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Abstract

Although the effects of professional development programs on teachers’ noticing
skills have attracted considerable interest among mathematics education research-
ers, little is known about the developmental process of prospective teachers’ notic-
ing skills within initial teacher education. This paper examines the extent to which
prospective teachers’ noticing skills are developed through the mathematics educa-
tion courses taken within the mathematics teachers’ education program using exem-
plarily the topic division of fractions. The study is grounded on the framework of
Professional Noticing of Children’s Mathematical Thinking which specifies three
facets of noticing, that are attending, interpreting, and deciding how to respond.
Twenty-two prospective mathematics teachers (PSTs), who were enrolled in the
Middle School Mathematics Teacher Education Program at a Turkish university,
participated in this study. The results revealed that most PSTs gained expertise in
all three kinds of noticing skills during their teacher education. The highest progres-
sion could be identified in the interpretation skills and the lowest in attending skills.
These results are important for initial teacher education programs, highlighting that
general, non-specialized mathematics education courses within initial teacher edu-
cation have the potential to provide an efficient professional development program
to develop PST’s noticing skills. The study points out that further research is needed
in order to provide additional details about how teacher education programs could
be redesigned and implemented to ensure opportunities for PSTs to develop noticing
skills within all three facets leading to robust or at least substantial evidence of all
three noticing skills.
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Introduction

Recent reforms in mathematics education have highlighted that effective math-
ematics teaching is challenging, requiring knowing and understanding mathemat-
ics, in addition to the ability to manage students’ thinking, creating supportive
and demanding classroom environments, and identifying noteworthy classroom
events, which may support students’ learning (Mason, 2002; National Council
of Teachers of Mathematics [NCTM], 2000). No recipe exists to make effec-
tive teaching easier; however, results of empirical studies found out that keeping
students’ thinking at the heart of instruction by attending to students’ strategies,
interpreting their understanding, and making in-the-moment decisions accord-
ingly are a cornerstone of effective teaching (Stockero et al., 2017a, 2017b). Con-
sequently, teachers must have the skills required to notice students’ thinking pro-
fessionally (Jacobs et al., 2010).

Acknowledging the important role of noticing in effective teaching, many
studies have been carried out in the past investigating teachers’ noticing skills
from different perspectives (Jacobs et al., 2010; Star & Strickland, 2008; Van
Es, 2011). However, although noticing is characterized by its domain speci-
ficity (Nickerson et al., 2017), only a few studies have explored how teachers’
noticing of students’ mathematical thinking is shaped by specific mathematical
domains (e.g. Ivars et al., 2020; Simsek, 2020). Departing from this research gap
on teachers’ noticing of students’ mathematical thinking in specific mathematical
domains, the present study aims to contribute to this research field under two per-
spectives. First, division of fractions has been focused on as mathematical topic
due to its challenging nature based on its conceptual complexity, and its high rel-
evance in mathematics teaching (Tirosh, 2000). Second, as prospective teachers
play a prominent role in future mathematics teaching, it is important to explore
the extent to which initial teacher education programs promote prospective teach-
ers in professionally noticing students’ thinking regarding various mathematical
concepts.

Literature Review
Teachers’ Noticing

Teachers’ noticing is focused on teacher’s interaction within the classroom as
an activation of teachers’ knowledge within practice. Therefore, it is regarded as
“a process rather than a static category of knowledge” (Sherin et al., 2011, p.
5) and understood in a variety of ways. Based on Goodwin’s approach of pro-
fessional vision (1994), the construct of teachers’ noticing was broadened by a
socio-cultural perspective including different aspects of teachers’ thinking and
practices into the understanding of noticing (Jacobs et al., 2010; Kaiser, Busse,
Hoth, Konig & Blomeke, 2015; Mason, 2002; Sherin et al., 2011). Sherin et al.
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(2011) described two aspects of teachers’ noticing that are distinguished in all
noticing studies, namely, identifying the important events that occur in the math-
ematics classrooms and interpreting these events within the instructional setting.
In addition to Sherin et al.’s description of teachers’ noticing, a third facet—
decision-making—has also been adopted by several studies. For example, Kaiser
et al. (2015) distinguished three situation-specific skills: “(a) Perceiving particu-
lar events in an instructional setting, (b) Interpreting the perceived activities in
the classroom, (c¢) Decision making, either as anticipating a response to students’
activities or as proposing alternative instructional strategies” (p. 374). Kaiser
et al. (2015) emphasized that this approach includes an overall understanding of
quality of mathematics teaching rather than limiting the construct of noticing to
specific issues as students’ understanding. These situation-specific skills are part
of the model of competence as a continuum proposed by Blomeke et al. (2015).
Based on this approach, teachers’ noticing is assumed to mediate teacher disposi-
tion (e.g. knowledge) and teacher performance (Blomeke et al., 2015). Besides,
Llinares (2013) discussed the construct of noticing as the relationship between
teachers’” knowledge of mathematics and professional practice involving several
professional tasks, including choosing and forming mathematical tasks, identi-
fying and making sense of students’ mathematical thinking, and starting and
orchestrating mathematical discussions and interactions in the classroom. More
specifically, the skill to “notice professionally” requires “knowing what, how and
when to use specific knowledge to solve the mathematics teaching tasks” (Llin-
ares, 2013, p. 79). Based on this understanding, teachers’ noticing skills allow
teachers to use their knowledge to identify mathematically significant details in
a problem and in students’ solutions, to interpret students’ learning, and to deter-
mine the most effective teaching moves. Like Llinares (2013), Jacobs et al. (2010)
discussed teachers’ noticing from a more specialized perspective by focusing on
a particular aspect of teaching—in-the-moment decisions—and particularly on
children’s mathematical thinking. From this perspective, they defined teachers’
noticing as Professional Noticing of Children’s Mathematical Thinking.

Within their framework, Jacobs et al. (2010) focused on the construct of notic-
ing by emphasizing students’ mathematical thinking as fundamental constituent
of noticing. In other words, rather than focusing on how teachers interpret com-
plex classroom environment where many situations are occurring simultaneously
(Sherin et al., 2011), Jacobs et al. (2010) narrowed down their focus on how and
to what extent teachers notice students’ mathematical thinking as individual cogni-
tive activity. Furthermore, they included in the definition of noticing a facet going
beyond activities of identifying noteworthy events, interpreting, and reasoning about
these events focusing on decision processes. In detail, they described noticing as
consisting of the three following facets: attending to children’s strategies (i.e. iden-
tification of mathematically significant details in students’ strategies), interpreting
children’s understanding (i.e. make sense of students’ understanding underpinning
their strategies), and deciding how to respond based on children’s understanding (i.e.
making instructional decisions to respond to students based on their understanding).
Jacobs et al. (2010) emphasized that all three skills are intertwined so that the devel-
opment of each skill depends on each other.
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Domain Specificity of Noticing: Division of Fractions

Results of empirical studies have confirmed that teachers’ professional notic-
ing expertise is domain-specific; consequently, teachers’ noticing skills should be
investigated in different mathematical domains to identify under a subject-specific
perspective, where improvements are required (Ivars, Ferndndez, & Llinares, 2020;
Jacobs & Empson, 2016; Nickerson et al., 2017). Based on these results, this study
focused on the domain specificity of noticing and selected the context of division
of fractions based on the following reasons; division of fractions is a complex topic
for students to learn and for teachers to teach (Tirosh, 2000). Furthermore, division
of fractions is considered a particularly challenging topic, where students experi-
ence many misconceptions and difficulties in conceptually understanding the sub-
ject, which demands specific supportive efforts by the teachers (Petit et al., 2010;
Tirosh, 2000). To support students, the teachers firstly need to have a deep concep-
tual understanding from division in connections with fractions by their own (Arm-
strong & Bezuk, 1995). However, teachers and students tend to solve tasks by rote,
relying on the algorithm rather than on the meaning of division (Unlu & Ertekin,
2012; Zembat, 2015). Based on the dominance of the rote memorization approach,
Ashlock (1990) observed that students and teachers invert both the dividend and the
divisor or invert the dividend rather than the divisor. Moreover, Jansen and Hohen-
see (2016) reported that teachers and students are not able to make sense of rep-
resentations while dividing fractions. Perlwitz (2005) similarly emphasized that a
common difficulty in working with fractions is connected to fraction division prob-
lems involving visual representations with related symbolic procedures. Although
the students struggle to conceptually understand division of fractions, studies
increasingly show that students can invent strategies based on their conceptual
interpretations of fractions and its division, and even invent division strategies that
include visual representations, using area, linear, or set models (Lamberg & Wiest,
2015). Although the conceptual understanding of fractions and their multiple repre-
sentations as well as their operations are empirically often investigated topics focus-
ing on students’ understanding, the perspective of teachers’ knowledge and teachers’
noticing has not been studied widely from the perspective of professional noticing
of children’s mathematical thinking (exceptions are the studies by Ivars et al., 2020;
Simsek, 2020). Thus, it is overdue to analyze teachers’ professional noticing in the
context of division of fractions to obtain a broader picture of teachers’ noticing and
contribute to the current state of research.

A wealth of empirical studies point out that teachers’ professional noticing can be
promoted through specific programs in initial teacher education or professional devel-
opment (Star & Strickland, 2008). Recently, many video-based programs, which aim to
foster teachers’ professional noticing, were developed and show considerable progress
of prospective and practicing teachers’ noticing, particularly concerning the attending
and interpreting/reasoning facets of noticing (for a literature survey see Santagata et al.,
2021). It is not an unexpected result that specific intervention activities, which offer—at
least prospective—teachers the chance to use their academically acquired knowledge in
learning environments, promote professional noticing, especially, when they are sup-
ported by video-based activities. Currently, it is an under-researched question, how far
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the professional knowledge—acquired in the common courses in initial teacher edu-
cation—fosters prospective teachers’ noticing skills. Especially when school practi-
cal activities are provided, which are of growing importance worldwide, the extent to
which prospective teachers’ noticing skills are fostered is not yet researched at a broad
level (Lawson et al., 2015).

The present study therefore examined the following research question: To what
extent are prospective mathematics teachers’ (PSTs) noticing skills on the division of
fraction promoted through a particular Turkish teacher education program at a (high-
achieving) Turkish university?

Methodological Approach
Study Design, Study Participants, and Data Evaluation

The study was carried out using a qualitative case study design based on three ration-
ales. Firstly, the behavior of the PSTs has not been explicitly influenced during the
study and is investigated within its real-life context (Yin, 2003). Secondly, the devel-
opment of PSTs’ noticing skills has to consider the context. Lastly, the study aimed to
provide in-depth analysis and rich description of development patterns of the level of
PSTs’ noticing skills in the context of division of fractions. The focus of the study is
one group of PSTs in their 3rd year in a Middle School Mathematics Teacher Educa-
tion Program at a Turkish university; thus, the study is a single case study. Moreover,
since the aim is to investigate PSTs’ noticing skills in the context of only one math-
ematics subject, that is division of fractions, it includes only one unit of analysis. Thus,
the study used a single-case holistic design (Yin, 2003).

The study took place over two years implementing a pre-and-post-design. The divi-
sion of fractions task (DFT) was administered to participants as a pre-test in the 1st
year of the study and as a post-test after nearly one year. In the interim, the partici-
pants had attended the usual mathematics education courses that included no special
interventions to develop PSTs’ noticing skills. Overall, the participants were third-year
students in their teacher education program during the first year of the data collection
procedure and in their final semester during the second year. Twenty-two prospective
mathematics teachers were selected from one of the top-ranked universities in Turkey.
Students enrolled at this university are required to have scored highly in the nationwide
entrance exam; thus, PSTs who participated may be considered as high-achieving stu-
dents. All participants took the same courses at the same semester during their educa-
tion at the university. Among them, nineteen (86%) were female and three (14%) were
male. Pseudonyms (i.e. PST1, PST2 ... PST22) were used for all participants to ensure
confidentiality.

Study Context

This teacher education program where the study was conducted is a four-year pro-
gram that qualifies graduates working as mathematics teachers in middle schools to
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teach students from grades 5 to 8. The compulsory courses, included in the program,
are common mathematics education courses within initial teacher education focus-
ing on teaching methods for mathematics, school experience and teaching activities
in middle school education, and the nature of mathematical knowledge for teach-
ing. Within the teaching methods courses comprising four lessons per week that the
PSTs take at their 3rd year of education, students are familiarized with basic school
mathematical concepts and the connections between mathematical concepts, real
life, and other disciplines, while also acquainting them with students’ misconcep-
tions and how to overcoming these using visual representations and manipulatives.
Particularly, all PSTs study fractions, such as the conceptual understanding of frac-
tions and operations involving fractions (including division) in these courses. The
PSTs take a school experience course in the fall semester of the fourth year includ-
ing a teaching practicum in the spring semester of the same year. During the school
experience course, PSTs observe four lessons taught by mentor teachers in a middle
school and share their observations and experiences with their classmates and uni-
versity instructor in one lesson. They also benefit from fellow PSTs’ observations
and develop ideas around teaching and learning issues to be used in real mathemat-
ics education. The school practicum includes a six-lesson field experience and two-
lesson-teaching practice. During the two-lesson teaching practice, PSTs explain how
they plan to teach the content during their internships, obtain feedback from their
university instructors, and report on their field experiences. During the six-lesson
field experience, they observe a real classroom, plan and prepare to teach mathemat-
ics, and acquire teaching experience under the mentor’s guidance. PSTs also study
knowledge types and the relationships between them during a course on the nature
of mathematical knowledge for teaching, consisting of three lessons per week in the
fall semester of their fourth year, in which they become acquainted with common
students’ mathematical misconceptions and how to deal with them.

The content of the mathematics education courses was not structured towards
the promotion of noticing skills. However, students’ invented strategies of overcom-
ing students’ misconceptions/difficulties and knowledge about the most appropri-
ate teaching methods. The aim of the mathematics education courses was to ensure
PSTs with knowledge about how to teach the topic effectively by focusing on stu-
dents’ understanding and the implementation of adequate teaching methods within
their school experience.

Data Collection Procedure

Students’ written work was selected as collection method of data rather than using
video-based collection methods for the following reasons: According to expertise
research (Berliner, Stein, Sabers, Clarridge, Cushing, & Pinnegar, 1988), inexpe-
rienced teachers take the students’ behaviors, classroom managements, and class-
room settings into consideration rather than students’ understanding. As PSTs are
inexperienced teachers, they may focus on these issues in the classroom, rather than
student thinking. Moreover, the teacher may miss in the video how the student has
solved the problem while watching the video and s/he may need to watch it again.
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The focus on the written solutions will put aside any distractions and consideration
of unimportant aspects, which may be relevant for classroom management, but not
for teachers’ noticing.

The importance of the development of fraction division, which is first devel-
oped through measurement meaning and common denominator algorithm rather
than invert and multiply algorithm, is emphasized in the discourse (Zembat, 2015).
From this perspective, the meaning of measurement is the baseline of the division
of fraction. In order to understand how PSTs conceptualize the basis of the division,
the test Division of Fraction Task (DFT) was developed by the researchers, which
consists of one problem involving the measurement meaning of division. The task
involved one correct (solution by Katrin) and two incorrect (by Lisa and Marc) solu-
tion strategies (Fig. 1).

While implementing the test, it was given strong importance to including rep-
resentations in each solution as this is important for students’ and PSTs con-
ceptual understanding (Charalambous & Pitta-Pantazi, 2007). Lisa and Marc’s
approaches include central misconceptions and misunderstandings regarding the
division of fractions and important concepts related to fractions and the divi-
sion algorithm, such as part-whole, equal parts, the meanings of numerator and
denominator, and division by a smaller fraction. By presenting Lisa and Marc’s
strategy to the PSTs, it was expected to find the extent to which their attending,
interpreting, and deciding how to respond skills had changed after their practical
experiences. On the other hand, Katrin’s approach demonstrates the correct use

The solutions by Marc, Katrin, and Lisa
Mrs. Kraft, a sixth-grade mathematics teacher, gave the following problem to her class.

Problem: Anne will plant different flowers in her garden. She divided her garden into equal
parts to plant the flowers. She needs% m? soil for each part, and she has% m? soil. How many
parts can she plant without leaving any remaining soil? (Please express in fraction form)

In the following, Marc, Katrin, and Lisa’s solutions to the problem are presented.

IMarc’s solution IKatrin’s solution ILisa’ solution
i (W [P
. " * . " I ]
T 7 YA%4%0
v .
444 L3 Hatd o Yne plece "? V' P/ - 8 /l
;,3.,_4, m ‘ {perk ;equ-\'eé .‘_\Z Yo | . [
R ~ s BRH 3 R
$or % pats. “%‘ e 4packs

Fig. 1 Division of fractions task (DFT)
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of the area model and correct understanding of the problem, the fraction con-
cept, and fraction division. With this strategy, the PSTs have to conceptualize
how Katrin modeled the problem and how she demonstrated the division opera-
tion via the area model correctly.

To evaluate PSTs’ noticing skills, three questions connected to each task were
posed to the participants. Each question addressed a different component of
teachers’ noticing skills referring to the used framework of Professional Notic-
ing of Children’s Mathematical Thinking by Jacobs et al. (2010). The questions
were as follows:

a) Explain in detail how Marc, Katrin, and Lisa solved this problem (strategy, etc.).
Do you think the solutions of Marc, Katrin, and Lisa are correct? Explain why.

b) Explain in detail what you have learned about Marc, Katrin, and Lisa’s under-
standing of the operation (mathematical conception) based on their solutions?

c) Assume that you are the teacher of Marc, Katrin, and Lisa. What problem or
problems would you pose to each student next? Describe in detail each solution.

The first and second questions aimed to examine the extent to which PSTs
could articulate the mathematically important details of students’ solutions and
construct a comprehensive picture of a student’s understanding. The third ques-
tion probed PSTs’ in-the-moment decisions regarding students’ understanding.

Data Analysis

The framework by Jacobs et al. (2010) was chosen as evaluative framework for
the data analysis in this study as it specifies three facets of noticing differentiated
by three attainment levels for noticing, called level of evidence. Despite the gen-
eral adequacy of the framework, the distinction of only three levels of evidence
of each skill remained limited, and more detailed categorization was required for
each skill to code the participants’ responses. For example, some answers by the
PSTs were too strong to be coded as limited evidence but not extensive enough
to be coded as robust evidence. Thus, a level named as substantial evidence was
added to code the responses that were in their evidence between the limited and
robust levels. Based on this slightly extended framework, all data were coded
according to four attainment levels, namely lack, limited, substantial, and robust
evidence of noticing skills, which are described by precise subject-based indica-
tors. The concrete description of the levels of each skill and the characteristics
of each level were developed using an open coding method. In detail, the three
facets of teachers’ noticing were evaluated along different levels of skills reach-
ing from lack to robust noticing skills. In Table 1, indicators for the evaluation
are described in detail.

Two mathematics educators analyzed the data for pre- and post-test jointly
and discussed inconsistencies until full consensus was reached.
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Results

The study’s findings are structured along the three noticing facets to describe the
development pattern of the level of PSTs’ noticing skills from the lowest to the high-
est level of evidence from the Professional Noticing of Children’s Mathematical
Thinking framework. Moreover, exemplary descriptions for changes of the evidence
for the different levels attained by the PSTs are provided.

Attending to Children’s Strategies

The frequencies related to PSTs’ skills to attend to children’s strategies in the study’s
Ist and 2nd year; also, the changes in each level are presented in Table 2.

As Table 2 illustrates, 8 PSTs demonstrated lack of evidence in the 1st year of
the study; however, seven PSTs who showed lack of evidence of skills to attend to
children’s strategies began to exhibit stronger evidence (2 of them progressed to lim-
ited, 5 of them progressed to substantial). Overall, the greatest progress was seen
in those who were originally very weak concerning this noticing facet. However,
this progress is limited to substantial evidence, which means that the PSTs who pro-
vided lack of evidence of attending to children’s strategies in the 1st year could pro-
vide substantial evidence in the 2nd year of the study. Additionally, three PSTs pro-
gressed their attending skill from limited to substantial. It is surprising that one PST
decreased the attending skill from substantial to lack in the 2nd year. Moreover, only
one additional PST (PST5) increased the attending skills from substantial to robust
by identifying the measurement meaning of fraction division.

Developmental Pattern from Lower to Robust Evidence of Attending to Children’s
Strategies PSTS exhibited substantial evidence in the 1st year and increased the
performance to a robust level of attending to children’s strategies in the 2nd year,
which is described exemplarily in the following. PST5 attended to Marc’s solution
in the Ist year and 2nd year as shown in Table 3 (translations from Turkish into Eng-
lish provided by the first and third authors).

Table 2 Frequencies of each level of attending skills in the first and second year of the study and the
changes in each level (n=22)

Changes in each level

Ist year Lack Limited Substantial Robust 2nd year
Lack 8 1 -2 -5/+1 0 2
Limited 4 +2 1 -3 0 3
Substantial 8 +5/-1 +3 6 -1 14
Robust 2 0 0 +1 2 3

The (—) sign corresponds to the number of PST that changed the attending skills from the level speci-
fied in the row to the level specified in the column; the (4) sign corresponds to the number of PST
that changed the attending skills from the level specified in the column to the specified level in the row.
Unsigned numbers correspond to the number of PSTs remaining at the same level.
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Table 3 Exemplary development of attending skill from substantial to robust level

Ist year The question actually asks us how many Y2 pieces correspond to %. Marc at first showed %
Substantial correctly using area model and divided % by 2. Knowing that each part should be equal, he
then divided each % by 2. However, he took thewhole as % and ignored %, which was not

shaded
2nd year The problem asks us how many Y2 are in %. This requires division operation. Marc tried to
Robust find half of % by thinking of %2 as half. He drew the figure and showed % correctly. He

then took half of the shaded area. In fact, the operation that he performed was % +2. He
then divided all shaded parts into two. He then said that he had three parts in the part he
had shaded half of, and he created six parts in total, paying no attention to the last part
here. He considered the three shaded parts as a whole and just used the shaded area.
Since he disregarded the non-shaded part, he thought of each piece as 1/6. Thinking that
1/6 was equal to 3, his solution was incorrect. One of the problems here is that he saw the
division as % +2, not %+ Y2. He tried to divide it into two equal parts. Another problem
is that he did not consider the last part when dividing the shaded area. He proceeded as
though this area was not part of the whole. He had to split 8 pieces and treat each as 1/8.
He made mistakes both by considering 34 +2 instead of %+ 2 and not considering the
non-shaded area. I think that Marc thought the partition meaning of fraction division

In the study’s 1st year, PSTS could correctly identify the solution as incorrect/
correct and describe the students’ solutions using important concepts in division
of fractions (e.g. equal parts, part-whole relationship) and the models of fraction
concepts that the students used. Moreover, she could identify the whole correctly
and the errors in students’ solutions that caused them to approach the problem
incorrectly. However, she presented no information related to students’ under-
standing of the meaning of division operation. In the study’s 2nd year, PSTS
captured the mathematical details of Marc’s solution by identifying the partition
meaning of division in addition to her attention in the first year. These changes
indicate that PSTS had improved her attending skills from a substantial to a
robust level.

Developmental Pattern from Lower Evidence to Substantial Evidence of Attending
to Children’s Strategies Table 2 displays that the number of PSTs who showed sub-
stantial evidence of attending to students’ solutions in the study’s 1st and 2nd years
were 8 and 14, respectively. Some PSTs’ levels of attending increased in the study’s
2nd year. Although five PSTs increased their level of attending from lack to sub-
stantial and three increased their level from limited to substantial, six PSTs’ levels
of attending remained at the substantial level. As an illustrative example, PST17’s
attending to Lisa’s solution is given in Table 4.

While PST17 described the students’ solutions at the study’s 1st year, he did not
mention equal parts, what the whole was, or what the students thought about the
whole, and he could not explain the meaning of the division operation. In the 2nd
year of the study, however, PST17 described Lisa’s solution based on the mathe-
matically important details of the division of fractions, attending to equal parts, the
whole, and errors in students’ solutions that caused them to solve the problem incor-
rectly. Similarly, the PSTs who showed substantial evidence of attending skills could
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Table 4 Exemplary development of attending skill from limited to substantial level

Ist year Lisa thought that the operation she required was % +2.First, she divided thewhole into four
Limited parts and shaded three parts to present Anne’s garden. Then, she divided each shaded Y4
into two and got six parts. Then, she proportioned 6 partsto 4 parts

2nd year In this question, while Marc and Lisa’s solutions are wrong, Katrin’s solution is correct.

Substantial ~ The question actually asks how many 1/2 pieces correspond to 3/4. Like Marc, Lisa
divided 3/4 into two in her modeling, but unlike Marc, she took the whole correctly. She
forgot that all parts should be equal to each other. She proportioned six parts to four parts
but did not realize that these ratios do not express the same fraction units. In other words,
she did not notice that the size of 6 parts and the size of 4 parts did not equal to each
other. She misunderstood the meaning of the mathematical expression % =2, but found
the answer correct accidentally

not present any information related to students’ understanding of the meaning of the
division operation.

Interpreting Children’s Understanding

The frequencies related to PSTs’ interpreting skills in the study’s 1st and 2nd years
and also the changes in each level are illustrated in Table 5.

As seen in Table 5, three PSTs among nine progressed their interpretation skills
from lack to limited and five of them progressed from lack to substantial. As seen
for attending skill, the greatest progress took place for PSTs moving from the level
lack of evidence to higher levels. Moreover, 5 PSTs showed substantial evidence
in the 2nd year even though they showed limited evidence of interpretation in the
1st year. Fewer PSTs improved their interpreting skills to the robust level, which
required interpreting the measurement meaning of division of fractions.

Developmental Pattern from Lower Evidence to Robust Evidence of interpreting Chil-
dren’s Understandings The data point out that, although none of the PSTs showed

Table 5 Frequencies of each level of interpreting skills in the first and second years of the study and the
changes in each level (n=22)

Changes in each level

Ist year Lack Limited Substantial Robust 2nd year
Lack 9 1 -3 -5 0 1
Limited 8 +3 2 -5/+1 -1 6
Substantial 5 +5 +5/-1 3 -1 13
Robust 0 0 +1 +1 0 2

The — sign corresponds to the number of PST that changed the interpreting skills from the level specified
in the row to the level specified in the column; the 4 sign corresponds to the number of PST that changed
the interpreting skills from the level specified in the column to the specified level in the row. Unsigned
numbers correspond to the number of PSTs remaining at the same level.
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robust evidence of interpreting skills in the study’s 1st year, two demonstrated robust
evidence in the 2nd year. More specifically, one PST who showed limited evidence
and one PST who showed substantial evidence in the st year developed their inter-
preting skills to the robust level in the 2nd year. PST14’s interpretation is given as an
example (Table 6).

In the study’s 1st year, PST14 interpreted the problem correctly with respect
to the whole and the part-whole relationship and interpreted the problem and
the errors in their solutions that caused the students to solve them incorrectly.
However, she presented no information related to students’ understandings of the
meaning of the division operation. In the study’s 2nd year, PST14 captured the
mathematical details of the students’ solutions by identifying the measurement
meaning of division in addition to her interpretation in the 1st year.

As it is clear from PST14’s explanation, she explained the students’ under-
standing based on the meaning of the division operation by providing reasoning;
thus, she improved her interpreting skills from the substantial to the robust level.

Developmental Pattern from Lower Evidence to Substantial Evidence of Interpreting
Children’s Understandings Although five PSTs demonstrated substantial evidence
in the study’s 1st year, 13 PSTs showed substantial evidence of interpreting in the
2nd year. Of these 13 PSTs, five who showed lack and limited evidence in the 1st
year developed their interpretation skills to substantial; however, three PSTs’ inter-
preting skills remained the same. As an illustrative example, PST8’s interpretation is
given in Table 7.

Table 6 Exemplary development of attending skill from substantial to robust level

Ist year First of all, Marc did not understand what was asked in the question. So, theconcepts of

Substantial finding the half of a whole and how many %2 there are in the whole are not understood. In
addition, he focused on % of the whole rather than focusing 4/4. I mean that he changed
the whole. So, he does not understand the fraction concept
Lisa used a similar solution to Marc. She divided the 3/4 pieces, which she showed with
fraction parts into 2 identical parts and then since there are 6 small parts and 4 small parts,
she said 6/4. She was unaware of not these pieces are equivalent and what they repre-
sents. She also thought that it was asking how many 2 s there are in 3/4 and she did this
algorithm wrong

2nd year The division has 2 meanings: partition and measurement. In partition meaning, when I

Robust divide % by 2, it means that when I share a 3% piece between 2 people, how much does
each person get? If the operation is %+ Y2, then how can I define this operation by the
partition meaning? I can’t share % to half a person. This would be nonsense. Instead, I
can say how many Y2s are in %. This makes more sense and the problem involves this
meaning of the division measurement. Marc and Lisa did not consider the measurement
meaning of division. They took the partition meaning of division into consideration so
they tried to divide by 2. Also, Marc did not know that the whole did not change and Lisa
did not know that all the parts should be equal. I mean that they did not comprehend the
part-whole relationship and equal parts concept
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Table 7 Exemplary development of interpreting skill from lack to substantial

Ist year I can see that Marc and Lisa had deficiencies in operations in fractions. Both of them could
Lack draw the figure of %, but they did not understand the operation needed to solve the prob-
lem. They also did not know how to write the solution as a mathematical expression

2nd year Marc and Lisa struggle to understand the part-whole relationship and the meaning of

Substantial ~ division. We cannot proportion the parts that are not equal to each other. However, Lisa
proportioned 6 parts to 4 parts, although the size of the 1 part of 4 parts is not equal to
the size of the 1 part of 6 parts. On the other hand, Marc took % as a whole, but he can-
not change the whole that was given at the beginning

This example shows that PST8’s interpretation included no mathematical concepts;
rather, she used general statements in the study’s 1st year. However, in the 2nd year,
she interpreted students’ understanding depending on highly important mathematical
details, and her level of interpretation skill was promoted in the 2nd year.

Developmental Pattern from Lower Evidence to Limited Evidence of Interpreting
Children’s Understandings As shown in Table 5, while eight PSTs showed limited
evidence of interpreting in the study’s 1st year, this decreased to six in the 2nd year.
Of these six PSTs, three showed lack of evidence in the Ist year. This means that
three PSTs developed their level from lack to limited. To clarify the development
from the lack to limited level of evidence, PSTO’s interpretation is displayed in
Table 8.

In the study’s 1st year, PST9 interpreted students’ understanding without referring to
mathematical concepts; however, in the 2nd year, she used general statements, such as
referring to the “whole” independently of the students’ solutions.

To sum up, 20 PSTs developed their interpreting skills by providing more detailed
information about students’ understanding, 15 PSTs provided evidence for their inter-
pretation skills at the two highest levels.

Deciding How to Respond Based on Children’s Understanding

The frequencies related to PSTs’ deciding skills in the study’s 1st and 2nd years and
also the changes in each level are presented in Table 9.

Table 9 displays that all PSTs who had shown a lack of evidence developed their
skills in deciding how to respond based on children’s understanding. Four PSTs devel-
oped their responding skills from the level “lack of evidence” to the level “substantial
evidence” in the study’s 2nd year while only two began to respond to students with

Table 8 Exemplary development of interpreting skill from lack to limited level

Istyear ~ Marc was successful at modeling, but he did not understand the problem. He tried to do
Lack something, but all his attempts were incorrect

2nd year Marc had difficulty in understanding what the whole is. He took the shaded area as the whole
Limited but did not consider the non-shaded area
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Table9 Frequencies of each level of deciding how to respond skill in the first and second years of the
study and the changes of each level (n=22)

Changes in each level

Ist year Lack Limited Substantial Robust 2nd year
Lack 6 0 -1 -4 -1 0
Limited 9 +1 3 —=5/+2 -1 6
Substantial 6 +4 +5/-2 4 0 13
Robust 1 +1 +1 0 1 3

The —sign corresponds to the number of PST that changed the responding skills from the level specified
in the row to the level specified in the column; the + sign corresponds to the number of PST that changed
the responding skills from the level specified in the column to the specified level in the row. Unsigned
numbers correspond to the number of PSTs remaining at the same level.

robust evidence. However, two PSTs decreased their responding skills from a substan-
tial level to limited level. As in the case of attending and interpreting skills, the greatest
progress occurred at the level of lack of evidence.

Developmental Pattern from Lower Evidence to Robust Evidence of Responding
to Children’s Understandings. Only one PST showed robust evidence of respond-
ing skills in the study’s 1st year but two gained greater expertise in responding and
increased their level of evidence from lack and limited to robust in the 2nd year.
PST15’s response to students’ solutions as a next teaching move is provided as an
example (Table 10).

PST15 gave general responses without stating what problem he planned to pose in
the study’s 1st year. However, the aim of PST15’s next teaching move in the study’s
2nd year was to help students distinguish the partition and measurement meanings

Table 10 Exemplary development of responding skill from lack to robust level

Istyear  Since Marc and Lisa didn’t understand the problem, I would make them read it again. If they

Lack found the same result, I wouldn’t have asked the same problem until they could solve the
problem using the correct strategy and could understand the problem. Instead, I would ask a
simpler question

2nd year  Since Marc and Lisa could not solve the problem, I realized that this problem is not suitable

Robust for their level of understanding. Thus, first, I would give story problems and ask which
operation is required. For example, if I have 12 sugars and each person takes 4, how many
people will take sugar? Also, I have 12 sugar pieces and I want to distribute them among 4
children. How many sugar pieces does each child get? What operation will you use to solve
each problem? Why is that? Is there any difference between these problems? First, I would
make them perform the operation with whole numbers and help them realize the meanings
of the division operation. Then I would increase the difficulty and ask the following: I have
12 loaves of bread and I would like to distribute these breads so that each person will get
half a loaf. In this case, how many people will get bread? With this question, I would aim
to help them make sense of the division operation in fractions
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of the division operation by asking questions that include whole numbers. She also
aimed to help students generalize their operations by transferring their understand-
ing to the standard algorithm.

Developmental Pattern from Lower Evidence to Substantial Evidence of Responding
to Children’s Understandings Although six PSTs demonstrated substantial evidence
in the study’s 1st year, 13 PSTs showed substantial evidence of responding in the
2nd year. Among these 13, five PSTs who displayed limited evidence and 4 PSTs
who showed a lack of evidence in the 1st year developed their responding skills to
the level of substantial evidence. To illustrate these changes, PST21’s development
of her responding skill is presented in Table 11.

This example shows that PST21 tried to help students recognize their errors/mis-
conceptions by asking questions related to their solution and aimed to reveal the
reasons for their mistakes in the study’s first year. However, in the second year, she
asked the question using easier numbers to help the students who had solved the
problem incorrectly to notice their misconception. Moreover, she asked similar
questions as exercise for the students who had solved the problem correctly rather
than extending their understanding.

Developmental Pattern from Lower Evidence to Limited Evidence of Responding to
Children’s Understandings Nine and six PSTs showed limited evidence of respond-
ing skills in the 1st and 2nd years of the study, respectively. Some of the PSTs
demonstrating limited evidence in the 1st year developed their responding skills
to a level of substantial and robust evidence. Only one PST improved her respond-
ing skills from lack to limited while others’ skill levels remained the same. PST4’s
response is given below to illustrate the development of responding skill from the
level of lack to limited evidence (Table 12).

In the study’s Ist year, PST4 provided general responses without focusing on
the students’ solutions. Moreover, the questions that she proposed were not clear.

Table 11 Exemplary development of responding skill from limited to substantial level

Ist year I would ask some questions to help Marc and Lisa notice their mistakes

Limited For Marc: what is the whole? What do you understand from the problem? Why did you
divide by 2? What does 3/6 mean?
For Lisa, what does 6/4 mean? What does the fraction mean? Did you divide the whole
into equal parts? When you divide the fraction in two, is the result bigger or smaller than
the fraction? What does the problem ask?
For Katrin, can you solve the problem using different numbers?
I would ask Katrin a problem that she could not solve by modeling

2nd year For Marc and Lisa, if Anne has 1 m?, what would be the answer? Why? How did you
Substantial find this? If Anne has % m?>, what changes? Why did you take half of the 6 pieces? [to
Marc]. Why did you divide 6 by 4? [to Lisa]
For Katrin, if Anne has ¥ m>, then what would the answer be? Why? How did you arrive
at this? If Anne has % m?>, then what would the answer be? How did you arrive at this?
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Table 12 Exemplary development of responding skill from lack to limited level

Istyear I would ask Marc and Lisa what they understood from the problem. Thus, I can learn whether
Lack they had misconceptions or did not understand the problem. I would ask the next question
based on their answer

2nd year I would ask Marc and Lisa the meaning of the fractions. I wanted them to show % in the
Limited whole and asked them how many Y2 in 3. In this way, I would try to help them understand
the problem’s meaning

However, in the 2nd year, she asked questions to help students realize their errors by
asking about the problem’s meaning. Thus, she improved her responding skill from
the level of lack to limited evidence.

Similar to the development of attending and interpreting skills, 18 PSTs improved
their responding skills, and most importantly, 16 PSTs provided evidence for
responding skills at the two highest levels.

In conclusion, although some of the PSTs’ noticing skills’ levels remained at the
same level, most PSTs gained expertise in all three noticing skills during the math-
ematics education courses offered within their initial teacher education program and
developed their noticing skills through enrollment in the teacher education program.
More specifically, data analysis showed that 64% of PSTs developed their attending
skills after they had taken the mathematics education courses. Furthermore, 90%
and 82% of them made a positive shift towards higher levels of interpreting and
responding skills. In other words, during the study, strong developments concerning
fostering PSTs’ interpreting skills took place, with the lowest change concerning the
attending skills.

Summary of the Results and Discussion

The study presents findings that described the detailed development of the three
interrelated facets of teachers’ noticing in the context of division of fractions within
an established program of initial mathematics teacher education. In the follow-
ing, the study’s findings will be discussed based on two aspects: comparison of the
changes between different facets of the PSTs’ noticing skills and the influence of
mathematics education courses within initial teacher education on the development
of PSTs’ noticing skills.

Comparison of the Changes Among the PSTs’ Noticing Skills

Data analysis showed that the extent of change among noticing skills differed, indi-
cating that the mathematics education courses without special interventions affected
each skill differently. The reason for these differences may be explained through the
number of PSTs who showed substantial and robust evidence in the study’s 1st year.
It emerged that more PSTs could already attend to students’ solution strategies pro-
viding substantial and robust evidence before taking any mathematical education
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courses; however, fewer PSTs could interpret students’ understanding and respond
to them by demonstrating substantial and robust evidence. In other words, before
the PSTs took any courses, their attending skills were already more developed than
the interpreting and responding skills, which corroborates several studies’ findings
(Gonzalez & Skultety, 2018; Jacobs et al., 2010; Sanchez-Matamoros et al., 2015).
For instance, Gonzalez and Skultety (2018) stressed that mathematics teachers
already showed higher evidence of attending from their study’s outset. This high-
lights the gap between descriptions of the students’ solutions based solely on math-
ematically significant details, and reflecting these descriptions to interpreting stu-
dents’ understanding and responding to the students based on their understanding.

However, after taking the mathematics education courses, almost the same num-
ber of PSTs showed higher levels of evidence for all three skills. Thus, it appears that
fewer PSTs developed their attending skills while more PSTs developed their inter-
preting and responding skills. In other words, while mathematics education courses
ensured the development of more PSTs’ interpreting and responding skills, they con-
tributed to the development of fewer PSTs’ attending skills. Interestingly, this com-
parison revealed that more PSTs need greater support to develop their interpreting
and responding skills than to develop attending skills. Differences between the three
skills may explain why different levels of support are necessary. As Jacobs et al.
(2010) specified, the skill of attending to students’ strategies requires the teacher
to recognize the mathematical details embedded in students’ strategies. The change
in the attainments of fewer PSTs showed that most PSTs already possessed knowl-
edge about the details in the students’ solutions. Referring to Ball et al. (2008), to
describe students’ strategies using mathematically significant concepts with appro-
priate mathematical language, the teacher must have mathematical knowledge. This
result indicated that PSTs” previous experiences as learners and their prior knowl-
edge are significant indicators of their attending behavior and extent, as several
researchers have noted (Casey et al., 2018; Star & Strickland, 2008). Furthermore,
Casey et al. (2018) reported that mathematical knowledge is regarded as fundamen-
tal to the skill of attending to students’ strategies. Moreover, Ballock et al. (2018)
indicated that well-developed knowledge of students and content plays a vital role in
attending to students’ strategies with wider perspectives.

On the other hand, interpreting skills are based on reasoning regarding what
the students understand mathematically (Sherin & Van Es, 2009). To rea-
son about students’ understanding based on their solutions, teachers must first
describe the mathematically important details of students’ solutions (Jacobs
et al., 2010). It is difficult to interpret students’ understanding without attending
to the details in their strategies. Although most of the PSTs could attend to stu-
dents’ solution strategies before taking any mathematics education courses, they
struggled to interpret students’ understanding. This result showed that attending
to students’ solutions is not itself sufficient to interpret their understanding. To
develop expertise in interpreting, teachers must comprehend mathematical ideas
(Fernandez et al., 2013) and have content knowledge, which plays a foundational
role in interpreting (Casey et al., 2018). Because mathematics education courses
allowed the PSTs to improve their attending skills, as revealed by the present
study’s data, and to acquire knowledge about mathematical concepts, this may
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have influenced the improvement of PSTs’ interpreting skills. In addition to
learning the concepts’ important details, the PSTs could experience assessing
students’ understanding throughout the mathematics education courses. These
experiences may have enabled PSTs to enhance their interpreting skills.

Moreover, the skill of deciding how to respond to students’ approaches
requires the teachers to make decisions regarding their next instructional moves
based on their interpretation of the students’ mathematical understanding (Jacobs
et al., 2010). Several researchers have asserted that teachers struggle to decide
how to respond in a way that will support and extend their students’ current
understanding (Jacobs et al., 2011). Consistent with this result, most PSTs strug-
gled to further develop students’ understanding at the beginning of the study.
After attending mathematics education courses, they began to respond to stu-
dents with the aim of supporting and extending their understanding. One factor
that enabled PSTs to improve their responding skills might be the improvement
of their attending and interpreting skills. This is not unexpected, since respond-
ing skills are embedded in attending and interpreting skills, meaning that exper-
tise in attending to student’s strategies and interpreting their understandings are
indicators of PSTs’ level of responding skills (Jacobs et al., 2011). Moreover,
similar to attending and interpreting skills, the PSTs learned the most appropri-
ate teaching strategies /representations/models, acquired knowledge about stu-
dents’ possible misconceptions and ways of dealing with these misconceptions,
and how to extend and support students’ understanding during their mathemat-
ics education courses. From this perspective, this study revealed that the PSTs’
responding skills were enhanced when their attending and interpreting skills
were enhanced and when they become more knowledgeable about mathemati-
cal concepts by means of the mathematics education courses. The improvement
of responding skills of PSTs may be an answer to the question posed by Fisher
et al. (2019) on how to improve responding skills. Although they reported that
attending and interpreting skills could be developed with appropriate interven-
tion, they were in doubt about the improvement of responding skills and claimed
it needs further discussion. The results of the current study showed that PSTs
may gain greater expertise in responding skills within knowledge-based courses
within initial teacher education.

As hypothesized, all three skills were developed through mathematics edu-
cation courses taken within teacher education programs. The notable issue
that should be emphasized is that all skills developed within knowledge-based
courses on mathematics and mathematics pedagogy are provided during initial
teacher education. Although the strengths of changes in the skills varied, the
lowest level skill—attending—progressed less, which is explainable taking the
knowledge-orientation of the courses into account. As the relationship between
the three skills is considered, the necessity of more support for the development
of interpreting and responding skills is unsurprising since both skills are more
challenging than attending skills, with which they are connected.
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The Influence of Mathematics Education Courses on the Development
of Prospective Teachers’ Noticing Skills

Teachers’ noticing skills are a crucial component of effective mathematics teach-
ing, and thus, it is necessary to support PSTs in learning to notice students’ math-
ematical thinking (Star & Strickland, 2008; Van Es, 2011). Accordingly, a growing
body of research aimed to investigate ways to develop PSTs’ noticing skills (Jacobs
et al., 2010) and implement various professional development programs (Amador
& Carter, 2018). In contrast to the results of these studies, a key finding of the pre-
sent study is that PSTs may improve their noticing skills through knowledge-based
mathematics education courses in the teaching education program complemented by
practical school activities without any specific noticing intervention. This highlights
the importance of knowledge-based mathematics education courses and practically
oriented courses within teacher education program in eliciting and developing PSTs’
noticing skills, as several other researchers have observed (Star & Strickland, 2008;
Star et al., 2011). However, the results of earlier studies have emphasized that PSTs’
noticing skills may be developed through special tasks implemented during math-
ematics methods courses. At this point, this study contributes significantly to the
field of mathematics education by concluding that knowledge-based courses com-
plemented by practical school activities play a central role in the promotion of PSTs’
noticing skills. In other words, the result has significance for teacher education pro-
grams as it highlights that content-based and practice-oriented teacher education
programs—which allow PSTs to analyze students’ strategies, convey detailed knowl-
edge about students’ thought patterns, facilitate discussion about their understand-
ing, and explore the issue of instructional decisions as to next moves on the basis of
students’ understanding—are efficient professional development programs in devel-
oping prospective teachers’ noticing skills, as Star and Strickland (2008) have noted.
Furthermore, the result may provide some theoretical and practical implications
related to development of PSTs’ noticing skills through the courses taken within
initial teacher education programs that included no special interventions for other
contexts, which have similar teacher education programs. Thus, mathematics teacher
educators have an ongoing responsibility to design their courses in such a way as to
enhance PSTs’ noticing skills, as Roth McDuffie et al. (2014) stated. In this manner,
apart from developing PSTs’ participation in professional development programs or
special interventions, all PSTs educated in teacher education programs will surely
develop and improve their noticing skills.

However, many researchers have also demonstrated that video analysis and lesson
study are effective tools for improving PSTs’ noticing (Jacobs et al., 2011; Sherin
& van Es, 2009; Star et al., 2011). The reason for this contradiction may be the
courses’ content and implementation. The content-based courses cover the math-
ematically significant concepts related to division of fractions, students’ miscon-
ceptions, their causes, and ways to overcome these misconceptions. These courses
were implemented via the discussion of students’ solution strategies in which PSTs
reflect their understanding. Ways of extending students’ conceptual understanding
and supporting their procedural knowledge with underlying reasoning are also dis-
cussed throughout these courses. In this way, the PSTs internalize the importance of
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students’ thinking and the effect of making students’ thinking central to the lesson.
Since the skills of professional noticing are based on students’ understanding, the
content and implementation of the content-based courses supported PSTs in improv-
ing their noticing skills. Apart from content-based courses, this study’s results
revealed that practice-oriented courses play a vital role in enhancing PSTS’ noticing
skills. These courses provide an environment for real classroom observations and
interaction with students in an application-based environment, providing a context
conducive to the development of PSTs’ noticing skills. While the PSTs were taking
the content-based courses, they became familiar with the real classroom environ-
ment, including different features of the teaching profession under the guidance of
mentor teachers, students with different cognitive levels, and teachers with differ-
ent teaching experiences. Through the implementation of practice-oriented courses,
PSTs have begun to attend to students’ strategies by considering mathematically sig-
nificant details of the concept, interpreting students’ understanding more compre-
hensively, and making more effective pedagogical decisions as they acquired greater
experience. This remarkable result confirmed that PSTs’ noticing skills might be
developed through teaching practice and practical experiences with the interactions
between PSTs and students and mentor teachers around the students’ mathematical
thinking (Stockero et al., 2017a, 2017b). In relation to this, Lu et al. (2020) have
suggested that mentoring under the guidance of experienced teachers is vital for fos-
tering teachers’ professional noticing.

Limitations and Further Research

Although the study’s results provide significant information related to the develop-
ment of PSTs’ noticing skills through the courses taken within initial teacher educa-
tion programs that included no special interventions, the study has several limita-
tions. This study was limited to PSTs enrolled in one of Turkey’s most selective
universities, and thus, the findings may not reflect the situation in other Turkish uni-
versities. Another limitation of the study is that PSTs’ noticing skills were assessed
within the context of division of fractions. The complex nature of division of frac-
tions might influence the development of PSTs’ noticing skills within the scope of
mathematics education courses. The focus on different mathematics domains may
have influenced the degree of change in the three noticing skills. Moreover, the data
collection process was restricted to the test division of fraction task (DFT) contain-
ing students’ written work, whereas the interview is a valuable source for under-
standing someone’s thoughts (Yin, 2003). So, further studies enriched with inter-
views might be conducted to learn more about the development process of PST’s
noticing skills through the courses taken within initial teacher education programs.
Additionally, further research is needed in order to provide additional details about
how teacher education programs could be redesigned and implemented to ensure
opportunities for PSTs to demonstrate robust and at least substantial evidence of
all three noticing skills. Furthermore, this study’s findings are based on the teacher
education program in a single Turkish university. Thus, the study needs to be repli-
cated in different universities in Turkey and cross-culturally to investigate the effect
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of mathematics education courses on teachers’ noticing skills. Overall, the influence
of knowledge-based courses and practically oriented courses in initial teacher educa-
tion programs from other countries needs to be taken into account in order to reveal
more robust and generalizable results.

However, the results are encouraging as they point out the impact of initial
teacher education on the performance of PSTs, the high relevance of domain-spe-
cific courses, and the high relevance of practice in transforming academic knowl-
edge into the situation-specific skills of noticing.
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