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Abstract We explore two methods for obtaining solutions for uniformly accelerated
motion in general curved spacetime. We provide an example in Schwarzschild space-
time.
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1 Introduction

Uniformly accelerated systems have been studied in [1] and, more recently, in [2,3].
In this paper, we present two methods for finding solutions for uniformly accelerated
motion in a general curved spacetime. This extends the results of [4], where explicit
solutions are computed for flat spacetime only.

We represent arbitrary curved spacetime by a time-orientable four-dimensional
semi-Riemannian manifold M endowed with a locally smooth metric g, of signature
(+, —, —, —). A worldline is a smooth future-pointing timelike curve y : I — M,
where 7 is an interval of R containing 0. In a local coordinate system x*, we write

y(s) = x"(s), (D
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where the parameter s is the arclength along the curve, that is
ds® = guvdxtdx". 2)

At each point y (s), the four-velocity u**(s), defined by

d 123
wh(s) = 0 3)
ds
has unit length:
u? = gutu’ = 1. 4)

The goal of this paper is to find solutions u(s) for uniformly accelerated motion
in curved spacetime. In flat spacetime (g,, = n, = diag(l, —1, —1, —1)), this
goal has already been achieved. It is shown in [4,5] that, in flat spacetime, y (s)
represents uniformly accelerated motion if and only if there is a constant, rank (0, 2)
antisymmetric tensor A, such that

dut(s)

— Al
P = Au"(s). (@)

Equation (5) can be extended to accommodate an orthonormal basis A(s) of the tangent
space at y (s), and we have

dAG) _ 4 acs). 6)
ds
The solution to (6) is
A(s) = exp(As) A(0). @)

Explicit solutions to Eq. (6) are given in [6].

The plan of the paper is as follows. In Sect. 2, we construct a system of first-order
ordinary differential equations for uniformly accelerated motion. We show that this
system extends the geodesic equation. We provide an example in Sect. 3. Here we
consider motion in the radial direction in Schwarzschild spacetime. We solve this
system numerically and show that there are no bounded orbits. In Sect. 4, we explore
an alternative method for finding solutions for uniformly accelerated motion. This
method may also be used to find solutions for parallel transport. Directions for further
research appear in Sect. 5. Throughout the paper, we use units in which ¢ = 1.

2 Equations for uniform acceleration

In this section, we construct a first-order system of ordinary differential equations for
uniform acceleration. The covariant derivative of a vector Z along a curve y(s) is
defined by (see [7, 3.13]):

DZ* _ dz*
ds — ds

+I),Z%u”, (®)
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where

1
Iy, = 58" (8pop + 880.0 = 8op.p) - ©)

In [4], we showed how to construct the orthonormal Frenet basis {Aq)(s) =
u(s), A1)(s), A2)(s), A3)(s)} of the tangent space T),(s) M at the point y (s). The basis
vectors A(q)(s) satisfy the Frenet equations

D) (s)
ds

= k(A0 () + T1()A2)(s)

=Kk ($)A1)(s)

Di)
ds

m;;s)(” = =1 ($)A)(s) + 2()A3) (5)
Dy (s) _

s —12(8)A2)(5),

where the scalar function « (s) is called the curvature of the curve y, and t1(s) and
72 (s) are known as the first and second torsion, respectively, of . The Frenet equations
may be written compactly as

D) (s)
% = 1) (AG) ), (10)
where
0 «(s) 0 0
_ ® _ | «@) 0 —71(5) 0
A(s) = A(S)(a) - 0 71(5) 0 —15(s) . (1)

0 0 72(s) 0

Note that A(s) is not a tensor, since it remains the same under a coordinate transfor-
mation. Thus, its two indices are coordinate-free, so we place them in parentheses. It
is a 4 x 4 matrix of scalar functions which we call the acceleration matrix.

Recall from [4] that a worldline represents uniformly accelerated motion if the
acceleration matrix A(s) is constant along y, that s, if % = 0.Lety (s) be auniformly
accelerated worldline, with acceleration matrix A. Using (8), we can write (10) as

d)\,l(fx)( ) I—v 13 A('B) 12
s + )‘(a)(s))”(())(s) —)\(lg)(s) (@) (12)

The Christoffel symbols Iy, are smooth functions of the coordinates x*. Thus in order
to have a complete system of differential equations, we need equations for Usmg
A)(s) = u(s), we arrive at the following first-order system of ordinary dlfferentlal
equations:

dw ()
[ ) it M 0+ 4 L )A%) ] 13
dx*(s) __ — )\'l(lo)(s)

ds
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Itis easily checked that this system satisfies the condition for existence and uniqueness
of solutions. The solutions are exactly the uniformly accelerated motions.

Note that (12) is a generalization of the geodesic equation. Along a geodesic, there
is zero acceleration, so A = 0. Thus, (12) becomes

dxfa)(s)

o T ()4 () = 0. (14)

Setting o = 0 and using () (s) = u(s), we obtain

dut(s)
ds

+ Iu’ (s)u’(s) = 0,

which is the geodesic equation.

3 Schwarzschild metric

In this section, we provide an example of uniform acceleration in the Schwarzschild
metric

—1

ds? = (1 - ri) dr® — (1 — r—s) dr? — r2dQ?, (15)
r r

where r; is the Schwarzschild radius and d$22 = d6% + sin*0dg?. Here 0 is the

colatitude (= the angle from north) and ¢ is longitude. The known (see [8,9]) nonzero

Christoffel symbols, computed from (9), are

r r r —r
=" plz_s(l__s)7 rl—=—__"5
o1 2r(r —ry) 007 9,2 r 1 2r(r —ry)
1
LY=ry—r, Iiy=(s—r)sin®0, I'f=-—
,
cosf
r = —sinf cos b, rd = -, s = . 16
33 =T In=5- (16)

For our example, we consider motion in the (¢, ) plane and set 6 = %, ¢ = 0.
Then

1 2 3
F33=rx_r, F33=F23=0

0 « 0 O
. . k 0 0 O .
Let the acceleration matrix A = 00 o0 ol The upper equation of system
0 0 0 O
(13), witha =2, u =0 is
iy )
© 1 42 42
a5 T Rrore =Ky
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Since 6 = 2, we have A(O) = de = 0. Thus, Azl) = 0. Similarly, since ¢ = 0, we
have )‘%0) = A31) =0

Using the orthonormality conditions

(1 - r_s) Moy My — (1 - rr_s)—l Moty =0, (an
- EF-0-2) G
A P A TN S

r

0y 0 40 1 1
we can write )‘(0)’ )‘(1)’ X(]) in terms of )‘(0)'
From (18), we get

2
A% = \/(r_rr) (1 + r_rrs (x(lo)) ) (20)

From (19), we get

r r 2
20 = \/(r - rs) (—1 S— (+i1) ) @1

Substituting (20) and (21) into (17), we get

YR P S YIS (22)
= el )

Substituting (22) into (21) yields

0
Ay = )‘(0) (23)

The equation for A from the system (13) is
dal 2 2
0) Fs Iy 0 Iy o 1
ds + 2r2 (1 B 7) (A(O)) - 2r(r —ry) ()L(O)) = Khy- 24

Substituting (20) and (22) into this equation, the system (13) reduces to

dil 2
(0) "A Iy
g =y [1= 24 (1)) =0
dr — )\.1

, (25)
©)
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or, equivalently,

d’r Ty dr
— + = —Kkf1l == =0. 26
ds? +2r2 “ +(ds) (26)
In the particular case x = 0, then, writing 7 for cand 7 for 4 o 42, Eq. (26) becomes
i Is 0 27)
F+ — =0.
2r2
Multiplying by 27, we obtain
2F + ﬂ —0. (28)
Integrating, we obtain
P — I constant. 29)

r

Hence, the total energy is conserved, as expected along a geodesic.
We consider now the general case of Eq. (26) (k # 0). Define

E=i-2 (30)
r

The quantity E is the total dlmenszonless energy. It is the total energy divided by the

maximal Kinetic energy <. Then
. ..o TTg
E =27+ —. a3n
r
Dividing by 27 and using (26), we obtain
E
— =«xJ/1+E. (32)
2r

Separating variables and integrating, we have
V1+E =«kr+C, (33)
where C is a constant of integration. Squaring and using (30), we obtain

C)? —
jr o e )r“s " (34)

We now show that there are no bounded orbits. Define
fr)y=rkr+C)?+ry—r. (35)

To have a bounded orbit, say between r; and rp, with 0 < r; < rp, we must have
f(r1) = f@2) = 0and f(r) > 0forr; < r < rp. However, f(r) is a cubic
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Fig. 1 Solutions for r(s) starting at 5000 Schwarzschild radii, for (@) k = 0, (b) k = 0.3 compared to flat
spacetime solution (d), (¢) k = —0.3 compared to flat spacetime solution (e)

polynomial, (0) > 0 and lim,_, o f(r) = 4o00. This implies that f has at most two
zeroes for r > (0 and between these two zeroes, f(r) < 0. Hence, there are no bounded
orbits. See Fig. 1 for examples of solutions r(s), compared to the corresponding
solutions in flat spacetime.

4 Solutions via parallel transport

In this section, we explore an alternate method of obtaining solutions for uniform
acceleration. For this, we need parallel transport and some additional properties of
the covariant derivative.

Lety : I — M beaworldline. Forsi, s> € I,let P : Ty (5 )M — T, (5,)M denote
parallel transport from the tangent space at y (s1) to the tangent space at y (s2). Then,
for z € T, (5,)M, we have

o (P (2)) = 0. (36)

We will also need the following properties of %.

Theorem 1 ([7, 3.18])

) 2z, +ng) =al2 4 bB2 fora,b e R

2 f (f2) =42+ [52 for f € FD)

Note that use of (1) and (2) implies that the Liebniz rule holds in the form

D dfi
o enz) =5t (Fz+ 502, @

Let y(s),s € I be a uniformly accelerated worldline, with acceleration matrix
A. We seek the orthonormal basis vectors A)(s) which solve Eq. (10). For each s,
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there is an additional basis B(s) consisting of the initial basis vectors A () (0) parallel
transported along y from s = 0 to s. To this end, we define

V) () = Pir@)(0), s el (38)

Note that v()(0) = A(«)(0). Since parallel transport is a linear isometry, the basis
B(s) is also orthonormal.
In this notation, the solution of Eq. (10) is

hia) (5) = v(p) () (exp(As)) (o). (39)

We check now that this is, in fact, a solution of (10). First, by (37), we have

DA () (s)

_b A ®) 4 niasn® 40
s 25 VB ENEXP(AS) o) + vip) (5) = (exp(As)) o) (40)

By parallel transport (36), we have

2 (o)) =0 1)
—(vpy(s)) = 0.
ds ()
By the assumption of uniform acceleration (% = O), we have
d
o exp(As) = exp(As)A. 42)
s

Hence, using (41) and (42) in Eq. (40), we have

Dk(a)(s)
ds

= v(p) () (exp(A)) () ALL) = Ay ()AL,

and (10) holds.
In particular, the four-velocity of a uniformly accelerated observer is

u(s) = A0)(s) = v(p) (5)(exp(As)) p)- (43)

The solutions (39) gives the basis vectors A() in terms of the B(s) basis vectors
v(g). In order to compute the v(g), we now derive a system of differential equations
which they satisfy.

By (8) and parallel transport, we have

Dvéfx) (s) _ dvffx) (s)
ds ds

+ F(,/‘pvfa) (s)u”(s) = 0. (44)

@ Springer



Solutions for uniform acceleration in general relativity Page 9 of 10 65

From (43), we have

dxP(s)

o = (5) = 0y () (exp(As) g) (43)

(ON
Substituting this last equation into (44), we obtain the following first-order system:
dvli (s)
d(ﬁi—; =TI U%”?a)(S)”fm(g)(exP(As))Eg)) , (46)
T = vl () (exp(As) )

Itis easily checked that this system satisfies the condition for existence and uniqueness
of solutions. The solutions v(g) are then substituted into (39) to yield a solution to (10).

5 Directions for further research

We plan to extend the example in Schwarzschild spacetime to include planetary
motion. One may consider the gravitational pull of, say, Jupiter, on the Earth to be
uniform acceleration. A solution of our equations would then predict the perturbation
on the Earth’s orbit caused by Jupiter. Alternatively, one could predict the perturbation
of the Moon’s orbit around the Earth caused by the Sun.

In [4,6], working in flat spacetime, we derived spacetime transformations, veloc-
ity transformations, and acceleration transformations from a uniformly accelerated
system to an inertial frame. Given the results obtained in the current paper in curved
spacetime, the next step is to derive spacetime, velocity, and acceleration transforma-
tions between uniformly accelerated systems in a general curved spacetime. We want
to determine whether the spacetime transformations between uniformly accelerated
systems form a group. If yes, we want to characterize this group, which will be an
extension of the Lorentz group.

We also propose to compute the time dilation between clocks located at different
positions in a uniformly accelerated system. We hypothesize that a system is uniformly
accelerated if and only if all of the clocks in the system may be synchronized to each
other.
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