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Abstract We develop the properties of Weyl geometry, beginning with a review of
the conformal properties of Riemannian spacetimes. Decomposition of the Riemann
curvature into trace and traceless parts allows an easy proof that the Weyl curvature ten-
sor is the conformally invariant part of the Riemann curvature, and shows the explicit
change in the Ricci and Schouten tensors required to insure conformal invariance. We
include a proof of the well-known condition for the existence of a conformal transfor-
mation to a Ricci-flat spacetime. We generalize this to a derivation of the condition
for the existence of a conformal transformation to a spacetime satisfying the Einstein
equation with matter sources. Then, enlarging the symmetry from Poincaré to Weyl,
we develop the Cartan structure equations of Weyl geometry, the form of the curvature
tensor and its relationship to the Riemann curvature of the corresponding Riemannian
geometry. We present a simple theory of Weyl-covariant gravity based on a curvature-
linear action, and show that it is conformally equivalent to general relativity. This
theory is invariant under local dilatations, but not the full conformal group.

Keywords Weyl geometry - Cartan geometry - Scale invariance - Conformal gravity

1 Introduction

In 1918, H. Weyl introduced an additional symmetry into Riemannian geometry in
an attempt to unify electromagnetism with gravity as a fully geometric model [1-5].
The idea was to allow both the orientation and the length of vectors to vary under
parallel transport, instead of just the orientation as in Riemannian geometry. The
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resulting geometries are called Weyl geometries, and they form a completely consistent
generalization of Riemannian geometries. However, Weyl’s attempt to identify the
vector part of the connection associated with stretching and contraction with the vector
potential of electromagnetism failed. As Finstein pointed out immediately following
Weyl’s first paper on the subject [6], the identification implies that identical atoms
which move in such a way as to enclose some electromagnetic flux would be different
sizes after the motion. Different sized atoms would have different spectra, and it is
easy to show that change in frequency resulting from the size change would be vastly
inconsistent with the known precision of spectral lines.

Many attempts were made to patch up the theory. In the end, following some notable
work by London [7], Weyl showed that a satisfactory theory of electromagnetism is
achieved if the scale factor is replaced by a complex phase. This is the origin of U (1)
gauge theory. Many interesting details are discussed in O’Raifeartaigh [8], and a basic
introduction to Weyl geometry is given in [9].

In modern language, the new vector part of the connection introduced by Weyl is
the dilatational gauge vector, often called the Weyl vector. When this vector is given
by the gradient of a function, then there exists a scale transformation (understandable
as a change of units, or a dilatation) that sets the vector to zero. When this is possible,
the Weyl geometry is called integrable: vectors parallel transported about closed paths
return with their lengths unaltered. Integrable Weyl geometries are trivial in the sense
that there exists a subclass of global gauges in which the geometry is Riemannian.

While Weyl’s theory of electromagnetism fails, Weyl geometry does not. Indeed,
although no new physical predictions have emerged directly from its use, there are at
least the following three considerations for seeking a deeper understanding of general
relativity formulated within an integrable Weyl geometry:

1. General relativity is naturally invariant under global changes of units. By formulat-
ing general relativity in an integrable Weyl geometry, this scale invariance becomes
local. We refer to this generalization as scale invariant general relativity. As soon
as we make a definition of a fundamental standard of length—for example, as the
distance light travels in one second! —scale invariant general relativity reduces to
general relativity.

2. In [10], Ehlers, Pirani and Schild make the following argument. First, the paths of
light pulses may be used to determine a conformal connection on spacetime. Then,
a projective connection is found by tracing trajectories of massive test particles
(“/dust”). Finally, requiring the two connections to approach one another in the
limit of near-light velocities reduces the possible connection to that of a Weyl
geometry. When this program is carried out with mathematical precision [11], the
resulting geometry is an integrable Weyl geometry.

3. Deeper physical interest in Weyl geometry also arises in higher symmetry
approaches to gravity. Gravitational theories based on the full conformal group ([1-
4,12-22]) often yield general relativity formulated on an integrable Weyl geometry

! The second is currently defined as the duration of 9,192,631,770 periods of the radiation corresponding to
the transition between the two hyperfine levels of the ground state of the caesium 133 atom [physics.nist.gov].
The metre is defined as the length of the path travelled by light in a vacuum in 29971% second [17th
General Conference on Weights and Measures (1983), Resolution 1].
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rather than on a Riemannian one and are therefore equivalent to general relativity
while providing additional natural structures.

For these reasons, it is useful to recognize the typical forms and meaning of the
connection and curvature of Weyl geometry.

Here we use the techniques of modern gauge theory [23,24] to develop the prop-
erties of Weyl geometry, beginning in the next section with a review of the conformal
properties of Riemannian spacetimes. Decomposition of the Riemann curvature into
trace and traceless parts allows an easy proof that the Weyl curvature tensor is the
conformally invariant part of the Riemann curvature, and shows the explicit change in
the Ricci and Schouten tensors required to insure conformal invariance. We include a
proof of the well-known condition for the existence of a conformal transformation to
a Ricci-flat spacetime, and generalize this to a derivation of the condition for the exis-
tence of a conformal transformation to a spacetime satisfying the Einstein equation
with matter sources. Then, in the final section, we enlarge the symmetry from Poincaré
to Weyl to develop the Cartan structure equations of Weyl geometry, the form of the
curvature tensor, and its relationship to the Riemann curvature of the corresponding
Riemannian geometry. We conclude with a simple theory of Weyl-covariant gravity
based on a curvature-linear action, and show that its vacuum solutions are conformal
equivalence classes of Ricci-flat metrics in an integrable Weyl geometry. This theory
is invariant under dilatations, but not the full conformal group.

2 Conformal transformations in Riemannian geometry
2.1 Structure equations for Riemannian geometry

The Cartan structure equations of a Riemannian geometry are

% = da‘ —a A af (1

0=de’ —e” A o 2)

where the solder form, e = e " “dx*, provides an orthonormal basis, ot“h is the spin

connection 1-form, and the curvature 2-form is R“h = %R‘}J . de" A e, Differential
forms are written in boldface.

The structure equations satisfy integrability conditions, the Bianchi identities, found
by applying the Poincaré lemma, d> = 0:

0=d’% =d (% A a® +R%)
=da A a’ —af Ada? + dRY
= (a% A a’, +RG) Al —af A (af Aa’, + R%) + dRY,
=dR% + Ry Aaf —a AR,
= DRab
0=d’"=d (eb A oc“b>
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=de’ na® — e’ Adal

= (e“na) Ao — e’ A (% A a® +R%)

_ b a
= —e’ AR
In components, these take the familiar forms

a _
R bled;e] — 0
a
Ripea; =0
Here we use Greek and Latin indices to distinguish different vector bases. Use of the
covariantly constant coefficient matrix of the solder form, e ° 4. allows us to convert

freely between orthonormal components (Latin indices) and coordinate components

di o — a, b, c, dpa
(Greek indices), R% ,, = e, “ez "¢, ‘e, “RY ;.

2.2 Conformal transformation of the metric, solder form, and connection

A conformal transformation of the metric is the transformation

v — g;w = 62¢guv 3)

This is not an invariance of Riemannian geometry, but it is an invariance of Weyl
geometry. If we make a change of this type in a Riemannian geometry, the solder form
changes by

el — & =P 4)

since the solder form and metric are related via the orthonormal metric, 1., =
diag (—1,1,1,1) by

a b
8uv =€, €, Nab

The corresponding structure equation then gives the altered form of the metric com-
patible connection,

dé =& n &’
d (ed’e“) = e%e’ A a’,

e? (de” +do A e?) = e?e” A af,

so to find the new spin connection we must solve

de’ = e’ A &% —do A e 5)

Since the spin connection is antisymmetric, &ab = —n‘“’nbc&cd, this is solved by
setting

&% = a’ +2A%e, “0,¢ e’ (©6)
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w

where e, © is inverse to ¢, “. The convenient symbol Ag; is defined as

ac _

1
db = E (5355 - n“cnbd) @)

1 .
tensor accordmg to

This is meant to act on any ( 1

45T = = (8485 — n*nva) T,
(Tab - ﬂacndedc)

1
= 577“0 (Tep — Toe)

1
2
1
2

Lo . . (0 . . . . 1
which is just an antisymmetric ( ) tensor with the first index raised to give a ( | )

2
tensor. It is a projection since it is idempotent,

1
A8 = 5 (0485 = n"mna) (8587 — nner )

1
=7 (325? —0"npr — n““npy + 8}8;)

= A‘]‘fb
Returning to check Eq. (6) in Eq. (5), we have,

de’ = e’ A&’ —dp nel

= ¢ (% + 2805, Mudel) —dg A e

—e’ A o + (835; — n“cnbd) e, Ho,¢ N N
=e’ na? te, "oupel Aet —dp A e
=eb/\¢x“b+d¢/\e“—d¢/\e“

b a
=e ANay,

as required. Since the spin connection is uniquely determined (up to local Lorentz
transformations) by the structure equation, this is the unique solution.

2.3 Transformation of the curvature

Now compute the new curvature tensor. For this longer calculation it is convenient to
define the orthonormal component of d¢ = ¢pe’,

da=e, Maﬂ(ﬁ.
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Then &), = o +2A% ¢ ¢ and the conformal transformation changes the curvature
to:

%Ié‘gcdéc AN =dal, —af A
= da’, - Ao +d (2250’ — o, 1 (205 pe )
- (2Ag;¢eed) Aat, — (2A§ﬁ¢eed) A (2A‘}§¢ge«f)
- % R A el +D (28500 ) - (225 00¢) A (285 90e”)
Since

De? =de’ —e“ na?. =0

this reduces to
1~ . 1
SR N E = SRG e A 4205 Dgce’ — (2a50ee) A (285 0ge”)

as is easily checked by expanding the As. We need only simplify the final term:

4G 0ee! A A% el = (285 6.07) A (285 0,¢)
= (¢bec - ntenbd(peed) A (¢cea - nagnf'c¢gef)

= ¢cppe’ A€’ — Py e’ Ael — npanhepee’ Ael
+0%0 epgn“Npapee’ A el

- (¢b¢’f e/ Ae —mag pee! At — i mpaded el A ed>
= ((55132¢e¢f — % Npageds) e/ ned — npagtheed A e“)
= ((5352 — 1% pa) Pepee’ A€ — %8§nbc¢f¢fec A el
+%8?nbd¢f¢fec A ed)
= <2A§Z¢c¢e - %5351§’lce¢f¢f + %n“nbmce¢f¢f) e ne
= 285 (66— ret o7 ) nef
Now setting D@ ¢ = ¢.qe? and d¥¢ = pze. the final result is,

~ 1 .
RY =RY +2A% (m — Gee + 5¢f ¢ fnce) e’ ned ®)
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In components, Eq. (8) becomes

- 1
ez(pRt})cd = Rabcd +2 %p (¢e;c‘ — Qche + Ed’fd’fnec)
ae 1 f
_ZACb Pe:d — PaPe + §¢ ¢’f’76d
The Ricci tensor and scalar are

Rpa = > (Rpa — (0 = 2) $pa — Mpa . + (0 — 2) Gap + (n — 2) $°Gcnpa)
and
R= nabéab
=20 (Rpa — (0 = 2) $pd — 1 Pezeba + (1 — 2) padp — (n — 2) ¢ penpa)
— e (R 2= 1)@+ (n—2) b —n(n—2) ¢C¢C)
= (R=21= 1), — (1 = 1) (n = 2) "6, )

2.4 Invariance of the Weyl curvature tensor
In general, we may split the Riemann curvature R, into its trace, the Ricci tensor,

and its traceless part, called the Weyl curvature. This decomposition is most concisely
expressed if we first define the Schouten tensor,

1 1
Roa = T (Rbd - mﬂdbR) 9)

where R, is the Ricci tensor,

Ry = R

ach

The Schouten tensor often arises as a 1-form, R, = Rape’. Except in 2-dimensions,
it is equivalent to the Ricci tensor, since we may invert Eq. (9) to write

Rpa = n —2) Rpa + nap’R (10)
R=2m—-DHR (11)

In terms of R, the Weyl curvature 2-form is defined as
4 =R + 205 R, A€ (12)
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Expanding to find the components, C_,, of C%,,

C%cd = R%cd + ZA?]ZREC - 2AZ§ ed
= RYeq + (3385 — n““Mba) Rec — (885 = n““nep) Rea
= Ry + 85 Rbe — Rnba — 8 Rba + Rymbe
1
= Ryeq — — (8¢ Rba — 83 Rpc — Rynbe + Rnpa)
(n—2)
R

T =z Bema = Sdmne) (13)
we readily verify its tracelessness,
R
CS = Ryy — Rpg — Rpa — R R+—m——(n—1
bed bd n_z(n bd bd bd + Nbd )+(n_1)(n_2)(n ) Nbd
=0

with all other nontrivial traces equivalent to this one. By contrast, the second term in
Eq. (12) is equivalent to knowing the Ricci or Schouten tensor, since the components
of the A%} term, DY ., = AYTRec — A% Req in Eq. (12) give

2 1
Rpa = 85 | == Doy + ————— (n/4D%,,)
bd “[ n 2 b T Ty 2y T P reg) M

To check this we expand,

2 1 .
Rog =8¢ |——=——p2 4 (y/spa
bd a[ n_2 bcd+(n_l)(n_2) (77 fcg>nbd:|
2
= 82 [_n -2 (AZZR“‘ - A?ZRed)
l '
Do (AT Re — Tt A Re) nbd]
2 l aqe ae 1
=72 \3 (5485 — 1““nav) Rea — 5 (1= DRy
+; lnfg (8056 _ rlaen )R _ l (}’l _ I)R nbd
n—1)(n-2)\2 Va4 fg a5
1
=T (Rba — mpaR — (n — 1) Rpa)
1
+m (I —=n—(n—1)Rnp
1
= = [TRea + (1= DRpa + mpa R = Ryl
= Rba
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We now have the decomposition of the Riemann curvature into traceless and trace
parts,
d

After a conformal transformation, the new Riemann curvature 2-form may also be
decomposed in the same way,

RY = C% —2A%R, A&

Combining this with Eq. (8) we have
CY —20% R, A& =C% —2A% R, A e
1
+2A3, <¢e;c — Qebc + §¢2nce> e ned
a ae 1 2 c d
= C% =243, | Rec — Pesc + e — §¢ Nee | € N €
Equality of the traceless and trace parts shows immediately that both
¢, = C,

= —$ 15 c
Re=e Rec — ¢e;c + Pepe — 5(]5 Nee | €

so the Weyl curvature 2-form is conformally invariant. The components of each part
transform as

~‘;Jca' = e*2¢ ‘Lcd (15)
. 1
Rap = e 20 (Rab — Gasb + Pa — 5¢2nah> (16)
7% — 29 ( a 1 a >
=e P R-¢% — 5 (=20, (17)

where the factor of e2? comes from replacing & = ¢®e“. This proves that the Weyl
curvature tensor is covariant with weight —2 under a conformal transformation of the
metric, and yields the expression for the change in the Schouten (and therefore, Ricci)
tensor under conformal transformation.

2.5 Conditions for conformal Ricci flatness
Next, we find the condition required for the metric of a Riemannian geometry to be

conformally related to the metric of a Ricci-flat spacetime. This follows as a pair of
integrability conditions for ¢ when we set Eq. (16) equal to zero.
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First, we rewrite Eq. (16) as a 1-form equation,
- B 1
Re=e ¢ <Rc — Do + ¢pcdep — Enab¢a¢bnceee>

where D¢, = d¢. — ¢.w°,.. Using the vector field ¢, = e, H 0, ¢, we define the
corresponding 1-form y = ¢.e“ = d¢ and ask for the conditions under which Re.=0
has a solution for ¢. This may be written as a pair of equations,

1
do. =R+ ¢ewec + ¢ x — Enab(ba(pbﬂceee (18)
do = x 19)

The integrability conditions follow from the Poincaré lemma, =0,

0= d’¢,
= dR, + dge A 0% + Gedw’, +doe A X — nPPadppy A neee
1 2 e
_Ed) ncede (20)
0=d’
=dyx 1)

The second condition, Eq. (21), is identically satisfied by the definition of . Sub-
stituting the original equation for d¢., Eq. (18), into the first integrability conditon,
Eq. (20),

d 1 2 d e e
0=dRc+ | Re + Qa0 + Pex — 545 Nea€” | A @, + ¢pedo,
e 1 2 e
+ Rc+¢ewc+¢cx_§¢ Nee€ | N X
ab d Loy d e 1o ¢
=000 \ Ry + Ga@'y + dpX — S¢TN0a € ) A Nee€” — ¢ Ncede
= (dRc +Re N wec) + (Rc ANX— nab(Pa’Rrh A nceee> + (¢edwec
-‘rd)dwde A we()
1 1
-5 (ncedee + neqe? A w‘l) = 57 neee A X = 1" PaPa@, A nece’
1
- ¢2X A Tce®” + 5¢2¢aea A 1ce®”
bga ab e e 1 2 e d e
=DR. + ¢a (5553 -n nce) Ry Ne +¢eRc - §¢ Nec (De —€ A wd)
1 1 .
+¢ (*ncex A€ —NeeX A€+ Shee X A ee) - (¢u¢dw"“) A Tce€’

2 2
= DR, + ¢u (R“L, +2A0R) A e
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which we see from Eq. (14) becomes
0=DR. + ¢,C" (22)

Though this well-known condition still depends on the gradient of the conformal
factor, ¢,, Szekeres has shown using spinor techniques that it can be broken down
into two integrability conditions depending only on the curvature [25].

2.6 Conditions for conformal Einstein equation with matter

We may apply the same approach to the Einstein equation with conformal matter. Let
the matter be of definite conformal weight, ¥ — ef®W for a generic field W. Then
the covariant form of the stress-energy tensor will be of conformal weight —2,

Tah =e % Tap

to have the correct weight for the Einstein equation. The Einstein tensor, of course, is
not of definite conformal weight, but it acquires an overall factor of e=2%. We assume
that T, is of definite weight.

Then, writing the Einstein equation, R;j — %nahR = T,p in terms of the Schouten
tensor using Eqs. (10) and (11), gives

1
Rab — napR = ab
n—2

Now define, for arbitrary curvatures, not necessarily solutions,

1
Eup = Rap — nabR ———=Tw
n—2

We would like to know when there exists a conformal transformation, E,;, — Eab
such that E,; = 0. The calculation is simpler if we notice that E,; = 0 if and only if

1 1 1
Eqp — ET)ab :Rab_ Tup — Tnab =0
n—1 n—2 n—1

Defining

1 1
Top = Top — ——Tnap (23)
n—2 n—1

we ask for a conformal gauge in which Eab — ﬁﬁnah =Rap — Tap = 0.

We establish clearly that this is equivalent to the Einstein equation. The essential
question is the condition for a conformal transformation such that Eab = 0. Substi-
tuting the conformally transformed fields to find E,p,

- 1
Eqp = Rab - nabR - Tap
n—2
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1
= €_2¢ (Rab - ¢a;b + Gapp — §¢2nah)

6_2¢Tab

1 1
—nape”>? (R — ¢ —5(=2) ¢C¢c) i

so we examine integrability of

1 1
0= (Rab — Gazb + ap — 5¢2nab) — Nab (R — ¢ ;=2 ¢>”¢c)

1

T, 24
n—2 24)

However, by solving the trace of this equation for qbc; o
a a 1 (& c 1 c l
0 =R — %, +9"¢u = 306G — (1R —n, = Sn(n =2 ¢ | = —T

=—(n—I)R—l—(n—1)¢C.C+l(n—1)(n—2)¢c¢c—;T
’ 2 n—2

c  __ 1 C ]
¢;C—R—§(”—2)¢¢c+mT (25)

and substituting Eq. (25) back into Eq. (24) we find the simpler form,
15
0="Rab — ba;p + Gap — 54’ Nab — Tab (26)
and this is just Eab — ﬁE nap = 0. Conversely, the trace of Eq. (26) reproduces

the trace condition, Eq. (25). Therefore, conformal vanishing of Eqp is equivalent to
conformal vanishing of E;j — ﬁE Nab-

Returning to the find the condition, we set 7, = »el and X = d¢, then write
E.p — ﬁEﬂab = 0 as a 1-form equation,

1
0= (R — dgy + @, + Pax — §¢2nabe”) -7,
We therefore require

1
Aoy = Ra + pe’, + dax — §¢2nabe” -7,
dy =d’¢ = 0

@ Springer



Weyl geometry Page 13 of 36 80

The trace relation of Eq. (25) also holds. The integrability condition is:

0 =d’p,

=d <Ra —To+ ¢, + pax — %¢>2nabeb)
=d(R, — To) + ¢pde’, — %&nabde”
+ <’Rb —Th+ Pl + o — 1¢>2nbce ) A ob,
<R — Ty + oy’ + dux — —¢ nabeb> X

VAN
—¢° (Rc -T.+ (Ibbwbc + dex — §¢2ncheb) A nade

Distributing and collecting like terms,

0= AR =T+ (R =Ty ARG+ Ry = Ta) Add = ¢ (Re = To) A age’
+¢h(dwba—wca Aw'i) — fqb na;,( e’ —ef Awh)
. : 1 .
+ (dox A0l + g0, A x) + (5¢°¢c — ¢+ 5¢>‘¢>c> A6 A age’

=D Ry — Ta) + RS + 058585 (Re — Te) nel — gpn™naa (Re — Te) nel
=D Ry — Ta) + 0oRE + 205 A% (R — To) A e
=DR, + ¢pCl — DT, — 20, AT ne?

leaving us with
DR, + ¢pCl, = DT, + ¢p2 A5 T ce? (27)

This is a new result. When Eq. (26) is written using the Riemann tensor instead of the
Weyl tensor,

DRy —Ta) + oRY, + 2050 (Re — Te) ned =0

we recognize the same condition as that for Ricci flatness, but with the Schouten tensor
replaced by R, — 7 ,.

3 Weyl geometry

A simple extension of the Poincaré symmetry underlying Riemannian geometry leads
to the Cartan structure equations for the Weyl group:
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% = do’ — 0% A o, (28)
T =de’ —e’ Ao, — o Ael (29)
Q =do (30)

where the most general case includes both the torsion, T = %Tgceh A €, and the
dilatational curvature, 2 = %Qabeb A €. In our treatment of a Dirac-like theory, we
will not assume vanishing torsion.
A conformal transformation of the metric, Eq. (3), now transforms both the solder
form and the Weyl vector, according to
éa

e?e”

®=w+do

The final structure equation, Eq. (30) then remains unchanged, since
do = dw

The basis equation transforms as

T =de* - &A@ —one
= (e¢d¢ Aed + e¢de“) —e%e’ A @Y — (@ + dg) A e?e
b

e¢(dqb/\e“+(T“+ec/\wac+w/\e“)—e A&)”h—wAe“—dque“)

= e?T + e%e’ A (0% — &%)

We conclude that it is sufficient to take the spin connection to be conformally invariant,
and the torsion a weight-1 conformal tensor:

These inferences are correct, as may be shown directly from the gauge transformation
properties of the Cartan connection. Since the spin connection is invariant, the Lorentz
curvature 2-form is also invariant, iffiab = 9‘{“,,.

We again use the Poincaré lemma, d> = 0 to find the integrability conditions:

DRY =0 (31)
DT = e’ A% — @ A e (32)
DR =0 (33)

where the covariant derivatives are given by
Dma = dmab —+ mcb A (Oac — mac A wa
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DT =dT* + T’ A 0% — @ AT
DQ = dQ

When the torsion vanishes, we have a pair of algebraic identities since the Weyl—
Ricci tensor may have an antisymmetric part. From

e’ ARy =R Ael
Rpeay = 3pRea) (34)

we find the symmetric and antisymmetric parts,

Rpea + Reap + Rape = 85 Qea + 8:Qap + 35 Qe
Rpg — Rap = — (n — 2) Qpa

While the Lorentz curvature 2-form is conformally invariant, the components
ER“h cd» Rap and Qg all have conformal weight —2.

3.1 The connection with the Weyl vector and torsion

As with Riemannian geometry, the structure equation for the solder form, Eq. (29).
allows us to solve for the connection.

3.1.1 Weyl connection with torsion
Look at the solder form equation,
de’ =e’ A +wAel +T¢

Notice that when T = 0 this has exactly the same form as the conformally transformed
solder form structure equation of a Riemannian geometry, Eq. (5), with d¢ replaced
by —w. Thus, the solution for the Weyl spin connection is completely analogous to
the effect of a dilatation on the connection of a Riemannian geometry, with the Weyl
vector W, replacing the negative of the gradient of the scale change, —¢, in Eq. (6).
Taking advantage of this observation, let 0%, = af + B9, + y, where a‘ is the
compatible connection and B¢ is the required Weyl vector piece,

de’ = e’ A
a __ ac d
By = =204, Wee
and each term has the same antisymmetry of indices as the full spin connection, i.e.,

®Y = —n““nbdwdc. Then

de = e’ A (a9 + B% + %) +w A€ + T

e’ rnal +e? ABY Fel Ayl tone + T
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0= (—ZA%WCeb el + oA e“) + (eb AYY + T“)
— eb A yab + T¢
1 X
= (y“bc + ET“bc) el A e

The final equation must involve antisymmetric Uae)’ebc = Yabe = —Vbac- Lowering
indices in the remaining condition and cycling,

0 = Yabe = Vacb + Tabe
0= Ybea — Vbac + Tpea
0 = Yeab — Veba + Teab

we combine with the usual sum-sum-difference and solve.

0= Yabe — Yacb + Ybca — Ybac — Veab + Veba + (Tabc — Teap + Tbca)
= (Vabc - ybac) - (yacb + ycab) + (Vbca + Vcba) + (Tave — Teab + Tpea)
= Zyabc + (Tave — Teab + Thea)

1
Yabe = _5 (Tabc — Teap + Tbca)

Therefore,

1
Vabc = _5 (Tabc + T, “+ T, a)

and the spin connection is given by
@Y = a® — 2A% W.e! — CY, e 35)
where we define the contorsion tensor to be
1
Ce = 5 (T + T + T, ) (36)

Now check,

de’ = e’ A 0% +wAet + T

=e’ A (a“b —2A% Wee? — C“bcec> +orne’ +T¢

= e’ At — (8955 — 1% npa) Wee? ned —C9 e ne +wne’ +T¢
=e’ nal —Wye? ne o nel — %( @ T +Tp.%) e ne

1
+§Tabceb A\ eC
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3.1.2 The covariant derivative of Weyl geometry in a coordinate basis

When a tensor transforms linearly and homogeneously with a power A of the conformal
transformation that applies to the solder form & = e¢%e,

T4 = o7

itis a conformal tensor of weight .. When differentiating a conformal tensor of weight A
the covariant derivative in Weyl geometry is not just the partial derivative, but includes
the weight of the field times the field, times the Weyl vector. For example, for a scalar
field we have

Dy =0,90 —AWye

This means that metric compatibility gives a different expression for the connection.

0= Dygup
= 8#811/.‘5 - guﬂﬁl:xu - gavfﬂjsﬂ - ZWMSaﬁ
= 0u8ap — ﬁﬂtw - fﬁtﬂu —2Wugap

The derivative of a contravariant vector of weight A is given by
Dyv® = 90" +vPI%, — MW, (37)
and, checking the tranformed derivative,
Dyt = D, (v
A (eP0”) + ewvﬂl:“’jgﬂ — 2™ (W), + 3,0)
=M (B,Lv“ + v’gf“’:gﬂ — ¥ Wu)
= D"

and is therefore properly covariant Notice that the Weyl connection is invariant under
a conformal transformation, I /3 u= F‘% w

3.1.3 Weyl connection with torsion in a coordinate basis

The corresponding expression in a coordinate basis starts with the definition of torsion
as the antisymmetric part of the connection,

Tuup = Caup — Capu (38)
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Then, starting from metric compatibility,

0=Dugus
= 0,8ap — gwgf‘” - gavf‘;gu —2W,8up
= 0u8ap — ﬁﬂom aﬂu 2Wy.8ap

we cycle the expression in the usual way

A

Cpap + ﬁxﬂu = 0. 8up — 2Wy8ap
Paup + Cuap = 0p8ua — 2Wpua
fﬂﬁa + fﬁua = 0u8pp — 2Wagpu

Each of these three expressions is a conformal tensor since
0,80 — 2W,Lga,g =d (e gaﬁ) -2 (W + Bﬂqb)e 8up
(augaﬁ - ZWMgaﬁ)

Adding the first two and subtracting the third we no longer assume the connection is
symmetric,

0 = Tgap + Fapp + Faup + Cpop — Cupa — Cppa
—0u8ap T 2Wyu8ap — 0p8ua + 2Wp8ua + 9u&pu — 2Wagpu
= 20up, + (fwﬂ - faﬂu) + (fﬁau - ﬁﬂw) + (ﬁuaﬂ - fuﬂd)
— (9u8ap + 0p8ue — dagpu) +2 (Wygup + Wpgua — Walpn)
= zﬁrﬂu + (Taup + Tpap + Tuap)
— (9u8ap + 9p8ua — 0a8pu) +2 (Wusap + Wpgua — Wagpy)

we find
Papu = Tapp — (Wigap + Wpgua — Wagpp) — % (Taup + Tpap + Tuap)
Now, if we raise the first index,
ey, =T%, — (3;’; W, + 8% W — W“gﬂu) - % (T"‘WS + Ty, + T, “ﬁ) (39)
we arrive at the coordinate form of the connection.
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3.2 The Weyl-Schouten tensor

The invariance of the full curvature, 9~‘tab = m“h, means that not only is the Weyl cur-
vature of a Weyl geometry conformally covariant, but so is the Weyl-Schouten tensor,
%, . By the Weyl-Schouten tensor, we mean the conformally covariant Schouten ten-
sor of a Weyl geometry. To compute it for a torsion-free Weyl geometry, we must
expand the curvature, Eq. (28) using the Weyl connection,

@’ = ol — 209 We! (40)

with ), still the metric-compatible spin connection. The difference is that now all of
%, will be conformally covariant because the connection is scale invariant,

@ A €&
+ (@ + do) A e’
+ (@ +dp) A e’

dé =&’ A @Y +

d(e%e) = el A @Y

e?dp A e’ + e?de’ = Pl A DY
b b

a ~a
e’ AN =e’ AdY

and therefore @9, = w¢,. It follows from Eq. (28) that the full Weyl curvature tensor
is scale invariant, 9~%ab =R,

Substituting into the curvature, the algebra is identical to that leading up to Eq. (8),
with ¢, replaced by —W,,. This results in

1
%“b = Rab -2 Z;’; (Wc;g + W, W, — sznce) e A ed

which decomposes into three parts when we separate the symmetric and antisymmetric
parts of the trace term. With

Q =dw
Qab = W[b;a]

we have

1
mab = Cab -2 ?JZ (Rce + W(C;e) + W W, — §W2n0e> e’ A ed

—2A% Qec€® A e/ (41)

where R = da‘)) —a Aaf, is the Riemannian part of the curvature. Carrying out the
decomposition of the curvature into trace and trace-free parts, we find the relationship
between the Weyl and Schouten tensors of the Weyl and Riemannian geometries. In
addition, the asymmetry of the Ricci tensor gives rise to a third independent component,
the dilatational curvature:
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1
Hq = Ra+ (W(a;c) — W W, + sznac) NG
Q= W[b;a]e“ A eb

or in components,

%ah =Rap + W(a;b) — WoWp + %Wznab 42)
We define the Weyl-Schouten tensor %, to be this symmetric part only.

In an integrable Weyl geometry, defined as one in which the dilatational curvature,
2, vanishes, there exists a conformal transformation which makes the Weyl vector
vanish, W, = 0. In this gauge, the Weyl-Schouten tensor reduces to the Schouten
tensor. The gravitational field, C% , is the same in all gauges.

The modification of Eq. (41) in the presence of torsion follows immediately since
it only changes the Weyl connection of Eq. (40) by the contorsion tensor,

Ad __ a ac d a ¢ __ . .a a
@Y = o — 205, Wee® — CY e = w9, — CY),

This changes the curvature to

2. a

R = M4 —DCY, +C, A CY,

4 Scale invariant gravity

We now turn to the formulation of a scale invariant gravity theory, based in a Weyl
geometry. For this we must construct a Lorentz- and dilatation-invariant action func-
tional from the curvature and any other available tensors. As we have noted, the
conformal weight of the curvature components in an orthonormal basis is —2. Since
guv =e¢ ,fevb Nab, the Minkowski metric has conformal weight zero, making the con-
formal weight of the Weyl—-Ricci scalar equal to —2 as expected. This introduces a
difficulty in writing a scale invariant action in dimensions greater than two, since the
volume element has weight +n in n-dimensions.

4.1 Actions nonlinear in the curvature

In 2n-dimensions, we may use n-products of the curvature:
S = /m“b AR AR Oabed---ef

where Qgped...ef 1s a rank-n invariant tensor. In 4-dim the most general such action is
curvature-quadratic action, and takes the form

S = / (a%ade%abcd + ﬂ%ab%ab + VER2> v —gd4x
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However, this may be simplified using the invariance of the Euler character. Variation of
the Gauss—Bonnet combination for the Euler character y = — 32# f b /\m"dsabcd R
gives

dx =90 / R AR peq
= 2/ (d (8@“”) - (Sweh) A % — (80™) A wbe) R pea
=2 f D (&oa”) AR gapea

= 2] (D <8wab A mCdSahcd) + sw™ A DmCdSahcd>

and this vanishes identically when we use the second Bianchi identity, DR = 0,
and let the variation vanish on the boundary,

Sy =2 / D (50)‘”’ A m"deabcd)
\%4
=2 / d (Sw“b A Wdaabcd)
\%4
=2 <6a)ab N mCdsade>‘
sV
0

The additon of any multiple of the Euler character to the action therefore makes no
contribution to the field equations.

We expand the Euler character as follows. Define a convenient volume element as
the dual of unity, ® = *1. Then:

P = "1
1

b

= Zgabcdea N e

1
P = * (—EHdeea Anel Aef Aed

A el A el

41

1
bed
= Egabcdga ¢

=—1

In a coordinate basis, ® = %./—gswa,gdx“ Adx” A dx® A dx?, and if we ignore
orientation this is simply /—gd*x. From the definition of ® it follows that

. 1 ,
Sabcdq) — _Eubcd h

2 eorgne’ nel nes Ae
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1
2 ( 4'8:’;?;2) e nel nef nel

= e’ rneP Aef Aef

where? 8”b°'deefgh = —4!82’%2. Therefore, substituting e A e’ ne nel = —gabed @

into the expression for the Euler character,

1
X= "302 fmab AR e
1
=~ g2 / i)%“bef‘ﬁ“ighee el Aes Aeleypeq
1 .
= e [ P e e

1 b d efgh
= /SR“ R 4'8abcd<l>

12872

Expanding the antisymmetric Szjbcfg,

[ (stol — otaf) + 5 (ols] —slslt) + o (855 — 585)))
o5 (556l — sliaf) -+ of (shog — acel) +of (6205 — 255) )
1))

§ (o (ocsl — slog) + oy (sho) —olal) +of (o5 — 528
5 (5885 — ocf) + of (0] — ol og) + 55 (8L 85 — 828 ))

2 We check the normalization by contracting all pairs of indices, (ae) , (bf), (cg), (dh):

41 = o7 (of (0¢84 — 6d65) + 5 (85 — sbag) + o (865 — 628}))
—ob (o5 (scsg — adag) +of (s — scog) + o7 (05 — 5289))
b (o5 (scoq — adag) +of (84 — seag) +off (385 — 5565) )
—a5 (of (s — sdsg) + o3 (sdsh — sl 5g) + o (805 — 528%) )
o4 (89 (6cag — ss5) + o (28] — 284) + o (8265 — 828%))

=4(4(16—4)+4—16+4—16) — (64— 16+4— 16+ 4 — 16)
— (64 —16+4—16+4—16) — (64 — 16 +4 — 16+ 4 — 16)
=24
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we explicitly write out the integrand of the Euler character in the Gauss—Bonnet form?,

9{0}) A m{:dgubcd

L ovab gped fgh
— R R a5l 0
- (m2 — 40 MY 4 pebed mabcd)

so that

1

X~ 302

f (72 — 4G + RPN ey ) @
The invariance of x allows us to replace
/ AR g ® = 327y — / (72— 4mtyme) @

Dropping the invariant first term leaves the most general curvature-quadratic action in
the form

S = / (ai)%z + bm“bma,,) V—=gd*x (43)

for constants a, b. Quadratic gravity theories, especially the » = 0 case, have often
been studied because the scale invariance allows the theory to be renormalizable. How-
ever, fourth order field equations such as those resulting from Eq. (43) are sometimes

b, med | selel — ool oed ) (s (o] (sl — oltaf) + of (sha] —oloh)
A CEEEEA))
—mab, ;med | 5 (5; (5533 - 5?55)
+38 (3?5; - agaj}) +of (5555 - 555;))
— b, el o8 (5] (scoly — olo5)
+35 (oho) — ol sly) + ol (8 55— 5¢8]))
—meb, med | 5l (a,f (5553 - 5555)
+af (s — ol ag) + 5 (o165 - 626]))

- (mababmcdcd n mabadmcdbc n mabacmcdbd)
s (mabba Rl oeb ed 4 pab mcddb)
5 (mabthmcdad +oeh yed g mabdtmcdah)
_2 (mahdbmcdca + muhbcm(-dda + muhcdmcdba)

= 4 (2 — amhy Y+ RPN )
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found to introduce ghosts in the quantum theory. The Einstein-Hilbert term may be
included as well, but while this has desirable effects, it breaks the scale invariance we
examine here. For further discussion and references on quadratic gravity, see [26].

The particular case of Weyl (conformal) gravity deserves mention. As first shown
by Bach [12], the fully conformally action for Weyl gravity may be written as

Sw =« / ClC peay/—gd x
_p / (R“’”d Rabed — 2R Rpq + %R2> J—gd*x
— (32n2a X —a / (R — 4R RY) \/—_gd4x>
+a/ <—2R”ded + %Rz) V—gd*x
= R27%ay + Zaf (RZR‘Z — §R2> J=gd*x (44)

Naturally, fourth order field equations result from metric variation of Eq. (44). How-
ever, it is shown in [27] that varying the full conformal connection in the action Eq.
(44) gives the additional integrability condition to reduce the fourth order equations
to the Einstein equation.

Quadratic gravity applies only in four dimensions, with dimension 2n theories
having correspondingly more complicated field equations. Instead, we consider Weyl
invariant theories linear in the curvature.

4.2 Actions linear in the curvature

There are two classes of gravitational theories with Lorentz and dilatational symmetry
with actions linear in the curvatures. Both may be written in any dimension.

4.2.1 Biconformal gravity

Based in geometries first developed by Ivanov and Niederle [19,20] and Wheeler [21],
what is now called biconformal gravity takes place in a 2n-dimensional symplectic
manifold. The canonical conjucacy of this space makes the volume element dimen-
sionless, allowing for a curvature-linear action in any dimension [22] of the form

S = /(aﬂ“},l +B3, R+ye” A A A A Ay A Ay g1 Prg, L (45)

The resulting theory describes n-dimensional gravity on an n-dimensional Lagrangian
submanifold. Arising as the quotient of the conformal group by the Weyl group, the
theory leads to scale invariant general relativity. Because the underlying structure is the
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full conformal group instead of the Weyl group, resulting in Kédhler geometry instead
of Weyl geometry, we will not go into further detail here.

4.2.2 The Dirac theory

An alternative approach to scale invariant gravity was developed by Dirac in an attempt
to give rigor to his Large Numbers Hypothesis [28], the idea that extremely large
dimensionless numbers in the description of nature should be related to one another. In
[29], Dirac presents a scale invariant gravity theory in which the gravitational constant
varies with time in such a way that the large dimensionless magnitude constructed from
the fundamental charge e and G is related to the age of the universe. The result follows
from a single, simple solution to the scale invariant theory. Here we examine the scale
invariant theory without further discussion of the Large Numbers Hypothesis.

In the Dirac theory, scale invariance is achieved by including a gravitationally
coupled scalar field in addition to the curvature. There is a wide literature on scalar
fields coupled to gravity. Jordan [30] and Fierz [31] showed that the energy-momentum
tensor of scalar theories may sometimes be unphysical. This flaw is corrected by the
Brans—Dicke scalar-tensor theory [32], and discussion contiues. In more recent work,
[33], Romero et al. study the relationship between Brans—Dicke theory and integrable
Weyl geometry. See also the history by Brans [34].

Dirac begins with an action which in our notation takes the form

1
Sp = / (ZQ‘“’QW — ¢*R+68"" D¢ Dy + cw“) V=gd"x  (46)

where Q,, = W, , — W, , is the dilatational curvature. Dropping the dilatation,
and allowing an arbitrary constant multiplying the kinetic term gives the Brans—Dicke
scalar-tensor theory, usually written as

Wy
Sp = / (‘PR + ?OgMVDM(PDvQD + £m> A/ —gd"x

where £, is a matter Lagrangian.

In the next Section, we take a similar but slightly different approach, allowing tor-
sion and a mass term but no quadratic dilatational term. Our treatment also differs by
our use of a Palatini variation, so the metric and connection are regarded as indepen-
dent variables. Finally, we consider arbitrary spacetime dimension. We find a locally
scale invariant theory that exactly reproduces general relativity as soon as a suitable
definition of the unit of length is made.
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5 Curvature linear, scale invariant gravity in any dimension

Beginning with the action for a Klein—Gordon scalar field, ¢, in curved, n-dimensional
Weyl geometry, we add a non-quadratic term analogous to Dirac’s ¢* potential,

m2c?

h2

Sp = / (g‘”Duvaw + o’ + ﬁw“) V—gd"x (47)

where the covariant derivative of ¢ is D, ¢ = 9, — AW,,. We include a gravitational

term of the form fawk%d) where ® = *1 = %sa...l,e“ A -+ A el in n-dim and the

power k will be chosen to make the full action scale invariant. There is no scalar we

can form which is linear in the dilatational curvature. We choose units i = ¢ = 1.
Thus, we arrive at

S = / (agoki)% +¢""DueDyp + m’p? + ﬁtps) —gd"x (48)

If the scalar field, metric, curvature and geometric mass scale as

)

8uv — €2¢gp,u
2n¢g

R — e PR

m-c _
2 _ s o202

g —> e

o, B dimensionless

then S scales as

$= [ (ai R+ g D,oDG + 120 + 53°) VEd"s
= / (ae(’\k_zwwki)‘{ + e_z‘pezwg“"DM(pDugo + e_2¢e2)\¢m2<p2 + esw,B(pS)
" /—gd"x
_ / I:e(kk—2+n)¢ (O“pkm> 1 (1=2+20)¢ (g’”DmpDV(p T ngoz) + e(n+sx)¢ﬂ¢s]
—gd"x
and is therefore locally scale invariant if

n—2
2

A=—
k=2
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We may make these assignments in any dimension greater than two, resulting in
S = / (g + " Do Dog + mp? + poi? ) /=gd"x (49)

5.1 Variation of the action

We consider the Palatini variation of S, varying the solder form, spin connection, Weyl
vector and scalar field, (e“, o“ » Wa, <p), independently. The variation of the solder
form is most easily accomplished by varying the metric. These are equivalent, since

88up = 2nabea“8eﬂb
and conversely
se = 20"e, 5gup
The connection variation is easiest using differential forms and varying @“; directly.

5.1.1 Metric variation

Writing R = gH"R,,, where R, depends only on the spin connection, and noting
that §,/—g = —%« /—88,,v8g"Y, the metric variation is

|
0= /Sg’” [awzmu + Dyup Do = 5 guv (oupz?ﬁ + 8" Dyp Dy + m*g?

)| Vg

so we immediately get the field equation,

2 1 1 o 2.2 2
o (R = 38R ) = ~DupDop + 38 (D 0Dy +m?¢? + By )

This takes the form of the scale covariant Einstein equation
1 1 1 1 I, 2 4
R — Eguvm = o _FD;AODMD + Eg;w FD @Dy +m” + Bon-2
(50)
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5.1.2 Scalar field variation
The scalar field variation is

2 n
0= / <2a5(p<p9‘{ +2¢"" D, SeDyg + 2m? sy + #,38(/)@1%) J—gd"x

n+2

2
= [ 5¢ (2aso% — 2D, (" Do) +2m%p + n—_”zﬂwz) J=gd"x

and therefore we find a nonlinear wave equation coupled to the scalar curvature,

n+2

D“Da(p—mzw—ozi)’ﬂp—nnTz/fhpTz =0 (51)

5.1.3 Weyl vector variation

The Weyl vector only appears in the kinetic term for the scalar field, where D, ¢ =
9,9 — AW, . Varying W,

0= / (28" AW, Dyp) /—gd"x
and therefore,
Dyp =0 (52)

This may immediately be solved for the Weyl vector

dy — Awp =0
1
=d| -1
o (A w)
B 2 1d
T on=2¢ ¢

which implies an integrable Weyl geometry and the existence of a gauge in which the
Weyl vector vanishes. We easily find the gauge transformation ¢ required to remove
the Weyl vector.

®=w+do
1
0=d<xln<p>+d¢
1
¢=——ln£
Ao

With this transformation, we have @ = 0. This now remains the case for arbitrary
global scale transformations.
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The same transformation changes the scalar field according to

o
Hoin i)

0

%

Il
8 € €

so the transformation that removes the Weyl vector simultaneously makes the scalar
field constant. In an arbitrary gauge ¢, the Weyl vector and scalar field become

Wy = 0,9
¢ = goe*?
but the physical content of the theory remains the same.

If we were to allow curvature squared terms in the action, it would involve *
where Q,, = W, , — W, 4. Such a dilatational curvature would lead, in general,
to a nonintegrable Weyl geometry. However, the physical constraints against such a
geometry are extremely strong—we do not experience changes of relative physical
size.

A quadratic term, 2*, is a kinetic term for a nonintegrable Weyl vector. Except in
dimension n = 4, scale invariance of such a kinetic term would also require a factor
of the scalar field,

1 2n—4)
Z/w 2 gl e Q. Qup/—gd"x

This would lead to a field equation of the form

2(n—4) wo "
((p =2 Q )_U =2AD"¢

which allows nontrivial ¢ but also a nontrivial dilatation, £2,,,. The dilatational cur-
vature would also act as a source to the wave equation for ¢,

—4 .
- _Zgoﬁsz“ﬂszaﬁ =0

n nt2
D*Dyp +mPp + mﬁ(p”*2 +apR + .

and as an energy source for the Einstein equation in the form

2(n—4)

1
T//'U == (p n=2 (Qﬂﬁgvﬂ - Zg//«VQaﬂQOlﬂ)

We continue without the kinetic term, because of the unphysical nature of dilatations.
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5.1.4 Connection variation

The variation of the spin connection is much easier to work with than the variation of
the Christoffel connection. Since only the curvature depends on the connection, we
need only the first term in the action and the equivalence

1

n fz)‘wzm"h AECA- A edfabc~»d = ﬁwzimahefee A ef AEA A edeabcu.d
o 1

=~ ? g et e ®

. o

T (=2

= ap’Re

<p2§m‘“’€f (n =2t (855] — ol 55) @

Therefore, replacing [ ap*R,/—gd"x with fﬁq)%wgiﬁab A€ A A
e‘epe...q, we vary 9y,

o
SwubS = / WQZSWZ%G}’ AeSA A edf}abc...d
= / ﬁ(p%wub (da)“b - nefweb A w”f) AeA - Aelegpend
n— !

o .
= / m@z (déw“b — SwEb AN w“e — 8w A wbe> ANeA- A edSabC.‘.d

- / ﬁgﬂzD ((Sw”b) Ae A Aeleapend

- / ﬁD (<p2 (&a“b) A€ A A edsabc..-d)

o a c d

o
+ / o ((n —2) 0250 ADe A - A el eabc...d)

The first term is a total divergence which we discard. Then, writing 0™ = Sw“bk ek
and noticing that De¢ is the torsion 2-form, T¢

/ ( 2)'8a)“bkek A (2¢ D) A€ A - Aelegpenq + (n—2)@*T¢ A€
"

A e gabcd e)

and therefore

1 d c k d e
0=— 2—Dg0/\e ANe A ANeeuped FT AN AN A A€euped..e
n—csg@
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2 1 L

- _ 2_Dm¢em AekAe A Aeleupena
n—zo
1 c m n k d e
+§Tmne ANe Ae"Ae A A€ Eubed.e
2 1 1
— _Dm(pgmkc...dsabcmd _ —Tcmnsmnkdmegabcdme b
n—2¢ 2

Taking the dual eliminates the volume form. Then, resolving the pairs of Levi-Civita
tensors,

2 1 -
0=~ =5 Do (n =2 (s — ko)

1 .
+5 (=37, (s (st - 3’,;33) + o (ko — syt + ok (sprar — apor) )
1

2
0= 5 (Thy = 8T+ Thsh = T + 26875, = 2 (5Dup 8t i)

2
T + 85T e — 86T 0 — " (5§Da<ﬂ - 8£Db<ﬂ)
The trace gives

2
0=(n—2)T’fna—a(n—1)Dago

2n—1
T”rlnaz_
on—2

D.¢

so that

‘ 2
T = 8T — 34T+ (85 Dag — 85 Dse)

n—1 , n—1 4 X P
= P 28aDhgo — - 28bDa<p + 0, Dap — 8, Dpo

|IN SN

n—1 X n—1 X
n—2_1 (San(p— m—l (SbDa(D

and we arrive at a solution for the torsion,

1 2, . .
Tap = =5, %aPry = % Dav) (53)
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5.2 Collected field equations

Collecting the variational field equations, Egs. (50-53), and restoring the orthonormal
basis,

1
iy'iab - Enab%
1 1 1 1. 5 a4
=~ | =—5DapDpp + Snap | 5D ¢Dcp +m” + for=2 (54)
al ¢ 2 @
c 2 1 c c
Ty = —— 0 (85 Dy — 85 Da) (55)
Dap =0 (56)
a 2 n nt2
DD,y —m (p—dﬂ‘i(p——zﬂ(p"fZ =0 (57
n —_—

It is interesting to note that the form of the torsion in Eq. (55) is that of Einstein’s
lambda transformation, which is from the most general transformation of the connec-
tion leaving the curvature unchanged. However, substituting Eq. (56) into Eq. (55),
we see that the torsion vanishes,

‘%, =0

Again using Eq. (56) in Eq. (57) get a relationship between the mass, the scalar field
and the scalar curvature,

A similar but different relation arises when we look at the trace of Eq. (54) with
(pa = 09

1
Rab Emrlab Wﬁab (m2¢2 + :390”72>
1
oL ()
an—
Comparing the two,
2
m_n B Ln e n B
o n—2uoa an—2 n—2ua
2
m? =0
n—2

so the mass of ¢ must vanish in any dimension. However, there is no constraint on

4
g(pm, which in the Riemannian gauge leads to the usual Einstein equation with

cosmological constant.
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As noted following Eq. (52), D¢ = 0 requires that there exist a local gauge in
which the Weyl vector vanishes. In this gauge, the Weyl-Riemann tensor reduces to
the usual Riemann curvature,

a _ pa
9C{b Wazo,T‘éC:o - Rb
and the Einstein tensor takes the usual Riemannian form. The system has reduced to
exactly the vacuum Einstein equation with cosmological constant A in a Riemannian
geometry,

1
Rap — EnabR —NapA =0

TcabZO
¥ = 9o
W, =0
where
B 5
A= —q)
2070

the only difference being that in this formulation we retain local scale invariance with
an integrable Weyl vector. In a general gauge ¢, the solution takes the form:

1
ERab - zi)%nab =0

abc =0
W, = aa¢
n—=2
o =g 2

where this form of the scalar field ¢ insures that D,¢ = 0. The form in a general
gauge describes exactly the same physical situation, but in a set of units which may
vary from place to place.

6 Conclusion

We developed the properties of Weyl geometry using the Cartan formalism for gauge
theories, including enough details of the calculations to illustrate the techniques and
show the advantages of the Cartan approach. Beginning with a review of the conformal
properties of Riemannian spacetimes, we present an efficient form of the decompo-
sition of the Riemann curvature into trace and traceless parts. This allows an easy
proof that the Weyl curvature tensor is the conformally invariant part of the Riemann
curvature, and shows the explicit change in the Ricci and Schouten tensors produced
by a conformal transformation.
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By writing the change in the Schouten tensor as a system of differential equations
for the conformal factor, we reproduce the well-known condition for the existence of a
conformal transformation to a Ricci-flat spacetime as a pair of integrability conditions.
Continuing with the streamlined approach, we generalize this condition to a deriva-
tion of the condition for the existence of a conformal transformation to a spacetime
satisfying the Einstein equation with matter sources. The inclusion of matter sources
is a new result.

Next, enlarging the symmetry from Poincaré to Weyl, we develop the Cartan struc-
ture equations of Cartan—Weyl geometry without assuming vanishing torsion. We find
the form of the curvature tensor and its relationship to the Riemann curvature of the
corresponding Riemannian geometry, and show that the spin connection reproduces
the expected coordinate form of Weyl connection plus contorsion tensor. We then look
at possible gravity theories. We use the Gauss—Bonnet form of the Euler character to
write the general form of quadratic-curvature action in terms of the Ricci tensor and
scalar, then turn to a detailed description of a modified form of the Dirac scalar-tensor
action. Our approach differs from that of either Dirac or Brans—Dicke in three ways:
we allow nonvanishing torsion, we vary the solder form and spin connection indepen-
dently, and we work in arbitrary dimension. We find that the torsion and gradient of the
scalar field must both vanish, exactly reducing the system to locally scale-covariant
general relativity with cosmological constant.

Appendix: Bianchi identities
The Cartan structure equations,

a c a a
doy = 0% N o, + R

de’ = e’ A 0% + Al + T
do = @
1
Wvdx? AdxH = EQde“ Adx”
Wi =Wy = Qpuy
have integrability conditions, which for gravity theories are called Bianchi identities.
These follow from the Poincaré lemma, d? = 0:
AR = d’0% — do’, A ©° + o A do,
0 = dR9 + (R}, + 0% A &) A% — 09 A (R + 0, A )
= dR, + R Ao —RL A
Dmab - 0
d’e’ = de” A 0% — e’ Ado?, +do A e’ — o A de” + dT*
0= (ec/\wbc—l—a)/\eb—i—Tb) AwY — e’ A (05 A +RY) + R A

—w/\(eb/\w“b+w/\e”+T“)+dT“
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0=—e" AM% +Qre’ +dT + T A 0% — @ AT
DT’ = e’ ARY — Q@ A e

d2 =0
Summary:
DR =dR) + R, AL —RLA, =0
DT = e’ ARY — 2 A e
DR =0
where

DY, = dRY + NG A 0 — RUA o,
DT =dT + T’ A’ — @ A T?
DQ = dQ

When the torsion vanishes, we have an algebraic identity,

e’RY = QA
Rbed) = 0 2cd)
Rea T Reap T Rape = 85 Rca + 8¢ Qb + 85 Qe
Rpa — Rpa = — (1 — 2) Qpyg
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