature range (2 °C to 30 °C) is dominated by conduction
through the moist soils with very limited extent due to vapor migration. When the
temperature is high enough (such as greater than 40 °C), the heat transfer due to vapor
migration becomes noticeable, resulting in an apparent or effective thermal conduc-
tivity which may be greater than the thermal conductivity due to pure heat conduction
alone in the moist soils.

For moderately moist soils (fpwp < 6y < Opc) at high temperatures, vapor migra-
tion (i.e., mass transfer) plays a very significant role in heat transfer, effecting a rapid
increase in the thermal conductivity. As shown in Figs. 4 and 5, the rapid increase in
the thermal conductivity for a volumetric water content 6y, between Opwp and Opc,
which corresponds to the degree of saturation S; between 0.25 and 0.50, is the most
significant, reaching as high as 200 % at 92 °C with respect to the thermal conductivity
at 2°C. A change of slope can also be observed at temperatures between 32 °C and
42 °Cin Figs. 4 and 5, which indicates that vapor migration becomes more significant.
In fact, for very high temperatures of 82 °C and 92 °C, the peak thermal conductivity
near the field capacity is even greater than the one at full saturation. For example, the
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Fig.4 Percentage increase of thermal conductivity of Ottawa sand with respect to the thermal conductivities
at 2 °C for various volumetric water contents
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Fig. 5 Percentage increase of thermal conductivity of Richmond Hill fine sandy loam with respect to the
thermal conductivities at 2 °C for various volumetric water contents

peak thermal conductivities of Ottawa sand and Richmond Hill fine sandy loam at
92°Care 4.45W -m~! . K 1and 1.86W -m~1.K™!, respectively, which are about
12 and 8 times greater than their respective thermal conductivities at dry condition
or about 1.12 and 1.15 times greater than their respective thermal conductivities at
full saturation. At dry and saturated conditions, where no vapor migration occurs,
the thermal conductivity only increases about 10 % and 20 %, respectively, over the
temperature range of 2 °C to 92 °C. At near dryness and near saturation conditions,
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Fig. 6 Experimental and published thermal-conductivity values of Ottawa sand

such as S; =~ 0.25 and 0.75, respectively, the effect of vapor migration is relatively
moderate and the increase in thermal conductivity over the temperature range is about
100 % to 140 % and 60 % to 80 %, respectively.

4.1 Verification of Results

In order to verify the accuracy of the GHP apparatus as well as the sample preparation
methodology, preliminary tests were conducted to obtain thermal conductivities of
Ottawa sand at 20°C to 25°C for 0 and 0.339m~3 - m~ water contents and the
results were compared to several published values. The results are presented in Fig. 6
and are in excellent agreement with results of Bligh and Smith [18] and Moench
and Evans [20]. Both sets of results exhibit a strong dependence of the soil thermal
conductivity on water content. The current result for the saturated sample at 22 °C has
a maximum discrepancy of 5.2 % lower than the reference data. This discrepancy may
be attributed to as much as 3.1 % higher dry-bulk density in [18] (1750kg - m 3 vs
1805kg - m_3) and also a 4.0 % overall uncertainty (U 9s) of thermal conductivity
measurement at AT = 2°C.

In the case of a dry Ottawa sand, the thermal conductivity remains almost constant
over the entire temperature range, increasing very gradually in a linear manner from
0.33W-m™' . K~ 1t00.36 W-m~! . K~! within the 2 °C to 92 °C temperature range,
which is about 10 % increase and is less than the percentage increase (28 % increase)
in the thermal conductivity of air over the same temperature range. This increasing
trend agrees well with the observation of Tarnawski et al. [29]. They explain that the
air acts as a very effective thermal insulator around the quartz sand particles; as a
result, a diminutive increase of the thermal conductivity with temperature is driven
by increasing the thermal conductivity of air, overshadowing the decreasing trend of
quartz’s thermal conductivity with temperature.
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For the case of a saturated Ottawa sand, the increase is noticeable and nonlinear,
varying from around 3.19W - m~!' . K=! to 408 W - m~! . K~! within the 2°C to
92 °C temperature range, which is about 28 % increase. This increase is greater than
the percentage increase (20 % increase) in the thermal conductivity of water over
the same temperature range. However, this increasing trend does not agree with the
observation of Tarnawski et al. [30], who using a transient thermal-conductivity probe
measured a slight decreasing trend of the thermal conductivity of saturated Ottawa
sand with increasing temperature. This is due to the decreasing trend of quartz’s
thermal conductivity within the 2 °C to 92 °C temperature range, which is about a
23 % decrease [30]. In order to investigate the different observations, the following
steady-state balance equations of fluid mass and energy together with the Brinkman
equation [31], which includes the effects of Darcian, thermo-osmosis, and Boussinesq
buoyant flows [32], respectively, are employed:

V-i=0 @)
V- AaVT) — pwewii - VT =0 ®
—Vp— ’fC—WkTVT — pwgBuw (Te — T) Vz + (1 V2ii = ’f(—wﬁ )

where i = ui + vf + wk, is the volumetric average velocity or volumetric water flux
vector (m-s~1); 7T is the temperature (K); 7¢ is the cold-plate temperature and is used
as areference temperature; p is the interstitial average pressure (Pa); z is the elevation
(m); py is the density of water (kg - m_3); cw 1s the specific heat of water (J - kg_1 .
K~1); pw is the dynamic viscosity of water (kg - m~! - s71); B is the volumetric
expansion coefficient of water (K™!); « is the intrinsic permeability of saturated soil
(m?); kr is the thermo-osmotic permeability of saturated soil (mZ- K1 s71); Aga is
the thermal conductivity of saturated soil (W - m~! . K~!); and g is the gravitational
acceleration (m - s72).
The boundary condition for the velocity field is

i = 0 (all walls have no-slip conditions) (10)
The boundary conditions for the temperature field are

T = T, (prescribed high temperature at z = L, i.e., top surface) 11
T = T. (prescribed low temperature at z = 0, i.e., bottom surface) (12)
naVT = 0 (insulated at vertical side walls) (13)

The fully-coupled system of Eqs. 7 to 9 can be numerically solved for the pressure
(p), temperature (7'), and fluid velocity (#, v, and w) with the boundary conditions
(Egs. 10 to 13).

The saturated hydraulic conductivity of Ottawa sand was measured to be K, =
5.71 x 1073m-s~! at 24 °C, using the falling-head method. The intrinsic permeability
is related to the saturated hydraulic conductivity.
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K = Kn (14)
pg

Therefore, the value of the intrinsic permeability of Ottawa sand is obtained to be
k = 5.28 x 1071m?. However, there is no equipment which is accessible by the
authors to measure the thermo-osmotic permeability of Ottawa sand. Also, there are
no data available for the thermo-osmotic permeability of sand in the open literature.
Nonetheless, there are few experimental data for compacted clay. The range for the
thermo-osmotic permeability of compacted clay is between 10714 m? . K~ . 57!
and 10719m? . K1 . s71 [32,33]. Sorel [32] also gives the range of the satu-
rated hydraulic conductivity of compacted clay to be between 10~ m - s~ and
10" 'm-s~!. The values of the thermo-osmotic permeability and saturated hydraulic
conductivity seem to have about the same order of magnitude. Therefore, it is
deduced that the thermo-osmotic permeability of Ottawa sand is in the range of
107"m2 - K . slto103m?2. K 1.s7!, assuming that the measured saturated
hydraulic conductivity is at the high end of the range. Five cases of the mean tem-
perature (T, = (Th + T¢) /2 = (25,40, 50, 60, and 70) °C) were simulated using
COMSOL Multiphysics [34], due to the known Agy values for these temperatures from
Tarnawski et al. [30]. According to Tarnawski et al., their transient thermal conductiv-
ity probe was powered for only 120 s for each measurement. Over the short duration
of measurement, the thermal osmosis is practically non-existent. Therefore, their mea-
sured thermal conductivities can be considered as Ag, and are given in Table 3, which
are adjusted by interpolation to match with the present porosity of 0.339m> - m~3.
Figure 7 shows a finite element mesh of the simulated soil layer as a porous medium
in a sample container. The fluid properties used in the simulations are evaluated at Ti,
and are treated as constants (see Table 3).

Due to the unknown value of the thermo-osmotic permeability, a preliminary study
was conducted to obtain a probable value of the thermo-osmotic permeability of Ottawa
sand by varying its value from 10~"m? - K=! . s7! to 1073 m? . K~ . 57! for the
case of T, = 25°C. It was found that in the confined space of the container, the
Darcian (due to the developed reverse pressure as a result of the thermo-osmosis flow)
and the heating-from-above buoyant flows almost counteract the thermo-osmosis flow.
The fluid velocity and, hence, the convective heat flux from the hot plate to the cold
plate increase with the thermo-osmotic permeability. After many trials, the value of
kr = 1.7 x 107> m? - K~ . s7! was finally found to produce a satisfactory result.
The same value of the thermo-osmotic permeability was then used for the other cases
of Tin. As a result, the total heat flux (conduction + convection) from each case was
obtained and then the effective thermal conductivity of the soil layer was calculated
as follows:

_ _4qr
" AT/L

Aeff (15)

where g is the total heat flux (W -m~2), AT = Tj, — T, = 2K, and L = 0.020 m.
The effective thermal conductivities are tabulated in Table 3 and they are within 1 %
difference with respect to the present experimental data. Therefore, it can be concluded
that the increasing trend of the measured thermal conductivity of saturated Ottawa
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Fig. 7 Finite element mesh of the simulated soil layer in a sample container

sand with temperature is an artifact of the GHP apparatus which is operated under
steady-state conditions with an established temperature gradient to drive liquid water
migration.

Thus, the GHP apparatus is capable of producing results which are in excellent
agreement with reference data, except for the case of saturated Ottawa sand. Although
the GHP apparatus is unable to measure the thermal conductivity of the saturated
Ottawa sand for pure heat conduction only, it is capable of measuring the effective
thermal conductivity of the soil with the water migration driven by the temperature
gradient (also called thermal osmosis).

4.2 Empirical Modeling of Soil Thermal Conductivity

From the measured data, it is evident that the behavior of the soil thermal conductivity
is strongly dependent on the temperature and water content. An increase in either
leads to an increase in the soil thermal conductivity. An empirical correlation model
of soil thermal conductivity by Tarnawski et al. [16], as a function of both temperature
and water content, is originally considered in this research. However, it is not fitted
satisfactorily to the present experimental datasets. Therefore, a number of similar
functions were tried and the following function is found to be very satisfactory for
fitting the present experimental Kersten (Ke) numbers.

ar +axS; + a3Sr2 + a4Sr3 +asT

Ke (S, T) =
. T) 1 +aeSr +a78? + asT + agT? + a1 T3

(16)

where S; = 6y, /¢ (the degree of saturation) and 7 is in °C.

@ Springer



Int J Thermophys (2013) 34:1110-1129 1125

Table 4 Correlation coefficients

of Eq. 16 for Ottawa sand and ((:Iooerfrﬁe(l:zil:stn Ottawa sand El:r}:lmond Hill fine sandy
Richmond Hill fine sandy loam
aj —6.7346 x 1073 —6.6775 x 1073
a 0.601415 0.214586
a3 —1.53135 —0.303667
a4 2.38584 1.46713
as 2.1202 x 1074 2.0532 x 1074
ag —2.69340 —2.36964
ay 3.18540 2.81533
ag —1.9277 x 1073 2.6981 x 1074
ag —48174x 1075 —1.1871 x 107*
ao 3.7990 x 10~7 7.8995 x 10~/

_ l"":‘s§‘i§§
1.5 ")’\‘ =
RS
12 % error _| II ' '

o 054
X

O ..

-0.5 20

Fig. 8 Graphical representation of Eq. 16 for Ke numbers of Ottawa sand

Equation 16 is used to fit the experimental Ke numbers of Ottawa sand and Rich-
mond Hill fine sandy loam at unfrozen states. Since most of the available soil thermal-
conductivity data in the literature were measured at room temperature, in order to
make a Ke function easily adoptable, the thermal conductivities at dry and fully sat-
urated states (Adry and Agy) at 22 °C are used as reference values for calculating the
experimental Ke numbers of Ottawa sand and Richmond Hill fine sandy loam,

A—A 0
Ke — dry@22°C

Asat@22°C — Adry@22°C

7)

where Adry@22°c and Asat@22 oc for Ottawa sand and Richmond Hill fine sandy loam
are obtained from Tables 5 and 6, respectively.

The coefficients a; to ajg are obtained for each soil and remain constant for all
temperatures and degree of saturations and are listed in Table 4, and the correlations
are plotted along with experimental Ke values in Figs. 8 and 9, respectively.
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Fig. 9 Graphical representation of Eq. 16 for Ke numbers of Richmond Hill fine sandy loam

4.3 Limitations and Fitting Error of Empirical Correlation

A visual inspection indicates that the proposed empirical correlation model produces
an adequate fit to the measured data for most temperatures over the saturation range
considered. To assess the accuracy of the correlation quantitatively, the overall coef-
ficients of determination, r2, for Ottawa sand and Richmond Hill fine sandy loam
were calculated to be 0.987 and 0.976 (indicating a very good fit to the data), respec-
tively. However, they might be slightly misleading since they were evaluated based
on complete data covering all temperatures and all water contents. Thus, the high
overall 72 values in this case might not guarantee the accuracy of correlation for every
temperature and water content (discrepancies can be seen in Figs. 8 and 9). In order to
determine the probable error of using Eq. 16 with the coefficients in Table 4, the ther-
mal conductivities of Ottawa sand and Richmond Hill fine sandy loam are calculated
using the re-arranged Eq. 17,

A (St T) = Aary@220C + (Asat@22°C — Adry@220c) Ke (S, T) (18)

The largest individual errors between the calculated and experimental thermal con-
ductivities for Ottawa sand and Richmond Hill fine sandy loam are calculated to be
12 % and 14 %, as indicated in Figs. 8 and 9, respectively. Meanwhile, the overall
root-relative-mean-square percentage errors for Ottawa sand and Richmond Hill fine
sandy loam are 4.7 % and 6.1 %, respectively, which indicates that the use of Eq. 16
is reasonable for most engineering applications.

5 Conclusions and Recommendations

Effective soil thermal conductivities of two soil types have been obtained over a wide
temperature range and for full range of water content. One of the primary applications
of the datasets is expected to aid the development of accurate theoretical as well as
empirical high-temperature models of soil thermal conductivity. The experimental Ke
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data are fitted well to an empirical correlation as a function of temperature and degree
of saturation. The use of the correlation for calculating the thermal conductivities
of Ottawa sand and Richmond Hill fine sandy loam gives the overall root-relative-
mean-square percentage errors of 4.7 % and 6.1 %, respectively, which are reasonable
for most engineering applications. It is anticipated that any existing soil thermal-
conductivity model can be verified and possibly modified or recalibrated with the data
to improve its accuracy. The results suggest that it would be worthwhile to extend this
investigation to measure the thermal conductivity of more soil types, namely, silt, clay,
loam, and peat in unfrozen as well as frozen states. Extended thermal-conductivity
datasets should allow precise verification and consequently improvement to theoretical
and empirical models, and may lead to a universal methodology for evaluating soil
thermal conductivity.
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Appendix

See Tables 5 and 6.

Table 5 Measured thermal conductivity (W - m!l. Kfl) of Ottawa sand

Oy (m3 - m™3)

TC°C) 0 0.045 0.085 0.114 0.1352 0.1492 0.1631 0.183 0.27  0.333 0.366
2 0.336  0.529 0.729 00916 1.114 1266  1.443 1.696 2.695 3.190 3.300
12 0.338 0.536  0.766 0.992 1200 1.367  1.547 1.806 2.800 3.220 3.329

22 0.340 0.552 0.835 1.090 1316 1494 1.713 1.996 2928 3.270 3.364
32 0.343 0.568 0.890 1.190 1.477 1.701 1.954 2287 3.090 3.340 3.416
42 0.346 0.601 0.967 1318 1.692 1976 2282 2.673 3.238 3.410 3.463
52 0.350 0.630 1.051 1.471 1954 2300 2.655 3.059 3.382 3.490 3.537
62 0.353 0.663 1.148 1.658 2.230 2.633 3.069 3.400 3.556 3.600 3.619
72 0.357 0.713 1.282 1.900 2.528 2.989  3.449  3.722 3.759 3.724 3.689
82 0.359 0.800 1.459 2.195 2.879 3345 37770 4.052 3986 3.886 3.811
92 0.363 0920 1.725 2.632 3.440 3.904 4248 4.446 4.292 4.078 3.956
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Table 6 Measured thermal conductivity (W - m~!. K_l) of Richmond Hill fine sandy loam

f(m3 - m™3)

T(°C) 0 0.069 0.138 0.1706 0.2032 0.232 0.2684 0.302 0.3691 0.436 0.5035 0.571

2 0.221 0.240 0.285 0.349 0.435 0.503 0.620 0.737 0.816 0.998 1.126 1.301

12 0.223 0.246 0.305 0.376 0.466 0.545 0.665 0.778 0.857 1.031 1.150 1.318

22 0.225 0.253 0.328 0.410 0.511 0.594 0.720 0.835 0.914 1.080 1.186 1.332

32 0.227 0.260 0.351 0.447 0.560 0.650 0.786 0.906 0.985 1.124 1.220 1.357

42 0.229 0.268 0.376 0.492 0.624 0.726 0.880 0.997 1.071 1.180 1.278 1.388

52 0.232 0.278 0.404 0.545 0.703 0.827 0.992 1.120 1.180 1.263 1.334 1.426

62 0.234 0.289 0.433 0.598 0.793 0955 1.139 1.271 1.327 1.368 1.402 1.447

72 0.237 0.300 0.463 0.665 0.902 1.105 1.280 1.451 1.485 1.496 1492 1.489

82 0.239 0.312 0.511 0.744 1.034 1.263 1.447 1.658 1.650 1.624 1.594 1.546

92 0.242 0.325 0.568 0.844 1.223 1459 1.622 1.861 1.827 1.774 1.712 1.613
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