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Abstract

In this paper, we study the holographic entanglement entropy computation of the
ultraviolet, integrable deformation of the 2—dimensional conformal field theory (TT—
deformed conformal field theory) that would be dual to some massive deformations
of 3D gravity in asymptotically AdS3 spacetimes. We compute the correction due
to the deformation up to the leading order of the deformation parameter in higher
curvature 3D gravities such as new massive gravity, general minimal massive gravity,
and exotic general massive gravity. We also use the evaluation of the symplectic
potential to obtain the entanglement entropy for deformed theories. In each case, we
find agreement between the results.
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1 Introduction

Holographic conjecture is one of the powerful tools to study quantum gravity, in which
the quantum gravity in the d spacetime dimensions is equivalent to a quantum field the-
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ory on the d — 1 dimensions boundary. An important example is a holographic duality
between conformal field theory in d dimension and (d + 1)-dimensional AdS gravity
[1-3]. Conformal field theory is by definition a UV complete framework, in which the
rules of local quantum field theory apply at all energy scales. CFTs, are critical points
of RG flows. It is then natural to ask: can holography be extended to effective QFTs
so that the UV behavior isn’t described by CFTs? within the context of AdS3/CFT»,
this question has been answered by Zamolodchikov [4] by considering a general class
of exactly solvable irrelevant deformations of 2D CFT. Irrelevant deformations, com-
pared to marginal and relevant deformations, are difficult to understand. Turning on
an irrelevant operator will turn on many additional operators at high energies, which
modifies the theory in the UV and lead to a loss of predictive power. Although, the
TT deformation is a irrelevant operator, but it does not have these problems [5-9].
The 2d TT operator is a operator constructed of the stress tensor 7}, which can be
expressed as

det(Ty) = [1r(Tu)? = T Ty | 1)

Given a seed theory’s Lagrangian L?), the T T flow can be defined by the following
flow equation

oL

= det(T"), )

1 is the parameter of deformation with dimension (length)z. The flow Eq. (2), defines
a curve in the space of quantum field theory parameterized by u with some properties
[10]. When a CFT is deformed by 7T operator, it doesn’t mean we add this operator
to the original theory, instead, the deformed theory’s Lagrangian L") is required to
satisfy the above flow equation. In [11], the author considered T 7T deformations of the
(0 + 1)-dimensional dual to 2d JT Gravity' and interpret the deformation as a modifi-
cation of the JT Gravity boundary conditions. In [12, 13] it has been proposed that 7T
deformation can be obtained by coupling the original theory to topological gravity.
In [14] proposed to interpret 77 deformation as a random geometry. Several meth-
ods of determining the exact deformed Lagragian through integrating out vielbeins or
metrics are also discovered by [15, 16]. In [17] the authors studied the symmetries of
TT, JT, and JT deformed CFTs, in which they showed that each deformed theory
possesses an infinite number of conserved charges. The authors of [18] showed that
with a mixed boundary condition at spatial infinity and Chern-Simons formalism of
AdS3 constructed the surface charges and associated algebra in T T deformed theories.
In [19], by applying covariant phase space methods, the Poisson bracket algebra of
boundary observables which is a one-parameter nonlinear deformation of the usual
Virasoro algebra of asymptotically AdS3 gravity deduced. This algebra should be
obeyed by the stress tensor in any 7 T-deformed holographic CFT. In [20] proposed
that within the holographic dual, this deformation represents a geometrical cut-off on a

LT Gravity can be viewed as the dimensional reduction of the Chern-Simons description of 3d gravity.
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wall at finite radial distance r = r. within the bulk that removes the asymptotic region
of AdS and places the QFT on it. More precisely if a CFT has a gravity dual, then
the deformed theory is dual to the original gravitational theory with the new boundary
at r = r.. Many interesting physical quantities such as the partition function, the
S-matrix, the energy spectrum, and the entanglement entropy have been computed in
the deformed theories, see [21] and the references within.

In this paper following the papers [22, 23] we would like to understand the effect
of this deformation on entanglement entropy using holography in the framework of
higher derivative massive gravity in 2 4+ 1 dimensions. The holographic method we
used to obtain entanglement entropy is the Song-Wen-Xu-like method [24]. We used
this method because the symplectic potential depends on the theory and it will give
us the possibility to calculate entanglement entropy for different theories of gravity
including Chern-simons-like theories.

Because of the absence of local degrees of freedom, General Relativity (GR) in
three dimensions is an easier theory for studying the different aspects of gravity. New
Massive Gravity(NMG) is a three-dimensional theory of gravity with parity-even,
higher derivative action which at the linearized level reduces to massive spin-two
Fierz-Pauli theory [25, 26]. General Minimal Massive Gravity (GMMG) which was
introduced in [27], is an example of the 3D theory of gravity with actions that make
use of two auxiliary one-forms, 4 and f, which at the level of the field equations can
be integrated out, leading to the New Massive Gravity field equations supplemented
by the Cotton tensor and by a parity even tensors, J,;. This term with respect to
the curvature is quadratic, and therefore the field equations for the metric remain of
the fourth-order. These effective Einstein equations cannot be obtained only from a
variational principle of the metric as a dynamical field, nevertheless, they are on-
shell consistent as is the case in the theories introduced in [28-31]. GMMG avoids the
bulk-boundary clash and so possesses positive energy excitations about the maximally
symmetric AdS3 vacuum in addition to a positive central charge within the dual CFT.
Such a problem within the previously constructed gravity theories with local degrees
of freedom in 2+1-dimensions namely Topologically Massive Gravity and therefore
the cosmological extension of Massive Gravity is present [25, 32, 33]. Exotic general
massive gravity is another 3D theory of gravity with parity—odd action which describes
a propagating massive spin—2 field. The field equations of this theory supplement the
Einstein equations with a term that contains up to 3rd of the metric and is made with
combinations and derivatives of the Cotton tensor [30]. The different aspects of this
model have been studied in [34-39].

The paper is organized as follows: In Sect. 2, we obtained the entanglement entropy
for NMG with parity even action, directly by using on-shell action and using the RT-
method. In Sect. 3, for the other Chern—Simons-like theories of gravity GMMG and
EGMG, we obtain the entanglement entropy and repeat the procedure of the previous
section for them. We provide some conclusions in Sect. 4.
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2 Entanglement entropy for NMG

The new massive gravity is one of the famous three-dimensional theories of gravity
among massive gravity models. This model is second-order in time derivatives, its lin-
earizations around a Minkowski metric are equivalent to the second-order Fierz-Pauli
action for a massive spin-2 particle. Furthermore, NMG preserves parity symmetry
which is not the case for the topological massive gravity. The action of NMG is
described as follows [25, 26]

1 1 3
SymG = G d*xJ=g [R — 2% — — <R“”Rw — ng)} , (3)

where A and m are the cosmological constant and the mass parameter of NMG, respec-
tively. By a variation of the Lagrangian we obtain

E/w = G,u.v + )Lg/w - N/Ll)v “4)

2m?

with

1 2 1 2 ab
Ny = _EV Rg,y — EVMVVR +2V Ry +4Rpuavp R

3 3
- ERR/LU - RaﬁRaﬁguv + ngg/w, 5)

and G, is the Einstein tensor. To obtain the renormalized action we should take into
account the generalized Gibbons-Hawking boundary term for NMG [40] as follows

Son = / xy=7 (2K + f*"Kap - fK). ©)
where
1 A
K;uz = _E(nu.;v +nv;/4)» Vlw = glw —ntn”, fab = flwy,ua)/vb,
2 1
f,uv = W R;w - ZRg;w . @)

Now, we consider a deformed CFT on manifold M. So, the entanglement entropy is
given by

Zy
log Zn (8)

SEE = lim
n—11—n

where Z,, is the partition function on M" which is obtained by using the replica
method in which one may provide n copies of the manifold glues them together.
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We start with the deformed CFT defined on the boundary metric in two dimensions
with complex coordinates (x, x) to cover this surface as

ds® = dxdx. )

By using the following coordinate transformation one can convert the metric to a

conformal form as
xX—a\”
= 10
y (X — b) 10)

. 00.5) n-l
ds? = e?VVdydy, e T =nlL (11)
Iy =112

then

where ¢ is the Liouville field. By using the Fefferman—Graham metric, one can extend
the boundary metric (11) to the bulk as [41]

) d,o2 1 o (0)
ds® =35 g0, X)dX'dX), - gij(p. X) = g;;

M
" (X)+ g (X) + ...

12)

here X! = (y, j) and gi(j(.)) = e?dydy. So, the bulk metric can be written as follows
[42]

229" Y avas 4 irav 4 a4 L 5
ds® = +pe dydy+2T¢dy +2T¢,dy +4R¢dydy

1 1 - 1
+Zpe—¢ <T¢dy + Zzwzy) <T¢d)7 + ZR¢dy) (13)
where
3 2 1 2 = 72 L=
Ry =40y0,¢, Ty =0y¢ — 5(8)«1)) o Ty =050 — 5(8y¢) . (14)
The following coordinate transformations [43]

e 1 PO 1 pe¢5¢
E=,/;+Z,/e—¢|8y¢|2, e=y+5— Y (15)

1+ Zpe—¢|8y¢|2

convert the FG coordinate to the Poincare coordinate, which brings us to the following
metric

2
ds? — déiz +£2dzdz, (16)
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This metric is a solution for NMG if

1
A= (1 + M) (17)

So, A and m related by (17) and are not arbitrary. The on-shell action of NMG is given
by

Svme = |1+ // e?dzdz — ~ // Ydzdz — — // “Pyldzdz
om2 )| 82
(18)
here we assumed p = 82, then the regulator surface is

e

o
[S1iSH

)
2

+ v 19)

IS

. ]
F=3%

While on the boundary n* = £8}',y = —§%/4,¢ = —&*/4and K = y*" K, =2
one can get the generalized Gibbons-Hawking on-shell action as

Son = (1 +W> [32 // ¢dzdz+f/ wdzdz+—// "’1/r2dzdz] (20)

Here, we select the appropriate counter-term as follows:

S = (14 g ) [ 33770+ 826,90, e

The first term in the above counter-term as the usual counterterm of gravitational action
removes the divergent term of GH and bulk action. In the second term, we chose «
such that no boundary terms of order 82 remain in the boundary action. So, explicitly
the action is as follows:

S, = <1 + — Py ) |:82 // ‘/’dzdz+/ ¥ 4 k(z, 2)e? @D dzdz
2
+% // (ge_¢¢2+/c(z,2)w> dzdi] (22)

Thus, by choosing k = /8¢? one can get the renormalized on-shell action is given

by
1 1 8 5 s _
Sy =Svmc + Sou + Ser = —3 1+W W—i-Ex[f e ?|dzdz. (23)
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Therefore, one can rewrite the renormalized action in terms of the Liouville field as

P PR de a~¢>af¢+82 (a-a"e%)2 24)
"7 64n G 2m? ' 2\ ’

after integrating by part one can get

2

1 1 8 _9 . _® _¢ _¢
Sr=m<1+m>/dsn [¢an¢>+7(ane S0e% — e~ %5,00e z)}
(25)

In order to solve this integral, we adopt

. 1 _
z=re, % = —Z(r”Jrl + 7" — 2 cos(nh)), e Py’ = (88e_%)2. (26)
n

Then one can get

ser = = (14 =2 ) (=) [iog (£) + 2 27)
EE =46 m? " B\5) Th |

one finally arrives at

S c ) 247w )+ gc2 (28)
= — 10 _— —_—,
EE = 3708 cc 72702
where
8Gm?8?
= 29
ST +2m? 29

which is in agreement with the results of CFT side [23, 44]. In _the limit m — oo,
¢ =4 G82. The entropic C—function in two dimensions for 77T deformed CFT, is
defined as [45]

dSKE cc? 3 1
C=3¢ =c———, c=——|l+55 30
ot T me “Tac\!'Tane (30)

which depends on the deformation parameter and approaches the central charge of
the undeformed CFT (c is the central charge of NMG and it is positive, therefore
the dual CFT; is unitary.) when ¢ = 0, as expected [46]. It is expected that the
holographic entanglement entropy of deformed CFT is obtained by RT-method. By
using z = x +it, & = 1/1n and going to the polar coordinate in (16), we have

1
ds* = = [dnz +r2de? + nzdrz] . 31
n
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The entanglement entropy can be calculated using the presymplectic potential by
replacing 8¢,y = 0 guv as

R / O (1. TPt 1s0- (32)

which is integral in direction of bulk after integrating out t along S'. For NMG the
presymplectic potential is given by [40]

1 - 1 - 1 -
®II<‘/MG = 0" — Efou + 778" Vp(8gov) — ifp”V“((Sgpg) - Efuvgpavv(agpo)
1 - _ _ - -
+ E[V“fvp =2V O 4 gtV f + "V, [ — gV f138up,

0" = g"'VP(381p) — 87V (88p0). (33)

So, the presymplectic structure for metric (31) is obtained as

o- L (14 1) (34)
T 876G 2m? ) rn3’

Then, one can achieve the entropy as

S _/2"d /‘«/— e"d _ l—}——l fe dn
= T e
HEE o 8 n AGn2 2 b 7

_L<1+L)1 (i) (35)
T 4G wm2) " ng)’

here we have used \/—g = Z—g, ny = 1/&7 and £ is the interval length of subsystem

A. Therefore, the explicitly nonperturbative HEE (35) becomes

1 1 ¢ 6 ¢
NP _ z -2
SHEE—E<1~|—%>1D<5€2+Z¢€ 2) (36)
We have expanded (35) around § < 1, then one can obtain [46]
1 | te% v
SEep=1lim — (1+—)|In[—)+-=46°|. 37
HEE ,13121)4G<+2m2)[n<5>+4e¢ } ©7
r—
By using (26) one can arrive
I3 1 4
lime 2 = — lim e %y = —.
et =g Jimety =15 69
r—0 r—0
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Inserting (38) into the (37) and (36), we have obtained nonperturbative SZ E g and
perturbative S¥ ;. - entropy as follows

1 1 IZ
NP _
st L (4 + " e + > (40)
= — — n|— —|.
HEE = 4G 2m? 8 2
Therefore, the entropic C function becomes

e _ (=)

_ ) 41

RGETO) @b
2uc?

cF=c— ’24 , 42)

in which the nonperturbative C” is different from (3.54) of [47], while the perturba-
tive C*' is comparable with perturbative form of (3.54).

3 Entanglement entropy for GMMG

The Lagrangian of general minimal massive gravity theory is a generalization of the
Lagrangian of general massive gravity. The Lagrangian of GMMG is given as [27]

A 1 1
Locymc = —oe.R+ ?Oe.e x e+ h.T(w)+ o™ (w.da) + ga).w X w)
"

1 1 o
7 (f.R—l-Ee.fxf)—i—Ee.hxh, (43)

where m is the mass parameter of NMG term, A is a cosmological constant, u is a
mass parameter of Chern—Simons term, o is a sign, « is a dimensionless parameter,
e is a dreibein, w is a dualized spin-connection and /& and f are auxiliary one-form
fields. After integrating out the auxiliary one—form fields f and 4, the field equations
obtain as

4

N
EJ/LU—’—_K/LU =0, (44)

O_'G;Lv + A()guv + %Cuv + 21’)’12
where C,,,, is the Cotton tensor, K, is the Euler—Lagrange derivative of the quadratic
part of the NMG Lagrangian with respect to the metric, and J,,, is the quadratic in
the curvature tensor introduced in [28]. The parameter s is sign, y, ¢ and Ay are the
parameters which defined in terms of other parameters like o, m and u.

The metric (16) is a solution for the field Eq. (44) under the condition

Ao 12m? 2 2
jo= _opTm t ymT  Sp (45)

4M2m2
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Therefore, the couplings of the theory related by (45) and are not arbitrary. The

Lagrangian (43) can be written as follows

1

—Lcs + cpe. T
2p
2
h

°f
Loymg = — (U + W) e.R +
Ao C?r oc
R

where we have used
h=cpe, [ =cye.
The dreibein components of the metric after Wick rotation can be chosen as

e0=dg—$, e1=§(dz—d2), ezzg(dz+d2).

Then, the spin connections would be
1 1 - 2 1 _
wy = Es(dz —-dz), wy= ES (dz+dz),
and therefore the dualized spin-connections are given by
0 __ 1 _ § = 2 _ § z_
o =0, o = 4(dz~|—dz), w” = 4(dz dz).
The different terms of the action are given by

e.R:%dé/\dz/\dZ, e.exe:%dé/\dzAdZ,
%-2
T =0, Lcs =0, w.e = —?dz Adz.

Then, the on-shell action is given by

2
1 Ao c c
SGMMG:—<—O'+——m—f2+OlC,21—m—fz)

x if/ e?dzdz + 1// vdzdz + f// e Py2dzdz
52 ' 2 ' 16 |

The boundary actions are given as

cf 1
ScH = - (O’ + —2> w.e + —w.w + cpe.e
m 21

@ Springer
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1(+cf) 1// ¢dd‘+1//wdd'+32// 0y 2dzdz
= — |0 — vy = 1Y Tz ’
) 2 52 e adzaz B az 16 e az
(53)

1
Set =—7 ((f + :TfZ) / e (1+68%(z, ). ©4

CZ
If Ao -5 + acj = 0, then we have

3
2
S, = _% (o+ ’%) [// Ydzdz + % /f e‘%zdzdi} (55)

by using (26), one can obtain

1 cry (1—n? AYS
SEE_—g(ojLW)( ; )[log<3)+@] (56)

one finally arrives at

d 247w cc”? cy +c-
Sgg = —1 L _ = 57
EE = 3108 ( o ) Yo € 2 57)
where
64Gm?82 3 acy, 1
- ciz——<0+—h+—'};:|:—>, (58)
cftom 2G nw m nw

where c4 are the central charges of GMMG and under the condition o + acy /1 +
cr/ m?=+1/u < 0the dual CFT} is unitary. The entropic C—function in two dimensions
is given as [45]

98 2 3 -
c=3EE _ v _ S€ c’=——( Cf),

- , 59
al 12712 2G (>9)

which depends on the deformation parameter and approaches ¢’ when ¢ = 0, as
expected [46]. The dreibein components of metric (31) can be written as

1
e = idr, el = zdr, & = —dn. (60)
n n n
The dualized spin connections would be
0 n 1_ " ) 1
w = ——dr, w = —drt, w” = —drt. (61)
2n 2n 2n
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The presymplectic form of GMMG is given by [48]
cf 1
Ocmumc = — (o + —2) dw.e + —dw.w + cpde.e. (62)
m 21

Then, we assume dw = dw/dn, e = de/dn, one can get

1
®GMMG=—<0+ f)[z sdr Adt — 2n2ndt /\dn] (63)

So, the entropy for GMMG is as follows

2 2 4 1 cr dr]
—_— J— Hr f— R — —
S_./o dr/«/ g0"dn /0 dt/,;.2n2(0+m2)n
1 cf L
— )In{— ), 64
4G( i ) (w) Y

here ny = 1/&y. After the series expansion of (64) around § < 1, we have [46]
1 c €e¢ v
f
N = lim — < —) 1 — 65
HEE = 1II:)4G o+ |:n(3>+4€¢ :| (65)
r—

Inserting (38) into (64) and (65) one can obtain the results similar to (39)—(41) with
the central charges of GMMG.

Entanglement entropy for EGMG

Exotic general massive gravity is a third-way consistency theory in three dimensions
with a parity—odd theory describing a propagating massive spin—2 field. A gravity
theory that leads to both a unitary theory in the bulk and a positive central charge in
the boundary theory when formulated on AdS spaces. The Lagrangian of the theory
is given as [30]

LEGMG———[f R(w) + = 4ff><f

—f.D(a))f + 5f.e x e —m*h.T (w)

(L —m?) 1 um* m*
wdo+ -woxw)|+—ecexe], 1=1——.
2 3 3u u?
(66)
In the metric formalism, the field equation is given as follows
1 1 1 1
Ry — Eg;wR + Agu + ;C;w - WH;W + WLLLU =0, (67)
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where
af 1 af yo
H,“, =€, V Cyﬁ, L;w = EGM €) Caycﬁov (68)

w1 and m are mass parameters, H,, and L, are symmetric and traceless tensors. The
above Lagrangian can be rewritten by using (47) as

cf 02 1 5
LEGMG:—WE-R‘F Ch+— (e. 6)—W(L—m)Lcs

3 4
_i C_f+w_f+ti (e.e X e) (69)
m? [ 6m* = 2 3w | .

By using (51), one can obtain
2
m 2 _
SecmMc = — // Efdzdz. (70)
8u

The GH term for EGMG is given by

L TP i + (1 ! ) 1)
=— ew+ = |ep+ | ee - — ) wo,
GH 2m? 2\ A m?
then the GH action is given
m? 5
Sen =—— dzdz, 72
GH 1 // §7dzdz (72)

where we have used

1 1 m* m?*
“ 2( m2>( /ﬂ) “f I )

The counter term is given

m? 5 _ _
Sep = — // e(1+46°«(z,72))dzdz. (74)
8

The renormalized on-shell action by using a cut-off surface is given as

2 2
= [ f / vdzdz + > / / e“”tpzdzdi} , (75)
8 8
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then, similar to the previous section, using (26) we have

S, = m—2<1_"2>1 <£> L (76
"7 8 n |:0g b) +n€2:| )

one finally arrives at

' 24 2 -
S = Stog| [Ze)+ S oG te (77)
3 cc 12702 2
where
64G s> 3 m? m?> 1
=— , = |-—x(1+—=-—)]|, 78
IS . Cx =5 |: " + 2w (78)

where c+ are the right moving and left moving central charges of the dual CFT,. In
the case of m? /i F (1 +m?/u*> — 1/m?) < 0, the dual CFT is unitary. The entropic
C—function in two dimensions is defined as [45]

aS 72 3 2
c=yEE S g 2 (79)
ol 12712 2Gu

which depends on the deformation parameter and approaches ¢’ when ¢ = 0, as
expected [46]. The presymplectic form of EGMG is given [48]

1 C?f @ cy
Orcmc = = | [en+ L ) se.e + (1 - —) Sw.w— Lsew|, (80
2 m* m? m?
this presymplectic using (60) and (61) can be written as

cr r 1
O=—=|—=drnd
2m? |:2n2 " Tt 2n%y

dt /\dr;]. 81)

Then, the entropy for EGMG is given as follows

2 2 £ 2
- d ¢
S:/ dr/./_—gGrdnzf dr/ = 1n(—,>, (82)
0 0 np 4ncms 16Gu uli

here ny = 1/&7. In the case of § < 1, one can obtain [46]

) 0
. m Lex v,

Surr = — 1 m(=<2) + Ls2. 83

HEE ;11121)16Gu|:n< 5 )+4e¢ } (83)

After using (26) and limiting, one can arrive at (77).

@ Springer



Holographic entanglement entropy... Page150f17 85

4 Conclusion

In this paper, we investigated the holographic entanglement entropy of deformed
conformal field theories dual to a cut-off of AdS spacetimes. The holographic entan-
glement entropy evaluated on a three-dimensional Poincare AdS3 space with a finite
cut-off can be interpreted as the dual field theory deformed by T T-deformation. We
have done these calculations in the framework of higher derivative gravity theories like
NMG, GMMG, and EGMG theories. We perform a direct holographic calculation of
the entanglement entropy by evaluation of the gravitational action in the bulk space-
time which has been reconstructed from a dual CFT, on n-sheeted Riemann surface as
a finite cut-off boundary. The correction term corresponds to the deformation which
comes from the boundary side affected by the mass parameter of higher derivative
theories. For the theories with gravitational anomalies like EGMG and GMMG, the
average of the central charges of left and right moving (¢ = (¢4 + c—)/2) appear in
the deformation parameters. By considering the entropic C—functions, the effect of
deformation parameters on the central charges of deformed CFTs were studied. We
have also obtained the entropy for the theories with a cut-off on AdS3 spacetimes using
the pre-symplectic potential integrated along Euclidean time and along with the depth
into the bulk. By expansion around UV cut-off deformation, we find an agreement
between the results in the two methods.
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