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Abstract

This paper addresses a planning decision for operating rooms (ORs) that aim at supporting hospital management. Focusing
on elective patients, we determined the master surgical schedule (MSS) on a one-week time horizon. We assigned the
specialties to available sessions and allocated surgeries to them while taking into consideration the priorities of the
outpatients in the ambulatory surgical discipline. Surgeries were selected from the waiting lists according to their priorities.
The proposed approach considered operating theater (OT) restrictions, patients’ priorities and accounted for the availability
of both intensive care unit (ICU) beds and post-surgery beds. Since the management decisions of hospitals are usually
made in an uncertain environment, our approach considered the uncertainty of surgery duration and availability of ICU bed.
Two robust optimization approaches that kept the model computationally tractable are described and applied to deal with
uncertainty. Computational results based on a medium-sized French hospital archives have been presented to compare the
robust models to the deterministic counterpart and to demonstrate the price of robustness.

Keywords Master surgical schedule - Operating room planning - Ambulatory surgery - Post-surgery beds -
Uncertainty - Price of robustness - Operations research

Highlights e The scheduling of surgeries in outpatient surgery follows
a hygiene rule to reduce the risk of nosocomial infec-
tions.

Uncertainty in surgery duration and intensive care unit
bed availability is considered. We formulate the models
as robust optimization problems.

® The proposed approach shows the impact of robust
optimization for tactical schedules and evaluates the

e We propose a two-stage approach to address the master
surgical schedule and the surgical case assignment prob-
lems considering downstream resource capacity.

< Salma Makboul
salma.makboul @usmba.ac.ma

Said Kharraja obtained solutions in terms of scheduled surgeries and
said kharraja@univ-st-etienne. fr operating theater’s utilization rate.
Abderrahman Abbassi

abbassi.abdarrahman @ gmail.com .
1 Introduction
Ahmed El Hilali Alaoui

a.clhilali-alaoui @ueuromed.org An operating theater (OT) consisting of several operating

rooms (ORs) is one of the most critical resources in

! Modelling and Mathematical Structures Laboratory, Faculty hospitals because it generates both high revenues (more
of Science and Technology of Fez, Sidi Mohamed Ben than 40% of a hospital’s total revenues [31]) and incurs
Abdellah University, Fez, Morocco . C e .

high costs [3, 73]. Therefore, optimizing its resources by

University of Lyon, UJM-Saint-Etienne, efficient scheduling becomes a top priority for an ever-
LASPI, France . . . . .. .

growing number of hospitals, considering the waiting list

Faculty of Sciences, Marrakesh, Morocco of patients and different details on the characteristics and

4 Euromed University, 32 Rue Meknes, Fez, Morocco availability of several resources (e.g., ORs, intensive care

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10729-021-09572-2&domain=pdf
http://orcid.org/0000-0002-6423-2367
mailto: salma.makboul@usmba.ac.ma
mailto: said.kharraja@univ-st-etienne.fr
mailto: abbassi.abdarrahman@gmail.com
mailto: a.elhilali-alaoui@ueuromed.org

64

S. Makboul et al.

unit (ICU) beds, post-surgery unit and surgeons), as well
as the variability of surgery duration and patients’ length of
stay (LOS).

OT planning problems consist of determining the sched-
ule of surgeries, especially for critical services such as
the ambulatory discipline, to maximize multiple perfor-
mance measures such as OR utilization, efficiency, over-
time, patients’ priority, lateness, and so on.

Ambulatory surgery, also known as day surgery and
outpatient surgery, refers to surgery that does not require
an overnight hospital stay. “Outpatient” refers to surgery,
patients may enter and leave the facility on the same day.

Many countries are moving towards ambulatory surgery
due to its benefits such as reduced costs, reduced infection
rates, reduced complications, amenable appointment to
patient requirements and preferences, the opportunity for
the patients to heal at home, and shorter surgery duration,
and so on. Berg et al. [16] (see [4, 16, 28, 48, 66, 91]
and references therein for more details). The outpatient
service provides many gains in terms of a reduction in health
infections, since the exposure to the risk increases with
the length of hospitalization. Economically, international
studies have shown that outpatient care mobilizes fewer
resources than classical surgery in terms of direct hospital
costs [5].

The type of structure chosen is decisive for the estab-
lishment that performs the ambulatory surgery [5]. Four
models are widely defined for coordinating ambulatory
surgery, namely: the integrated facilities, the self-contained
unit on the hospital site, the satellite facilities, and the free-
standing self-contained unit. The integrated facilities are
the most developed in France. They have reception and
admission facilities that are dedicated to ambulatory surgery
while being located in a classical hospital unit; the OTs are
common to inpatient and outpatient admissions. The inte-
grated model has been used in almost all French facilities
over the last 20 years. This can be explained economically
because this type does not require new buildings or large
investments.

Our research aimed at finding an efficient planning and
scheduling tool for the common OT in integrated facilities.
Surgeries in ORs are carried out in sessions called “block
time”. The block time is an OR session reserved to each
surgical specialty, it can be a full day or a half-day. In this
study, a block time is considered a full day.

The planning involves two stages. The first stage consists
of deciding the surgical specialty that will be performed
in each block time, then selecting patients to be operated
in each block time according to the OT restrictions. In
accordance with the OT manager instructions, we consider
sequencing surgeries. The sequencing refers to assigning a
sequence of appointment times for each type of surgery [4,
16, 66, 91] according to outpatients’ priorities and type of
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surgeries in the ambulatory surgery block time. The second
stage determines the optimal number of surgeries that can
be performed in each day according to their priorities and
the availability of the downstream resources (such as post-
surgery unit beds and ICU beds for patients requiring ICU
treatment).

The problem of deciding the surgical specialty to be per-
formed in each block time is tactical; it involves the master
surgical schedule (MSS), which is a cyclic timetable. It
gives the open time of available ORs to surgeons or spe-
cialties [106]. A new MSS is created whenever the total
amount of OT time changes [2, 100]. Selecting the patients
to be operated in each block time is operational, it refers
to the scheduling case assignment problem (SCAP), and
the problem of sequencing the surgeries in each block time
is the elective sequencing of surgeries (ESS); surgeries
must be scheduled in each block time and the sequence
of surgeries must be determined. Developing higher qual-
ity schedules that integrate uncertainty in surgery durations
may increase the satisfaction of both patients and sur-
geons, minimize costs, and produce improved health results
[91]. Approaches focusing on surgery scheduling and/or
sequencing can be found in [4, 16, 24, 31, 37, 48, 66,
91] and references therein for more details. In general,
the OT manager faces many difficulties to solve such prob-
lems; they require respecting many different types of cases
and various surgical procedures, many types of resources,
such as OR personnel (surgeons, nurses, etc.), OR med-
ical equipment, an so on. Moreover, many factors of the
MSS are subject to uncertainty because they are made in
an uncertain environment, such as surgery duration, patient
arrival, resource availability, and so on. The hospital calls
for strategies to promote decision-making tools and oper-
ation research approaches to handle scheduling and OT
planning. From the OT manager’s perspective, the plan-
ning must be protected against uncertainties that may occur
and sometimes respecting several objectives (e.g., overtime,
idle time, OR utilization, patients’ waiting time, etc.). These
problems lead to solving complex mathematical problems
under several constraints, uncertainties, and objectives.

In this paper, we first propose a two-stage approach to
address the MSS and SCAP on a one-week time horizon
by considering sequencing surgeries in the ambulatory
specialty. The approach consists of concurrently defining
the surgical specialty in each block time, the list of surgical
cases to be performed during each block time, and the
desirable sequencing for the ambulatory surgical discipline.
It is based on the current state of the patients’ waiting
list, the OT restrictions, availability of resources (surgeon,
OR, etc.), and downstream availability of resources (ICU
beds and post-surgery unit beds). Throughout this study,
“clean surgery” defines a surgery that requires a short
cleaning time. Approximately 5 minutes after performing
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the surgery, and does not involve a hygienic issue for
using the OR to treat future patients. In comparison, “dirty
surgery” defines a surgery that requires a longer cleaning
time (15 minutes) so as to prevent bacteria from spreading
to subsequent patients. Dirty surgeries may be gallbladder,
hemorrhoids, and cleaner surgeries may be a colonoscopy,
hernia, and so on. For example, in a block time of visceral
surgery, surgeries should follow a hygiene order (e.g.,
the first surgery to be treated is a hernia, the second is
gallbladder surgery, and the last is hemorrhoid surgery).
Therefore, the surgeries in the ambulatory specialty are
treated from the cleanest to the dirtiest to avoid the
infections from spreading to future patients and reduce
the risk of nosocomial infection. The sequencing in the
ambulatory specialty depends on various factors: the age of
the patient, the type of surgery: clean or dirty, and so on.
Secondly, we define and apply a robust optimization when
surgery duration (processing time) is subject to uncertainty.
The robust optimization approach by [17, 18] deal with
uncertainty by limiting the number of uncertainties by a
robustness parameter (the budget of robustness). We present
in detail how new variables and constraints are applied to
linear models to build robust models and evaluate the impact
of robust solutions on the objective function.

Furthermore, we study the problem when ICU bed avail-
ability is subject to uncertainties. One approach to solve this
problem involves the worst-case criterion [42, 93], and we
use it in this study. We generate and discuss several sce-
narios to evaluate the proposed robust approach in terms of
the utilization rate of the OT and the number of scheduled
surgeries. Our study is inspired by a real hospital; models
presented in this work are tested on empirical data from the
archives of a French hospital.

The organization of the paper is as follows. Section 2
reviews a relevant state of the art that covers OT planning
and highlights the contribution of the work. Section 3
describes the problem and the models. In Section 4, we
provide a short background on the robust optimization; we
present the approaches adopted in this study and highlight
the importance of considering the robust nature of the
problem. Computational results are given by comparing
the robust models with the deterministic counterpart in
Section 5. Finally, conclusions are given in Section 6, with
outlines for future work.

2 Literature review

In this section, we provide a literature review of studies
dealing with surgical scheduling. As stated in [106], the
problem of OR planning and scheduling has been the
subject of a wide number of contributions and it has been
thoroughly reviewed by several authors. The decisions of

OR planning and scheduling is divided into three levels:
Long-term strategic, medium-term tactical and short-term
operational [22, 55].

Strategiclevel Resources planning problems, resource allo-
cation problems, and case-mix problems (CMP) consist of
scheduling problems at the strategic level. The problems
generally have a long planning horizon and are based on
very aggregate information and forecasts. The basic goal
at this level is to enhance the use of resources and the
allocation of budgets among the common surgical special-
ties. It focuses on the number and specialties of surgeries
to be planned, and the number of the resources required,
and so on. [20, 103]. Nonetheless, following the classifi-
cation approach of most researchers, we classify capacity
planning, resources allocation, and case-mix problem into a
strategic level [106]:

a. Capacity Planning: It can be described as the process
of determining the number of resources needed to meet
cost-effectively the demands [21, 26, 34, 40, 49, 61, 80,
92].

b. Case-mix problems: It concerns the number and type of
surgeries performed in the ORs [23, 45, 51, 53, 63, 64,
102].

c. Capacity allocation: It refers to the allocation of
specialties in OR management to OR days [20, 25, 28,
33, 47, 60].

Tactical level The MSS is a tactical problem. Based on
strategic level decisions, MSS provides advice to facili-
tate operational level decision-making. MSS is a cyclic
timetable that determines the surgical unit associated with
each block of OT time. Usually the time-scale is monthly
or quarterly. MSS determines the distribution of the work-
load, which plays a major role in the scheduling process.
Researchers use a variety of approaches to build MSS.
Guido and Conforti [46] defined a MSS as that which
assigns OR time to specialties and surgeons by optimiz-
ing conflicting objectives while taking into consideration
the surgical characteristics and the maximum OR time set
for each surgical specialty and surgeon. Agnetis et al. [3]
focused on assigning the different surgical specialties to the
available sessions, then allocating surgeries to each session
to assess the weekly MSS. More papers focused on MSS
can be found in [6, 8, 27, 68, 69, 89, 96, 97].

Operational level The operational level involves decision-
making in the short term, which is the surgery scheduling
problem (SSP) or patient scheduling. Following the tactical
level decisions, operational level implementation is sup-
posed to match and schedule resources or patients. Surgery
on the waiting list is scheduled for specific OR, day and time
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of commencement. The uncertainties in surgery duration
and patient attendance significantly impact patient appoint-
ment booking, sequencing, and scheduling decisions in
hospitals [16]. The surgeries on a day may end in longer
overall surgical durations. Late start times often result in
costs and staff overtime as the last surgery ends longer than
expected [31]. [31] showed the impact using sequencing
rules and surgery duration on total surgeon and OR team
waiting time, OR idling, and overtime costs. The authors
in [31] developed a Stochastic programming (SP) model
with some heuristics to schedule the surgeries under dura-
tion uncertainty. Their model can be applied using both the
block scheduling and the open scheduling scenario [106].
Berg et al. [16] developed an appointment scheduling model
based on a two-stage stochastic mixed-integer program for
optimizing booking and appointment times and sequencing
of outpatients under uncertainty. Later, [91] considered two
sets of decisions; sequencing and scheduling surgeries on a
day for a single provider. Shehadeh et al. [91] presented a
stochastic mixed-integer linear programming (MILP) model
for the stochastic outpatient procedure scheduling problem
to minimize patient waiting time, provider idling, and clinic
overtime. Many studies decompose the OR scheduling and
planning process into two steps:

a. Advance scheduling: Also called as intervention assign-
ment or SCAP [2] consisting of assigning an OR and a
day for each surgery [6, 29].

b. Allocation scheduling: Tt specifies the start time of
the surgeries. [7, 57, 62, 87]. Some authors focused
on the start times of surgeries and assumed that the
sequencing of surgeries is already fixed in advance [91],
(e.g., in [30, 37, 44] and references therein). Other
authors focused on the scheduling and the sequencing
of surgeries at the same time. Papers that addressed both
decisions can be found in [4, 16, 28, 31, 66, 91, 95] and
references therein.

c. Integration of advance scheduling and allocation
scheduling: Some authors integrate both the advance
scheduling problem and the allocation scheduling
problem [9, 35, 50, 52, 84, 85].

Basically, three different strategies design the scheduling
problems [54]: The block scheduling strategy, the open
strategy [10] and the modified block strategy. In the block
scheduling strategy, the OT is allocated to a single surgical
specialty [46, 56, 65], consisting of one or more surgeons in
the same surgical discipline, since the same type of surgery
is done in a given room over a given period. The physical
management of equipment and/or materials is usually
simplified [3, 7, 10, 12, 59, 78]. The block scheduling
strategy is applied more often than the open scheduling
strategy in European hospitals [106]. The open scheduling
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strategy is more flexible, in which there is no prespecified
session-to-discipline assignment. Two surgical cares may be
operated in the same block time at the same time [10, 38, 67,
69, 71, 104]. However, some inconveniences are related to
the block scheduling strategy; if a block time is assigned to
one surgeon, other surgeons cannot fill the block even if that
surgeon does not schedule surgical cases in the block time.
This is why the modified block scheduling strategy has been
proposed [10, 31, 39, 75, 86, 101]. The modified scheduling
strategy is usually applied in American hospitals.

The literature indicates that the uncertainty of surgery
duration is implicit in surgical services. It is an affecting
problem due to the highly variable nature of surgical spe-
cialties [101]. Such uncertainty or variability is commonly
ignored in many OR planning and scheduling problems
which assume deterministic surgery duration [106]. The
duration of the surgery relates to the processing time. Dura-
tion uncertainty refers to the differences between the actual
and expected durations of surgeries; it can be caused by the
patient condition, the skill of the surgeon, and sometimes
it depends on the surgical specialty [106]. So many authors
have dealt with the duration uncertainty using stochastic
optimization using Monte Carlo simulation [39, 72, 73,
88, 107]. Tohid et al. [99] presented a two-level physician
planning framework for polyclinics under uncertainty. They
used a Monte Carlo simulation algorithm to demonstrate the
planning framework. Only a few of them have addressed
robust approaches to deal with uncertainties [8, 11, 81,
82]. Addis et al. [1] addressed a robust optimization model
to solve the advanced scheduling problem with uncertain
surgery durations. Neyshabouri and Berg [77] developed a
two-stage robust optimization approach for surgery schedul-
ing under surgery duration and LOS uncertainty in the
ICU based on the worst-case criterion. Neyshabouri and
Berg [77] adopted the block scheduling strategy and pre-
sented robust solutions to schedule the surgeries with a
low probability of lack of enough capacity. Min and Yih
[74] proposed a two-stage SP approach based on the sam-
ple average approximation (SAA) method to generate an
optimal schedule for the surgeries. Min and Yih [74] con-
sidered the uncertainty in surgery durations, LOS, and ICU
beds capacity each day. Their model minimized both patient
and overtime costs. Later, [90] introduced a distribution-
ally robust elective surgery scheduling (DRESS) to schedule
elective surgeries under block scheduling strategy. She-
hadeh and Padman [90]’s approach took into consideration
random surgery durations, random LOS in the ICU in addi-
tion to a limited ICU capacity. The DRESS model developed
in [90] minimized the surgery costs, overtime, idle time,
and ICU capacity. Zhang et al. [105] presented a two-stage
SP model to schedule surgeries over a short-term planning
horizon under surgery duration, LOS, and patients arrival
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uncertainty. They considered capacity constraints (ORs and
ICU). Zhang et al. [105] modeled the problem as a Markov
decision process and a two-stage SP.

In terms of problems addressed, this paper considers
the block scheduling scenario. We propose a two-stage RO
approach to address the MSS and SCAP in addition to the
decisions considered in [74, 77, 90, 105]. Our approach
can be considered as an extension of [3]. As in [3], the
authors have addressed a decomposition approach to solving
MSS and SCAP without taking into consideration several
factors such as surgeons’ timetables, the uncertainties of
surgery processing time, the particularity of the ambulatory
discipline, and the availability of both post-surgery units and
ICU beds.

The selected papers are listed in Table 1. Column 1
shows the references, the last row corresponds to the work
proposed in the respective paper. Column 2 provides a
short overview of the problem(s) addressed (strategical,
tactical or operational). Column 3 shows the methodology
used to solve the problem addressed. Column 4 defines the
objective functions used. Finally, column 5 refers to the
constraints considered.

3 Problem description and mathematical
modeling

3.1 Overview of problem

This study relies on the problem of allocating elective
surgeries to ORs over a week. The surgeries are grouped into
surgical specialties. For each surgery, a group of information
is considered:

® Specialty type (general surgery, urology, ambulatory
surgery, etc.)

¢ Nominal duration of surgeries (processing time)
Decision time (day when the surgery entered the wait-
ing list)

e  Waiting time (days since the decision time)
Due date (nominal time by which the surgery should be
performed according to their priority)

®  (Outpatient priority if the surgery is ambulatory) (chil-
dren, elder, clean/dirty surgery)
Post-surgery LOS in recovery unit

e [ICULOS

The hospital has one ICU and several post-surgery units.
One of the post-surgery units is dedicated to ambulatory
surgery outpatients, noted by (u« = DS) as shown in
Fig. 1. The patients stay in a bed in one of the surgical
units upon arrival on the day of surgery. After the surgery,
the patients expect to be monitored in the post-anesthesia
care unit (PACU) for a range of minutes (e.g., 30 to 40

minutes for endoscopy) to several hours. When ready, they
are transferred to the post-surgery unit. The outpatients are
brought back to the ambulatory surgery unit and are dis-
charged on the same day. On the other hand, some patients
have to stay in the ICU before taken to the post-surgery unit.

The main objective of this study is to define the best mix
of elective surgeries types that must undergo surgery during
the week according to the various hospital restrictions.

A block time can be a half-day [2] or the whole day (full-
day sessions). In this study, the block time is considered a
full-day session.

The elective surgical planning problem is a two-stage
approach. In the first stage, we aimed to define the MSS
by considering the OT restrictions. Some types of surgeries
may only be performed in a restricted set of ORs due
to limitations in size or equipment. Moreover, due to the
number of surgeons available for the surgical discipline,
only certain block times of the specialty can take place on
the same day. Due to hospital management rules, the lower
and upper limits block times for each surgical specialty are
known. Furthermore, sometimes the hospital can assign one
or more block time each day for some specialties. We took
into account the following:

e Session capacity and demand should be balanced as
much as possible [3].

e The due date of the patient must be taken into account,
because the quality of the service may be determined by
its due date results.

® Respecting the priority of surgeries in the ambulatory
discipline: The sequencing is important because it gives
children priority to undergo surgery first. Moreover,
the cleanest surgeries to be achieved before the dirtiest
ones. Besides, the sequencing may reduce health
infections, and so on.

e  Testing the robustness of the MSS against the variability
of the duration of surgeries.

We considered a score of each surgery, which depends
on how close is the surgery to its due date ¢; = (W — R;),
where R; are the days to the due date and W is the maximum
waiting time for low priority surgeries. W guarantees that
urgent surgeries have a greater impact on the objective
function and thus the model has more incentives to select
them and consider the priorities of patients.

According to OT manager instructions, the scheduling
of the outpatients in the ambulatory surgery block time
must be respected. To do this, we assign two dummy
outpatients to each ambulatory surgery block time. The first
dummy outpatient is the first outpatient to be operated, its
processing time is zero and its preference is the highest (so
it can be always the first). The second dummy outpatient
is considered as the last outpatient to be operated, its
processing time is also zero and its preference is the lowest
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Operating Theater

ICU

Post-surgery unit

Inpatients
needing ICU —> Wards
Inpatients ~ ~~~ 2|
- & . -
Outpatient — > Ambulatory surgery -
unit (u = DS) T imi ==

Fig. 1 Elective patient flow

(so it can be the last). This technique will simplify the
modeling of the problem. The outpatients will be scheduled
according to their preference and health infections will be
reduced. The model always favors children and cleanest
surgeries, by assigning to them maximal preference; unlike
dirty surgeries, to which we give lowest preference to be
scheduled last. Similar surgeries take the same preference;
for instance, two clean surgeries in the ambulatory specialty
block time obtain the same preference. Therefore, the
sequencing between the two is randomly chosen as they
have the same preference.

In the second stage of the approach, we aimed to find
the best mix of elective patients to be operated during the
week based on the MSS given in the first stage, considering
availability of both post-surgery units and ICU beds for the
patients requiring ICU treatment. The patients are selected
according to their scores, i.e., urgent surgeries have a greater
impact and more chances to be selected. Basically, ICU beds
are shared with the emergency department and may depend
on human resources availability. Consequently, we aimed
to build a robust solution when availability of ICU bed is
subject to uncertainties.

3.2 First stage

We describe the deterministic model, decision variables,
parameters and the objective function. We aimed to define
the MSS on a weekly basis and allocate surgeries to ses-
sions by considering the OT restriction and availability of
resources.

We propose the following integer linear programming
(ILP) model:

3.2.1 Problem’s parameters

To formally define the problem, we use the following
notations and parameters:

@ Springer

(u = DS) - @

---------- LI
: \
N\
N | Ambulatory surgery
unit (u = DS) _O
S Set of surgical specialties
Cs Set of surgeons in specialty s
1 Set of all surgeries in the waiting list
(I={1,...,n})
I Set of surgeries in the waiting list of specialty s
J Set of days
Ro Set of the operating rooms
SPR Set of the outpatients with the same preference
NAOR;  Setof unavailable ORs for specialty s

r Index for operating room in Ro

J Index for day

i Index for surgery

s Index for surgical specialty in S

a Index for the ambulatory specialty in S

d Index for surgeon in C;

o Dummy outpatient assigned to each
ambulatory surgery block time and would
be treated as the first outpatient

B Dummy outpatient assigned to each
ambulatory surgery block time and would
be treated as the last outpatient

R; Days to due-date (nominal date) for surgery i

p; Expected duration of surgery i

i The score for surgery i

omnax Block time capacity

NBT/"** Maximum number of block time for specialty s

NBT™™  Minimum number of block time for specialty s

PBT; Maximum number of parallel block time for
specialty s

w Maximum waiting time for low-priority
surgeries

NWDy Number of days that surgeon d can work
in a week

prfi Preference of surgery i

M Very large number

dspa; = { 1 if surgeon d is available on day j

/ 0 otherwise
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3.2.2 Decision variables
We define the decision variables as follows:
P 1 if surgery i of surgical specialty s is assigned to room r on day j

771 0 otherwise

) 1 if surgeon d of surgical specialty s is assigned to room r on day j

Ldsti =1 0 otherwise
S 1 if the outpatient 1 is operated immedietly after the outpatient i in room r on day j

i =1 0 otherwise

] 1 if surgical specialty s is assigned to room r on day j

Y77 =1 0 otherwise
3.2.3 First stage’s ILP model Zwﬂ]rj =0 Vr € Ro Vjield (13)

The objective considered in this paper is formulated as
follows:

nax 3 Y i M

seSielgreRojel

Subject to:
DD xSl VseS  Viel\{wp) @
reRojel
ZZPi Xigrj < O™ ¥reRo Yjel (3)
seSiels
> Xisj <Myy; VseS  VreRo Vjel
iels
“)

Ywi<l VreRo Vjel )
seS
33 vy < NBTP  VseS 6)
reRojel
3> verj = NBT"™  Vses (7N
reRojel
Yy <PBT, VseS Vjel (8)
reRo

Z Zyw- =0 VseS )
reNAOR;jeJ
Xaarj < Yarj Yr€Ro VjelJ (10)
XBarj < Yarj Vr € Ro Vjield (11)
Zwia’f =0 VreRo VjelJ (12)

iel,

lel,

Xiarj = Z wirj Viel,\{B} YjeJ VreRo
lel,/i#l
(14)

Zwilrj = Zwlirj

Viel,\{o,} YjeJ VreRo

lel, lel,

(15)
prfi = wilj X prf vi,l € I, Vield Vr € Ro

(16)
Z Zstrj < NWDy Vs eS Vd € C;
reRojeJ

17)
Yorj = 3 Zdej VSE€ES VreRo Vjel

deCy
(18)

Zdsrj <dspgj Vs €S VdeC; VjeJ VreRo

(19)
Yoawj<l  VseS ¥deC, Yjel (20)
reRo
> wiy < |SPR|=1  V2<|SPRI<|, |
(i,)eSPR
—1 VjeJ VreRo (21)

Wilrjs> Ysrjs Zdsrj»> Xisrj € {0, 1} VseS Vilels
Vre Ro VYjelJ (22)
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Objective Eq. 1 aims to select the surgeries that maximize
the overall score. Constraint Eq. 2 ensures that each surgery
can be performed at most once. Constraint Eq. 3 ensures
that the upper limit of block time is respected. Constraint
Eq. 4 guarantees that patients are assigned to only block
time opened for their surgical discipline. Constraint Eq. 5
guarantees that at most one surgical specialty is assigned to
an OR in a day. Constraints Eqs. 6-7 bound the number of
weekly block time assigned to each discipline. Constraint
Eq. 8 limits the number of parallel block time assigned to
the same surgical discipline. Discipline-to-OR restrictions
are taken into account by constraint Eq. 9. Constraints
Egs. 10-11 guarantee that the two dummy outpatients o
and B are assigned to each ambulatory surgery block time.
Constraint Eq. 12 ensures that the dummy outpatient «
cannot have a predecessor. Constraint Eq. 13 guarantees
that the dummy outpatient § cannot have a successor.
Constraint Eq. 14 ensures that if an outpatient is selected
from the ambulatory discipline, he/she has definitely one
successor; this constraint links between sequencing and
assignment variables. Constraint Eq. 15 ensures that if an
outpatient of the ambulatory specialty has a successor, then
the outpatient has definitely a predecessor (the conservation
of flow). Constraint Eq. 16 guarantees that the sequencing
of outpatients in the ambulatory surgery block time depends
on the preference value of each outpatient. Constraint
Eq. 17 limits the number of days that a surgeon can work.
Constraint Eq. 18 guarantees that a block time is assigned
to one surgeon of the same discipline. Days surgeons’
availability is taken into accounts by constraint Eq. 19.
Constraint Eq. 20 ensures that a surgeon is assigned to one
OR at most on a day. Schedule between outpatients with
the same preference in the ambulatory surgery block times
is considered by constraint Eq. 21, this constraint schedules
randomly outpatients with the same preference by avoiding
selecting outpatients already scheduled. Constraint Eq. 22
defines the integrality constraint.

3.3 Second stage

In the second stage, we aimed to find the best mix of
elective patients to be planned during the week according to
downstream resources’ availability (ICU and post-surgery
unit beds). Using the MSS defined in the first stage as input,
urgent patients have more chances to be selected and keep
their places in the MSS.

Hence, we propose the following MILP model:

3.3.1 Additional parameters

We define the following additional notation and parameters:

@ Springer

F Set of classes of patients’ post-surgery LOS

2 Set of block times

K Set of surgical groups

U Set of post-surgery units in the hospital

Iy Set of surgeries in the waiting list in group k € K

k Index for surgical group in K. A group k € K

of patients is characterized by its class and

block time

f Index for a class in F, f = 1 refers to
outpatients surgical class

u Index for the post-surgery units. u = 1 refers
to the ambulatory surgery unit

1) Index of block time in §2

g The score of the surgery i

Tyj Number of post-surgery beds available in
surgical unit # € U on day j

V; Number of ICU beds available on day j € J

LSiIkCU The total LOS in the ICU for patient i € I

LS},/( The total LOS in the post-surgery unit for patient
i€l

Di Surgery duration of patient i according to first
stage

VL ={ 1 if the block time w € 2 contains group k € K

“710 otherwise
WL — { 1 if the group k € K is assigned to day j € J
/ 0 otherwise

rer — 1 if surgeries in group k € K require a ICU bed
o otherwise

] 1ifthe groupk € K isof class f € F
“=1o otherwise

) 1 if the outpatient / is scheduled immedialtly after the outpatient i
git=1 0 otherwise

3.3.2 Decision variables

We define the decision variables as follows:

A;wj Start time of the outpatient i of block time won day j

~_J 1 if surgey i of group k and block time w is assigned to day j
Viko] =10 otherwise

3.3.3 Second stage’s MILP model

The objective considered is formulated as follows:

max ZZ Z Zyikwjﬂi (23)

keKicelywes2jeJ



A two-stage robust optimization approach for the master surgical...

73

Subject to:

Z)/ikwj <VLiy
jeJ

Z Yikwj =W Lg;j

wes2

ZZ Z eCk1Vikwj = Tl

keKielwes2

Vke K Viel, VYoef2 (24

VkeK Vielk VYjed (25

Vield (26)

Z (1 —rcp) Z Z Yikoj + Z j_l)/ikwj/
keK iely wes2 j'ed

ecp1=0 g
k1 j/>j*LS[-li

) D

iely wes2 j'el
o U IcU
J'>Jj—LS;; —LS;;

Yikwj'

<> Vjel 27)
uelU
u#l
j—1
Z rCi Z Z Yikwj + Z Yikwj’
k_elfo iely wes2 j'el
eCk1=" j’>j—LS,-IkCU
<v; VjelJ (28)

Alwj = Aiwj + pi — M(1 —qj Z Yikw;j)

keK
v(i,l) e I,
Yo € §2 Vjield (29)
Yikwj €{0,1}  Vke K Vi e Iy
Yo € 2 Vield (30)
Aiwj =0 Viel, Yo € 2 Vjield 3D

Objective Eq. 23 aims to select the surgeries that maximize
the overall score. Constraint Eq. 24 guarantees that each
surgery is assigned at most one time during the planning
horizon according to their corresponding group and block
time in the MSS (linking with the MSS planning of the
first stage). Constraint Eq. 25 guarantees that each surgery
is assigned at most to one block time during the planning
horizon according to their corresponding group and day
in the MSS (linking with the MSS planning of the first
stage). Constraint Eq. 26 ensures that the sum of elective
surgeries not requiring an overnight stay does not exceed
the number of beds in the outpatient surgical unit (u = 1)
on day j. Constraint Eq. 27 guarantees beds’ availability in

the post-surgery unit « on the day j. It is divided into two
possibilities; (i) If surgeries of the group k require ICU stay,
then rcx = 1. Only the last term remains in the inequality.
Consequently, the surgeries of ICU transferred on the day j
to the unit # must not exceed the number of beds available
in unit # on the day j. (ii) If surgeries of the group k do not
require ICU stay, then rc; = 0 the last term in the inequality
is zero. The first term accounts for surgeries performed on
the day j and transferred immediately to the unit # and the
surgeries that have been and would stay in the unit # on
the day j, the total of these surgeries must not exceed the
number of beds available in unit # on the day j. Constraint
Eq. 28 guarantees beds’ availability in the ICU on the day
Jj; the sum of the surgeries performed on that day j and
transferred to the ICU and the surgeries that were performed
on previous days and used the ICU and would stay using the
beds must not exceed the number of ICU beds available on
the day j. Constraint Eq. 29 defines the start time for each
surgery from the ambulatory specialty. Constraints Egs. 30
and 31 enforce the binary variable of the model and the
non-negativity restrictions.

4 Robust formulation
4.1 Overview of robust optimization

Robust optimization (RO) is a framework for modeling
uncertainty in stochastic optimization problems when the
distribution of uncertain problem data is not known. It has
gained renewed interest over the past two decades with
many applications from both practitioners and theorists
[83]. RO models uncertain data using continuous or discrete
sets of possible values, with no attached distributional
probability. RO generates optimal solutions that are feasible
for a defined set of values that uncertain parameters can take
[77]. A solution is called “robust” if it is resistant to data
disruption, at least within a given range. The robust solution
is feasible for various data scenarios and not necessarily
optimal for all of them. The term “robust” was used for the
first time by [76].

Earlier, [93] introduced a robust approach that represents
a guarantee against all possible realizations of uncertainties,
reducing the problem’s resolution under uncertainty to
solving a deterministic problem in which all the uncertain
parameters take their worst-case values. Such robust
solutions can be considered too pragmatic and are
characterized in the literature as conservative solutions. A
worst-case decision will not always be acceptable. The cost
can be unnecessarily high if it is unlikely to happen. Later,
[13, 14, 36] introduced less conservative approaches to
deal with uncertainty. However, their models are nonlinear
and hard to solve [79]. Consequently, a less conservative
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approach has been presented in [17, 18], and it is used in this
study. A recent survey of literature about RO can be found
in [15, 19, 43]. Bertsimas and Sim [18] state that in real life,
not all parameters attain their worst values simultaneously,
and only a part of them deviate from nominal values.
The robust model introduced by [18] remains linear and
computationally tractable.

Not privileging uncertainty may impact patients’ health
and hospital quality of service. Using RO to evaluate uncer-
tainty in health care and surgery planning problems can
be more efficient than SP. SP has a significant drawback,
which concerns the large size of the problems it generates,
and involves memory space and computation time problems.
The solutions given by the RO are protected against uncer-
tainty and generate a probabilistic guarantee for the feasibility
of solutions. SP may provide incorrect solutions for short-
term planning, while RO can be successfully used [77].

Some specialties may be very sensitive and require par-
ticular attention (e.g., cardiology, oncology, vascular surgery).
Cardiology and vascular surgery patients may undergo com-
plicated surgeries that require long surgery duration and
LOS in the post-surgery units and ICU beds. RO can pro-
duce solutions that are protected against uncertainty for
short-term planning in such complex situations, and when
it is not evident to receive probabilistic information or
infeasibility cannot be tolerated [77].

4.2 Surgery duration uncertainty

The ILP model Eq. 1-22 assumes that the input duration
data of surgeries (processing time) are precisely defined and
equal to certain nominal values. Nonetheless, the impact
of data uncertainties on accuracy and variability of the
model is not taken into account. It is likely that since the

even feasible. The processing time of surgeries is subject
to fluctuations because of several factors, namely surgeon’s
skills, patient’s age and health, and so on. This is why
we are looking to adopt our model to be resistant to data
uncertainty.

Let assume that the processing time values are symmetric
and bounded random variables that take values in [P; —
fD\,-, P+ i’\i], where P; denotes a nominal value and i’: its
deviation (I/D\,- > 0). The robustness parameter V protects the
constraint Eq. 3.

We define the random variables: n; = %i, where n; €

[—1, 1]. The data uncertainty is defined by the polyhedral
uncertainty set as follows [18]:

Lf =(P eRPi=Pi+ P,y m<V.0<n <1
iel

(32)
The decisions variables are assumed to be nonnegative.
Consequently, the worst case will be reached at the right-
hand side of the range [P; — P;, P; + P;]. Hence, the
random variable 7 in Eq. 32 is assumed to be positive (0 <
n; < 1). Without loss of generality, the confidence range
[P; — E J P+ E] does not have to be symmetric.

For each day j, and OR r, a subset of patients which
cardinal is denoted by V follows the worst-case scenario
in surgery duration. The worst-case value is reached by
considering the largest surgery duration deviation. The
subset chosen is the one with the worst effect on the block
time capacity from all possible subsets, and the solution is
assumed to be feasible concerning this subset [1].

The protection function was included in the constraint
Eq. 3 as follows:

Pixisrj + Brj(x*, V) < O™ v, j (33)
data take values that are different from the nominal values, é;lezl i%isrj + Prj J
certain constraints may be violated and the optimal solution '
found using the nominal data may no longer be optimal or Where,
Bri(x*, V) = max >N Pixfy + (V= LVDP, X, (34)

(8], Ultrj )18, C1,card (S )=1V ] t;;€I\S];}

seSies;j

Where P; the nominal value of the processing time, for
all r and j. B,; is equivalent to the following problem:

max ZZExfsrjgi (35)

seSiel
Y gi=v (36)
iel
0<g <1 Viel 37)

@ Springer

Note that x;, . is the optimal solution of the deterministic
model and not a variable in this problem. g; is the decision
variable, P is the precision range.

The dual of model Eqs. 35-37 is written as follows:

min Vu,; + ZZU"”/ (38)
seSiely

Urj + Visrj = ﬁxmj Vs e S Vi € I 39)
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Visrj >0 VseS  Viel (41

Where u,; and vy are the dual variables associated to
constraints Eqs. 40 and 41, respectively. By strong duality,
the optimal values of Eqs. 38 and 35 coincide. The dual
model Eqs. 38-41 is replaced with the protection function to
obtain the robust formulation of Eq. 33:

Zzﬁixiw + Vu,; + szisrj O™ Vr,j (42)
seSiel; seSiels

Urj + Vigrj = Exisrj Vs eS§ Vi € I Vr,j (43)
uj >0 vr, j 44)
Vigrj =0 Vs e S Vi e I Vr, j (45)
The robust optimization problem Egs. 1-22 can be

reformulated as the following ILP model:

max Z Z Z insrj(ﬂi (46)

seSielsreRojel

subject to: Egs. 2, 4-22

DO Pixisrj+Vur+Y Y vigj O™ Vrj (47
seSiel; seSiel;

Urj+visrj > Pixisrj  Vs€S  Niel, Vrj (48
wj >0 Vr,j (49)
visrj 20 VseS  VYiel, Vrj (50)

The robust approach increases the number of constraints and
variables, but the big advantage is that the model remains
linear and computationally tractable. Thus, it can be solved
using commercial optimization solvers in a reasonable time.

4.3 ICU bed availability uncertainty

We consider the MILP model Eqgs. 23-30; we suppose that
the number of available ICU beds in each day j is uncertain.
We deal with uncertainty on right hand sides with inequality
constraints. The approach introduced by [18] cannot always
be usefully applied [42]; [41] presented a critical analysis.
Hence, the worst-case criterion can be relevant [42, 93].
We consider the following linear programming model:

min cx
(51)
s.t. Ax>b

Where A is an n x m matrix, and b € R™. We suppose

that b; is uncertain and varies in an interval [b;, bil. Let IT
be the Cartesian product of interval [bi, bil.
For all b € I1, we define the nonempty polyhedron X b =
{x € R" : Ax > b}; it contains the feasible solutions under
scenario b. The smallest feasible solution set of Eq. 51 is
obtained when b is b.

For all x in X ’é the worst value is equal to cx for all scenarios.
A solution x, which does not belong to X g has a worst value
equal to +oo (because x is at least infeasible for one scenario)
[42]. Hence, the optimal solution according to the worst-case
criterion necessarily belongs to X g and the optimal solution
according to the worst-case criterion is solved as follows:
min cx
_ (52)
s.t. Ax=>b
The number of available ICU beds in each day j € J
is uncertain and varies in an interval [v;, V;]. As a result,
the optimal solution according to the worst-case criterion is
solved as follows:

max Y Y DD yikesVi (53)

keKicliwes2 jel
subject to: Egs. 24-27,29-31

j—1

Z erZZ Yikoj T Z Yikoj'

keKO ieliwes2 j'ed

e J'=i-LSIEY

<vj Vjield (54)

The problem is solved in polynomial time [42]. The
optimal solution of Eqs. 53-54 is considered as the robust
solution, since it is feasible under any possible scenario.

5 Computational experience

The experimental tests aim to evaluate the behavior of
the proposed two-stage approach for the deterministic and
the robust case in terms of utilization rate and number of
scheduled surgeries from the waiting list. The dataset is
taken from the archives of the OT of a medium-sized public
French hospital. The assessments were carried out over a
week. The choice of week was made based on two factors; a
week with a large volume of outpatient surgery and a week
not containing school holidays.

The OT has R = 8 ORs; nevertheless, we only take into
consideration 7 of them. In fact, the 8 room is devoted
to the emergencies (EMR). All the ORs are identically
equipped, but some rooms are more suitable for some
specialties than others. Surgeries belong to the following
specialties as shown in Table 2: Gynecology (s=GYN),
urology (s=URO), orthopedic surgery (s=ORTH), vascular
surgery (s=VAS) and ambulatory surgery (s=DS).

We tested three different sizes of the OT, 8 ORs, 12
ORs and 16 ORs with 2 different waiting lists (140 and
180 surgical cases). For instance (P.140, R.8) refers to the
waiting list contains 140 surgical cases; (45 outpatients, 95
patients from the different specialties) and 20 surgeons.
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Table 2 Specialties of the hospital

Specialty Description

GYN Gynecology

URO Urology

ORTH Orthopedic surgery
VAS Vascular surgery
DS Ambulatory surgery

The number of days that surgeons can work in a week is
fixed to 4 days per week. The age of the outpatients in the
ambulatory surgery is generated randomly between 1 and
100 years, 50% of the surgeries are considered clean and
50% dirty, the block time lasts 450 minutes, we set W = 90.

The surgeons are grouped in sets of surgical specialties
that are allowed to work 4 days distributed across the week.
We generated a matrix of availability of surgeons, which is
0 if the surgeon is not available in a day, otherwise 1.

The scheduling of the surgeries in each ambulatory
specialty block time takes into consideration the priorities
of the outpatients. According to the preference values given
by the decision-maker to the ambulatory surgeries, the
model always favors children and the cleanest surgeries,
hence, they are always scheduled first by assigning maximal
preference to them. Unlike dirty surgeries, we give to the
similar surgery types the same preference. For instance, two
clean surgeries in the ambulatory specialty have the same
preference. The choice between two surgeries with the same
preference is random and has no criterion.

Table 3 shows the restrictions on rooms in the compu-
tational settings for the instance (P.140, R.8). The second
column defines the set of unavailable ORs for each disci-
pline. The gynecology specialty can only be assigned to OR
2 and 3 then NAORgy, = {1,4,5,6,7, 8}, although the
ambulatory surgery can be assigned to any OR in the OT
except OR 8 because this room is reserved to the emergen-
cies. Furthermore, columns 3 and 4 refer to the number of
minimal/maximal block time for each discipline. Column 4
shows that parallel block times are only allowed in some
surgical specialties, for example, the ambulatory specialty
and the orthopedic surgery.

We define N BT;"** (the number of maximal block time
for specialty s) as the weighted sum of two components

Table 3 Restriction on MSS for instance (P.140, R.8)

Specialty NAOR; NB TS’”i " NBT"** PBT;
Gynecology {1,4,5,6,7,8} 3 9 1
Ambulatory surgery {8} 4 12 2
Urology {1,2,8} 2 9 1
Orthopedic surgery  {2,3,5,6,7,8} 3 11 2
Vascular surgery {1,2,3,4,5,6,8} 4 8 1

NBT]"* = w; x HNBT; + wy x LN BT, where wy and
wy are positive numbers such that w; + wy = 1. The first
component H N BT is the historical number of block time,
which have been assigned weekly to specialties, the second
component LN BT is the number of sessions to clear the
waiting list of specialties.

5.1 Deterministic models computational results

The hospital has 8 ORs, one of them is devoted to emer-
gencies. Three post-surgery units are dedicated to elective
surgeries. The post-surgery unit (# = 1) is committed to
ambulatory surgery, it has 15 beds and it closes at nights.
The two other units (# = 2, u = 3) are dedicated to elective
patients and have respectively 14 and 18 beds. The ICU has
7 beds shared with the emergency department.

The LOS of the patients varies from 1 to 10 days. The
patients requiring ICU treatment are limited. Hence, we
generate 3 scenarios; 0%, 1% and 2% of patients requiring
ICU treatment. (1.1) refers to 1% of surgeries on the waiting
list require ICU treatment.

5.1.1 Operated patients

Numerical results for a deterministic model are given in
Table 4. Column 2 shows the number of scheduled surgeries
for each instance without taking into account the availability
of ICU beds and the post-surgery unit beds. While column
3, 4 and 5 give the number of scheduled surgeries with
taking into account the availability of ICU beds and post-
surgery unit beds with 0%, 1% and 2% of patients requiring
ICU treatment, respectively. When the number of patients
requiring ICU beds increase, the number of patients selected
decreases. The experiments were performed using CPLEX
Optimization Studio 12.6 on Dell computer Intel Xeon CPU
E5 — 2667 v4 3.20 GHz 64 G RAM.

Table 5 shows results obtained for instance (P.140, R.8).
The MSS planning respects all constraints and discipline-
to-OR restrictions.

Figure 2 shows an example of the scheduling obtained in
the ambulatory surgery block time with respect to outpatient

Table 4 Operated patients of the deterministic models

Instance Without DR with (/.0)  with (/.1) with (1.2)
(P.140, R.8) 108 108 105 98
(P.140, R.12) 134 134 129 127
(P.140, R.16) 137 137 135 131
(P.180, R.8) 107 107 104 99
(P.180, R.12) 134 134 130 125
(P.180, R.16) 140 140 138 134
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Table 5 MSS planning for instance (P.140, R.8) Table 6 Data statistic on the distributions of surgery durations related
to specialties
MONDAY TUESDAY WEDNESDAY THURSDAY FRIDAY
Specialty(s) Mean value Standard deviation Number of
R=1 ORTH ORTH ORTH ORTH ORTH 125 (min) o5 (min) surgeries
R=2 GYN DS DS EMPTY GYN
R=3 URO GYN GYN GYN DS ORTH 91 53 156
R=4ORTH ORTH  ORTH ORTH URO GYN 72 46 70
R=5DS DS DS DS DS VAS 111 54 109
R=6DS URO URO DS EMPTY DS 55 31 67
R=7 VAS VAS VAS VAS VAS URO 82 58 56
R=8 EMR EMR EMR EMR EMR
40

priorities and preferences. Dirty surgeries are scheduled last 35

to avoid health infections. 30

5.2 Robust models computational results 25

u (%) of patients

Table 6 provides statistics related to the distributions of
surgery durations for each surgical specialty. We present 15 4
the mean surgery duration denoted by u), and the
standard deviation oy for each specialty s. For each
patient ;i from specialty s, the nominal surgery duration 5
P; is computed by randomly generated from a lognormal
distribution according to the statistics corresponding to

specialty s [94]. To compute stochastic surgery time, NEEESGINg o,Q’\ > &

the lognormal distribution is recommended by several
authors [32, 70, 94] and it is consistent with the data
analysis of surgery duration. Figures 3 and 4 present
the distribution of surgery durations of orthopedic and

Surgery duration (min)

Fig.3 Distribution of surgery durations of orthopedic surgery

gynecologic surgery, respectively. The maximum deviation 60
P; (worst-case deviation) in surgery duration for each

patient i is computed as follows: P; = §op,, we set § = 1. 50
The effect of protection level on objective function value

is illustrated in Fig. 5. When V = 0 the optimum value = 40
is 11106. Which represents the deterministic model; while

with a maximum protection, it refers to [93] method; the 30
optimum value is reduced to 4.65% by 10589, the decrease

(%) of patients

in the objective value is the price of robustness. 20
The degree of protection for a given constraint i is

determined by the level of protection V;. The parameter is 10 1

related to the probability bound to determine the value V; to

meet the i’ constraint with a given probability [79]. 0" NN
Bertsimas and Sim [18] evaluated the degree of cons- NG A,Q'b

2
traint satisfaction by a probability bound exp(— %); the
probability bound depends on the size of the problem; more

S N Q \] QS Q Q
2 v \2) 3 N » N\
§ & s & S

Surgery duration (min)

precisely, the number of uncertain coefficients within the Fig.4 Distribution of surgery durations of gynecologic surgery

Fig.2 Example of scheduling in

an ambulatory surgery block Outpatient | Outpatient

time “) 30)
“Child” “Clean
Surgery”

Outpatient (102) Outpatient
“Clean Surgery” aa3)

“Dirty
Surgery”
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Fig.5 Optimal value as
function of V

11200
11100
11000
10900
10800
10700
10600
10500
10400

10300
0

same constraint. The approach becomes relevant when the
value of n is high; it brings a significant gain compared to
[93] approach [83].

Table 7 presents the results of the robust MSS; the objective
function value and the probability bound of constraint viola-
tion. Column 4 refers to the decrease of the objective value,
which is the price of robustness; when V. = 12 the opti-
mum value is 10607, while with a maximum protection, it
refers to the method of [93]; the optimum value is reduced
to 4.65% by 10589. The decrease in the objective function
as result of robust solution compensated by the benefit in
terms of robustness or feasibility.

The price of robustness is calculated by the following
formulation:

JENVD = 1600 (55)

Where x(V) is the optimal solution for the defined
budget V and f(x(V)) its objective value, and f represents
the optimal objective value of the deterministic problem.

In Fig. 5, we plot the optimal value as a function of V
the robust decision has a small effect on the objective value;
when there is no protection the objective value is 11106.

Table 7 Result of the robust MSS for instance (P.140, R.8)

v Probability Bound Optimal Value Reduction (%)
22 9.82 x 107! 10917 1.7

5.7 8.90 x 107! 10884 1.9

7.9 8.00 x 107! 10806 2.7

10 6.99 x 107! 10703 3.62

12 5.97 x 107! 10607 4.49

22,6 1.61 x 107! 10589 4.65

524 551 x 107° 10589 4.65

71.1 1.44 x 107° 10589 4.65
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When V > 12 the model is insensitive to V. This is exactly
the solution given by the method of [93]. With maximum
protection, the objective value is reduced by 4.65%.

Figure 6 shows the optimal value with respect to the
probability bound of constraint violation. The horizontal
axis represents the probability of violation, and the vertical
axis shows the optimal value according to the budget of
robustness. To have a probability guarantees at most a
0.8% chance of constraint violation, the objective is only
reduced by 1.9%. We noticed that the optimal value is
marginally affected when we increased the protection level.
The approach of [18] succeeded in showing the price of
robustness; it is not necessary to penalize the objective
function value to protect the model against constraints
violation.

We aim to calculate the infeasibility probability of robust
solutions for different budgets by considering random real-
izations of the uncertain surgery duration. We empirically
assess the number of times a given optimal solution is
infeasible. Therefore, we randomly generate 300 random
realizations provided by the Monte Carlo simulation for
uncertain surgery duration from the lognormal distribution.

The simulation steps are presented as follows:

1. Input. Solution x (V)

2. For @ =1 to 300, do:
-P7 ~ lognormal(u)p,op) 1€l
-Evaluate the feasibility of x(V) using P”

3. Output. The empirical probability evaluating constraint
violation of the solution.

The significant impact of the budget of robustness V
on the infeasibility probability of robust solutions out of
300 random realizations of uncertain surgery duration is
depicted in Fig. 7. It also shows the price of robustness as a
function of V.

According to Fig. 7, the budget of robustness that ensures
the feasibility is 6. Moreover, the penalty of robust solutions
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Fig.6 Optimal value as a
function of the probability 11000
bound of constraint violation

10900

10800

10700

Optimal Value

10600

V.71.1

10500

10400

1.44 x 107

feasibility is about 2.3%. Figure 7 shows the trade-
off between feasibility and robust schedules penalty for
different values of V.

Figure 8 illustrates the decrease in the objective function
for the worst case criterion approach for three instances.
1,2,3 and 4 correspond to without DR, (1.0), ({.1) and
(1.2), respectively.

5.2.1 Scheduled surgeries

The ICU has 7 beds shared with the emergency department.
Only a number of them are dedicated to the OT (2 or 3). The
availability of the ICU beds depends generally on human

resource availability and the emergency department. Hence,

Fig.7 Infeasibility probability

2.2

V.10

V.12

v.52.4 V.22.6

551x107°  161x107! 597 x 107! 699x1071  9.82x107!

Probability of Violation

we suppose that the availability of beds varies on each day
within an interval v; € [v;,v;] Vj € J. The number
of surgeries performed according to the proposed two-stage
approach is given in Table 8. The first block of Table 8
refers to the first stage problem when downstream resource
availability is not taken into consideration. Blocks 2, 3, and
4 give the number of scheduled surgeries when 0%, 1%, and
2% of patients require ICU beds. The availability of ICU
beds is uncertain. (P.140, R.8, 1.0) denotes instance of 140
patients, 8 ORs, and 0% of patients require ICU beds.
Table 8 presents the number of scheduled surgeries for
each instance to observe the influence of V on the number
scheduled surgeries. The objective function becomes con-
stant when V reaches a certain level, and it varies for

and price of robustness for
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Fig.8 Comparison between
wost case and deterministic
solutions

different instances. In the following tables we denote (—) to

when V reaches that value.

We remark that for greater values of V, the number of sched-
uled surgeries decreases, because the solution becomes

Table 8 Scheduled surgeries
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—=—(P.140,R.12)
(P.140,R.16)

more robust and a larger subset of patients require the
maximum surgery duration.

The number of scheduled surgeries remains the same
when V exceeds a certain value, it is related to the fact that

Instance (V22) (V57 (V79  (V.10) (V.14  (V.524) (V.71
(P.140, R.8) 104 102 101 99 - - -
(P.140, R.12) 133 132 129 125 - - -
(P.140, R.16) 135 132 130 129 127 - -
(P.180, R.8) 107 105 104 100 - - -
(P.180, R.12) 130 127 124 121 118 - -
(P.180, R.16) 137 136 131 129 - - -
(P.140, R.8, 1.0) 104 102 101 99 - - -
(P.140, R.12,1.0) 133 132 129 125 - - -
(P.140, R.16,1.0) 135 132 130 129 127 - -
(P.180, R.8, 1.0 107 105 104 100 - - -
(P.180, R.12,1.0) 130 127 124 121 118 - -
(P.180, R.16,1.0) 137 136 131 129 - - -
(P.140, R.8, 1.1) 99 98 94 92 - - -
(P.140, R.12,1.1) 129 125 123 121 - - -
(P.140, R.16,1.1) 131 127 126 124 - - -
(P.180, R.8, I.1) 99 95 93 91 90 - -
(P.180, R.12,1.1) 127 124 121 118 - - -
(P.180, R.16,1.1) 133 131 128 125 - - -
(P.140, R.8, 1.2) 91 90 88 86 - - -
(P.140,R.12,1.2) 119 116 115 112 - - -
(P.140, R.16,1.2) 124 121 118 117 - - -
(P.180, R.8, 1.2) 94 92 88 85 84 - -
(P.180, R.12,1.2) 124 121 120 117 - - -
(P.180, R.16,1.2) 130 127 126 124 - - -
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V is equal or greater to the number of maximum patients
that can be scheduled in one block time. Consequently, all
the patients require their maximum surgery duration. The
subset of scheduled surgeries is not the same for different
values of V.

5.2.2 Comparison of the deterministic models and robust
models in computational time

Table 9 presents the computational time required to solve
the two-stage models.

The first block of Table 9 shows the computational time
required to solve the first-stage model. The gap is fixed to
1.e-4 when the solver attends the gap; we refer to it with “ag”.
The deterministic case (DC) is not complicated in terms of
computational time. For the DC, all instances are solved to
optimality. Concerning the second stage of the problem, the
computational time requires more effort because of the limited
number of ICU beds and the increasing number of patients
requiring ICU beds. The computational time increases, but
the models are still solved to optimality. Concerning the
robust model of the first stage problem (the first block
of the Table 9 with varying V), the model requires more

Table 9 Computational time

computational time compared to its deterministic counter-
part. The computational time increases when the value of V
increases. We observed that it reaches its maximum when
V is between 6 and 10. Since the number of surgeries that
can be operated during the block time is achieved and all the
scheduled surgeries require their maximum surgery dura-
tion, the computational time is not dramatical for a weekly
planning. The number of block times considered during the
planning horizon and the number of patients on the wait-
ing list have a significant effect on the computational time
required to solve the robust model of the first stage prob-
lem. Two instances run out of memory (they are denoted
with “*”), and three instances were interrupted by the user
because no optimal value was reached within a time limit
of three hours (denoted with “~”"). However, the gaps are
reasonable, with an average value of 4.01 %.

5.2.3 Comparison of the deterministic models and robust
models in utilization rate

Table 10 shows the utilization rate of block times. The
second column refers to the DC when no uncertainty occurs.
The DC has a high utilization rate and varies between

Instance DC V.22 (V.5.7) (V.7.9) (V.10) (V.14) (V.52.4) (V.71)

(P.140, R.8) 501.87 ag 1568.10 ag 5741.69 ag -~ 396 7563.23* 275 2869.78 ag 2856.14 ag 3669.41 ag
(P.140, R.12) 491.16 ag 1647.12 ag 9851.42 ag 9102.12 ag  9465.78 ag  6869.87 ag 5533.54 ag 4596.79 ag
(P.140, R.16) 412.14 ag 2637.12 ag 993142 ag 9102.12 ag  6412.78 ag  5869.87 ag 5658.36 ag 4663.12 ag
(P.180, R.8) 474.16 ag 2746.12 ag 9465.78 ag -~ 58 ~ 6.37 4891.16 ag 3746.74 ag 4696.79 ag
(P.180, R.12) 498.10 ag 3639.12 ag 9836.42 ag 8928.12 ag  8410.14* 325 3823.64 ag 2732.65 ag 454149 ag
(P.180, R.16) 469.36 ag 2667.12 ag 9839.42 ag 9928.12 ag 546578 ag  5869.87 ag 2533.54 ag 3569.21 ag
(P.140, R.8,1.0) 37.52 ag 4691 ag 60.98 ag 6798 ag  46.98 ag 68.75 ag 89.98 ag 98.4l1 ag
(P.140,R.12,1.0) 4032 ag 86.47 ag 89.75 ag 45.78 ag  73.56 ag  68.25 ag 6545 ag 69.72 ag
(P.140, R.16,1.0) 5936 ag 6595 ag 63.87 ag 56.78 ag  63.47 ag  42.96 ag 64.21 ag 7245 ag
(P.180,R.8,1.0) 3246 ag 6325 ag 4725 ag 56.14 ag 96.45 ag  76.34 ag 68.21 ag 50.24 ag
(P.180, R.12,1.0) 42.69 ag 65.21 ag 44.23 ag 4732 ag 87.69 ag  70.29 ag 60.32 ag 74.96 ag
(P.180, R.16,1.0) 5832 ag 54.36 ag 31.42 ag 29.56 ag 27.39 ag 63.25 ag 54.23 ag 64.32 ag
(P.140,R.8,1.1) 10225 ag 13096 ag 98.23 ag 15042 ag  99.10 ag 25036 ag 14236 ag 201.85 ag
(P.140,R.12,1.1) 23621 ag 199.52 ag 203.75 ag 17654 ag  210.87 ag  260.61 ag 17955 ag 250.74 ag
(P.140, R.16,1.1) 196.45 ag 211.75 ag 290.36 ag 201.96 ag 142.86 ag 138.24 ag 19696 ag 201.36 ag
(P.180, R.8,1.1) 14523 ag 16932 ag 25432 ag 26385 ag 236.74 ag 201.36 ag 210.78 ag 19030 ag
(P.180, R.12,1.1) 265.63 ag 20.36 ag 210.65 ag 230.74 ag 198.36 ag 20475 ag 19634 ag 198.07 ag
(P.180, R.16,1.1) 198.36 ag 204.75 ag 20936 ag 211.86 ag 196.75 ag 189.47 ag 21045 ag 263.14 ag
(P.140,R.8,1.2) 230.25 ag 269.36 ag 30125 ag 23675 ag 246.76 ag 26845 ag 304.82 ag 26476 ag
(P.140, R.12,1.2) 361.25 ag 30242 ag 29831 ag 27409 ag 292.14 ag 325.69 ag 347.12 ag 336.24 ag
(P.140, R.16,1.2) 263.25 ag 34098 ag 28534 ag 301.72 ag  298.65 ag 310.85 ag 34575 ag 369.69 ag
(P.180,R.8,1.2) 30532 ag 29836 ag 247.61 ag 301.78 ag 241.25 ag 38645 ag 37421 ag 21085 ag
(P.180, R.12,1.2) 20596 ag 243.14 ag 340.74 ag 360.12 ag  360.70 ag  260.25 ag 37896 ag 40396 ag
(P.180, R.16,1.2) 30425 ag 40585 ag 30695 ag 45730 ag  469.34 ag  380.61 ag 43195 ag 397.15 ag
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Table 10 Utilization rate of the

OT (%) Instance DC (V22) (V57 (V719 (V.10) (V.14 (V.524) (V.7
(P.140, R.12) 9489 8647 7569 7354 7112 - - -
(P.140, R.16) 9439 82.68 7498 7136 7045  69.88 - -
(P.180, R.8) 97.87 84.68  79.68 7736 7436 - - -
(P.180, R.12) 9879 8236  69.58  67.01 6645  66.03 - -
(P.180, R.16) 9374 87.65  69.84 6878 6415 - - -
(P.140,R.8,1.0) 9136 7865 7124 7036 6935 - - -
(P.140, R.12,1.0) 9489 8647 7569 7354 7112 - - -
(P.140, R.16,1.0) 9439 8268 7498 7136 7045  69.88  — -
(P.180, R.8,1.0)  97.87 84.68  79.68 7736 7436 - - -
(P.180, R.12,1.0) 9879 8236  69.58  67.01 6645 6603  — -
(P.180, R.16,1.0) 93.74 87.65  69.84 6878  64.15 - - -
(P.140,R.8,1.1) 8936 7524 6945 6487 6278 - - -
(P.140, R.12,1.1)  90.61 8247 7569 7145 6765 - - -
(P.140, R.16,1.1) 85.64 80.68 7498 7196 6896 - - -
(P.180, R.8,1.1)  84.12 7468  79.68 7496 6898 6458  — -
(P.180, R.12,1.1) 9347 7236  69.58 6439  61.84 - - -
(P.180, R.16,1.1) 86.11 7765  69.84  67.94 6474  — - -
(P.140,R.8,12) 8023 7265 7124  69.16 6587 - - -
(P.140, R.12,1.2) 8146 7647 7569  69.58 6296  — - -
(P.140, R.16,1.2) 83.12 7668 7698  69.83 6587 - - -
(P.180,R.8,12)  81.74 7468  79.68 6874 6466 6359  — -
(P.180, R.12,1.2) 90.12 7636 6558  69.78  61.87 - - -
(P.180, R.16,1.2) 8175 79.65  71.84  70.14 6485 - - -

100% and 80%. While the utilization rate decreases when
the value of V increases, the number of patients requiring
longer surgery duration increases. The utilization rate below
100% is related to a lack of OR capacity utilization.
The utilization varies according to the instances and the
uncertainties that occur. The utilization rate of the OR
could be 70% and 60% but it is still above 60%. We can
remark that small V guarantees a better utilization of the
OT. In other words, only a small number of surgeries can
be allowed to deviate its duration on each block time to
properly explore the OT. The unexplored OR capacity could
be managed to concern emergencies. Besides, it can be used
to schedule surgeries that cannot be handled by the MSS and
the SCAP generated, without changing the planning.

The DC model gives the optimal solutions in reasonable
computational time, provides a high utilization rate, and it
helps to schedule a large number of surgeries. However,
sometimes the higher utilization rate may lead to overtime,
delay, and so on. Speaking intuitively, it is unlikely that
none of the surgeries will deviate from the nominal surgery
duration. The results show that the proposed robust mod-
els can be used since they give protected solutions against
uncertainty. The robust models can have a challenging com-
putational time but still suitable for the weekly schedules;
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the gaps are limited even for the larges instances. The
behavior of robust models in terms of utilization rate and
scheduled surgeries are reasonable for all instances; the uti-
lization rate is above 60% even for a high value of V. In
other words, the robust models can produce good results by
correctly turning the budget of robustness V.

5.2.4 Overtime impact

We evaluate the impact of allowing overtime in the model.
In other words, we permit some block times to have over-
time. Then, we observe its behavior on scheduled surgeries
and utilization rate. Maximum overtime equal to 1.5 hours
is allowed for half-block times of the MSS. We add a param-
eter as follows:

on: — ¢t if overtime is allowed on day j and room r
710 otherwise

t The amount of overtime

The following constraint is added to the model Eqgs. 1-22
as follows:

Z Z Pixjsrj < 0" t0,;

seSiels

Vr € Ro Vied (56)
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Table 11 Scheduled surgeries with allowed overtime

Instance DC (V.2.2) (V.5.7) (V.7.9) (V.10) (V.14) (V.52.4) (V.71)
(P.140, R.8) 114 107 102 104 103 - - -
(P.140, R.12) 139 135 134 131 128 - - -
(P.140, R.16) 145 138 135 132 130 129 - -
(P.180, R.8) 117 110 108 106 103 - - -
(P.180, R.12) 138 133 131 129 127 121 - -
(P.180, R.16) 145 139 138 133 131 - - -
(P.140, R.8) 114 107 102 104 103 - - -
(P.140, R.12) 139 135 134 131 128 - - -
(P.140, R.16) 145 138 135 132 130 129 - -
(P.180, R.8) 117 110 108 106 103 - - -
(P.180, R.12) 138 133 131 129 127 121 - -
(P.180, R.16) 145 139 138 133 131 - - -
(P.140,R.8,1.1) 106 101 101 95 93 - - -
(P.140, R.12,1.1) 134 131 127 123 121 - - -
(P.140, R.16, 1.1) 139 132 127 127 125 - - -
(P.180,R.8,1.1) 109 101 96 95 92 90 - -
(P.180, R.12,1.1) 132 127 124 121 119 - - -
(P.180, R.16, 1.1) 141 133 131 128 126 - - -
(P.140, R.8,1.2) 99 91 90 88 86 - - -
(P.140, R.12,1.2) 129 119 116 115 112 - - -
(P.140, R.16, 1.2) 135 124 121 118 117 - - -
(P.180, R.8,1.2) 102 94 92 88 85 84 - -
(P.180, R.12,1.2) 130 124 121 120 117 - - -
(P.180, R.16, 1.2) 137 130 127 126 124 - - -
Table 12 Utilization rate of the OT with allowed overtime (%)

Instance DC (V.2.2) (V.5.7) (V.7.9) (V.10) (V.14) (V.52.4) (V.71)
(P.140, R.8) 95.23 91.63 98.45 82.36 81.21 - - -
(P.140, R.12) 96.32 91.25 89.36 84.21 86.36 - - -
(P.140, R.16) 97.25 92.37 90.71 89.25 85.14 82.14 - -
(P.180, R.8) 99.75 95.36 91.42 86.31 85.75 - - -
(P.180, R.12) 98.97 97.25 95.75 91.25 81.25 80.63 - -
(P.180, R.16) 97.25 94.61 92.36 89.45 87.58 - - -
(P.140, R.8, 1.0) 95.23 91.63 98.45 82.36 81.21 - - -
(P.140, R.12,1.0) 96.32 91.25 89.36 84.21 86.36 - - -
(P.140, R.16, 1.0) 97.25 92.37 90.71 89.25 85.14 82.14 - -
(P.180, R.8, 1.0) 99.75 95.36 91.42 86.31 85.75 - - -
(P.180, R.12, 1.0) 98.97 97.25 95.75 91.25 81.25 80.63 - -
(P.180, R.16, 1.0) 97.25 94.61 92.36 89.45 87.58 - - -
(P.140, R.8,1.1) 95.05 85.20 79.98 76.95 75.36 - - -
(P.140, R.12,1.1) 93.54 90.25 88.45 83.75 81.74 - - -
(P.140, R.16,1.1) 92.63 89.46 86.74 81.32 80.25 - - -
(P.180, R.8, 1.1) 91.93 83.25 87.40 81.64 79.61 77.58 - -
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Table 12 (continued)

Instance DC (V.2.2) (V.5.7) (V.7.9) (V.10) (V.14) (V.52.4) (V.71)
(P.180, R.12,1.1) 95.17 87.256 84.25 82.65 81.75 - - -
(P.180, R.16,1.1) 96.19 89.70 86.42 84.95 79.85 - - -
(P.140, R.8,1.2) 89.25 85.36 82.36 79.25 77.10 - - -
(P.140, R.12,1.2) 90.14 86.47 84.28 80.61 76.68 - - -
(P.140, R.16, 1.2) 92.36 86.96 86.10 80.96 78.96 - - -
(P.180, R.8,1.2) 90.60 87.69 83.52 79.13 76.98 75.89 - -
(P.180, R.12,1.2) 94.54 89.96 87.59 84.96 75.41 - - -
(P.180, R.16, 1.2) 91.52 89.99 81.74 80.64 76.98 - - -

Constraint Eq. 56 allows the block times to have an over-
time.

The following Tables 11 and 12 show the impact of over-
time on the number of scheduled surgeries and utilization
rate of OT, respectively.

Allowing overtime influences the obtained solution. It
increases the number of scheduled surgeries for most
instances as shown in Table 11. In addition, the overtime
improves the utilization rate of OT as given in Table 12. The
utilization rate has a significant impact for most instances
and reaches a high rate for some of them, which ensures
a high hospital productivity. For the robust solutions, the
limited number of ICU beds still produces a good rate of
utilization, especially with V between 0 and 8. Allowing
a few surgeries to deviate for each block time can be
acceptable to achieve a good utilization rate of the OT.

Allowing overtime has a significant impact on hospitals
in terms of costs [74]. A good trade-off between hospital
quality of service and cost can be reached by fixing the bud-
get of robustness V, and the block times allowed to have
overtime. However, allowing overtime not only impacts in
terms of extra costs and staff salaries but also can signifi-
cantly impact staff performance. Nurses and surgeons may
become overtired or inattentive due to overtime fatigue.
Hence, performance efficiency may suffer by eventual risks
of errors and mistakes [98].

6 Conclusion and perspectives

This investigation established a new two-stage approach
to solving the MSS and SCAP, which considered patients’
priorities, OT restrictions, and downstream resource avail-
ability in an integrated hospital facility. The approach gave
a particular interest to ambulatory surgery. Two robust opti-
mization approaches were applied. Using the approach by
[17, 18], we incorporated duration uncertainty. The trade-
off between conservatism and robustness was explored, and
the price of robustness was demonstrated.
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Moreover, the worst-case criterion [42, 93] was applied
when the availability of ICU beds was uncertain. Computa-
tional results were tested on empirical data from the archives
of a French hospital. The results obtained showed the impact
of uncertainty in surgery duration and ICU bed availabil-
ity on the scheduled surgeries and the utilization rate of the
OT; the budget of robustness had a significant impact on the
obtained planning. The robust model is an efficient tool to
schedule the OT in a real context.

This study may be the basis for further developments by
considering the emergency department. In the future, we
would like to work on a robust version with more uncertain
parameters (e.g., LOS uncertainty in the post-surgery recov-
ery beds and ICU beds) to build robust decisions to evaluate
OT efficiency and performance.

Appendix: Overview of the robust
optimization approach by [18]

We consider the linear programming problem:

n
max Z cjxj (57)
j=1
subject to:
n

Z ajjX;j < b,‘ Vi (58)
j=1

xj=0 V) (59)

The variable x;, the cost c;, indexes and the dual
variables defined in this section are independent.

We consider J/ the set of coefficient g;; that are subject
to uncertainty. The coefficients a;; belongs to a symmetric
range [a;; — @;j,a;j + aj;], where @;; is the nominal
value and @;; > O its deviation. A random variable of
deviation can be introduced as t;; = (a;; — a;j)/aij,
7;; takes values in [—1,1]. The decisions variables are
assumed to be nonnegative. Hence, the worst case will be
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achieved at the right-hand side of the range [a;; — a; i @jj+
a; ;1. Therefore, the random variable 7 is assumed to be
positive (0 < 7; < 1). The confidence range [a;; —
a;j,aij + a;;] does not have to be symmetric. For every i
a parameter V; is introduced. This parameter is the sum of
the total deviations of the nominal values of the uncertain
coefficients in the same constraint i. This parameter is

allowed on the coefficients of the i” constraint and this case
is the deterministic case, whereas, if V; is equal to card (Ji’)
all the parameters are likely to deviate and this case is the
one considered in [93].

We consider the following nonlinear formulation of con-
straint Eq. 58:

called “the budget of robustness”; its role is to protect the n
constraint against uncertainty and to adjust the robustness Zai jxij + Bi(x*, Vi) < b; Vi (60)
of the method against the degree of conservatism. This  j=I
parameter is not necessarily an integer but takes values
in [0, card (Ji’)]; if the parameter is zero no deviation is where:
Bi(x*, Vi) = max > Gixt + (Vi — LViyai,x; (61)
{(S]U{ 18]S J] ccard (S)=LV;].;ed\S]} | ==
JES;
The formulation Eq. 61 is the protection function of  subject to:
constraint i. The protection function protects the left-side of ~ ,
) . ) i+ pij = ayxt Yjel
the inequality to be lower than b; for different values of a;;; gt pij = aijX; Jedi (66)
the protection function is defined for every constraint with
pncertain coefficient. It is.an optimization problem in itself; pij =0 VjelJ! (67)
it depends on the protection level V;; when V; = 0, then
Bi = 0 and the problem is deterministic [79].
In the following formulation, the protection function is % = 0 (68)

transformed into an optimization problem; the formulation
Eq. 61 can be replaced by the following linear problem:

max Z @jjxjwij (62)
jelt]

subject to:

D> wi <V (63)

jeJd]

0<w; =<1 VjelJ (64)

x;‘ is not variable in the problem, w;; is the new

variable corresponding to 7;; described below, to prove
the equivalence of problems Eq. 61 and Egs. 62-64, the
optimal solution value of problem Eqs. 62-64 consists of
| V;] variables at 1 and one variable at V; — [V;], it is
equivalent to selecting a subset :

{STu{t}IS! € J/,t; € J/\ S!, card(S)) = | V;]} with the
corresponding objective value ) jes! a; jx;‘.‘ + (V; — Vi)
Zz\it,.x;‘ [18].

The model Eqgs. 62-64 is nonlinear when x is considered
as variable, nonetheless, by using its duality, it can be
linearly expressed. By strong duality, since problem Eq. 62-
64 is feasible and bounded for all V;, then the duality is also
feasible and bounded:

min Viz; + ) pij (65)
jeJ;

Finally, we replace the protection function with the dual
model Egs. 65-68, then, the robust model is as follows:

n

machjxj (69)

j=1
subject to:

n

Zaij)Cj—}-Z[V[—i-ZpUSb[ Vi (70)
j=l1 jed!
zi + pij = aijx; Vi, jeJ; (71)
x>0 Vj (72)
pij =0 Vi, jeJ! (73)
zi >0 Vi (74)
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