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Abstract In this paper, a generalized form of fuzzy multichoice games with fuzzy
characteristic functions is proposed, which can be seen as an extension of traditional
fuzzy games. Based on the extension Hukuhara difference, fuzzy multichoice games
with fuzzy characteristic functions are studied, and a Shapley function is discussed.
The notion of fuzzy multichoice population monotonic allocation scheme (FMPMAS)
is defined. When the given fuzzy multichoice game with fuzzy characteristic functions
is convex, we show that the proposed Shapley function is a FMPMAS. Furthermore,
two special kinds of fuzzy multichoice games with fuzzy characteristic functions
called fuzzy multichoice games with multilinear extension form and fuzzy character-
istic functions and fuzzy multichoice games with Choquet integral form and fuzzy
characteristic functions are researched.
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1 Introduction

A multichoice game, proposed by Hsiao and Raghavan (1993), is a generalization of a
traditional game in which each player has several activity levels. There are main four
branches of solutions for this class of games that are extensions of the Shapley function
(Shapley 1953), which were introduced by philosophers (Derks and Peters 1993; Hsiao
and Raghavan 1993; Klijn et al. 1999; Peters and Zank 2005; van den Nouweland et al.
1995). The characterizations of the solutions for multichoice games can be seen in
the literature (Borkotokey 2008; Hsiao and Raghavan 1993; Hwang and Liao 2008,
2009). Moreover, van den Nouweland et al. (1995) showed the relationship between
core, dominant core and Weber set for multichoice games. Recently, Meng and Zhang
(2014) discussed multichoice games with a coalition structure and defined a payoff
value, and Meng et al. (2014) presented another multichoice coalition value named
the generalized symmetric coalitional Banzhaf value, and two axiomatic systems are
established.

There are some situations where some players do not fully participate in a coalition,
but to a certain degree. In this situation, a coalition is called a fuzzy coalition, which is
formed by some players with partial participations (that is, the player offers a part of
resources thathe owns). Aubin (1974) first discussed in this area. The solution concepts
for fuzzy games have been studied by many researchers: The Shapley function for fuzzy
games is studied by philosophers (Butnariu 1980; Butnariu and Kroupa 2008; Li and
Zhang 2009; Meng and Zhang 2010; Tsurumi et al. 2001). Specially, Li and Zhang
(2009) introduced a simplified expression of the Shapley value for fuzzy games, which
can be applied to all kinds of fuzzy games that were introduced by Aubin (1974). The
core for fuzzy games is focused by philosophers (Tijs et al. 2004; Yu and Zhang 2009).
The lexicographical solution for fuzzy games is discussed by Sakawa and Nishizaki
(1994).

As some researchers (Borkotokey 2008; Mares 2000; Mares and Vlach 2001; Yu
and Zhang 2010) noticed, there are many uncertain factors during the process of nego-
tiation and coalition forming, so in most situations players can only know imprecise
information regarding the real outcome of cooperation. Hence, it is unrealistic that the
players know the exacting payoff of every coalition. The crisp games with fuzzy char-
acteristic functions were researched by philosophers (Mares 2000; Mares and Vlach
2001; Yu and Zhang 2010). The fuzzy games with fuzzy characteristic functions were
discussed by Borkotokey (2008) and Yu and Zhang (2010).

In this paper we discuss the solution for fuzzy multichoice games with fuzzy char-
acteristic functions. A fuzzy multichoice game with fuzzy characteristic functions is
a generalization of a traditional fuzzy game in which each player has several activity
levels. Based on the extension Hukuhara difference, a Shapley value for this kind of
games is introduced, which is enlightened by van den Nouweland et al. (1995). An
axiomatic definition of the given Shapley value is offered, and its explicit form is
given. When fuzzy multichoice games with fuzzy characteristic functions are convex,
the given Shapley value belongs to the core, and it always derives a FMPMAS. To
better understand the given Shapley value, we study two particular kinds of fuzzy
multichoice games with fuzzy characteristic functions, which are extensions of fuzzy
games introduced by Meng and Zhang (2010) and Tsurumi et al. (2001).
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This paper is organized as follows: in Sect. 2, we introduce the concepts of fuzzy
numbers and the extension Hukuhara difference on fuzzy numbers. Then, the model
of fuzzy multichoice games with fuzzy characteristic functions is proposed. In Sect. 3,
a Shapley value for fuzzy multichoice games with fuzzy characteristic functions is
proposed, and some properties of the given Shapley value are researched. In Sect. 4, we
mainly discuss two special kinds of fuzzy multichoice games with fuzzy characteristic
functions including the expressions of the Shapley values, the axiomatic systems, and
the numerical examples.

2 Preliminaries

Let us start by recalling the most general definition of a fuzzy number. Let R be
(—00, 00), i.e., the set of all real numbers.

Definition 2.1 (Zadeh 1965) A fuzzy number, denoted by i, is a fuzzy subset of R
with membership function p;: R — [0, 1] satisfying the following conditions:

(1) pg is upper semi-continuous;

(2) there exists an interval number [a, d] such that u;(x) = O for any x ¢ [a, d];

(3) there exist real numbers b, ¢ suchthata < b < ¢ < d and (1) pu;(x) is nonde-
creasing on [a, b] and nonincreasing on [c, d]; (2) u;(x) = 1 for any x € [b, c].

By R, we denote the set of all fuzzy numbers. Note that the definition of fuzzy
numbers represents heterogeneous data forms including crisp data, fuzzy numbers,
interval values and linguistic variables. They are represented by different membership
functions defined on their domains. An important type of fuzzy numbers in common
use is the trapezoidal fuzzy number (Dubois et al. 2000) whose membership function
has the form

el <x <hg

1 hg <x < pg
Ha(x) = rg—X <y < ’

Ya—Pa Pa =X =Ta

0 otherwise

where I, hg, pa, 1o € Rwithl, < h, < p, <rq,.

The set of all trapezoidal fuzzy numbers is denoted by Ry. For any a € Ry, we
use (g, hy, pa, rq) to denote a, namely, a = (I, hg, pa, ¥a)-

For any a € IR, the level set is defined as @, = {x € Rlug(x) = A}, » € [0,1]. It
follows from the properties of the membership function of a fuzzy number a that each
of its A-cut @, is an interval number, denoted by a, = [ar, af], A € (0, 1], where ar
and Ezie mean the lower and upper bounds of a;,.

Leta, b € R, from the extension principle on fuzzy sets proposed by Zadeh (1973),
we have

@+ b = + by, = [afw?f,a,{“w?f],
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568 F. Meng et al.

(a_z;)A:aA_z;A:[af bR Gk — Bf],

(mé);, = méy, = [maf, maf] meR, m>0.

Definition 2.2 For any a, be IR, we have

a > bif andonlyif a- > bt andaf > bR, vi € (0, 11;
= bifandonlyif a- = bF andal = bX, va e (0,1].

From the extension principle on fuzzy sets (Zadeh 1973), in general, we cannot
have & + b — b = a for any @, b € R. The Hukuhara difference on fuzzy sets (Banks
and Jacobs 1970) can well deal with this issue, described by Definition 2.3.

Definition 2.3 (Banks and Jacobs 1970) Let @, b € R, if there exists & € R such that
d = b + ¢ then & is called the Hukuhara difference between a and b, denoted by
=a—pb.

From Definition 2.3, we can obtaina —yg a =0, a + b —H b = a and (a—p I;)A =
ay—H I;k = [&f — bf, Eif —l;f] forany A € (0, 1]. Moreover, the Hukuhara difference
between & and b exists if and only if&f —l;)lj <ak — bt < &g —I;g < Ezf —l;f for any
A, B € (0, 1] with A < B. Although the Hukuhara difference has some advantages for
the subtract operator on fuzzy sets, the necessary condition restricts its using scope.
For this reason, we omit the necessary condition of the Hukuhara difference, and give

the definition of the extension Hukuhara difference as follows:

Definition 2.4 Forany d, b € Rand A € (0, 11, &, —p by = [aF — bL,af — bR7is
said to the extension Hukuhara difference between & and b.

Forany d, b € R, in this paper we adopt the extension Hukuhara difference between
@ and b. If there is no fear of conflict, we still use a —pg b to denote the extension
Hukuhara difference between & and b. Now, let us consider some desirable properties
of the extension Hukuhara difference on fuzzy numbers.

Proposition 1 Ler a, b and & be any three fuzzy numbers.

(D) Commutativity a —H b=—yb+a;
(II) Associativity a —g b— —gc=a—gyg (b + 0);
(II) Identitya —py a = 0;
(IV) Monotonicity If b < &, then @ —y ¢ < @ —pg b, where we consider & < f for
any two fuzzy numbers when Ef < fAL and éf < fkR forall x € (0, 1].

Proof According to decomposition theorem of fuzzy numbers, for (I), we have

i-nb= U (@m-ub)= U »([a -0 - F])

1€(0,1] r€(0,1]
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and
—H];-I—fl: U )»(-HEA)-F U Aay = U )»(—HI;)L-F&)L)
re(0,1] 1e(0,1] re(0,1]
= U r([-bk+af.-bf +af]) = U »([aF - bFaf - bf]).
re(0,1] 1€(0,1]

Thus, @ —y b = —pb + a.

For (II): Similar to (I), we derive
a-— U (ax —n by —n Cx)
U ([ C/\Lvax b/\ _CA:I)
€(0,1

and
i-nb+o=J - | 2(B+5)

r€(0,1] 1€(0,1]

- U ra-n A([lgk—i-ck,bk +E§])
re(0,1] re(0,1]

- U (&A — ([Bf + L bR +5§]))
re(0,1]

- U A([af—l;k 55,55_55_55]),
r€(0,1]

by whichwe geta —yb—ygc¢=a—p (b + ).

From Deﬁnition~2.4, we can easil}i show that (II}) holds.
For (IV): From b < ¢, we derive b- < ¢L and bR < & for all A € (0, 1]. Thus, we

have at —cf <al — bl andaf —cf <af - bR forall A € (0, 1]. Froma —p b =
Usew.y *(1a5 ~bf.a ~R ~bf))anda—p ¢ = UAE(O,I w(laf — & af — efl), we

geth—Hcfa Hb

Example 2.1 Let vy be a multichoice game with the trapezoidal fuzzy charac-
teristic function defined on N = {1,2}, where m = {2, 2}, namely, the play-
ers 1 and 2 both have three activity levels. The coalition values are given by
vo(1,0) = 99(0, 1) = (1,3,4,5), vo(1,1) = (2,7, 10, 12), v9(2,0) = v9(0,2) =
3,6,9, 11) vo (1, 2)1")0(2 1) = (6 12, 15, 18) and v9(2,2) = (15,20, 32, 34). By
702, 2)F — Tp(1, 2)%_ 90(2, 2L — 502, DE =9 — 2 and 5p(2, 2)F — (1, 2)F =
U0(2,2); — (2, 1)} 16 + X, we know the Hukuhara difference between v (2, 2)
and vg(1, 2) as well as v9(2, 2) and vg(2, 1) do not exist. Hence, we cannot use the
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Hukubhara difference in this example. If we adopt the extension Hukuhara difference
and use the following equation

Mien (m;!) —
(ZieNmi)! o 0 @

which is a Shapley function introduced by van den Nouweland et al. (1995), and o is
an admissible order for vy.

¥ (N, m, T) =

From Eq. (1), we have /1 (N, m, 7o) = v (N,m, %) = (1.3,3.8,5,6)
and 1}12 (N, m, vg) = 1}22 (N,m,v9) = (6.2,6.2,11, 11). It is easy to see that
(tﬁ,- i)ieN, je{1,2) satisfies individual rationality and efficiency. If we use the vector
(&ij)ieN,je{LZ} as the players’ payoffs, then the players 1 and 2 can both accept.
Moreover, the players 1 and 2 are symmetric in this game, and they get the same
payoffs, which is consistent with the people’s intuition.

Remark 2.1 1t is easy to see that the extension Hukuhara difference could deal with
more situations than the Hukuhara difference.

Example 2.2 In Example 2.1, if the coalition values are defined by v9(1,0) =
19(0,1) = (1,3,4,5), vo(1,1) = (2,7,10,12), v9(2,0) = 19(0,2) = (3,6,9,
10), vo(1,2) = 192, 1) = (6, 12, 15, 17) and vo(2, 2) = (15, 20, 32, 33). Similar to
Example 2.1, we cannot use the Hukuhara difference either. When we adopt the exten-
sion Hukuhara difference, by Eq. (1) we have U1 (N, m, ) = Y1 (N, m, D) =
(1.3,3.8,5,6) and V12 (N, m, ¥9) = Y22 (N, m, 9p) = (6.2,6.2, 11, 10.5).

By Y12 (N, m, 5o) = ¥ (N,m,5y) = (6.2,6.2,11,10.5), we know that the
extension Hukuhara difference is not suitable in this game. Namely, there exist games
with fuzzy characteristic functions that cannot apply the extension Hukuhara differ-
ence.

3 The General Form

In traditional multichoice games, we demand every player’s activity levels belong to
natural numbers set N, and the difference between two adjacent levels is 1, which is
somewhat unnatural in some situations. There is a class of cooperative games that every
player has several activity levels, and each level belongs to [0, 1]. We call this class
of games as fuzzy multichoice games. Calvo and Santos (2000) introduced a solution
for continuum fuzzy multichoice games and showed that the Aumann—Shapley value
for fuzzy continuum games is a special case of the given solution for continuum fuzzy
multichoice games. In this section, we introduce fuzzy multichoice games with fuzzy
characteristic functions.

Let N = {1,2,...,n} be a set of players, and suppose that each player i € N
has m; + 1 € N activity options. We set FM; = {0, ay, ..., a;,} as the action level
space of player i € N such thata; € (0, 1] forallk =1,2,...,m; and ap < apy;
forall p = 1,2,...,m; — 1. The action 0 means not participating. Let ¢® denote
the vector in N satisfying els =0ifi ¢ S, and els =1ifi € Sforany S C N.
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A function 9: TT;enFM; — R with 9(¢%) = 0 gives for each fuzzy coalition x =
(x1,x2,...,x) € FM = Tl;eyFM; the worth that the players can obtain when each
player i plays at level x; € FM;. The set of all fuzzy multichoice games with fuzzy
characteristic functions on player set N is denoted by FMC" . For all X, j € FM, we
have X V' y = (x; V yi)ieny and X A y = (x; A y;)ien. Furthermore, we denote X < y
forall x, y € FM if and only if x; < y; foralli € N. Let FM;r denote FM;\{0} for

alli € N.Forany x = (x1,x2,...,x,) € FM, let Xqupb = (ky,, kxy, - .., kx,), Where
ky, denotes the subscript of the activity level of the player i in fuzzy coalition X. For all
X € FM,let Supp X = {i € N|x; > 0}. m = (am,, Amy, - - -, A, s the “maximum

fuzzy coalition” in FM.

Example 2.3 Let N = (1,2}, FM{ = {a1 = 0.2,ap = 0.5} and FMJ = {a; =
0.3,a; = 04}. If x = (0.5, 0.3), then Xgyp, = (2, 1) and Supp ¥ = {1, 2}, namely,
x1=0.5, x =03, ky, =2and k, = 1.

Definition 2.5 A game © € FMCY is said to be convex if it satisfies
VXV +o(ExAY) =0X)+0() Vx,yeFM.
Definition 2.6 Let § € FMCY, the core C(N,m, v) of v is defined by

L > mi
C(N,m,v) = Jw € RieN

D Wia,, = 00R), D Wiy, = U(E), VieFM

ieN i€Suppx

Obviously, Definitions 2.5 and 2.6 respectively degenerate to be the definitions of
the convexity and the core for traditional fuzzy games, when we restrict the domain
of o € FMC" in the setting of traditional fuzzy games (Aubin 1974).

Definition 2.7 A vector 7 = ((Zlai1 )iler” (Zzaiz)igeM;’ oes (Znay, )inGM;f) is called
an imputation of 7 € FMCV if it satisfies the following conditions:
(D ZieN Ziam[ = ﬁ(}’;l),
(2) Zia; = Uaje') Vi€ N, ajeFM].

Note that the definition above can be applicable to traditional (fuzzy) games by
restricting the domain of & € FMC" in the setting of it.

Next, we dedicate to study a Shapley function for FMC" . First, we introduce a
Shapley value for multichoice games introduced by van den Nouweland et al. (1995):

_ Iien(m;!) -
Y (N, m,v) = =)t ;v : )

where o is an admissible order for v, and v® means the value of v with respect to .
Equation (2) is equivalent to the following equation.

Yy Nomvy = D hi() (v —v(s —eh) 3

SeM,Si=j
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foranyi € N and any j € {1, 2,...,m;}, where S; denotes the activity level of the
.. .. Clreasis; =120 SO e =Sy [, ey m)!
player i in coalition S, h;;(S) = (Hk:(S\St-fl)k];&()(Sk!) Hk’SVN((mk—Sk)!) )/ Hkiizl\zmkl) and

SISi —1=(S51,...,8-1,8 — 1, Six1, ..., Sn)-

Cu (SIS — 1) 0 St/ Tk s)s:—1),20(Sk!) is the number of admissible orders from
coalition & to the coalition S, where S; is the last step, and (3", oy (mx — SK)!/Tken
((my — Sy)!) is the number of admissible orders from coalition S to the maximum
coalition m = (my, ..., my).

If we adopt Eq. (3) in the framework of fuzzy multichoice games with fuzzy char-
acteristic functions, then we have

Vi, (N, 0) = D hij(Fan) (5(F)

TEFM ky, =]

—gU(E —(aj —aj_)eNVie N, je{l,2,...,m}, (4

where h;; (Xsup) is the potential weight for Xsup = (ky,, kx,, . . ., kx, ), which is denoted

~ (Zyz,%x.— ) kyp)! mp—ky,))! mpy)! .
by hij Gaw) = (7 ‘%}fzg(‘,,,:_kx;;f )/ with xlky, — 1 =
(X1, ooy Xiz1, X, =1 Xig s - oo xp) and ky, = j.
Foranyi € N andany j € {1,2,...,m;}, 1/},-,1_1, (N, m, v) denotes the player i’s
increasing fuzzy payoff from participation level a; | to a;.

Definition 3.1 Let 9 € FMCY, § € FM is called a carrier for ¥ in FM if (X A §) =
v(x) forall x € FM.

From Definition 3.1, we know that a carrier for € FMCN degenerates to be a
carrier for traditional fuzzy games when the domain of & € FMC" is limited to it.

Definition 3.2 A function f : FMCY — R2ien™i is said to be a Shapley function

on FMCV if it satisfies the following axioms:

Axiom 1 Let ¥ € FMCY, and § € FM be a carrier of 7, ZieSuppy fiyi (N,m, D) =
v(y).

Axiom 2 Let o € FMCV, and alliy, i € N,

D hisky Gsan) firy, (N, u5)

= D hiky, G foay, (Vo ug),

Wherej; € FM\{@Q}’ kyil € FM;‘I— and k
y < X, otherwise, uj(x) = 0.

€ FM},. ug(%) = 1 forany X € FM with

Vi

Axiom 3 Let 9, w € FMCN, f(N,i,? +w) = f(N,m,0) + f(N,m, ).

It is easy to see that the above axioms can be seen as the extensions on traditional
(fuzzy) games. Namely, when the domain of & € FMCY is restricted in the setting of
traditional (fuzzy) games, then they are the axioms on them.
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For any © € FMC" | in order to eliminate the situation in Example 2.2, we always
assume that the fuzzy payoff of every player in each activity level obtained by Eq. (5)
is a fuzzy number.

Lemma 3.1 Let v € FMCY, define the function VU (N, i, D) as shown in Eq. (4), then
we have

k}'i

DD Wia, (N, ) = (),

i€Suppy j=1
where y € FM is a carrier of v.

Proof Since y € FM is a carrier, for any X € Igen\ (i) FM we have

b (Fvae) =i ((Fvae) as) =5 (@A (ae A T))
=5 (@AH) Ve,
where j > ky,.
By Eq. (4), we have &,-uj(N,nE,f)) =O0foranyi € N and any j € {1,2,...,m;}

with j > ky,.
From efficiency of Eq. (4), we have

k)"i mj
D D Wiay (N v) = D> g, (N, i, D)
ieSuppy j=I i€Suppy j=1

mj

=2 D Via,(N. . 7)

ieN j=I
= ()
= (i A §)
= 0(y).
O

Lemma 3.2 Let i € FMCY, define the function U (N, i, D) as shown in Eq. (4), then
we have

Z hisky, ()Esub)&ily,-] (N, m, uz)

= 2 ik, Gan)Winy, (N7 ug).

where § € FM\{e?}, ky, € FM?I', ky,-z € FM;;, and uy as shown in Definition 3.2.
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Proof By Eq. (4), we have

I/filyz'l (N,nﬁ,u}?)

_ . ~ e (T _ i

= > ik, Gan) (5D — s = (ar, —a, —ne))
FEFM kg =hy,

= D iy, G (50 — s F = (@, — ar,, D))
5’5£~kxi1 :kyl-l

= D hik, Gab).
yff‘*kxil :kYil

Similarly, we have 1},-”,.2 (N,m,u5) = qu ke, =k, hisk, (Xsub). The proof is fin-
=iy T i 2

ished. O
L2 mi
Theorem 3.1 Define a function 3: FMCN — Ri<V by

Gia; (N, B) = D > hip(Fan) (B(F)

1<h<j R€FM ky,=h

—g0(E — (an —ap—1)ENVi e N, je{l,2,....mi}, (5

where hi;,(Xsup) is the potential weight for fuzzy coalition X as shown in Eq. (4). Then
@ is the unique Shapley function on FMCN .

Proof Existence. Axiom 1: From Egs. (4) and (5), we have @jq;(N,m,v) =
Zlgkgj &iak (N, m, v). From Lemma 3.1, we obtain

D G(N B = D > Yia (N, D) = 5(3).

i€Supp y i€Supp y 1<k<ky,

From @;y, (N, i, uz) = lejskv,. Via; (N, 1, u3) = Yiy, (N, i, u) and Lemma 3.2,
one can easily get Axiom 2.

Axiom 3: From Eq. (5), it obviously holds.

Uniqueness. Hypothesis, Eq. (5) satisfies these axioms. According to Hwang and Liao
(2009), for any & € FMCY it can be expressed by

where E; =v(y) —H Zig,i# Cz, and uj as shown in Definition 3.2.
By Axiom 3, we only need to prove the uniqueness of Eq. (5) for uj, where y €
FM\{e?}.
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By Axiom 2, we have

zygi,kx:kv. hjkyj (Xsub)
By (N . u5) = = —

~ (Z)iy,' (Na 7’;1, M;)
F<E ky, =ky, hikyl. (Xsub)

Since y is a carrier for u 5, by axiom 1 we derive
L=us(= D, Gy, (N, up).
J€Supp y
If we fix i € Supp y, then we have
l= z Pjy; (N, m, uz)
Jj€Supp y
Z)’v@? ky . =ky. hjkv. ()Esub)
e Y -

} zygj,kxi =ky, hiky,. (Xsub)

= Qiy; (N, m, uz) + Z
Jj€Supp y\{i
2 jeSupp§ Zyg,kxl. =ky, R jky, (Fsub)

= ~ @iy,-(N,’/hyM})'
Zf’ifykx,- =k, hikyl. (Xsub)

(;Z)iy,' (N7 l’;l, M)';')

Since ZjeSuppy nyj’kxj by, hjkyj (Xsub) = L, weget@;y, (N, i, uy) = Zyig’kxi =ky,
hiky,» (Xsub) and @iy, (N, m, uy) = 0, otherwise. The proof is finished. O

Obviously, Eq. (5) degenerates to be the Shapley value for traditional fuzzy games,
when we limit the domain of & € FMCY in the framework of it.

Sprumont (1990) proposed a PMAS as a reasonable solution concept for traditional
games, which specifies not only how to allocate the maximum coalition but also how
to allocate the worth of every coalition. Tsurumi et al. (2001) extended PMAS to fuzzy
games, and defined a FPMAS, which is as an extension of PMAS. Here, we further
extend PMAS to FMCY and give the following definition for FMPMAS. As will be
seen later, FMPMAS is an extension of PMAS and FPMAS.

Definition 3.3 A vector 7 = ((Zlai1 )I-1 My (Zzaiz )izeMer, oo (Znay, )ineM;) is said to
be a FMPMAS for © € FMCV if it satisfies the following conditions:

(1) Xiey Zian, @) = 3%, Vi € FM,

() Zia;(y) = Zia;(x) Vi €Suppx, 0 < j <ky, X,y €FMs.1.x <y, ky, = ky,,
where Zjq; (¥) and Z;4; () respectively denote the player i’s payoffs at level a; for the
fuzzy coalitions x and y.

Remark 3.1 For any i € Supp x and all X,y € FM satisfying X < y, the condi-
tion k,; = ky, must be satisfied, otherwise, we cannot guarantee that the conclusion
Zia; (V) = Zia;(x) holds for all X, y € FM with X < y.
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From Definition 3.3, we know that the definition of FMPMAS degenerates to be the
definition of FPMAS, when we limit the domain of & € FMCY in the framework of
traditional fuzzy games. Moreover, the definition of FMPMAS degenerates to be the
definition of PMAS, when the domain of § € FMCY is restricted in the framework of
traditional games.

Lemma 3.3 Let © € FMCN be convex, and ﬁ(ajei) > ﬁ(aj_lei )foranyi € N and

any j € {1,2,...,m;}, then

(1) Yy 272 Yia, (N, 11, ) = 5(F) Vi € FM,

(2) Yia;(N,m, vz) < Yia;(N,m, v5)Vi € Suppx,0 < j <ky, X,y € FM s.t.x <
Vv, kX[ = kyi’

where ¥ (N, i, D) as shown in Eq. (4), Uz and U5 respectively denote the restriction

of vin X and y.

Proof From Eq. (4), we have

PRk, =)
where hfj(Zsub) is the restriction of h;;(Zsup) in X, namely, hfj(Zsub) =

gk~ 020 k2! (X gesuppi (kg —kzg))l) (X gesuppi kxg)!
Hg:(f\kzl-fl)g#o(kzg!) ngSuppi(ng _kzg)! ngSuppi(ng D

and Zlk; — 1 = (2p;5 ...,

Zhyy—1s ..., Zp,) suchthat {py,...,7,..., p;} € Supp x.

From Eq. (3), it is easy to get > ; _x Z']"’zl 1/},'6,1. (N, m, v;) = 0(x) for any X € FM.
In the following, we show the second condition in Lemma 3.3.

When x =y, the result obviously holds.

When x # y, there only exist three cases.

Case (I): If Supp X = Suppy, and there exists ¢ € Supp X such that ky, < ky,,
where g # i. In the following, we prove &iaj (N,m, vz) < 1},',1_[ (N, m, v5) by using
induction.

From the convexity of v, we have

v (i \/ajei) —g U ()E \ (aj —aj_l)ei) <7 (f \/ajei) —g U ()7 \ (aj —aj_l)ei)

(6)
forall x, y € Mgen\ i FMy with x < y.
(D When ZpeSuppy ky, — ZpESupp)Z kx, =1, Since
PGS R S G| (7

I=r=Xky=j I<F <.k =]

for any i € Supp X, any O< j < k,, and any Z < X, where hf] (Fsup) denotes the
restriction of /;; (Fgup) in .
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(i) When zZ = x, by Eq. (6) we have
> G (36) - (G —aje) vajie’) )
X<r<y.ky=j
= D> G (00— 5 — ae) vajoieh)
F<F<iky =)
= > b Gaw) (00— 0(F — aje) vagie)).
F=% k=]
(i) When > ky, — 2> kg, = 1,byEq. (5) we have
pESupp X peSuppz
> ) (30— 0 — aje) vajieh)
<<y =)
—u > ) () —n 8 (F - aje) vajie)
szfi,kri =j
> D> mGEw - D hFEw) | GG
E<F<T k=] F<F<iky=j
—HU ((Z — ajei) \Y, ajfle")) .
(iii) Hypothesis, we have
> G (50— 0 (G = aje) vajief))
ZS;Syﬁkri =j
—u > ) () —n 8 (F - aje) vaje))
Efffiakr, :]
> D> mEw - D hFEw) | GG
I=r<y.ky=j ISF<X k=]
—Hﬁ((Z—ajei)\/ajfle")), ®)
where 3 cqupp it ki, = 3 pesuppz ke = hand 1< h = 3 g ks, = 1.
In the following, we show Eq. (8) for Zpesuppi ky, — Z[)ESuppZ k;, =h+1.Let

W=JweN > k,— > ku=hSuppi” CSuppZ, i’ ecFM
pESupp X peSupp ¥
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From the convexity of v, Egs. (6) and (8), we have

Z hz}] (Fsub) (5 7)—p v ((f — ajei) Va];]ei))
ISPy k=]

—H Z hfj (Fsub) (17 (F)—pgv ((}7 — ajei) \% aj_lei))

ISFsKoky =]

= > hy, Gaw) = Dy ) | )

Thus,

hy] (Foub) (5 () —py ¥ ((r . ajei) Vaj_lei))

fo_)’}’kri =J

—Hﬁi(z—ajei)\/ajlei ) 9

for any 7 < x.
From Egs. (6), (7) and (9), for any 7 < X we get

> n G (56) 0 ((F-ase) vajie))
I<F<y.kr=j
> G (50 -5 ((F-agel) vaiae)) =0 (0)

fof)zykri =Jj

—H

Via (N1, T) = i Gaw) (80 = 8 (2~ (@) —aj1) ')

Zf)—éskzi =J

and

Viey (Vo) = 30 b Ga) (1@ -no (- (@ —ai)e)),

ES\N’skz,' =J
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from the arbitrariness of Z and Eq. (10) we obtain
Via; (N, 1, ) < Via; (N, 1, D)

for any i € Supp x and all O< j < k.
@ Forall x, y € FM with X < y and ky;, = k,,, without out loss of generality, let

Z ky, — Z ke, = h,

pESupp y pESupp X

where 1 <h < ZpESuppf‘ mp — ZpeSupp)? kxp'
From (D), we have

&i(l]‘ (Nama 6}1) S 1/;‘1'(1_/‘ (Nam’ 6}2) S e S &iaj (Namv ﬁ)?h) ’

where ¥ = %, ¥ = ¥s ZieSuppi’ kg +1 = ZieSuppi"H kx(“ and Supp i =
Suppx forany !/ € {1,2,...,h — 1}. 3 B

Thus, for any i € Supp X and any 0 < j < ky,, Wia,— (N,m, vz) < Wia,- (N, m, 6}:),
where ZPGSuppik}’p - ZPGSuppfckXp =hand 1 < h = ZpeSupp}mP -
ZpeSupp)E kxp'

Case (I): If Supp X C Supp y and ky, = ky, for any g € Supp x.
(1) When Supp x U {/} = Suppy and k,, = 1, where / € N\ Supp X. Since

h5 (@) = @) + by @V are)

for any i € Supp X, any 0 < j < k,, and any Z < X, we have

Vi, (N 55) = D b Gan) (50 = 8 (2= () — ;1) )

i<yky=j

) Z hfj (Zsub) (INJ (Z) —H v (Z - (Clj — aj,1) ei))

< =
Z_kazi J

v

forany i € Supp X and any 0 < j < k.

(2) When Supp X U{l} = Suppy and ky, = h, where/ € N\ Suppx and2 < h < my.
From case (1), it gets &i,,j (N,m, vz) < lﬁmj (N, m, vy) for anyi € Supp X and
any 0 < j < ky;.

(3) When Supp x U {l,}pcp = Supp y, where 1 < ky,p < my,, P C{l,2,...,n-
Supp X} and [, € N\ Supp x for any p € P. |Supp x| is the cardinality of Supp
x. From case (I), (1) and (2), for any i €Suppx and any 0 < j < k,,, we have
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Via; (N1, ) < Pia; (N, 11, Ty),
where Supp x C Supp y and ky, = ky, for any g € Supp x.
Case (IID): If Supp x C Supp y, and there exists ¢ € Supp x such thatk,, < ky, , where

q # i. From cases (I) and (II), one can easily get the result. The proof is finished. O

Theorem 3.2 Let & € FMCY be convex, and f)(ajei) > ﬁ(aj_lei)foranyi € N and

any j € {1,2,...,m;}, thenthe vector (gbiaj (N, m, ﬁ))ieN,je{l,Z...,m;} isa FMPMAS.

Proof Since @iq;(N,m,0) = ZAgkgj &iak (N,m,v) forany i € N and any j €
{1,2,...,m;}. From Lemma 3.3, the conclusion is obtained. O

From Theorem 3.2, we know Eq. (5) degenerates to be a FPMAS, when we limit
the domain of & € FMC" in the framework of traditional fuzzy games. Moreover,
Eq. (5) degenerates to be a PMAS, when the domain of & € FMCV is restricted in the
framework of traditional games.

Theorem 3.3 Ler & € FMCN be convex, then the vector ((ZJ,',I_/. (N, m,
ﬁ))ieM jell2my € C(N, m, v), where p(N, m, v) as shown in Eq. (5).

Proof From the relationship between the Shapley value and the core for multichoice
games discussed by van den Nouweland et al. (1995), for any x € FM, we have

Zﬁj&iaj(N,m, 0) = D)

ieN j=1
and

ky

DD Wiy (N, ) = 5(F),

ieSuppx j=I

where (N, 7, D) as shown in Eq. (4). y
Foranyi € Nandany j€{1,2,...,m;},by @iq,(N,m, 0) = Zlfkgj Yig, (N, 11, D)
we get

> Gia,,, (N1, ) = B(i)
ieN
and
> Gy (N, §) = (%)
ieSupp x

for any X € FM.

Namely, (@ia; (N, ., 0)) | € C(N. s, D). o

ieM,je{l,2,...m
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Corollary 3.1 Let © € FMCVY be convex, then the vector (@iuj(N,m,

~ . . . ~ N
v))ieM,je{l,z,.A.,m,»} is an imputation of v € FMC".

Corollary 3.2 Let # € FMCYN be convex, then C(N, i, ) # .
4 Two Special Cases

In this section, we mainly discuss two kinds of FMCY named fuzzy multichoice
games with multilinear extension form and fuzzy characteristic functions and fuzzy
multichoice games with Choquet integral form and fuzzy characteristic functions.
These two classes of FMCY are extensions of fuzzy games proposed by Meng and
Zhang (2010) and Tsurumi et al. (2001), respectively. The fuzzy coalition values for
these two kinds of fuzzy games (Meng and Zhang 2010; Tsurumi et al. 2001) are
written as:

vW) = D Aier, U Miesuppn1, (1 — U @) }ro(To).
ToSSuppU

qU)

v(U) = D vo(Un) (i — hi-1),

=1

where U is a fuzzy coalition given in (Aubin 1974), Ty is a crisp coalition as usual.
QW)y={U(@wIU(@{)>0,i e N}and g(U) = |Q(U)|, The elements in Q(U) are
written in the increasing orderas 0 = ho < hy < --- < hg) and [U],, = {i|U () >
h;,ieN,l=1,2,...,q(U)}, and vy is a crisp game defined in N.

4.1 Fuzzy Multichoice Games with Multilinear Extension Form and Fuzzy
Characteristic Functions

In the following, we discuss fuzzy multichoice games with multilinear extension form
and fuzzy characteristic functions. By OFMC" , we denote this class of games. Accord-
ing to Meng and Zhang (2010), the fuzzy coalition value for OFMCY is given as
follows:

i@ = D, (MiepXiMiesupan (1 — x))To(T0), (11)
To<Supp x

where ¥ = (x1, X2, ...,x,) € FM and ¥ € OFMCV.
L2 mi
Theorem 4.1 Define a function $©: OFMCN — RisV by

i, (N, D)

=> > hi,,ozsub)( > (Meery X Miesuppvz (1 = x6))T0(To)

lspfj)?eFM,kxi =p To<Supp X

i D, (MenXMesuppeng, (1 — ) T0(To) | ¥i € N, j € {1,2,....m}, (12)
To<Supp &’
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where X' = X — (ap — apfl)e", x; is the participation level of player k € N in fuzzy
coalition X', hi,(Xsup) is the potential weight for fuzzy coalition X as shown in Eq. (4),
and Vg is the associated game with fuzzy characteristic functions defined in N. Then
@9 is the unique Shapley function on OFMCN.

Proof The proof Theorem 4.1 is similar to that of Theorem 3.1. O

Obviously, Eq. (12) degenerates to be the Shapley value for fuzzy games with
multilinear extension form when the domain of & € OFMC is restricted in setting
of it, namely,

3 (ISuppS| — D!(|SuppU| — [SuppS])!

Shi(U, v) = ISuppU|!

SCU,ieSuppS

X ( Z {jer,UGHT jesuppsip (1 — UGN}

To<SSuppS
x (M) — D {Tjer, U jesups\(rouiy (1 = U (1)) }vo(To)
ToSSuppS\{i}
Vi € Supp U, (13)

where U is a fuzzy coalition introduced by Aubin (1974), v is a fuzzy games with
multilinear extension form. S € U if and only if S(i) = U(i) or S(i) = O for any
i € SuppU = {i € N|U(i) > 0}. |SuppU]| and |SuppS| denote the cardinalities of
SuppU and SuppS, respectively. Similar to Definition 3.2, one can get the associated
axiomatic system for Eq. (13), and show its existence and uniqueness.

It is worth pointing out that the Shapley value for fuzzy games with multilinear
extension form, given by Eq. (13), is different to that proposed by Meng and Zhang
(2010).

Theorem 4.2 If the associated game Ty of 1 € OFMCY is convex, then the vector

((ﬁgj (N, m, f)))ieN,je{l,Z,‘..,mi} is an imputation of v € OFMCN | where gBO(N, m, D)

as shown in Eq. (12).

Proof From Definition 2.7 and Theorem 4.1, we only need to show <Z>i3j (N,m,v) >

f)(aje") foranyi € Nandany j € {1, 2, ..., m;}. From the convexity of the associated
game vg and Eq. (12), we have

Z Z Rip (Fsub) D0 () (x; — x 1)

l<p=<jXeFM ky=p

> D hipEan)bol)a, —ap-1)

l<p=<j XeFM kg, =p

> Toli)ag —ag-1)

l=d<j

()Z)[Zj (Na njla 5)

%
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= vp(i)(aj — ap)

= i(aje'),

where ag = hg = 0. O

In the following, we discuss FMPMAS in OFMCY . Let us show the next lemmas
preliminary to the following contents.

Lemma 4.1 If the associated game vy of © € OFMCY is convex, then we have
(X)) —g 0(x) > Oforanyx € FM, anyi € N and any j € {1,2,...,m;}, where
¥ =X—(aj—aj_1)e andky, = j.

Proof From Eq. (11), we have

TE —ud(®)= D (MreryxkMeesupprrr (1 = x1)) 80 (To)

ToCSupp X
’ / ~
—H Z (Mikery X Miesupp iy (1 — x1)) Do (To)
To<Supp X’
= Z xi (Mrery Xk Miesupp i\ (rouiy (1 — X)) To (To U i)

ToSSupp x\{i}
+ Z (1= x;) (Mieryxx Miesupp i (rouiy (1 — X)) o (To)

ToSSupp x\{i}

—n > X (Treryxi Meesuppan(roui) (1= %1))
TocSupp #/\(i)

v (ToUi) —y z (1 = x{) (Mreryx; i € Supp X'\ {To Ui} (1 — x;)) 0o (To)
ToSSupp x/\{i}

= > xi (e Meesuppiy(rouiy (1= x0)) 0 (To U i)
To<Supp \{i}

+ Z (1= xi) (Mekery Xk Miesupp e\(rouny (1 = x6)) To (To)
ToSSupp x\{i}
TH z x; (Miery e Miesupp\(roui) (1 = X))
To<Supp x\{i}
x Vo (To Vi) —n Z (1 = x) (Mreryxx Miesupp i\ (ruiy (1 — %)) Do (To)
ToSSupp X\{i}
= Z (x,' - xz/) (HkEToxknkeSuppi\{Toun - xk)) v (To U i)
To<Supp\{i}
+ Z (xl/ - x,') (nkGToxknkeSuppi\{Toul‘} a1- xk)) vo (To)
To<Supp x\{i}

= Z (xi — x7) (MkeryXx Miesupp a\(rpui} (1 — X)) (B0 (To U i) — g B (To)) -
To<Supp x\{i}

From x; — xi’ =(aj—a j,l)ei > 0 and the convexity of the associated game vy, we
get 9(X) —g v(x") > 0. O
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Lemmad.2 Let X,y € FM such that ky, + 1 = ky, for some q € Suppx and
ky; = ky, foranyi € Suppx\{q}, if the associated game vy of U € OFMCY is convex,
then we have

0(F) —n 3G = 9(F) —p 0(F),

where Suppi = Suppy, ky, = ky, = j, ¥ =X —(a; — aj_1e,y =y —(aj -
aj_p)e and j € {1,2,...,m;}.

Proof From Lemma 4.1, we obtain

PO - (V)= D, (v — ) (Meery i Mkesupp 5\ (750i)
To<Supp 3\{i}

x (1 = y)) (Vo (To U i) —p Vo (To))
= Z ¥q (Vi = i) (Mrery vk Mkesupp i\ (ToUti.q))
ToSSupp y\{i,q}
X (I = y)) (Vo (To U {i, q}) —g Vo (To U q))
+ > (1 =yg) (= ¥) (Mker, i Meesupp 3\ (ToUtiq)
To<Supp y\{i,q}
x (1 — yi)) (W (To U i) —p vo (Tp))
= D> v (= ¥) (Meerm Miesupp i\ 7Uti g}
To<Supp X\{i,q}
x (1 = xp)) (Vo (To U {i, q}) —m Vo (To U q))
+ 2 (1= yg) (= ) (Meery i Mkesupp i\ (rUti )
ToSSupp x\{i,q}
X (1 = x)) (Vo (To Ui) —p Vo (To))

and

U(X) —p 0 ()

= Z (xi = x7) (Mier, Xk Miesupp \(Toui)
ToCSSupp X\ {i}
x (1 = xx)) (Vo (To U i) —p Vo (Tp))

= > xg(xi = %) (Meen X Meesupp \(7outi.qn
ToSSupp X\{i,q}
x (1 = xx)) (Vo (To U {i, q}) —g Vo (To U q))
+ Z (1 — xq) (xi — x,/) (nkeToxkerSuppi\{ToU{i,q}}

ToSSupp ¥\{i,q}

x (1 = xp)) (Vo (To Ui) —g Vo (To)) -
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Thus,
V) —m0(Y)—n (&) —n v (X))

= 2 (v —xq) (i — x]) (Mery ¥ Meesupp 7\ (70t
To<SSupp X\ {i,q}
x (1 = x)) (Vo (To U {i, g}) —n Vo (To U q))
+ D (%= yg) (xi = x)) (Mkery Xk Miesupp £\ (oUti.g))

ToSSupp ¥\{i,q}

x (1 = xx)) (Vo (To U i) —p Vo (Tp))

= Z (g = xq) (xi = x{) (TMkero Xk Miesupp 2\(7yUti 0)
ToSSuppx\{i,q}
x (I = xx)) (Vo (To U i, q}) + vo (To) —p Vo (To Vi) —p Vo (To U q)) .

From ky, < ky,, we have y; — x4 > 0. From x; — xl = (aj — aj_l)ei > 0 and the
convexity of the associated game g, we get 9(3) —g 0(¥) > 0(X) —g 0(X'). O

Lemma 4.3 Letx, y € FM suchthatky, = ky, foranyq € Suppx and SuppxU{l} =
Suppy with ky, = 1, if the associated game Vo of v € OFMCN is convex, then we
have

U(y) = 0(¥) = 0(%) —p 0(X),
where ky, = ky, = j,X' =X —(aj —aj_1)e',y =35 —(aj —aj_1)e and j €
(1,2, ... m).

Proof From Lemma 4.1, we have

U3 —u(Y)
= (vi = }) (Mrer, vk Mkesupp i\ (Toui)
ToSSupp y\{i}
x (1 = yx)) (Vo (To U i) —p v (Tp))
= Z Vi (yi - yl/) (erToykerSuppy\{TOU{i,l}}
ToSSupp y\{i,/}
X (1 = yi)) (Vo (To U {i, 1}) —pg Vo (To U 1))
+ Z (1= y0) (vi = i) (Mrero Yk Miesupp 5\ 7U1i.1})
ToSSupp y\{i,/}
X (1 = yr)) (Vo (To Vi) —p Vo (To))
= Z i (xi - xz,) (erToxk IkeSupp 3\ (ToUti. 1}
To<Supp y\{i,l}
x (1 = xx)) (Vo (To U {i, 1}) —p 0o (To U D))
+ Z (1 =y (xi = x]) (Mkery Xk Mkesupp 7\ (ToU(i. 11}
ToSSupp y\{i,l}
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X (1 = xx)) (Vo (To Vi) —n vo (To))
= z i (xi - x,/) (erTokakeSuppi\{TOUi}
ToSSupp X\ {i}
X (1 = xx)) (Vo (To U{i, 1}) —p Vo (To U 1))
+ Z (1 — ) (xi = x7) (Mrery Xk Miesupp #\ (1)
ToSSupp X \{i}
X (1 = xx)) (Vo (To Vi) —n vo (To))
= Z i (Xi - x,/) (erTokakeSupp)E\{ToUi}
ToSSupp x\{i}
x (1 = xx)) (Vo (To U i) —p Vo (Tp))
+ > A=y (% — x)) (Meery X Meesupp e\ (o)
ToSSupp x\{i}
X (1 = xx)) (Vo (To U i) —p vo (To))
= Z (xi = x}) (Mery Xk Miesupp \(Toui)
To<Supp X\ {i}
X (1 = xp)) (Vo (To Vi) —p Vo (To))
=0(%) -0 (F).

m}

Theorem 4.3 If the associated game vy of v € OFMCY is convex, then the vector
(@2, (N1, D) ie1a....my) 8 @ FMPMAS for © € OFMCN, where $° (N , i, )
as shown in Eq. (12).

Proof From Theorem 3.2, Lemmas 4.1, 4.2 and 4.3, the conclusion is obtained. O

Obviously, Eq. (12) degenerates to be a FPMAS for fuzzy games with multilinear
extension form when we limit the domain of § € OFMCY in the framework of it, and
its associated crisp game is convex.

In the following we show that Eq. (12) is an element in the core for OFMCY when
the associated game 7y of o € OFMCV is convex.

Definition 4.1 Let € OFMCY, the core Co (N, m, v) of v is denoted by

> m,
Co(N, i, 0) = ’ﬁ) e RV | D i,
ieN

= > (Wicryam Miesuppringy (1 = am))o(To),
ToSSuppm

D Wi = D, (MienXiMiesuppavsy (1 — i) T0(To),¥i € FM
ieSupp X To<Supp X
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Theorem 4.4 If the associated game ¥y of © € OFMCV is convex, then we have
(g?)lgj (N, m, V))ien, je(l,...m;} € Co(N, m, V), where (ZJO(N, m, v) as shown in Egq.
(12).

Proof Similar to Shapley (1971), let

~ 1 ~/ ~ 1 ~ 1
v(ale ),...,wlaml = v(amle ) —Hv(aml_le ),...,
~/

Wpay =V (m — (am,e" —aie")) —g 0 (M — ap,e") . ...,

~ /
w1a1

a);lamn =10 (’/h) —H v (I’;"l - (amnen - an’ln—len)) :

Foranyi € Nandany j € {1,2,...,m;},let Wia; = 3 < Wi, -

Obviously, we have > yWi, = 00 = >gpcsupm(Tiendm,
I esupp i\ 1o (1 — a@m;)) 00 (To)-

For any X € FM\{e®}, without loss of generality, suppose

FM\x = {{am+1,...,amjl},[ap2+1,...,amjz},...,{apt+1,...,amjt}},
where j1 < jo < < i, pr+ 1 <my, andk);jk = px forany k € {1,2,...,1}.
Letr = (amlel, amzez, ...,amj]_lejl_l, a,,l_Hejl), then we have

FVXI=XVap e/ and7 AX =F — (ap,+1 —ap,)e’l.

From Lemmas 4.2, 4.3 and induction, we have

~ /

Wi, 4 = V) =1 OF = (@p+1 = ap)e’’) < V(X Vap 41et) —y v(X)
and
2 2 i+ W2, 2,
lak ]Iap1+1 ldk~
ieSupp ¥ 1<h=<kg, zeSuppx 1=<h=<kg,
< BEVap 11e) —p 5(F).
Namely,

' L (E Ji
Z Z wlak ]|ap1+1 Hv(xval’l-l-le )

ieSupp ¥ 1<h=kg,

<Z ZwvHﬁ(i)

ieSupp ¥ 1<h=kg,
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and

> Wiay, + Wjiap s | —H V& Vajtiel)
ieSupp X\{,1}
< D g, —H (D).
i
ieSupp X

Repeat the above process >,y mi — ;¢ kx; times, we have > cqupp 5 Wi, —H
X
v(x) > 0. Namely,

> Wiy = Y, (MienXiMiesuppavsy (1 — xi)T0(To).
ieSupp X To<Supp x

From the construction of Eq. (12), we derive (@gi(N,ﬂl,17))ieN,je{1,...,m,—} €
Co(N,m, ). ' m]

Corollary 4.1 Ifthe associated game ¥y of v € OFMCY is convex, then Co(N, i, D)
# O.

Example 4.1 Consider a joint production model in which two decision makers, named
1 and 2, pool two resources to make some product. As is in the real life, each decision
maker is not willing to supply all its resources to a particular cooperation, and their
participation levels are usually not unique.

It is natural for the two decision makers to try to evaluate their venue of the joint
project in the early period of the project in order to decide whether the project can
be realized or not. However, the profit is dependent on a number of actors such as
product market price, product cost, consumer demand, the relation of commodity sup-
ply and demand, etc. Hence, the profit of each coalition is an approximate evaluation,
which is represented by trapezoidal fuzzy numbers. Thus, we have to consider a fuzzy
multichoice game with a trapezoidal fuzzy characteristic function. Let N = {1, 2}.

If the decision makers 1 and 2 have four and three action levels, respectively, where
FM|; = {ap = 0,a; = 0.2, a, = 0.5, a3 = 0.6} and FMy = {ap = 0, a1 =
0.3, ap = 0.8}. The coalition fuzzy values of the associated game ¥y of © € FMCVN
are given as follows:

vo(1) =(2,3,4,6), 00(2) = (2,4,5,7), vo(1, 2) = (6, 10, 14, 15).

When the fuzzy coalition values for © € FMCY can be expressed by Eq. (11), namely,
o € OFMCY . From Eq. (12), we have

@0 (N, i, B) = (0.468,0.702,0.97, 1.268),
G0 (N, i, §) = (1.284,1.926,2.71,3.284),
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@0 (N, 11, ) = (1.598,2.394, 3.395, 3.998),
¢ (N, i, §) = (0.732, 1398, 1.832,2.232),
¢9 (N, i1, ) = (2.162, 4.043,5.405, 6.162).

Co(N,m,v), and (gblgj (N, m, 0))ie(1,2),je(l,....m;} is a FMPMAS forv € OFMCY in
this example.

If we restrict Eq. (4) in the setting of OFMCY , then we have

yeees

Vg, (N, i, ) = @1 (N, 11, ),

U1ay (N, 11, B) = (0.816, 1.224, 1.74, 2.016),
Ulas (N, 12, D) = (0.314,0.468, 0.685, 0.714),
V2a, (N, 10, ) = @5, (N, 1, D),

Vay (N, 12, ) = (1.43,2.645,3.575, 3.93).

From Eq. (11), we know the game & € OFMC" given by Example 4.1 is strictly
monotone increasing corresponding to the players’ participations. But we have

Viay (N, 11, D) < Y1ay (N, i, D) and Y145 (N, 112, D) < Y14y (N, 12, D),

which contradicts with the people’s intrusion. This is also the season that we use Eq.
(5) to denote the Shapley value for FMCY . Furthermore, the Hukuhara difference
cannot be used in this example since it does not satisfy the necessary condition of the
Hukuhara difference.

4.2 Fuzzy Multichoice Games with Choquet Integral Form and Fuzzy
Characteristic Functions

In this section, we discuss fuzzy multichoice games with Choquet integral form and
fuzzy characteristic functions. By CFMC" , we denote this kind of games. According
to Tsurumi et al. (2001), the fuzzy coalition value for CFMCY is written as:

q(%)
D) = D To([Fln) (s — hi-1), (14)

=1

where X = (x1,x2,...,%,) € FM, Q(X) = {xj|lx; > 0,j € N}, q(x) = |Q(%)]

and [X]p, = {ilx; = hy,i e N,1 =1,2,...,q(x)}, the elements in Q(X) are written
in the increasing order as 0= ho < hy < -+ < hy(x), and [x]s, is a crisp coalition as
usual.
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L2 mi
Theorem 4.5 Define a function §€ : CFMCN — RisN by

q(FM)
GG, (N o) = > > > hig ) (o (1FIn)
I<g<j I=1 FeFM.ky, =g
— w0 ((F'1,)) (i —hi—1) VieN,jell,2,...m},
(15)

where q(FM) = |Q(FM)|, Q(FM) = FM = {hi,...,hgrm}, 0 = ho < h1 <
- < hywFmy and X =x- (ag — ag_1)e', and hig(Xsup) is the potential weight

for fuzzy coalition X as shown in Eq. (4). Then ¢€ is the unique Shapley function on

CFMCN.

Proof The proof Theorem 4.5 is similar to that of Theorem 3.1. O

Obviously, Eq. (15) degenerates to be the Shapley value for fuzzy games with
Choquet integral form when we restrict the domain of & € CFMCY in the setting of
it.

Theorem 4.6 If the associated game ¥y of v € CFMCYN is convex, then the

vector (¢S¢~(N’ m, v)) is an imputation for v € CFMCV, where
J ieN,je{l,2,...m;}

@ (N, i, v) as shown in Eq. (15).

Proof From Definition 2.7 and Theorem 4.5, we only need to show <,Z>l.caj (N,m,v) >

ﬁ(ajei)foranyi € Nandany j € {1,2,...,m;}.Since [X]y, # [X']y, forany X € FM
andany/ € {1,2,...,q(FM)} if and only if xlf < h; < x;. Without loss of generality,
suppose x; = hy, and x; = hy,.

From the convexity of the associated game vy and Eq. (15), we have

q(FM)

G, N, 0y = D0 D0 D> hig () (B0 (1)

I=g<j I=1 XeFM k=g
=10 (£'1n,)) (i — hi—1)

=> > D hig ) (To (IX1n,)

I<g=jhi+lsl<h X€FM ky =g
—r0 ([£1n,)) (i — hi—1)

SO S hig Gan)io () G — himp)

I<g<jlhi+l<i<l ReFM k. =g

= Z z hig (Xsub) Z vo (i) (hy — hy—1)

l<g=<j X€FM ky,=g h+1<I<l

= D> D higGab) (30 () (h, — )

1<g<j XeFM ky;=g

v
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= D> D higGap) (%0 () (ag —ag1))
I<g<j ¥eFM ky;=g

= 2 () (ag —ag-1)

1<g<j

=g (i) a;
=7 (ajei),

where ag = hog = 0 and X’ as shown in Theorem 4.5. O

Theorem 4.7 If the associated game vy of 1 € CFMCV is convex, then the vector

,,,,,

shov(/n in Eq. (15).

Proof From Eq. (15), we know that the first condition in Definition 3.3 holds. In the
following, we show the second condition in Definition 3.3. Let

flia; (N, B) = D > hig(Eub) (To (1E1n) = 50([F'11,))

1<g<j ieFM ky, =g

foranyi € Nandany j € {1,2, ..., m;}.
Then, we have

q(FM)
(Z)[(;j(erhvﬁ) = Z ﬁiaj(N,f;l, ﬁ)(hl —hl_l) Vl € N,] € {1,2, ...,m,'}.
=1
(16)

From Eq. (16), forany [ € {1, 2, ..., ¢(FM)}, it is sufficient to show
flia_,' (Na ’/hv 6&) 2 f)iaj (Na 7’;1, FD)’E) L)

where i € Supp x and 0 < j < ky;.
Forall X, y € FM with X < y and k,; = k,,, we have

ia, (N, B5) = > > bl Gow) (B0 (IZ1) —# T0(1ZTa)))

1=g<jz<y.k;;=¢g
and

fia; (N, 5) = > > bl Gaw) (B0(Za) —a 0012 Th)).

I<g<ji<i.k;=g
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From Lemma 3.3, for any given g € {1, 2, ..., j},any/l € {1,2,...,g(FM)} and any
7 < %, we have

> Gan) @07l — 1 S0 ) —

x>k Fan) @o([Fln) —r o7 1n))

> > A G = D k) | GolEl) —a H0(E )

fofi,kq:g fof)?,kri=g

Form the convexity of the associated game vy and ZZ<;<)~C - hfg(fmh) <

[P .
zisfsi,k,-i —g hig (Fup), we obtain

Z hiyg (Fsub) (50 ([F]hl) —H V0 ([F/]hl)) TH
I<F<y,

kz,' =8

X Z I}y Fsub) (0 (IF1n,) —# Do ([F1,)) = 0.

kZ,‘ =8

Thus, for any [ € {1,2,...,q(FM)}, any i € Supp X and any 0 < j < ky,, ﬁ,-aj
(Naﬂla ﬁi) Z ﬁla](Nar;lvﬁ.f)' o

Definition 4.2 The core Cc (N, i, D) for o € CFMCV is denoted by

q(FM)
Co(N. i, 1) = b € RV | > g, = > Bo([itln)(h — hi—1).
ieN 1=
q(x)
XD iy = D So(Eln)h — hi-1), VX € FM
ieSupp X =1

Theorem 4.8 If the associated game o of v € CFMCY is convex, then

~C ~ o~ ~ o~
[ N’ ’ ) C Ny ) )
((p’“.f( . v) ieN.je{l,...m;} € Cc(N.m,v)

where € (N, i, ©) as shown in Eq. (15).
Proof The proof Theorem 4.8 is similar to that of Theorem 4.4. O

From Theorems 4.6 and 4.7, we know that (,ZJC (N, m, v) degenerates to be an impu-
tation and a FPMAS for fuzzy games with Choquet integral form, when the domain of
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# € CFMCYV is restricted in the framework of it, and its the associated crisp game is
convex. Furthermore, by Theorem 4.8, we know that (,ZJC(N ,m, v) degenerates to be
an element in the core for fuzzy games with Choquet integral form when the domain
of 1 € CFMCY is restricted in the setting of it, and its associated crisp game is convex.

Corollary 4.2 Ifthe associated game vy of v € CFMCY is convex, then Cc (N, i, D)
£ Q.

Example 4.2 Similar to Example 4.1, if there are three decision makers, named 1, 2 and
3, cooperate to complete some project, namely, N = {1, 2, 3}. The decision makers
1, 2 and 3 have three, three and two activity levels, respectively, where FM| = {ag =
0, a) = 0.2, ay = 0.4}, FM2 = {a() = 0, ay) = 0.3, ay = 0.4} and FM3 = {ao =
0, a; = 0.6}. If the coalition fuzzy values of the associated game 7y of o € FMCY
are given as follows:

vo(l) = (1,2,3,5),00(2) = (1, 3,4,5),v%3) = (2,3,4,5),
vo(1,2) = (3,6,8,12), 19(1, 3) = (4,7, 10, 15),
v0(2,3) = (5,9,15,17), vp(1, 2, 3) = (8, 15, 31, 35).
When the fuzzy coalition values of § € FMC" can be expressed by Eq. (14), namely,
# € CFMCN . From Eq. (15), we have
gﬁﬁll(N, m,v) = (0.367, 0.68, 1.322, 1.815),
@&Z(N, m, v) = (0.833, 1.58, 3.355, 4.378),
cﬁzcal(N, m, v) = (0.617, 1.374,2.529, 2.775),
gZ)zcaz(N, m, v) = (0.9, 1.964, 3.805, 4.082),
@5, (N 1, 0) = (1.867,3.057, 6.045, 6.575).

.....

,,,,,

in this example.

If we restrict Eq. (4) in the setting of CFMCY, then
Vi (N, 1, B) = @i, (N, i1, D),
V1ay (N, 112, ) = (0.467, 0.9, 2.033, 2.533),
Voay (N1, D) = @5, (N, 1, D),
V2a, (N, 12, D) = (0.283, 0.59, 1.276, 1.306),
V3a (N, 1, B) = @5, (N, iit, D).

From Eq. (14), we know that the game © € CFMC" given in Example 4.2 is strictly
monotone increasing with respect to the players’ participations. But we have

Vaay (N, 1, B) < Yag, (N, 1, §)  and  Yrag, (N, 1it, D) < B(aze?),
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which contradicts with the people’s intrusion.

This is also the season that we use Eq. (5) to denote the Shapley value for FMCV .
Furthermore, it is not difficult to know the Hukuhara difference cannot be used in this
example.

This section has researched two kinds of FMCY, which are extensions of fuzzy
games introduced by Meng and Zhang (2010) and Tsurumi et al. (2001). Since these
classes of FMCY build the specific relationship with the associated games, the prop-
erties for these kinds of FMC" can be obtained by researching the associated games,
which are much simpler.

However, we only study two kinds of FMC", and it will be interesting to discuss
other kinds of FMC" , such as fuzzy multichoice games with proportional values and
fuzzy characteristic functions and fuzzy multichoice games with weighted functions
and fuzzy characteristic functions, which are extensions of fuzzy games given by
Butnariu (1980) and Butnariu and Kroupa (2008).

5 Conclusions

Based on the extension Hukuhara difference, the model for fuzzy multichoice games
with fuzzy characteristic functions has been introduced. A Shapley value is studied,
which is an extension of the Shapley value for fuzzy games presented by Li and Zhang
(2009). Moreover, we show that the defined Shapley value is a MFPMAS when the
given fuzzy multichoice games are convex. In order to better understand this kind
of multichoice games, we pay more attention to research two special kinds of fuzzy
multichoice games with fuzzy characteristic functions, which are extensions proposed
by Meng and Zhang (2010) and Tsurumi et al. (2001). However, we only study a
Shapley value for fuzzy multichoice games with fuzzy characteristic functions, and it
will be interesting to discuss other Shapley values.
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