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Abstract We investigate the massive graviton stability of the BTZ black hole obtained
from three dimensional massive gravities which are classified into the parity-even
and parity-odd gravity theories. In the parity-even gravity theory, we perform the
s-mode stability analysis by using the BTZ black string perturbations, which gives
two Schrodinger equations with frequency-dependent potentials. The s-mode stability
is consistent with the generalized Breitenlohner-Freedman bound for spin-2 field. It
seems that for the parity-odd massive gravity theory, the BTZ black hole is stable
when the imaginary part of quasinormal frequencies of massive graviton is negative.
However, this condition is not consistent with the s-mode stability based on the second-
order equation obtained after squaring the first-order equation. Finally, we explore the
black hole stability connection between the parity-odd and parity-even massive gravity
theories.

Keywords Massive gravity theory in three dimensions - Stability on BTZ
black hole - Parity-odd gravity

1 Introduction

If a black hole solution is known, it is very important to carry out the stability analy-
sis of the black hole. At the early stage of studying the Schwarzschild black hole, a
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conventional method to determine the stability is to solve the linearized Einstein equa-
tion by choosing even-and odd-parity perturbations under the Regge—Wheeler gauge
for graviton, which leads to two Schrodinger equations: Regge—Wheeler equation [1]
and Zerilli equation [2]. One may conclude that the Schwarzschild black hole is stable
because their potentials are positive definite for the whole region outside the black
hole, implying that there is no exponentially growing modes [3,4]. Equivalently, the
stability of a black hole depends on the sign of the imaginary part wy of their quasinor-
mal frequencies @ = wr + iw; when considering the time dependence of e~ [3].
If o is negative, the black hole is stable. The real part wr has no bearing on stability
properties. Furthermore, the unstable condition of a black hole was suggested to be
wr = 0and w; > 0 [6].

On the other hand, the stability analysis of the Schwarzschild black hole obtained
from higher derivative gravity is not an easy task because it contains the second-
order equation for a massive graviton. A conventional stability method designed for
a graviton with two degrees of freedom (2 DOF) is not suitable for studying the
massive graviton (5 DOF) [7] which is propagating on the black hole and de Sitter
spacetimes [8]. However, if one considers a lower dimensional massive gravity, the
situation is not so complicated. Reminding that the three dimensional Einstein gravity
is a gauge theory, any propagating spin-2 mode belongs to massive graviton which can
be obtained from three-dimensional massive gravity theories. Further, these theories
are classified into parity-even and parity-odd theories.

Recently, it was shown that the BTZ black hole [9,10] is stable for all ; (Chern-
Simons coupling constant) against the massive spin-2 perturbations in the topologi-
cally massive gravity (TMG [11], parity-odd theory) by demanding boundedness of
the perturbation at the horizon [12]. On the other hand, it was suggested that the
BTZ black hole is stable for m?> > 1/2¢2 in new massive gravity (NMG, parity-
even theory) [13] by computing quasinormal frequencies and performing the s-mode
analysis [14].

Because of different parity, one uses different stability analysis for the BTZ black
hole. Solving the first-order differential tensor equation algebraically together with
the boundary conditions, we obtain all quasinormal frequencies of massive gravi-
ton for parity-odd theories [15]: TMG and generalized massive gravity (GMG) [16].
If w1 < 0, the black hole seems to be stable against the massive graviton
perturbation.

Given the parity-odd first order linearized equation, one obtains its second-
order linearized equation after squaring it, which belongs to the parity-even the-
ory, giving the ambiguity on sign of the mass. Because of this ambiguity, some-
one prefers solving the first-order equation directly [15], instead of the second-
order equation. Off-critical point, the parity-even gravity theory usually provides
the second-order linearized equation after choosing the transverse-traceless gauge.
It is known that “solving directly the second-order massive equation” is a formi-
dable task for the BTZ black hole spacetimes. Fortunately, after choosing the
BTZ black string perturbation for massive graviton [17], the s-mode analysis may
be performed using two Schrodinger equations with frequency-dependent poten-
tials [14].
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In this work, we study the massive graviton stability of the BTZ black hole obtained
from three-dimensional! massive gravities which are classified into the parity-odd
theories (TMG, GMG) and parity-even gravity theories (NMG, six-derivative gravity
(SDG) [19]). For the second-order Schrodinger equation with an effective potential,
we analyze the massive graviton stability by checking if the potential is positive for
the whole range outside an event horizon. However, we should extend the stability
condition (2.26) for asymptotically flat spacetimes to (2.29) for asymptotically AdS
spacetimes. In this case, the stability condition of s-mode is given by the generalized
Breitenlohner-Freedman bound for spin-2 field. On the other hand, for a first-order
massive graviton equation, we perform the stability analysis by using the quasinormal
frequencies (w = wr +iwy). If wy is negative when considering the time dependence of
¢! [5], the black hole is stable. Finally, we explore the black hole stability connection
between the parity-odd and parity-even (s-mode) massive gravity theories.

2 Parity-even massive gravities

In this work, we consider the (non-rotating) BTZ black hole solution [9] which is a
solution to all massive gravity theories. Its line element is given by

dsgry = guvdx"dx”

2 2\ !
=_ (—M + ;—2) dr* + (—M + ;—2) dr? +r2de¢*,  (2.1)

where M is the ADM mass given to be M = ri /£ with the horizon radius . and
AdSj curvature radius €. Throughout the paper, the overbar denotes the background
metric (2.1) for the BTZ black hole. The Ricci scalar, Ricci tensor, Riemann tensor
can be written in terms of the background metric (2.1) as follows:

R = 6A’ R;w = 2A<§ﬂv» R;wpo = A(gp.pgva - g,uagup)a (22)

where A = —I/ZZ. Also we adopt a notation of (—, +, +) and unit of 2% = 1. For
the perturbation around the BTZ black hole

8y = g’/w + h;/.v, (2.3)

' It is well-known that the Einstein gravity in three dimensions has no propagating degrees of freedom
(DOF). This is clearly shown by counting a massless graviton /,,: D(D — 3)/2. One has zero DOF for
D = 3. For a massive graviton, it is changed into (D — 2)(D + 1)/2 which gives 2 DOF for D = 3. Thus,
massive generalizations of the Einstein gravity [13,18], allow propagating degrees of freedom. The three
dimensional massive gravity is regarded as a toy model of perturbative quantum gravity, since we expect
to have less severe short-distance behavior than four dimensional gravity with non-renormalizability. We
note that if a black hole solution in three dimensional massive gravity is found, a first issue is to examine
its classical stability properties as will be performed in the present paper.
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the linearized Ricci tensor and Ricci scalar are given by

SR, (h) = 5(vﬂv%’hpv VPR — VP, — v#vvh) + 30 — Aguvh,
(2.4)
SR(h) = Vo Vgh? —V2h —2Ah. (2.5)

Let us first introduce a three-dimensional massive gravity proposed by Fierz and
Pauli (FP) [7] whose action is given by

M2
Skp = Sui(h) — —% / BPry—g (h,wh’“’ — hz) , (2.6)

where MI%P is a mass parameter and Sy (%) is the bilinear form of the Einstein-Hilbert
action with a cosmological constant A. It is well known that the linearized Einstein
equation can be written as [8]

(62 —2A - M]%p)hi{j -0, 2.7)

which is considered as a simplest equation for a massive graviton with 2 DOF on the
BTZ black hole spacetimes. In deriving this equation, we have used the consistency
condition of the linearized Bianchi identity

Vuh* =0, h* =0, (2.8)

which is considered as the transverse-traceless (TT) gauge.?
Now we consider the parity-even six-derivative gravity (SDG) [19], whose action
is given by

Sspg = /d%/—g[ak — 25 +aR? + BR,R™ + a1V, RV*R
+a2vavaR“”], (2.9)

where o = 0, £1 is a dimensionless parameter, A is a cosmological parameter with
mass dimension 2. Here parameters «(f) have mass dimension —2 and aj(az) have
—4. We remark that when choosing a; = ap = 0,0 = 1, and 8« + 38 = 0, the action
(2.9) reduces to the NMG action [13] as

1 3
SNMG = /d3x./—g[R 25— — (R,NR’” — gk )} (2.10)
m

2

where m~ is a mass parameter with dimension 2.

2 We note that the action Srp (2.6) has no diffeomorphism invariance, while the TT gauge condition is
imposed only when considering diffeomorphism invariant actions of Sgpg, ST™mMG, and SgMG-
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Varying the action (2.9) with respect to g/*V leads to the equation

1
o (Ruw = 38R) + 2580 + B + Hu =0 @11
with
1 po po y 1 y
Eyv=B| =58 Roo R* +2Rypno P+, V7 Ry +-2 6,0V, Y R=V, Vu R
+a[2RG +28, ¥y VY R=2V, V, R, 2.12)

1
H,=a [VMRVVR—ZRWVZR— ngvava—2(g,wv2—vuvuv2)k}

1
a [VMRM V,RP% — ngvy Ry)o VY RP® —V*R,,, — 8, VPV V2R,
+2VPV (V2 Ry)p+2V Ryo Vi RS +2R po VPV (RS — 2R, V2 RY)

~2V,Ro(u Vi) R*® —2R5( V"V, RS } (2.13)

We note that the BTZ black hole solution (2.1) to Eq. (2.11) is allowed only when
choosing As = 0 A — 2(3x + ,B)AQ. Taking into account the perturbation (2.3) and
plugging the TT gauge (2.8) into Eq. (2.11), we obtain the sixth-order differential
perturbation equation, which can be factored into three pieces’:

[62 - 2A][?2 A — Mi] [62 oA - Mi]h,w —o. (2.14)

Here the mass parameters M7 denote

2 _ P 1 252 2
M:t = E — A+ 2—612\/10(12/\ — 6612,3A +4a26 +ﬂ . (215)

In Eq. (2.14), we read off two massive equations

[?2 —2A— Mi]h,% =0, [62 oA — Mi]hff; —0 (2.16)

off-critical points (M_2F # M?). They describe 4 DOF for two massive gravitons.
Also, we note that for the NMG (2.10), the linearized equation is given by

_ 1
[V2 —2A— MgMG]hﬁi‘“O =0, Mg = m’ = 355 2.17)

3 In order to eliminate scalar graviton, we require three conditions as [19]

ay = —3ay/8, a = Aar/8—3B/8, —o/2+ 3A2a2/4 — AB/4 #0.
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off critical point (m? # 1/2¢%) and off-decoupling limit* (m? % 0), which describes
2 DOF for a massive graviton in three dimensional spacetimes.

2.1 s-mode stability analysis

We are now in a position to perform the stability analysis of massive gravitons sat-
isfying Eqgs. (2.7), (2.16), and (2.17). We propose that they are propagating on the
BTZ black hole background (2.1). For this purpose, inspired by the BTZ black string
perturbations [17], we consider the following two distinct (orthogonal) perturbations
ansatz [14]: the type I has two off-diagonal components /g and /1

0 0 ho(r) o
hl,=|( 0 0 hi(r) | e i eikd (2.18)
ho(r) hi(r) O

while for the type II, the metric tensor takes the form with four components
Hy, H|, Hp, and Hj3 as

Ho(r) Hi(r) O o
h,[fv= Hy(r) Hy(r) O et gikd (2.19)
0 0 Hi(r)

In this work, we focus on s-mode (k = 0) case for simplicity. Importantly, Eqs. (2.7),
(2.17), and (2.16) can be combined into a single massive equation

(62 —2A - M}) WM = o, (2.20)
where M; (i = 1,2,3,4) is given by
M} = MEp, M3 = M3y, M3 =M3, M7 =M. (2.21)

For type I, plugging (2.18) into (2.20) and eliminating /1 (r) from (¢, ¢) and (7, ¢)
components of (2.20) lead to the Schrédinger equation as

d*®;

2
=t [w - Vél_]CDi —0, (2.22)

where * is the tortoise coordinate defined by the relation of dr* = ¢%dr/(r*> — ri).

Here, a new field ®; is defined by ®; = ho/,/r{M?(r? —r})/€> — @?}, and Vg, is
the w-dependent potential given by

4 In the decoupling limit of m? — 0, however, NMG action (2.10) reduces to massless NMG [20] where
the fourth order equation appears, instead of the second order equation.
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Vo, (@.7) =

r— r_%_ |:M2 15 3r42_ 3Ml.4r2(r2 — rer)
2 i T2 T gp22 2
V4 4¢ 404y ¢6 {MiZ(rz _ ri)/ﬁ2 _ 0)2}

2M?(2r2 —3r?) }

2.2
M2 —r}) /2 — 07} 229

We show that for M 12 > 0, all potentials Véi are always positive definite for the whole
range of 4 < r < oo. This may imply that for Ml.2 > (), the BTZ black hole is stable
against type I perturbation.

On the other hand, in type II case, substituting (2.19) into (2.20) and after some
manipulations, (¢, ¢) component of (2.20) can be written as the other Schrédinger
equation:

d*y;
dr<?

+ [0 — Vil (0, 1)]W; =0, 2.24)

where U; = Hl\/r(r2 - ri)z/\/Miz(ri — )2+ (2r7 —r?) + 024 and the -
dependent potential Vl}}i is given by

VI (o r):rz—ri 2, 1 3 3r3(ME+1/692(r2—r?)
v e CAR AP (M2 —r2) /024 (28 =) 14 0}
l
AMP+1/65) (> =r2) (2.25
+4_22_22 2 2y ph i 2) | 25)
CAMI(r: —r2) /2 +Q2r; —r?) /144 0?}

We note that for Mi2 > 0, all potential V&,Il_ is always positive definite for the whole
range of ry < r < 0o, which states that the BTZ black hole is stable against type-II
perturbation.

Hence, if one applies type I and II perturbations to the parity-even massive gravities,
the stability conditions of the BTZ black hole seem to be

ME >0, m?> L, M3 >0 (2.26)
202

in FP, NMG, and SDG, respectively. However, these conditions are suitable for asymp-
totically flat spacetimes. We remind the reader that our spacetime is asymptotically
anti de Sitter spacetimes. Therefore, we have to point out what is the stability condi-
tion of a massive graviton propagating on the AdS3 spacetimes. To see this explicitly,
let us consider asymptotically AdS3 spacetimes, which corresponds to a large r limit
(r* — 0)in Eq. (2.1). In this limit, the potentials (2.23) and (2.25) take the same form
when expressing them in terms of a tortoise coordinate r*

Vo, Vi, ~ =5 (2.27)
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where

3
— g2 2, -
E=1¢ (Mi + 452). (2.28)
As r* approaches 0, Egs. (2.22) and (2.24) become one-dimensional Schrodinger
equation with an inverse square potential of the strength £ and the energy E = w?. It
is known [21,22] that in this case, if £ satisfies the condition,

1
2
£ > -7 = M; > — 7 (2.29)

the energy spectrum is always continuous and positive. It is worth noting that the stabil-
ity condition (2.29) is consistent with the regularized condition at r* = 0. Importantly,
the stability condition (2.29) is exactly the same with the Breitenlohner-Freedman (BF)
bound [23] for a massive spin-2 field in AdS3 spacetimes [24,25]

2 2 2 2
[V(AdS) —2A - M(AdS)]hw =0 = Mg = Mg =— (2.30)

E_Z .
Hence, we should extend the stability condition (2.26) for asymptotically flat space-

times to the stability condition (2.29) for asymptotically AdS spacetimes.
Finally, we dictates the stability condition of the BTZ black hole

1
2 2
Mgpp > —— m

1
7 > 55 and M2 >—— (2.31)

02

off-critical points (m? # 1/2¢2, M% # 0) and off-decoupling limit (m? # 0), when
using the s-mode analysis for the parity-even massive gravity theories.

3 Parity-odd massive gravities

A parity-odd massive gravity in three dimensions was first introduced by Deser, Jackiw,
and Templeton [18]. The TMG action includes a gravitational Chern-Simons term,
which reveals parity-violation or ‘odd’ parity. In this section, we introduce two parity-

odd massive gravities of TMG and GMG, and investigate the stability analysis of the
BTZ black hole in those gravities.

3.1 TMG

The action of TMG with a negative cosmological constant is given by [18]
St = [ dxy=g|R—28+ —#re (a,r9, + 210,17 3.1
T™MG = XV —8 - +Ze Ao //-pv+§ uttvp ] |> (3.1
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where p is a parameter with mass dimension 1. The Einstein equation takes the form
1 1
Ry — zg,wR + Aguy + ;CM =0, (3.2)

where the Cotton tensor C,,, is defined by

off 1
Cuv =€, Va R,Bv_zgﬂvR . (3.3)

Introducing the perturbation (2.1) and applying the TT gauge condition (2.8) to the
linearized equation of (3.2), we arrive at

- 1 _
[9% = 28] [ + - €, Vg ] = 0. (3.4)
m
From (3.4), we read off the first-order differential equation for a massive graviton

€ PVahgy + puhy, = 0. (3.5)

One can easily check that squaring it [equivalently, by applying the first-order operator
e’ “Vp — 8% to (3.5)] leads to the second-order equation

[62 _2A - M%MG]hw =0 (3.6)

with M%MG = u? — 1/£%. Using the bound given by the stable condition (2.31), we
have

1
M%MGZ—E—2—>M220—> lul >0 (.7)

which is consistent with that obtained in [12], indicating that the BTZ black hole is
stable for all 4 against the massive spin-2 perturbation in TMG by demanding bound-
edness of the perturbation at the horizon. The latter condition eliminates modes which
are growing in time and obeying the generalized boundary conditions at asymptotic
infinity. At this stage, we emphasize that the authors in [ 12] have used not the first-order
Eq. (3.5) itself but a second-order hypergeometric equation obtained by transforming
two first-order equations when analyzing the stability of the BTZ black hole.
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3.2 GMG

We consider the GMG action which consists of NMG and gravitational Chern-Simons
term as [13,26]

1 3
SGMG = /d%/_—g |:O'R — 246 + — (RWR’“’ - —Rz)
m 8
1 AV P o 2 o T
3T (.15, + 5rwrvp) :
(3.8)

where ) is a cosmological parameter with mass dimension 2. From the GMG action,
one derives the Einstein equation

1

UGuv + )uGguv + Kp,v + ;C;w =0, (3.9

2m?
where Cy,, is given by Eq. (3.3) and K, takes the form
2 1 1o
Kyv = 2V2Ruy = SV VuR = V2 Ry
+4Rpv0 RP7 — %RRW — Rpo R gy + ngg,w. (3.10)

It is pointed out that the BTZ black hole solution (2.1) is allowed only for Ag =
A?/4m? 4+ o A. Using (2.3) and the TT gauge condition (2.8), the linearized equation
of (3.9) can be written as

2
_ _ _ 5
(92— 24] [v%,w + m?e:ﬂvah,gv + (am2 - 5A) hw} =0. (.11

Considering the above equation, we read off the second-order equation of the massive
graviton

2
- - 5
V2hw + %eﬂaﬁ%hﬁv + (am2 — EA) huy =0 (3.12)
which is further factorized into
5ﬁ+ie By 5V+ie Vo | hyyy = 0. (3.13)
M my iz p B m_ B o |tyv

Here m4 take the forms

m? m* , A
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This implies that two massive gravitons with mass m are described by two first-order
equations, respectively,

€ PVahgy +mihyy =0, €FVyhg, +m_hy, =0. (3.15)

As squaring their first-order equations, acting two operations [e/H ﬁp — my 847 and
[e,/ " Vy — m_857 on (3.15) leads to two second-order equations

[62 oA - MéMm]hw =0, [62 —2A - MéMG,]h,,v =0, (3.16)

where
2 2 1
Mgymgs = m3. — 2 (3.17)

Using the bound given by the stable condition (2.31), we have the mass bound

1
Mincs = =55 = mi 2 0. (3.18)

Consequently, the s-mode stability condition after squaring their first-order equa-
tions is given by
mi >0, (3.19)

where
m3 = p*(TMG), m3 = m%(GMG), m3 = m> (GMG). (3.20)

3.3 Quasinormal mode analysis

We note that (3.5) and (3.15) belong to the first-order equation and they are parity-odd,
while (3.6) and (3.16) are the second-order equation and are parity-even. Furthermore,
(3.6) and (3.16) have ambiguities on the sign of mass. Hence, it would be better to use
(3.5) and (3.15) than (3.6) and (3.16) when considering an another stability analysis
for the parity-odd theories.

In this section, we redo the stability analysis of the massive graviton for TMG
and GMG by computing quasinormal frequencies. For this purpose, we note that the
type I and II perturbations are suitable for the second-order differential Egs. (3.6) and
(3.16), while these are inappropriate for applying to the first-order Egs. (3.5) and (3.15)
directly. As will be shown in Appendix, applying type I and I to (3.5) and (3.15) leads
to all null perturbations due to the parity-oddness of their equations.

Therefore, we perform the stability analysis with solving (3.5) and (3.15) to find
quasinormal frequencies by following the approach developed in [15]. We first note
that (3.5) and (3.15) can be written as a single first-order equation

€, Vuhgy + mihy, =0, (3.21)
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where m; denote u and m . For our purpose, we consider a BTZ black hole metric
with M = 1and £ = 1(r; = 1) given in global coordinates

dsg, = guvdx"dx” = —sinh® pdt® + cosh® pd¢® + dp?, (3.22)

which is obtained by replacing r by » = cosh p in (2.1). In what follows we use
light-cone coordinates withu =t + ¢ andv =t — ¢ as

1 1 1
dsj, = guvdx"dx’ = Zduz + Zdvz — 5 cosh2pdudv + dp®.  (3.23)

The metric (3.23) admits isometry group of SL(2,R)xSL(2,R), which allows us two
sets of the Killing vector fields, Lo +1 and Lo 41 given as

LO:_8M1
cosh2p 1 1
Ly=e"(- - B —=0,),
1=e ( sinh2p “ simn2p ' 2 ”) (3.24)
h2 1 1
Li=e (-2 5,420,
sinh 2p sinh 2p 2

and l_,()‘i] are defined by operation of u <> v in (3.24). Three vector fields Lo 4+
satisfy the SL(2,R) algebra

[Lo, L+1] = FL+1, [L1,L_1]=2Ly. (3.25)

Taking the perturbation ansatz in terms of (u, v, p)

. . . . 1
h/w — e_lwt_lk¢1/fuu(P) — e—l[?JrLt—l[Lv1)[,/4]}()0)7 P+ = E(a) + k), (3.26)

the s-mode (k = 0) solutions to the first-order Eq. (3.21) are given by right(r)/left(/)
moving modes:

_2

sinh 2p 1
0 | h=—imit1)
4 2

sinh2p sinh? 2p

h;’“) =e_2hrt¢/u) ze—zhrt(sinh p)—Zhr

NO =
(=R )

(3.27)
for p_ = —ih, and
0 0 0 !
_ _ . _ 2
hiw = e 2ty = e M (sinh p) =2 | O ; s | h = E(mi -1

sinh2p  sinh?2p
(3.28)
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for p4 = —ih;. Note that the solution (3.27) satisfies the chiral highest weight con-
dition of Llhw = 0 and (3.28) satisfies the anti-chiral highest weight condition
of Lihy, = 0 which are equivalent to the transversality condition of @Hh’f, = 0.
However, requiring both conditions leads to null modes. Considering relations p+ =
@"/!/2, the corresponding quasinormal frequencies, whose quasinormal modes sat-
isfy the boundary conditions: ingoing modes at the horizon and Dirichlet boundary
condition at infinity, can be written as

o1

W = —2ih, = 2i<% 4 5), (3.29)
1

o = —2ihy = Zi( _ m? n 5). (3.30)

The complete tower of right- and left-moving quasinormal modes is generated by
acting L_1L_; on h:/vln times as

n 1= (L L) il (3.31)

which leads to their quasinormal frequencies with overtone number n
w, = —2i(hy +n), (3.32)
wl = =2i(h; +n). (3.33)

Since the stability condition is determined by two basic quasinormal frequencies with

a)lr/l < 0 for /! = a);/l + l.er/l’ it is given by

Im;| > 1/¢, (3.34)

where the AdS;3 curvature radius £ is restored for convenience. It seems, however, that
there is some discrepancy between (3.34) and (3.19).

4 Discussions

In this work, we have established the stability of the massive graviton around BTZ
black hole in massive gravity theories which are classified into the parity-even gravity
theories (NMG, SDG) and the parity-odd theories (TMG, GMG). For the parity-even
massive gravities, the stability conditions employed by the s-mode analysis are exactly
the same with the BF-bound, which corresponds to Ml.2 > —1/£?(2.29). For the parity-
even gravity theories, the s-mode analysis and the BF-bound based on the second-order
massive equation are consistent with the Birmingham—Mokhtari—Sachs result requir-
ing the boundedness of perturbation at the horizon where a second-order hypergeo-
metric equation was used. These are given by the condition of m? > 0 (|m;] = 0).
We stress that the stability analysis performed by the quasinormal frequencies
gave a condition of |m;| > 1/, being different from |m;| > 0. We may interpret
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2506 T. Moon, Y. S. Myung

it by mentioning that the connection between potential and quasinormal frequencies
condition is guaranteed if the second-order equation is used as Schrédinger equation [5,
6,27]. We here have obtained the quasinormal frequencies by using the first-order
equation. Hence, the condition of [m;| > 1/€ based on quasinormal modes does
not comprise the stability condition |m;| > 0 obtained by solving the second-order
equation. In this case, the unstable quasinormal modes exist for 0 < |m;| < 1/£. It
is, however, pointed out that these unstable modes may be truncated by requiring the
boundedness at the horizon when considering the generalized boundary conditions
at asymptotic infinity [12]. Hence, it suggests that the stability condition might be
extended to comprise

Imi| = 0. 4.1

Finally, we would like to mention that the stability of a black hole in four-
dimensional massive gravity is determined by the Gregory-Laflamme instability of
a five-dimensional black string. It turned out that the small Schwarzschild black hole
in the dRGT massive gravity [28] and fourth-order gravity [29] is unstable against the
metric and Ricci tensor perturbations. In the present work, the stability was mainly
determined by the asymptotes of black hole spacetimes. Hence, it suggests for a future
direction that the stability of the massive graviton around a BTZ black hole would be
revisited by using the (in)stability of four-dimensional black string.
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5 Appendix: Inappropriateness of type I and II for parity-odd theory

We first substitute type I perturbation (2.18) into the TMG Eq. (3.5). It turns out
that (¢, ¢) and (r, ¢) components of (3.5) yield just uho(r) = 0 and phi(r) = 0,
which implies that type I perturbation becomes null unless u = 0. Similarly, for
type II perturbation (2.19), the components (¢, t), (r, r), (¢, r), and (¢, ¢) of (3.5) are
given by

wHo(r) = 0, wHy(r) =0, pHi(r)=0, pHi(r) =0,

which leads to all null components for the type II perturbation of Hy = H; = Hy =
Hz = 0Qunless u = 0.

For GMG, applying type I perturbation (2.18)—(3.12), we find that the corresponding
solution to (¢, ) and (r, r) components of Eq. (3.12) is given by hg(r) = h1(r) = 0.In
type Il case (2.19), we note that Hy(r), H>(r), and H3(r) can be expressed in terms of
H (r) by considering the traceless condition, (¢, t) component, and (¢, r) component
in (3.12), respectively:
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o) = “ T [ =32 1) )+ 1M 20 0]
1 /
Hy(r) = w(M_—rz/Ez)[(M—rz/ﬁz)Hl(r)—2rH1(r)/£2], 5.1
M —r2/02
Hs(r) = —%Hm.

Substituting (5.1) into (¢, r) and (¢, ¢) components of (3.12), we find H|(r) = 0. In
this case, it yields Hy(r) = Ha(r) = H3z(r) = 0 when using (5.1) again. As a result
type II perturbation becomes null for parity-odd gravity theories.

This proves the inappropriateness of type I and II for parity-odd theory.
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