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Abstract
The simple structure of doubly torqued vectors allows for a natural characterization of
doubly twisted down to warped spacetimes, as well as Kundt spacetimes down to PP
waves. For the first ones the vectors are timelike, for the others they are null. We also
discuss some properties, and their connection to hypersurface orthogonal conformal
Killing vectors, and null Killing vectors.
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1 Introduction

Recently, we introduced timelike doubly torqued vectors [15]. They provide a sim-
ple characterization of 1 + n doubly twisted spacetimes, and its subcases of twisted,
doubly warped, generalized Robertson-Walker spacetimes. Remarkably, the same def-
inition of doubly torqued vectors fits in the characterization of Kundt spacetimes: a
Kundt spacetime is precisely defined by the existence of a null doubly torqued vector,
and special cases as the Walker and Brinkmann metrics are naturally identified. The
purpose of this paper is to present such characterizations, that are summarized in the
tables of this introduction.

An important variety of spacetimes are foliations with totally umbilical spacelike
Riemannian hypersurfaces of dimension n, parametrized by time [20]. In proper coor-
dinates, the metric tensor has a 1 + n block-diagonal structure. Depending on the
arguments of the two scale functions a2 and b2, the spacetimes bear different names
(Table 1).

There is a vast literature about them, since the paper by Yano [23] in 1940, who
introduced doubly twisted manifolds. Warped 1 + n spacetimes are also known as
generalized Robertson-Walker [1,6,13]. The table includes spacetimes without name,
that naturally emerge in this classification.
The same spacetimes have a tensor characterization, independent of the choice of
coordinates, through the existence of a timelike-unit vector field ui that is vorticity-free
and shear-free. Besides this description, preferred by physicists, we recently identified
another one in terms of a timelike doubly torqued vector [15]:

∇ jτk = κg jk + α jτk + τ jβk (1)

where αkτ
k = 0 and βkτ

k = 0. Despite being ui = τi/
√−τ 2, where τ 2 = τkτ

k , the
vector τi offers a straightforward classification of the spacetimes (Table 2). In some
cases, αi and βi are gradients of scalar functions. In parallel, the vector field ui gets
more and more specialized through requirements on the expansion parameter ϕ and
the acceleration u̇i = uk∇kui .

Timelike doubly-torqued vectors extend the characterizations by Bang-Yen Chen
of twisted spacetimes in terms of torqued vectors (βi = 0) and of warped spacetimes
in terms of concircular vectors (αi = βi = 0). They also identify other spacetimes,
that do not have simple description in terms of ui . The special case αi + βi = 0
identifies doubly torqued vectors with hypersurface orthogonal conformal Killing
vectors, making contact with literature.

Surprisingly, null doubly torqued vectors exactly match the Newman-Penrose char-
acterization of Kundt spacetimes. Since τ 2 = 0 it is κ = 0 in Eq. (1), and a proper
rescaling gives a vector τ ′:

∇iτ
′
j = θτ ′

i τ
′
j + β ′

iτ
′
j + τ ′

i β
′
j (2)

with β ′ the non-null component of β. Conditions on θ and β ′ give special cases, as
the Walker anf Brinkmann metric of PP waves (Table 3).
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Table 1 1+n doubly twisted spacetimes

1+n spacetime ds2 =

doubly twisted −b2(t, q)dt2 + a2(t, q)g�
μν(q)dqμdqν

twisted −dt2 + a2(t, q)g�
μν(q)dqμdqν

unnamed1 −b2(t, q)dt2 + a2(t)g�
μν(q)dqμdqν

unnamed2 −b2(t, q)dt2 + g�
μν(q)dqμdqν

doubly warped −b2(q)dt2 + a2(t)g�
μν(q)dqμdqν

warped −dt2 + a2(t)g�
μν(q)dqμdqν

static −b2(q)dt2 + g�
μν(q)dqμdqν

Table 2 Characterizations with timelike doubly torqued and unit vectors

1 + n spacetime ∇i τ j = ∇i u j = ∇iϕ =
doubly twisted κgi j + αi τ j + τiβ j [15] ϕ(ui u j + gi j ) − ui u̇ j −ui ϕ̇ + vi [8]

twisted κgi j + αi τ j [5] ϕ(ui u j + gi j ) −ui ϕ̇ + vi [14]

unnamed1 κgi j + τiβ j

unnamed2 τiβ j

doubly warped κgi j + τi ∂ jβ [15]

warped (GRW) κgi j [4] ϕ(ui u j + gi j ) −ui ϕ̇ [13]

static τi ∂ jβ −ui u̇ j

Table 3 Kundt class spacetimes,
and null doubly torqued vectors

Kundt ds2 = H(u, v, q)du2 − 2dudv +
2Wμ(u, v, q)dudqμ + gμν(u, q)dqμdqν

∇i τ
′
j = θτ ′

i τ
′
j + β ′

i τ j + τiβ
′
j

Unnamed 1 ds2 = H(u, v, q)du2 − 2dudv +
2dudqμ∂μ[�0(q) + v�1(q)] +
gμν(u,q)dqμdqν

∇i τ
′
j = θτ ′

i τ
′
j + (∂iβ)τ ′

j + τ ′
i (∂ jβ)

Unnamed 2 ds2 = H(u, q)du2 − 2dudv +
2Wμ(u, v, q)dudqμ + gμν(u, q)dqμdqν

∇i τ
′
j = β ′

i τ
′
j + τ ′

i β
′
j

Walker ds2 = H(u, v, q)du2 − 2dudv +
2Wμ(u, q)dudqμ + gμν(u, q)dqμdqν

∇i τ
′
j = θτ ′

i τ
′
j

Brinkmann ds2 = H(u, q)du2 − 2dudv +
2Wμ(u, q)dudqμ + gμν(u, q)dqμdqν

(PP waves) ∇i τ
′
j = 0
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2 Timelike doubly torqued vectors

We obtain properties for timelike doubly torqued vectors and revisit the relations
among τi , κ, αi , βi and the scale functions a, b > 0 of the metric, discussed in [15],
to obtain new results. We refer to the coordinate frame where the space components
τμ and uμ vanish, as the “comoving” frame.
Timelike doubly torqued vectors satisfy the Frobenius condition τ[i∇ jτk] = 0 and are
hypersurface orthogonal.

This symmetry is useful:

Proposition 2.1 If τi is a timelike doubly torqued vector with (κ, αi , βi ) in Eq. (1),
then μτi is doubly torqued with (μκ, αi + ∂iμ/μ, βi ) provided that τ k∂kμ = 0.
In the comoving frame (τμ = 0) the condition means that ∂tμ = 0.
If αi = ∂iα (orthogonal to τi ), then a rescaling of τi brings it to αi = 0.

Let us enquire when αi is a gradient, i.e. is closed. Contraction of (1) with τ k gives:

α j = ∇ j log
√

−τ 2 − κ
τ j

τ 2
(3)

The evaluation of ∇iα j gives the useful identity

(∇iα j − ∇ jαi )τ
2 = τi (∇ jκ − κα j − κβ j ) − τ j (∇iκ − καi − κβi ) (4)

Proposition 2.2 α j is closed if and only if ∇ jκ − κα j − κβ j is parallel to τ j .

In the comoving frame τμ = 0, α0 = β0 = 0, with the Christoffel symbols listed
in appendix, Eq. (1) for doubly torqued vectors becomes (μ = 1, ..., n):

∂tτ0 − τ0∂t log b = −κb2,
∂μτ0 − τ0∂μ log b = τ0αμ

−∂μ log b = βμ,

−τ0∂t log a = κb2

The following propositions concern the two unnamed spacetimes, respectively, and
their subcases:

Proposition 2.3 In a doubly twisted spacetime, ifαi = 0 (orαi is a gradient orthogonal
to τ ) then a2(t) only depends on time.

Proof If αμ = 0 the second equation gives τ0(t,q) = F(t)b(t,q) with some function
F . The first and last equations give ∂t log a = (∂t F)/F(t). ��
Proposition 2.4 In a doubly twisted spacetime, κ = 0 if and only if a2 only depends
on q (and may be included in g�

μν(q)).

Then αi is a gradient (and can be absorbed to zero) and τ 2 is independent of time.
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Proof The last equation gives a2 that only depends on q if and only if κ = 0. The first
one gives τ0 = C(q)b(t,q), and the second one results in αμ = ∂μ logC(q). Then αi

is a spacetime gradient. Equation (3) gives αi = ∇i log
√−τ 2. In the comoving frame

α0 = 0 so that τ 2 is independent of time. ��

3 Timelike hypersurface orthogonal conformal Killing vectors

We show that timelike doubly-torqued vectors with αi + βi = 0 coincide with hyper-
surface orthogonal conformal Killing vectors ( [9] Ch.11, [22] pp.69, 564). We revisit
in this light some theorems, and give new ones.

Definition 3.1 ξi is a conformal Killing vector if∇iξ j +∇ jξi = 2κgi j or, equivalently,
∇iξ j = κgi j + Fi j with Fi j = −Fji . It is a Killing vector if also κ = 0.

Lemma 3.2 A timelike conformal Killing vector ξi is hypersurface orthogonal if and
only if: Fjk = α jξk − ξ jαk , αkξ

k = 0, i.e.

∇iξ j = κgi j + α jξk − ξ jαk (5)

Proof By the Frobenius theorem, a vector is hypersurface orthogonal if and only if
0 = ξ[i∇ jξk] = ξi (∇ jξk −∇kξ j )+cyclic permutations i.e. ξi Fjk +ξ j Fki +ξk Fi j = 0.
A contraction with ξ i gives ξ2Fjk + ξ j (Fkiξ i ) − ξk(Fjiξ

i ) = 0. It is always possible
to choose αkξ

k = 0, as αk − α jξkξ
j/ξ2 does the job. ��

Proposition 3.3 Doubly torqued vectors with αi = −βi are hypersurface orthogonal
conformal Killing vectors. They are hypersurface orthogonal Killing vectors if also
κ = 0.

In Ref. [15] we showed that a doubly twisted spacetime is doubly warped if and
only if αi = ∂iα and βi = ∂iβ in (1) (see Table 2). Since they are both orthogonal to τ

we may rescale τ such that αi = −∂iβ and obtain ∇iτ j = κgi j − (∂iβ)τ j + τi (∂ jβ),
a conformal Killing vector. Therefore:

Proposition 3.4 A spacetime is doubly warped if and only if it is equipped with a
hypersurface orthogonal conformal Killing vector with closed vector αi .

With αi = −βi in (4), we read that α j is closed if and only if ∇ jκ is proportional
to τk . Therefore, we have the statement (Theorem 1 in [21]): A spacetime is doubly
warped if and only if it is equipped with a hypersurface orthogonal conformal Killing
vector with ∂iκ parallel to ξi .
Moreover, if τ is closed (αi = βi ) then αi = βi = 0: the spacetime is generalized
Robertson-Walker (Cor. 2 in [21]).

A doubly torqued vector with κ = 0, αi = −βi is a hypersurface orthogonal Killing
vector. Since αi and −αi are gradients (Prop.2.4), the spacetime is doubly warped.
Then a2 is a function of t and b2 is a function of q. κ = 0 means that ∂t a = 0 i.e. a is
a constant. The metric ds2 = −b2(q)dt2 + a2g�

μν(q)dqμdqν has the form of a static
spacetime [22] p.283.
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4 Null doubly torqued vectors and Kundt spacetimes

A Kundt spacetime is defined by the presence of a null geodesic congruence that is
expansion-free, shear-free, and twist-free [22] Ch.31, [3,11,17,18]. We show that it
precisely means that it admits a doubly torqued null vector field.
We begin with some facts on null doubly torqued vectors.

The contraction of ∇iτ j = κgi j + αiτ j + τiβ j with τ j gives κ = 0. Then:

∇iτ j = αiτ j + τiβ j , αkτ
k = 0, βkτ

k = 0. (6)

Contraction with τ i gives that τ is geodesic: τ i∇iτ j = 0.
For null vectors one considers the optical scalars [19]:

 = 1

d − 2
∇kτ

k, ω2 = −∇[kτ j]∇kτ j , σ 2 = ∇(kτ j)∇kτ j − (d − 2)2 (7)

where d is the dimension of spacetime. It is simple to prove that all the three optical
scalars vanish for null doubly torqued vectors. In particular, the vanishing of the twist
(ω2 = 0) is the condition for τ to be hypersurface orthogonal.

Since τ 2 = 0, αi = aτi + α′
i where α′ is a spacelike vector orthogonal to τ , and

β = bτi + β ′
i . Then, for a null doubly torqued vector, with θ = a + b, it is

∇iτ j = θτiτ j + α′
iτ j + τiβ

′
j (8)

We now turn to Kundt spacetimes and show that (8) is precisely the equation for the
congruence. Let �i be the geodesic null congruence, and ni a second null vector field
with ni�i = −1. ĥi j = gi j + �i n j + ni� j is the projection on the space orthogonal to
� and n. Consider the decomposition

∇i� j = (ĥli − �i n
l − ni�

l)(ĥmj − � j n
m − n j�

m)∇l�m

= (ĥli − �i n
l)(ĥmj − � j n

m)∇l�m

= ĥli ĥ
m
j ∇l�m + �i� j (n

lnm∇l�m) − ĥli�kn
m∇l�m − �i n

l ĥmj ∇l�m

The omitted terms contain �l∇l�m = 0 (the field is geodesic) and �m∇l�m = 0. The
first term is the projection onto the subspace of dimension d − 2 orthogonal to �i and
ni , and is decomposed into expansion, shear and twist:

ĥli ĥ
m
j ∇l�m = ∇l�

l

d − 2
ĥi j + σ̂i j + ω̂i j

For Kundt spacetimes these terms are zero, and we have the known statement (we shift
to the letter τi ):

∇iτ j = (nlnm∇lτm)τiτ j − (ĥli n
m∇lτm)τ j − τi (ĥ

m
i n

l∇lτm)
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Theorem 4.1 A spacetime is Kundt if and only if there is a doubly torqued null vector
field, Eq. (6) or (8).

The property λτi = ∇i f (hypersurface orthogonality) offers a rescaling of τ that
makes it a closed vector:

Proposition 4.2 The vector τ ′
i = λτi is null doubly torqued, closed, and

∇iτ
′
i = θτ ′

i τ
′
j + β ′

iτ
′
j + τ ′

iβ
′
j (9)

where the vector β ′ is the component of β not aligned with τ .

Proof The evaluation gives: ∇iτ
′
j = (αi + ∂iλ/λ)τ ′

j + τ ′
iβ j . Since τ ′

i is closed, it is
(αi − βi + ∂iλ/λ)τ ′

j = (α j − β j + ∂ jλ/λ)τ ′
i . Then: αi + ∂iλ/λ = βi + γ τ ′

i and

∇iτ
′
j = γ τ ′

i τ
′
j + βiτ

′
j + τ ′

i β j . Next, being βiτ
i = 0 and τ null, it is β = bτi + β ′

i .
The expression is obtained. ��

The metric of a Kundt spacetime in coordinates adapted to the null vectors is:

ds2 = H(u, v,q)du2 − 2dudv + 2Wμ(u, v,q)dudqμ + gμν(u,q)dqμdqν (10)

The coordinates u and v refer to the subspace spanned by τi and ni , where τu = −1,
τv = 0, τμ = 0, α′

u = β ′
u = 0. Equation (8) gives the following relations:

θ = 1

2

∂H

∂v
, α′

v = β ′
v = 0, α′

μ = β ′
μ = −1

2

∂Wμ

∂v
(11)

It turns out that the metric is evaluated with the vector (9).
We have three special cases:

(i) ∂H/∂v = 0 corresponds to θ = 0
(ii) ∂Wμ/∂v = 0, i.e. α′

i = β ′
i = 0. It is ∇iτ j = θτiτ j . This recurrent case gives the

Walker metric [12].
(iii) ∂H/∂v = 0 and ∂Wμ/∂v = 0 equivalent to θ = 0, α′

i = β ′
i = 0. This case gives

the Brinkmann metric (PP wave, i.e. plane-fronted waves with parallel propaga-
tion) [2,17].

Another special case is β ′ closed. The equation ∇iβ
′
j = ∇ jβ

′
i gives: 1) ∂μβ ′

ν =
∂νβ

′
μ i.e.Wμ = ∂μ�(u, v,q) for some potential; 2) ∂uβ ′

μ = 0, then� does not depend
on u; 3) ∂vβ

′
μ = 0, then � is a linear function of v. In summary: β ′ closed implies

Wμ(v,q) = ∂μ�0(q) + v∂μ�1(q), (in Table 3).
This case is realized in the solutions of the Einstein-Maxwell equations in vacuo,
or with electromagnetic field aligned to τ (Fi jτ j ∝ τi ), or with the cosmological
constant. For this problem H is a quadratic function of v (Eqs. 77 and 112 in [18]).
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5 Null hypersurface orthogonal Killing vectors

In analogy with timelike vectors, we consider null doubly torqued vectors with αi =
−βi . They coincide with (hypersurface orthogonal) null Killing vectors, and describe
a subclass of Kundt spacetimes [7].

Proposition 5.1 A null hypersurface orthogonal Killing vector is a doubly torqued
vector with αi = −βi .
A null doubly torqued vector ∇iτ j = αiτ j − τiα j is a Killing vector.

Proof The hypothesis are: ∇iτ j = Fi j (Fi j = −Fji ) and τi = λ∇i f . Then: Fi j =
(∇iλ)∇ j f +λ∇i∇ j f . Subtraction of Fji gives Fi j = 1

2
∇iλ
λ

τ j− 1
2

∇ jλ

λ
τi . Since Fi jτ j =

0, the vector τ is doubly torqued with αi = −βi .
A doubly torqued vector is hypersurface orthogonal and, if βi = −αi it is ∇iτ j +
∇ jτi = 0 i.e. ∇iτ j = Fi j = −Fji . ��

The metric in d = 4 is given in [22] p.380. If τi is also closed, then ∇iτ j = 0 and
PP waves are obtained.

6 Curvature tensors

The integrability conditions for a null or timelike doubly torqued vector are:

R jklmτm = gkl(∇ jκ − κα j ) − g jl(∇kκ − καk) + (∇ jαk − ∇kα j )τl

+ τk(∇ jβl − β jβl) − τ j (∇kβl − βkβl) (12)

The contraction of the Ricci tensor with τm is obtained:

Rkmτm = −(n − 1)∇kκ + κ(nαk + βk) + τ j∇ jαk + τk(α
jβ j + ∇ jβ

j ) (13)

Then, a null τ is eigenvector if and only if τ j∇ jαk ∝ τk .

Lemma 6.1 For null doubly torqued vectors:

τi∇ j (αk − βk) + τ j∇k(αi − βi ) + τk∇i (α j − β j ) = 0

τ k∇k(αi − βi ) = τi (α
kβk − β2)

Proof The first Bianchi identity R jklm + Rkl jm + Rl jkm = 0 is contracted with τm

and the expressions (12) are inserted, with κ = 0.
Contraction with τ k gives the other identity. ��

The property of Weyl or Riemann compatibility for vectors and symmetric tensors
is presented in [16]. Riemann compatibility implies Weyl compatibility.

Theorem 6.2 A timelike doubly torqued vector is Weyl compatible:

τiC jklmτm + τ jCkilmτm + τkCi jlmτm = 0 (14)
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A null doubly torqued vector with αi closed or with βi = Cαi with C �= 1 a constant,
is Riemann compatible

τi R jklmτm + τ j Rkilmτm + τk Ri jlmτm = 0 (15)

and is an eigenvector of the Ricci tensor.

Proof Multiplication of (12) by τi and a cyclic sum give:

τi R jklmτm + τ j Rkilmτm + τk Ri jlmτm

= [τi (∇ jαk − ∇kα j ) + τ j (∇kαi − ∇iαk) + τk(∇iα j − ∇ jαi )]τl
− gil [κ(τ jαk − τkα j ) − (τ j∇kκ − τk∇kκ)]+
− g jl [κ(τkαi − τiαk) − (τk∇iκ − τi∇kκ)]+
− gkl [κ(τiα j − τ jαi ) − (τi∇ jκ − τ j∇iκ]

If τi is null it is κ = 0. If also ∇ jαk = ∇kα j or if βi = Cαi then the cyclic sum is
zero (in the second case, use the Lemma).
The contraction of (15) with g jl gives τi Rkmτm = τk Rimτm . Then τ is an eigenvector
of the Ricci tensor.
Let τi by timelike. The contraction of the Weyl tensor with τ is:

C jklmτm = R jklmτm + 1

n − 2
[τ j Rkl − τk R jl ]

+ 1

n − 2
gkl

[
R jmτm − Rτ j

n − 1

]
− 1

n − 2
g jl

[
Rkmτm − Rτk

n − 1

]

Multiplication by τi and a ciclic sum give:

τiC jklmτm + τ jCkilmτm + τkCi jlmτm

= [τi (∇ jαk − ∇kα j ) + τ j (∇kαi − ∇iαk) + τk(∇iα j − ∇ jαi )]τl
+ 1

n−2 gkl {(τi R jm − τ j Rim)τm − (n − 2)[κ(τiα j − τ jαi ) − (τi∇ jκ − τ j∇iκ]}
+ 1

n−2 g jl {(τk Rim − τi Rkm)τm − (n − 2)[κ(τkαi − τiαk) − (τk∇iκ − τi∇kκ)]}
+ 1

n−2 gil {(τ j Rkm − τk R jm)τm − (n − 2)[κ(τ jαk − τkα j ) − (τ j∇kκ − τk∇kκ)]}

The contraction of the Ricci tensor with τ is (13). The cyclic sum for the Weyl tensor
simplifies:

τiC jklmτm + τ jCkilmτm + τkCi jlmτm

= [τi (∇ jαk − ∇kα j ) + τ j (∇kαi − ∇iαk) + τk(∇iα j − ∇ jαi )]τl
+ 1

n−2 gkl [τi (−∇ jκ + κ(2α j + β j ) + τm∇mα j ) − τ j (−∇iκ + κ(2αi + βi ) + τm∇mαi )]
+ 1

n−2 g jl [τk(−∇iκ + κ(2αi + βi ) + τm∇mαi ) − τi (−∇kκ + κ(2αk + βk) + τm∇mαk)]
+ 1

n−2 gil [τ j (−∇kκ + κ(2αk + βk) + τm∇mαk) − τk(−∇ jκ + κ(2α j + β j ) + τm∇mα j )]
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For timelike vectors, contraction of (12) by τ lτ k gives:

0 = τ 2(∇ jκ − κα j ) − τ jτ
k∇kκ + τ 2τ k(∇ jαk − ∇kα j ) + τ 2τ l∇ jβl − τ jτ

lτ k∇kβl

= τ 2[∇ jκ − κ(2α j + β j ) − τ k∇kα j ] − τ j (τ
k∇kκ + τ 2αkβk)

With this identity and (4) the cyclic sum is zero. ��
Some remarks:

– For a timelike doubly torqued vector: C jklmα jβkτm = 0.
– Weyl compatibility (14) guarantees that all doubly twisted spacetimes are purely
electric [10].

– Null hypersurface orthogonal Killing vectors are Riemann compatible.
– A Kundt spacetime withWeyl compatible vector τ is type II(d) in the Bel-Debever
classification (Table 4 in [17]).

7 Conclusions

We showed that the structure of doubly torqued vector is the necessary and sufficient
condition for the spacetime to be doubly twisted (timelike vector) or aKundt spacetime
(null vector). A simple classification of relevant subcases follows, with connection to
other characterizations in terms of Killing or conformal Killing vectors.

Appendix

The Christoffel symbols for the doubly-twisted metric:

�0
0,0 = ∂t b

b
, �0

μ,0 = bμ

b
, �

μ
0,0 = bbμ

a2
, �

ρ
μ,0 = ∂t a

a
δρ
μ, �0

μ,ν = a∂t a

b2
g∗
μν,

�ρ
μ,ν = �∗ρ

μ,ν + aν

a
δρ
μ + aμ

a
δρ
ν − aρ

a
g∗
μν

where aμ = ∂μa and aμ = g∗μνaν , and the same is for b.
The Christoffel symbols for the Kundt metric (that are needed in this paper. Taken

from [18]) :

�u
u,u = 1

2

∂H

∂v
, �u

μ,u = 1

2

∂Wμ

∂v
�u
u,v = �u

v,v = �u
μ,v = �u

μ,ν = 0
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