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Abstract

The simple structure of doubly torqued vectors allows for a natural characterization of
doubly twisted down to warped spacetimes, as well as Kundt spacetimes down to PP
waves. For the first ones the vectors are timelike, for the others they are null. We also
discuss some properties, and their connection to hypersurface orthogonal conformal
Killing vectors, and null Killing vectors.
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1 Introduction

Recently, we introduced timelike doubly torqued vectors [15]. They provide a sim-
ple characterization of 1 4 n doubly twisted spacetimes, and its subcases of twisted,
doubly warped, generalized Robertson-Walker spacetimes. Remarkably, the same def-
inition of doubly torqued vectors fits in the characterization of Kundt spacetimes: a
Kundt spacetime is precisely defined by the existence of a null doubly torqued vector,
and special cases as the Walker and Brinkmann metrics are naturally identified. The
purpose of this paper is to present such characterizations, that are summarized in the
tables of this introduction.

An important variety of spacetimes are foliations with totally umbilical spacelike
Riemannian hypersurfaces of dimension n, parametrized by time [20]. In proper coor-
dinates, the metric tensor has a 1 + n block-diagonal structure. Depending on the
arguments of the two scale functions a? and b, the spacetimes bear different names
(Table 1).

There is a vast literature about them, since the paper by Yano [23] in 1940, who

introduced doubly twisted manifolds. Warped 1 4 n spacetimes are also known as
generalized Robertson-Walker [1,6,13]. The table includes spacetimes without name,
that naturally emerge in this classification.
The same spacetimes have a tensor characterization, independent of the choice of
coordinates, through the existence of a timelike-unit vector field u; that is vorticity-free
and shear-free. Besides this description, preferred by physicists, we recently identified
another one in terms of a timelike doubly torqued vector [15]:

Vitk = kgjk + otk + 7B (D

where akrk =0and ,Bktk = 0. Despite being u; = 7; /+/—12, where 2 = rkrk, the
vector t; offers a straightforward classification of the spacetimes (Table 2). In some
cases, «; and B; are gradients of scalar functions. In parallel, the vector field u; gets
more and more specialized through requirements on the expansion parameter ¢ and
the acceleration i; = ufViu;.

Timelike doubly-torqued vectors extend the characterizations by Bang-Yen Chen
of twisted spacetimes in terms of torqued vectors (8; = 0) and of warped spacetimes
in terms of concircular vectors (¢; = B; = 0). They also identify other spacetimes,
that do not have simple description in terms of u;. The special case o; + ;i = 0
identifies doubly torqued vectors with hypersurface orthogonal conformal Killing
vectors, making contact with literature.

Surprisingly, null doubly torqued vectors exactly match the Newman-Penrose char-
acterization of Kundt spacetimes. Since 2> = 0 it is k = 0 in Eq. (1), and a proper
rescaling gives a vector t’:

Vit; =01/t + Bit; + T/ B; )

with B’ the non-null component of B. Conditions on § and B’ give special cases, as
the Walker anf Brinkmann metric of PP waves (Table 3).
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Table 1 1+n doubly twisted spacetimes

1+n spacetime

ds? =

doubly twisted
twisted
unnamed]
unnamed2
doubly warped
warped

static

—b*(t, @)dr* + a* (1. q)g};, (@)dqtdq”
—dt? +a*(t, q)g},, (@)dqtdg”

—b2(t, q)dt? + a®(1)g},, (dqtdg”
—b2(t, qdt? + g}, (q)dgldq”
—b2(q)dr* + a*(t)g},, (@)dgHdg”
—dt? + a* () g}, (@dg"dq"
—b2(q)dr* + g}, (q)dqtdq”

Table 2 Characterizations with timelike doubly torqued and unit vectors

1 4 n spacetime Vitj =

V,‘Mj:

doubly twisted Kgij +aiTj + 1B [15]

twisted Kgij +a;T; [5]
unnamed1 kgij + TiBj

unnamed2 7B

doubly warped kgij+10;B [15]
warped (GRW) Kgij [4]
static 7;0;B

oujuj + gij) —ujitj —ui @ + v [8]

oujuj + gij) —ui@ + v; [14]
@uijuj + gij) —u;¢ [13]
—ujlj

Table 3 Kundt class spacetimes,

and null doubly torqued vectors Kundt

ds? = H(u, v, Q)du® — 2dudv +
2Wy (u, v, Qdudg™ + gy (u, Q)dgtdq”
Vit]/. = 91’1./1';- + Bt + ‘1,',‘/3}

Unnamed 1

Unnamed 2

Walker

Brinkmann

(PP waves)

ds? = H(u, v, Q)du? — 2dudv +
2dudqt 3, [Po(q) +v®1(q)] +
guv (u, Q)dgtdq”

V,-r]/. = 91’{1’} + (E)iﬂ)r]/» +7/(0;8)

ds? = H(u, qQ)du® — 2dudv +
2Wy (u, v, Q)dudq” + guv (u, @)dgtdq”

Viti = Bit; +1/B;

ds? = H(u, v, Q)du® — 2dudv +
2Wy(u, Qdudg™ + gy (u, Q)dqtdg®

V,-r} = 91’{1’]/.

ds? = H(u, qQ)du® — 2dudv +
2Wy(u, @dudg? + g (u, Qdg*dq”

Vl"L’]/» =0
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2 Timelike doubly torqued vectors

We obtain properties for timelike doubly torqued vectors and revisit the relations
among T, k, ¢, B; and the scale functions a, b > 0 of the metric, discussed in [15],
to obtain new results. We refer to the coordinate frame where the space components
7, and u,, vanish, as the “comoving” frame.
Timelike doubly torqued vectors satisfy the Frobenius condition 7; V7] = 0 and are
hypersurface orthogonal.

This symmetry is useful:

Proposition 2.1 If t; is a timelike doubly torqued vector with («, «;, B;) in Eq. (1),
then ut; is doubly torqued with (uk, o; + 0; /1, Bi) provided that rkaku =0.

In the comoving frame (1, = 0) the condition means that 9,1t = 0.

If a; = 0;x (orthogonal to t;), then a rescaling of t; brings it to o; = 0.

Let us enquire when «; is a gradient, i.e. is closed. Contraction of (1) with T% gives:

o =V;logv—12 — kL 3)
J j1og )

The evaluation of V;«; gives the useful identity

(Viaj — Vjai)rz =1 (Vjk —kaj —«Bj) — 1;(Vik — ka; — k) “)

Proposition 2.2 «; is closed if and only if V jk — ko j — kB is parallel to ;.

In the comoving frame 7, = 0, ap = By = 0, with the Christoffel symbols listed
in appendix, Eq. (1) for doubly torqued vectors becomes (1 = 1, ..., n):

870 — T0d; logh = —kb?,
0,710 — Tody logb = To0ry,
—oy logh = B,

—100; loga = kb?

The following propositions concern the two unnamed spacetimes, respectively, and
their subcases:

Proposition 2.3 Inadoubly twisted spacetime, ifo; = 0 (or «; is a gradient orthogonal
to ) then a*(t) only depends on time.

Proof 1f «;, = 0 the second equation gives to(¢, q) = F(t)b(¢, q) with some function
F. The first and last equations give d; loga = (0; F)/F (¢). m|

Proposition 2.4 In a doubly twisted spacetime, k = 0 if and only if a* only depends
on q (and may be included in g}, (q))-

Then «; is a gradient (and can be absorbed to zero) and t? is independent of time.

@ Springer



Doubly torqued vectors and a classification of doubly... Page50f11 48

Proof The last equation gives a” that only depends on q if and only if k = 0. The first
one gives 79 = C(q)b(z, q), and the second one results in o, = 9;, log C(q). Then «;
is a spacetime gradient. Equation (3) gives o; = V; log +/—72. In the comoving frame
o = 0 so that 72 is independent of time. O

3 Timelike hypersurface orthogonal conformal Killing vectors

We show that timelike doubly-torqued vectors with «; + 8; = 0 coincide with hyper-
surface orthogonal conformal Killing vectors ( [9] Ch.11, [22] pp.69, 564). We revisit
in this light some theorems, and give new ones.

Definition 3.1 &; is a conformal Killing vectorif V;£;4-V ;& = 2k g;; or, equivalently,
Viéj =Kgij + Fij with Fij = —Fj,'. It is a Killing vector if also k = 0.

Lemma 3.2 A timelike conformal Killing vector &; is hypersurface orthogonal if and
only if: Fjx = a ;& — &joy, akék =0, ie.

Vikj =«gij +aib —Ejox ®)

Proof By the Frobenius theorem, a vector is hypersurface orthogonal if and only if
0=§;V;é =& (V& —Vkéj)—i—cychc permutat10n51 e. E, Fix+&jFri+&F;; =0.
A contraction with Sl gives E Fip +&;j(Fri&') — & (Fj;i&' Y =0.1tis always possible
to choose ax X = 0, as oy — a,&kéf/sz does the job. O

Proposition 3.3 Doubly torqued vectors with «; = — B; are hypersurface orthogonal
conformal Killing vectors. They are hypersurface orthogonal Killing vectors if also
Kk =0.

In Ref. [15] we showed that a doubly twisted spacetime is doubly warped if and
only if ¢; = d;¢ and B; = 9; 8 in (1) (see Table 2). Since they are both orthogonal to T
we may rescale T such that ; = —9; 8 and obtain V;t; = «g;; — (0;8)7; + 7,(9; B),
a conformal Killing vector. Therefore:

Proposition 3.4 A spacetime is doubly warped if and only if it is equipped with a
hypersurface orthogonal conformal Killing vector with closed vector «;.

With o; = —B; in (4), we read that «; is closed if and only if V« is proportional
to tx. Therefore, we have the statement (Theorem 1 in [21]): A spacetime is doubly
warped if and only if it is equipped with a hypersurface orthogonal conformal Killing
vector with d;k parallel to &;.

Moreover, if 7 is closed («; = B;) then o; = B; = 0: the spacetime is generalized
Robertson-Walker (Cor. 2 in [21]).

A doubly torqued vector withx = 0, o; = —; is a hypersurface orthogonal Killing
vector. Since «; and —«; are gradients (Prop.2.4), the spacetime is doubly warped.
Then a? is a function of ¢ and b is a function of q. ¥ = 0 means that d,a = Oi.e. a is
a constant. The metric ds*> = —b*(q)dt*> + azgl*;v (qQ)dg"dq” has the form of a static
spacetime [22] p.283.
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4 Null doubly torqued vectors and Kundt spacetimes

A Kundt spacetime is defined by the presence of a null geodesic congruence that is
expansion-free, shear-free, and twist-free [22] Ch.31, [3,11,17,18]. We show that it
precisely means that it admits a doubly torqued null vector field.
We begin with some facts on null doubly torqued vectors.

The contraction of V;7; = kgij + &;Tj + t;8; with T/ gives k = 0. Then:

Vitj = aitj + 1), axtt =0, gtk = 0. (6)

Contraction with 7/ gives that 7 is geodesic: 7'V, 1 7 =0.
For null vectors one considers the optical scalars [19]:

1
d—2

O = Vith, @ = —Vypr Ve, 0% = Vgt Vi — (d - 2)87  (7)

where d is the dimension of spacetime. It is simple to prove that all the three optical
scalars vanish for null doubly torqued vectors. In particular, the vanishing of the twist
(w? = 0) is the condition for 7 to be hypersurface orthogonal.

Since t2 = 0, o =at; + alf where o’ is a spacelike vector orthogonal to 7, and
B =bt + ﬂi’ . Then, for a null doubly torqued vector, with & = a + b, itis

V,“Cj =9‘E,"L'j —i—otl{‘tj—i-‘l?iﬂ} (8)

We now turn to Kundt spacetimes and show that (8) is precisely the equation for the
congruence. Let ¢; be the geodesic null congruence, and n; a second null vector field
with n; ¢ = —1. ﬁij = gij +4;n; +n;{; is the projection on the space orthogonal to
£ and n. Consider the decomposition

Vit = (b — tin' —ni (A" — €;n™ = n 0"Vl
= (hf — tin Y (R} — ;0™ ) Vil
= RV + £l j ("N ) — R n™ Vil — Lin BTN Ly,
The omitted terms contain ¢/ V;¢,, = 0 (the field is geodesic) and ¢"V;¢,, = 0. The

first term is the projection onto the subspace of dimension d — 2 orthogonal to ¢; and
n;, and is decomposed into expansion, shear and twist:

V[El A . .
T zhij + 0ij + wij

BT, =

For Kundt spacetimes these terms are zero, and we have the known statement (we shift
to the letter ;):

Vitj = (nln’"Vlrm)r,-rj - (ﬁﬁnmvlrm)rj — ri(fz;”nlvltm)

@ Springer



Doubly torqued vectors and a classification of doubly... Page7of 11 48

Theorem 4.1 A spacetime is Kundt if and only if there is a doubly torqued null vector
field, Eq. (6) or (8).

The property At; = V; f (hypersurface orthogonality) offers a rescaling of t that
makes it a closed vector:

Proposition 4.2 The vector t/ = At; is null doubly torqued, closed, and
Vit! = Qti’rj + ,Bi’rj + r,-/,B} 9)
where the vector B’ is the component of 8 not aligned with t.

Proof The evaluation gives: V; 7,']/- = (o; + 8,%/)»)1; + t/B;. Since 7/ is closed, it is
(a; — Bi + 3,-)»/)»)%/. = (aj — B; + 9;A/A)7/. Then: o; + d;A/A = B + vt/ and
V,-r]/. = yri/tj’. + ﬂ,-r]/. + t/B;. Next, being git' = 0 and 7 null, itis B = br; + B/.
The expression is obtained. m]

The metric of a Kundt spacetime in coordinates adapted to the null vectors is:
ds®> = H(u, v, q)du® — 2dudv + 2W, (u, v, Q)dudg” + g, (u, Q)dg*dq” (10)

The coordinates u and v refer to the subspace spanned by t; and n;, where 7, = —1,
7, =0, 7, =0, a, = B, = 0. Equation (8) gives the following relations:

1oW,
2 Jv

9:——’ av:ﬂ;:(), a/:ﬂl/t:

(1)

It turns out that the metric is evaluated with the vector (9).
We have three special cases:

(i) 0H/0v = 0 corresponds to § = 0
(i) dW,/0v =0, ie. o = B/ = 0.1tis V;z; = O7;7;. This recurrent case gives the
Walker metric [12].
(iii) dH /dv = 0and dW, /dv = 0 equivalent to & = 0, ; = B/ = 0. This case gives
the Brinkmann metric (PP wave, i.e. plane-fronted waves with parallel propaga-
tion) [2,17].

Another special case is B’ closed. The equation V; ﬁ} = V;p/ gives: 1) 9,8, =
dy /3/; ie. W, = 0,®(u, v, q) for some potential; 2) 9, IBL = 0, then ® does not depend
on u; 3) dy ﬂ,’; = 0, then ® is a linear function of v. In summary: B’ closed implies
Wi (v, q) = 9, Po(q) + v3, P1(q), (in Table 3).

This case is realized in the solutions of the Einstein-Maxwell equations in vacuo,
or with electromagnetic field aligned to 7 (F; j‘L’j o T;), or with the cosmological
constant. For this problem H is a quadratic function of v (Egs. 77 and 112 in [18]).
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5 Null hypersurface orthogonal Killing vectors

In analogy with timelike vectors, we consider null doubly torqued vectors with o; =
—Bi. They coincide with (hypersurface orthogonal) null Killing vectors, and describe
a subclass of Kundt spacetimes [7].

Proposition 5.1 A null hypersurface orthogonal Killing vector is a doubly torqued
vector with o = — ;.
A null doubly torqued vector V;t; = a;t; — 1;a) is a Killing vector.

Proof The hypothesis are: Vit; = Fij (Fij = —Fj;) and 1; = AV, f. Then: F;; =

(ViM)V; f+AV;V; f.Subtractionof Fj; gives F;; = %%q—%%rlgsmce Fijtj =
0, the vector 7 is doubly torqued with o; = —p;.

A doubly torqued vector is hypersurface orthogonal and, if §; = —o; itis V;7; +
eriin.e. ViTjZFijZ—Fj,’. O

The metric in d = 4 is given in [22] p.380. If 7; is also closed, then V;7; = 0 and
PP waves are obtained.

6 Curvature tensors
The integrability conditions for a null or timelike doubly torqued vector are:

Rjumt™ = gu(Vik —kaj) — gji(Vik — kay) + (Vi — Viaj)T

+w (VB — BB — (VB — BeBi) (12)
The contraction of the Ricci tensor with " is obtained:
Rin©" = —(n — Vi + k(nee + ) + 7/ Vjer + w(@/ g + V) (13)

Then, a null 7 is eigenvector if and only if 7/V jotg OC T

Lemma 6.1 For null doubly torqued vectors:
i Vilox — Br) + 7 V(o — Bi) + wVi(e; — Bj) =0
T“Vi(ai — B) = (@ B — B

Proof The first Bianchi identity Ri/m + Riijm + Rijkm = 0 is contracted with

and the expressions (12) are inserted, with x = 0.
Contraction with 7% gives the other identity. O

The property of Weyl or Riemann compatibility for vectors and symmetric tensors
is presented in [16]. Riemann compatibility implies Weyl compatibility.

Theorem 6.2 A timelike doubly torqued vector is Weyl compatible:

T Cikim™" + T Critm " + wCijimt™ =0 (14)
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A null doubly torqued vector with «; closed or with 8; = Ca; with C # 1 a constant,
is Riemann compatible

TiRjkim©" 4 T Riitm T + T Rijim " =0 (15)

and is an eigenvector of the Ricci tensor.

Proof Multiplication of (12) by 7; and a cyclic sum give:

‘L'l'Rjklm‘L'm + ‘L’ij,'lm‘L'm + 'EkRijlm‘L'm
= [t (Vjar — Viaj) + 7 (Vi — Viog) + w(Viaj — Via)]y
— gitlk (Tjo — Tt j) — (T Vik — 7 Vi )1+
— gjile(tra; — tioy) — (e Vi — 7; Vi) 1+
— gkilc(tioj — ;) — (1 Vjk — 7 Vik]

If 7; is null itis « = 0. If also Vo = Via; orif B; = Co; then the cyclic sum is
zero (in the second case, use the Lemma).
The contraction of (15) with g/ ! gives 7; Ry " = t R, v Then t is an eigenvector

of the Ricci tensor.
Let 7; by timelike. The contraction of the Weyl tensor with 7 is:

Citimt™ = Rjumt" + [Tj R — R/l

n—2
1 Rt; 1 Rt
+ 8kl |:ijfm - } - ——=gjl [kafm - }

n—72 n—1 n—2 n—1
Multiplication by 7; and a ciclic sum give:

5 Cikimt™" + T Chitm " + wCijimt"
= [t (Vjox — Viaj) + 7;(Via; — Viog) + i (Viaj — Vja)]r
+ oL gl (G Rjm — T Ri) T — (n = D)l (et — Tj) — (5; V& — 7V}
+ 3 &l (T Rim — Ti Riem)T™ — (n = D)k (tery — o) — (1 Vik — 17 Viek)1)

+ L gt Rem — wRjy)T™ — (1 — D[k (tjo — T ;) — (T Vik — 1 Vi) 1}

The contraction of the Ricci tensor with 7 is (13). The cyclic sum for the Weyl tensor
simplifies:

T CikimT" + T CritmT" + wCijim "
= [t (Vjar — Vi) + 1 (Via; — Viog) + i (Viaj — V)]t
+ L eult(=Vik + kQaj + B)) + T"Viaj) — T;(=Vik + kQat; + Bi) + T" V)]
+ gl Vik + k Qe + Bi) + 7" Vineti) — Ti(—Viek + k Qo + Br) + 7" V)]
+ L gultj (= Vik + k Qo + Br) + 1" Vinaw) — (= Vjk + kQaj + Bj) + T" V)]
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For timelike vectors, contraction of (12) by /¥ gives:

0=1*(VjKk — ka;j) — ;e Vi + 225 (Vjap — Viar)) + 222V, 8 — ;7 "V By

= [Vjk — kQaj + Bj) — T*Viaj1 — 7, (t" Vi + T2k Br)
With this identity and (4) the cyclic sum is zero. O

Some remarks:

For a timelike doubly torqued vector: C jklmaj gkt = 0.

— Weyl compatibility (14) guarantees that all doubly twisted spacetimes are purely
electric [10].

— Null hypersurface orthogonal Killing vectors are Riemann compatible.

A Kundt spacetime with Weyl compatible vector t is type II(d) in the Bel-Debever

classification (Table 4 in [17]).

7 Conclusions
We showed that the structure of doubly torqued vector is the necessary and sufficient
condition for the spacetime to be doubly twisted (timelike vector) or a Kundt spacetime

(null vector). A simple classification of relevant subcases follows, with connection to
other characterizations in terms of Killing or conformal Killing vectors.

Appendix

The Christoffel symbols for the doubly-twisted metric:

ro _% 0 _b_“ [ __bbﬂ 4 _at_agp 0 _aala *

0.0 =77 tu0= 7 100 2 Tp0= T % T T T Sue
a a af

b _Ep 4 ZVep L THhep D ¥

Fu,u - F}L,U + a 8;1 + a 81} a g;w

where a,, = 9,a and a* = g**Va,, and the same is for b.
The Christoffel symbols for the Kundt metric (that are needed in this paper. Taken
from [18]) :

u u

_10H _1ow,
W gy’ R T D Gy

u _pu _ypu  _pu
Fu,v_rv,v_ru,v_rp.,u_o
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