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Abstract

The progress in the development of THz (terahertz) photonics is associated with the
application of new materials, including thin films with material parameters differing
noticeably from these of bulk media or being difficult to predict by using various
models. As a rule, the conductivity of a thin film placed on a dielectric substrate is
investigated using an equation proposed by M. Tinkham in 1956. This equation does
not take into account internal reflections and losses in a substrate; therefore, a filtering
of THz waveforms is also required. In this work, we propose a modified equation which
does not require preliminary waveform filtering and accounts for losses and internal
reflections inside a substrate. Thus, it does not distort an information on material
parameters of a thin-film sample. The derived method allows one to obtain an exact
complex conductivity/permittivity dispersion of a thin film, which is confirmed by
calculations based on the transfer matrix method and Drude-Smith model.
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1 Introduction

The field of terahertz (THz) photonics is being intensively developed at the present
time due to possibilities opened in last few decades only with a development of efficient
and affordable emitters and detectors of THz radiation [1-3]. It is already being used
in next-generation wireless communications, contactless diagnostics and imaging in
medicine, security systems, pharmaceutics, food industry, etc. [4—6]

The progress in the development of THz technologies is associated with the appli-
cation of new materials, including thin conductive films with material parameters (e.g.,
complex permittivity/conductivity) differing noticeably from these of bulk media or
being difficult to predict by using various models [7]. As a rule, thin film is placed
on a dielectric substrate transparent for THz waves. Complex amplitude spectra are
measured for THz pulses transmitted through an air, a bare substrate, and a film-on-
substrate structure by means of a terahertz time-domain spectroscopy (THz TDS) [8].
Then, thin film conductance is calculated using an equation proposed by M. Tinkham
in 1956 [9]. However, this equation does not take into account the imaginary part of
a substrate refractive index and internal reflections in it; therefore, a separate filtering
of THz waveforms is also required.

In this work, we introduce a modified equation which does not require preliminary
waveform filtering and accounts for losses and internal reflections inside a substrate.
It allows one to obtain an exact complex conductivity/permittivity dispersion of a thin
film, which is confirmed by calculations based on the transfer matrix method (TMM)
[10] and Drude-Smith model for conductive materials [11]. As materials under study,
thin bismuth film and single-layer graphene were chosen since they are often used in
THz photonics [12, 13].

2 Methods
2.1 THzTDS

The simplified sketch of a THz TDS setup is presented in Fig. 1a. An initial 1560 nm
femtosecond (fs) laser pulse is split into pumping and probing pulses by a polarization
beam-splitter. The pumping pulse reaches a photoconductive switch, which produces
a THz pulse subsequently passing through a sample object. The probing pulse passes
through a tunable optical delay line. Both signals reach a detector (photoconductive
switch). A recorded current is proportional to an amplitude of the THz pulse electric
field at the moment of arrival of the probing fs pulse (THz field varies slowly compared
to a duration of fs pulse). Thus, by changing a time delay of the pulses relative to each
other using the optical delay line, the THz pulse waveform is recorded. To perform
these measurements, the spectrometer TERA K15 by Menlo Systems with a spec-
tral range of 2 THz, maximum dynamic range of 65 dB, and a maximum frequency
resolution less than 1.2 GHz was used.

Figure 1b illustrates optical paths of three signals measured using THz TDS that
pass through an air, a substrate, and a film-on-substrate medium. The problem being
resolved in this work is related mainly to internal reflections inside the substrate.
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Fig. 1 a Simplified scheme of a THz TDS setup. b Sketch of a film-on-substrate sample and optical paths
of three measured signals (the rays are depicted at an angle for clarity, while for the derivation, the normal
incidence is assumed)

It should be mentioned that instead of THz TDS, VNA with extender and sub-
harmonic mixer may be applied in order to measure complex amplitude spectra used
in further calculations [14]. However, unlike THz TDS, this method allows one to per-
form spectroscopic measurements in a narrow frequency range depending on extender
parameters.

2.2 Material Parameters Extraction

To measure a thin film conductivity dispersion, three time-dependent waveforms are
recorded for a THz wave transmitted through an air (reference signal), a bare substrate,
and a film-on-substrate structure. Then, they are converted into corresponding complex
amplitude spectra (E = |I§“ le’?) consisting of magnitudes |E (f)] and phases ¢ (f).
Substrate complex refractive index dispersion is approximately defined as [15, 16]

¢ [Psub(f) — @air ()]

() = 27 o + Nair, (1a)
an’,, (Fnair
Toup(f) = —rsub  Mair 1b
b(f) [n/mb(f) + nair]2 (10)
eIn| s (/1 B (1) Bair (]
sub(f) - 27de R i (IC)
Asub(f) = Ny, () — ing,, (), (1d)

where ¢ is the speed of light in vacuum, n4; is the air refractive index, f is a THz
radiation frequency, mh( f) and Em +(f) are complex amplitude spectra of a THz
wave passed through a substrate and an air correspondingly, ¢s,5(f) and ¢gir(f)
are corresponding phases, ds, is a substrate thickness, Ts,;(f) is a Fresnel power
transmission coefficient, and i represents the imaginary unit. Equation 1 may give an
error for absorbing substrate since it does not take into account the mutual influence of
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real and imaginary parts of 71,5 (f) on each other. To get an exact value of 71,5 (f), an
iterative method that takes into account a complex transmission coefficient is applied
[16, 17]. Briefly, the initial value of the complex refractive index (extracted through
Eq. 1) is used to calculate complex transfer function as

4ﬁsub (Inair

I:Imodel(f) =
[ﬁsub(f) + nair]z

2z fdsub
C

exp (_i [ﬁsub(f) - nair] ) : FAP(f)’

)
where the first term is a complex transmission coefficient, and the last one is responsible
for multiple reflections inside the substrate (Fabry-Pérot effect):

-1
» _ ﬁsub(f) — Nair 2 R 27 fdsup
FP(f) = (1 - [w—_i_na”} - exp |:_2lnsub(f)T:|> .3

This transfer function is compared with that measured in an experiment (f]mmw,ed
(f) = Emedium(f)/Eair(f)), after which the error is calculated and corresponding
correction is taken in values of real and imaginary parts of a complex refractive index:

ERm(f) = |I:Imeasured(f)| - |I:Imodel(f)|» (43)
ERp(f) = ZHmeasured(f) - éHmodel(f)a (4b)
Re[ﬁsub,new(f)] = Re[ﬁsub,old(f)] -8 ERp(f)’ (5a)
Im[;lsub,new(f)] = Im[;lsub,old(f)] —s-ER,(f), (5b)

where ER,,(f) and ER,(f) are frequency-dependent magnitude and phase errors,
Nsubnew(f) and Agp o1a(f) are substrate complex refractive index dispersions at
current and previous stages of the algorithm, and s is the correction factor, typically
set to 0.01 to ensure the algorithm convergence. The procedure is repeated until a
difference between measured and calculated transfer functions is less than a specified
erTor.

2.3 Tinkham’s Equation

According to Tinkham’s method [9], conductance dispersion of a thin film placed on
a dielectric substrate is extracted as

(6)

AYM 1 EASM
5 () = T + [ b(f) _1]

Zy Efilm+sub(f)

where l:?f”mﬂuh( f) is a complex amplitude spectrum of a wave passed through a
film-on-substrate medium, and Zy = 376.7 Ohms is the free space impedance. If an
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exact thickness of a thin film dz;;;, is known, this conductance dispersion may be
converted into permittivity dispersion of a film as [18]

Efitm(f) = 146 rum(f)/Q2n fdfiimeo), (7)

where g9 = 8.854 - 10712 F-m~! is the absolute vacuum dielectric constant.

The disadvantage of Eq. 6 is neglecting internal reflections inside the plane-parallel
substrate. More accurate approach, requiring filtering of waveforms, was presented in
awork by Yan et al. [8]. Its idea is to get a conductivity separately from a first impulse
and a first inner-reflected signal and then to predict a surface conductivity using both
observations.

2.4 Modified Equation

A thin film is treated as a source of surface conductivity &, only on a fringe between
a substrate and air. As a result, regardless of an incident light polarization, complex
amplitude transmission and reflection coefficients are written as follows [19]:

N 2n

o= (8a)
ny+n2 + Zoo fiim

R A1 — Ay — Zo6¢i

Flo= 1 2 00 film (8b)

i +n2+ ZoG fitm

where fl,z and 7| » denote complex amplitude transmission and reflection coefficients
of a radiation propagating from a medium “1” to medium “2,” and n; and 7, are
complex refractive indices of these media correspondingly.

Using these amplitude coefficients and following the optical paths of transmitted and
reflected signals depicted in Fig. 1b, one may obtain complex amplitude transmission
f and reflection 7 coefficients of an effective film-on-substrate medium taking into
account internal reflections of a signal inside a substrate, denoted by FP term in
equations below:

7 Efilm—i—sub

~ ~ ~ i3
= = tair,filmtfilm,subtsub,airel FP, (9a)
Eair
A n n R o 5o
T = Tair, film + tair,filmrxuh,airtfilm,airel FP, (9b)
o ~ ~
~ ~ ~ 5 ~ ~ is1—1
FP = Z(”sub,airrfilm,airel )m =[1- "‘sub,airrfilm,airel 1, (9¢)
m=1

where § (f) = 47 fdsupnsup(f)/c is the term related to phase delay and extinction of
a wave reflected twice in a substrate, and the complex refractive index is written as
isup (f) = nl,, (f) —in ,(f). The transmission between a film and a substrate is
considered to be 7 fijm sub = 1.
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These equations may be solved numerically [20], but a mathematical derivation
of the complex conductance 6 ¢, is possible without simplifications. Depending on
present experimental spectra, the following equations for a sheet conductance may be
determined from transmittance measurements:

1 (A 1 2 _ (5. —1 2,i8 E
&film _ _(nsub +1 (M sub )e sub 1], (10)

Zo (sub + 1) + (Agup — 1)ei(§ Efilm+sub

where the same spectra E sub and E Film+sub as in Tinkham’s equation (Eq. 6) are used,

or

1 4ﬁsub(Eair/Efilm+sub)e_Ziﬂfdxuh(ﬁmh—1)/C

Zy Gisub + 1) + Gigup — 1)efd
_ i (ﬁsub + 1)2 - (ﬁsub - 1)2ei5

20 (fgup + 1) + (Agup — Deid

G fitm =

(11)

in the case when Eair and E Film+sub are used. These equations were obtained for the
case of infinite amount of inner reflections. Alternatively, the complex conductance
may be extracted from reflection measurements as

~ 1 ~ 1 2 ~ ffilm+sub - fsub
6 fitm = nb+1—T————)—mw+DLT————“
Jitm ZO\/< Su T film+sub + 1 e T film+sub + 1

1
e b+1)—A—],
Zy |: . T film+sub +1
(12)

where 7y, ( f) is the spectrum of an incident signal reflected from an interface between
air and bare substrate, and ffi im+sub (f) s related to signal reflection from an interface
between air and substrate covered with a sample film, both divided by reference signal
Fref (f) of an incident wave reflected from a plane mirror placed instead of a sample.
The last equation (Eq. 12) takes into account the presence of an initial pulse and a first
inner reflection only. The following discussion involves a validation of the equations
for transmitted THz radiation, although the reflection equation presented can be used
in the same way.

2.5 Modified Equation Validation by TMM

Using three spectra of a THz wave transmitted through an air Eiy, a bare substrate
Emb, and a film-on-substrate effective medium £ film+sub> ONE May extract an exact
substrate complex permittivity dispersion &g, = fzfu » using the Egs. 1-5 and a film
complex permittivity dispersion using the Eq. 10 (or Egs. 11 or 12) and Eq. 7. Accord-
ing to transfer matrix method [10], these two dispersions may be used to reconstruct
an effective complex permittivity dispersion of a film-on-substrate medium and to
calculate transmission and reflection coefficients of a THz radiation interacting with
this medium.
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In the studied case of normal (to the sample plane) incidence of THz radiation onto
this two-layer medium, the transfer matrix components are written as

myy = COS(]gz,filmdfilm) cos(kz, subdsub)

Nsub .~ . oa
— == sin(kz, pitmd fitm) sin(kz supdsup). (13a)
N film
i ~ . A
mi2 = —=% Cos(kz,filmdfilm) Sln(kz,subdsub)
Nsub
i - .
—= sin(kz, fitmd fitm) cos(kz subdsub), (13b)
Nfilm
ma1 = _iﬁsub Cos(lzz,filmdfilm) Sin(iéz,subdsub)
—if) pitm sin(kz, fiimd fiim) cos(kz, subdsup), (13c)
my = COS(lgz,fizmdfizm) cos(kz, subdsub)
Nitm . ¢ A
- ﬁf = sin(he, it i) Sin K, sundan) (13d)
su

where kg = 27 f/c is the free-space wave number, Igz,f,-lm = ko+/€ films IQZ,M, =
kov/ Esubs 1 fitm = 270 f€0€ fitm /K=, fitm> and Nsup = 27 fe0Esup/kz sup- Using these
components, one may extract the magnitude transmission spectrum of a film-on-
substrate effective structure as

R 2no
7] = | 5 l, (14)
my1no + mi2ny + may + mano

where no = 1/Zp.

Comparing a magnitude transmission coefficient |7| calculated using TMM with
that measured in an experiment (| E Film+subl/| Eai +|) allows one to estimate accuracy
of the Eqgs. 1012 derived in this work.

2.6 Fitting of a Complex Conductivity Dispersion by Drude or Drude-Smith Model

Extracted complex conductivity dispersion of a thin film may be compared with theo-
retical predictions provided for electron gas in conductive materials. The Drude-Smith
model is a modification of the classical Drude conductivity model which takes into
account a localization of carriers [11]:

15)

G film =

w C
T A S l + - A. 5
1—-2inft 1 -2inft
where W is a Drude weight, op = W (1 4 C) is a DC conductivity, t is a carrier relax-

ation time, and C is the so-called backscattering parameter denoting the localization
of carriers which can vary from O (free carriers) to —1 (completely localized carriers).
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When C = 0, this equation is simplified to the classical Drude model. As a result,
extracted parameter values may be compared with those given in other works.

3 Results and Discussion

Typical examples of thin-film conductive materials used in the THz frequency range,
namely bismuth and graphene, were chosen to study in this work. For example, an
accurate dispersion of a thin film complex conductivity may be applied in modeling
of a THz radiation detector based on such a material [21, 22]. Bismuth film with the
thickness of 120 nm was sprayed onto 21 pum mica dielectric substrate by thermal
evaporation in vacuum [23, 24]; single-layer graphene with an atomic thickness esti-
mated to be about 0.345 nm [25] was grown using chemical vapor deposition and then
was placed on the top of 53 ym thick PET (polyethylene terephthalate) substrate [26].
The results of THz TDS experiment and data processing are presented in Figs. 2, 3,
4,5,6,and 7.

The waveforms of THz radiation measured by THz TDS are presented in Fig. 2.
The left graph corresponds to structure consisting of Bi film on mica substrate, and
the right graph corresponds to graphene single layer on PET substrate. The length
of waveforms defines the frequency resolution of these measurements: this length is
equal to 276 ps (frequency resolution of 3.62 GHz, temporal resolution of 0.0833 ps,
3313 time points) for Bi/mica and to 40 ps (frequency resolution of 25 GHz, temporal
resolution of 0.0469 ps, 855 time points) for graphene/PET. The temporal constant is
100 ms. An increase in length of these waveforms makes it possible to obtain necessary
frequency resolution of the dispersions, but does not change their shape and position
in general.

Then, the amplitude and phase spectra are extracted by fast Fourier transform (FFT)
method (Fig. 3). The frequency range of measurements is equal to 0.2—1.0 THz as
the power of THz radiation generator is distributed mainly in this range allowing for
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Fig. 2 Waveforms of THz pulses passed through the air, the bare substrates, and the film-on-substrate
structures for the cases of Bi/mica (left graph) and graphene/PET (right graph)
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a high dynamic range of measurements. The amplitude transmission and phase delay
spectra are shown in Fig. 4 as they are used in further calculations.

Figure 5 depicts the dispersions of complex refractive index of 21 xm mica and 53
um PET substrates which are calculated using the iterative method discussed above
(see Egs. 1-5).

The refractive index dispersions of mica and PET substrates are substituted into
original Tinkham’s equation (Eq. 6) and into modified equation derived in this work
(Eq. 10). The resulting complex sheet conductivity dispersions of 120 nm Bi and
single-layer graphene are presented in Fig. 6. They may be fitted with the classical
Drude model or with the Drude-Smith model (see Eq. 15). The following parameter
values are obtained for 120 nm Bi film: DC conductivity op = 0.41 - 10° S-m~!,
carrier relaxation time t = 123 fs, and localization C = 0 matching the classical
Drude model. These parameters are well-consistent with previous results [27, 28]. For
graphene single-layer, the parameters are equal to og = 1.91-10° S-m~!, z = 130 fs,
and C = —0.52 highlighting the presence of scattering impurities in graphene. These
parameters are very close to those for few-layer graphene [29]. Thus, 120 nm Bi film
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Fig. 7 Amplitude transmission spectra of the film-on-substrate Bi/mica (left graph) and graphene/PET
(right graph) structures measured in the experiment (black solid curves) and calculated by TMM using
conductive films permittivity dispersion obtained by original Tinkham’s method (blue dotted curves) and
by modified approach (orange dashed curves)
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is a solid (continuous) film, and the electrons in single-layer graphene are affected by
backward scattering as a result of the structural disorder effects [30]. The fitting curves
are also presented in Fig. 6. These curves agree well with the conductivity dispersions
calculated from the modified equation.

To estimate accuracy of the approach derived in this work, TMM was used. The
complex sheet conductivity dispersions presented above were converted into complex
permittivity dispersions using Eq. 7. Then, they were substituted into Eq. 13 to calculate
an amplitude transmission spectrum of a film-on-substrate medium by Eq. 14. The
results of calculation are shown in Fig. 7 along with amplitude transmission spectra
measured in the experiment (|Ef,~1m+‘m;,| /|Eair|). As it can be seen, the modified
approach of a film THz conductivity extraction is fully confirmed by the calculation
based on TMM. It should be mentioned that there is a work considering the same
case of a thin conductive film on a dielectric substrate [31], but the equation derived
in the mentioned work differs by several terms from the equation derived in our
work, and its substitution into TMM does not fit the amplitude transmission measured
directly.

4 Conclusion

The accurate approach to extraction of an exact complex THz conductivity of an ultra-
thin conductive film on a dielectric substrate was derived in this work. This method
does not require filtering experimental data of terahertz time-domain spectroscopy
(THz waveforms) and thus does not distort the information on material parameters
of a sample. It may be used even for very thin films and lossy substrates with inter-
nal reflections close to each other on a THz waveform when they are difficult to
filter. It should be mentioned that this work is devoted to the improvement of mate-
rial parameters extraction accuracy, while instrumental errors depend on experimental
details, such as alignment, dynamic range, and micrometer accuracy. The approach
was tested on 120 nm Bi film on mica substrate and on graphene monolayer placed
on PET substrate. In conclusion, the accuracy of the presented method was confirmed
by calculations based on the transfer matrix method and by dispersion fitting using
the Drude-Smith model. Exact THz complex conductivity dispersions of various thin
films extracted using the derived equations may be applied in the numerical simula-
tion of various THz components, such as emitters and detectors, devices modulating
amplitude, phase and polarization of THz radiation for wireless communication sys-
tems, visualization in medicine and security systems, and non-contact control of food,
drugs.
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