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Abstract We attempt to calculate the gravitational time delay in a time-dependent
gravitational field, especially in McVittie spacetime, which can be considered as
the spacetime around a gravitating body such as the Sun, embedded in the FLRW
(Friedmann–Lemaître–Robertson–Walker) cosmological background metric. To this
end, we adopt the time transfer function method proposed by Le Poncin-Lafitte et al.
(Class Quantum Gravity 21:4463, 2004) and Teyssandier and Le Poncin-Lafitte (Class
Quantum Gravity 25:145020, 2008), which is originally related to Synge’s world func-
tion �(xA, xB) and enables to circumvent the integration of the null geodesic equation.
We re-examine the global cosmological effect on light propagation in the solar system.
The round-trip time of a light ray/signal is given by the functions of not only the spa-
cial coordinates but also the emission time or reception time of light ray/signal, which
characterize the time-dependency of solutions. We also apply the obtained results to
the secular increase in the astronomical unit, reported by Krasinsky and Brumberg
(Celest Mech Dyn Astron 90:267, 2004), and we show that the leading order terms of
the time-dependent component due to cosmological expansion is 9 orders of magni-
tude smaller than the observed value of dAU/dt , i.e., 15 ± 4 (m/century). Therefore,
it is not possible to explain the secular increase in the astronomical unit in terms of
cosmological expansion.
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2128 H. Arakida

1 Introduction

Technological progress has significantly enhanced the accuracy of solar system obser-
vations. Presently, to archive an accuracy of 9 to 11 digits or higher, the 1st order
O(c−2) or O(G)(c is the speed of light in vacuum and G is the gravitational constant)
post-Newtonian/post-Minkowskian effects of general relativity must be incorporated
in a number of observational models. Moreover, several space missions such as GAIA
[1], Laser Astrometric Test Of Relativity (LATOR) [2], and Astrodynamical Space Test
of Relativity using Optical Devices (ASTROD) [3] are planed and especially LATOR
and ASTROD can potentially detect post-linear or 2nd order O(c−4) or O(G2) post-
Newtonian/post-Minkowskian effects.

Highly accurate and rigorous light propagation models are required to analyze high
precision data such as the radar time delay, deflection of light rays, and frequency shift
of radio signals. Although, these effects have been extensively investigated (see i.e.
[4–9] and references therein, most of the previous studies were based on integrating
the null geodesic equation of light rays. This approach is effective in the case of linear
or 1st order approximation. However, it is generally difficult to compute the contribu-
tion of 2nd and higher order effects, even in the case of static gravitational fields; the
situation becomes further complicated in the case of time-dependent spacetime.

A novel method known as the time transfer function method has been recently
developed [10,11] to overcome such circumstances. This approach is originally based
on Synge’s world function �(xA, xB) [12],

�(xA, xB) ≡ 1

2
(λB − λA)

λA∫

λB

gμν

dxμ

dλ

dxν

dλ
dλ, (1)

where gμν is a metric tensor of spacetime, xA = (
x0

A = ctA, xi
A = xA

)
and xB =(

x0
B = ctB, xi

B = xB
)

are the coordinates of end points A and B, respectively, on the
geodesic world-line, and λ is the affine parameter. Then, the world function �(xA, xB)

is defined as the half length of the world line between A and B. On the basis of (1), the
time transfer functions introduced in [10,11] define the travel time of a light rays/signal
between two points, i.e., tB − tA. [10] and [11] succeeded in constructing the general
N -th order post-Minkowskian approximation scheme with respect to the gravitational
constant G via an iterative procedure, and they showed that this method can reduce
the number of calculations by taking the static Schwarzschild spacetime for instance.

On the other hand, in the field of experimental relativity, astrometric observations
in the solar system have played a crucial role in the verification of gravity. It has been
show that the main PPN (parametrized post-Newtonian) parameters β and γ are equal
to unity for general relativity, (β = γ = 1); as increasing accuracy, β and γ are
strictly constrained to unity (see Fig. 1 of [13]). The enhanced accuracy of observa-
tions accounts for the existence of unexplained phenomena by means of the framework
of general relativity; such phenomena include the anomalous acceleration of the Pio-
neer spacecraft [14], Earth flyby anomaly [15], the anomalous perihelion precession
of Saturn [16], and the secular increase in the astronomical unit [17]. Presently, the
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Application of time transfer function to McVittie spacetime 2129

origins of these anomalies are far from clear; however, they may be attributable to
some fundamental properties of gravitation (see [18,19] and the references therein).

The secular increase in the astronomical unit is particularly interesting. Here, the
astronomical unit implies that the conversion constant between two length units and
the current best-fit value is [20]

1 [AU]
1 (m)

≡ AU = 1.495978706960 ± 0.1. (2)

The determination of astronomical unit is directly related to the light propagation for-
mula, i.e., the equation of light time. Without loss of generality, the secular increase
in the astronomical unit was found by the relation

ttheo = dtheo

c

[
AU + dAU

dt
(t − t0)

]
(s), (3)

where ttheo is the computed round-trip time (theoretical value), dtheo is the interplane-
tary distance obtained from planetary ephemerides (note that the length unit of dtheo is
[AU]), AU and dAU/dt are the astronomical unit and its time variation, respectively,
and t0 is the initial epoch. ttheo is compared with the observed round-trip time tobs.
Krasinsky and Brumberg estimated dAU/dt as 15 ± 4 (m/cy).1

The influence of cosmological expansion has been investigated as a potential cause
of secular variation in AU [17,21,22]. In particular, [17] and [22] examined its con-
tribution to light propagation. The approach of [17] is somewhat qualitative, and
the discussion of [22] is essentially reduced to a static model that is equivalent to
Schwarzschild-de Sitter spacetime. These circumstances are due to the fact that the
time-dependent null geodesic equation must be solved in order to study the cosmolog-
ical effect on light propagation; however it is generally difficult to solve this equation.
Nonetheless, the time transfer function method proposed in [10,11] is applicable not
only to the static case but also to the time-dependent case. Therefore, it is useful to re-
examine the effect of cosmological expansion on the basis of the time transfer function
and to compare the theoretically obtained results with the observed dAU/dt .

In this paper, according to the time transfer function method, we consider light prop-
agation in a time-dependent gravitational field, and we focus our discussion on the
gravitational time delay. We adopt the McVittie model [23,24] as the time-dependent
spacetime; it can be considered as the spacetime around a gravitating body such as the
Sun, embedded in the FLRW (Friedmann–Lemaître–Robertson–Walker) cosmologi-
cal background metric. The time-dependency in the solution is characterized by either
the emission time or the reception time of a light ray/signal. Then, the obtained results
is applied to the secular (time) variation in the astronomical unit, reported in [17].

The remainder of this paper is organized as follows. In Sect. 2, we briefly summarize
the time transfer function, and in Sect. 3, we investigate the gravitational time delay
in McVittie spacetime. In Sect. 4, we discuss the secular increase in the astronomical
unit. Finally, in Sect. 5, we conclude the paper with a summary of our study.

1 In this paper, cy denotes century according to Krasinsky and Brumberg (2004) [17].
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2130 H. Arakida

2 Time transfer function

Before discussing the gravitational time delay in McVittie spacetime, we shall briefly
summarize the time transfer function method (see [10,11] for the details).

It is generally difficult to acquire the world function �(xA, xB) concretely; never-
theless, in the case of Minkowskian flat spacetime, the world function is easily obtained
by using the parameter equation x(λ) = (xB − xA)λ + xA and by setting λA = 0 and
λB = 1 [10,12]:

�(0)(xA, xB) = 1

2
ημν

(
xμ

B − xμ
A

) (
xν

B − xν
A

)
, (4)

where the xμ (μ = 0, 1, 2, 3) are Minkowskian coordinates with respect to the
Minkowski metric ημν = diag(−1; 1; 1; 1). For the null geodesic, the world func-
tion �(xA, xB) satisfies the condition

�(xA, xB) = 0 (5)

because ds2 = 0. Hence, from (4) and (5), the travel time between A and B, i.e.,
tB − tA, in Minkowski spacetime becomes

c2(tB − tA)2 = δi j

(
xi

B − xi
A

) (
x j

B − x j
A

)
= R2

AB, (6)

where δi j is Kronecker’s delta. The time transfer function approach starts from (6), and
the weak-field approximation is recursively developed with respect to the gravitational
constant G.

If the metric has the form

gμν = ημν + hμν, |hμν | � 1, (7)

where hμν is a perturbation to ημν , the time transfer functions that give the travel time
of the light ray/signal are formally expressed as follows:

tB − tA = Te(tA, xA, xB) = 1

c
[RAB + 	e(tA, xA, xB)] (8)

= Tr (xA, tB, xB) = 1

c
[RAB + 	r (xA, tB, xB)] , (9)

where Te(tA, xA, xB) is the emission time transfer function in spacial coordinates
xA, xB and tA is the emission time of the signal, Tr (xA, tB, xB) is the reception time
transfer function in spacial coordinates xA, xB and tB is the reception time of the
signal, RAB = |xB − xA|, and 	e and 	r are the emission time delay function and
reception time delay function, respectively. 	e and 	r characterize the gravitational
time delay. In (8) and (9), RAB comes from (6). Henceforth, A denotes the emission
and B denotes the reception.
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Application of time transfer function to McVittie spacetime 2131

	e and 	r can be iteratively calculated up to any order of approximation [10,11];
nevertheless, in this paper, we only need the 1st order formulae, i.e.,

	(1)
e = RAB

2

0∫

1

[
g00
(1) − 2N i

AB g0i
(1) + N i

AB N j
AB gi j

(1)

]
dμ (10)

	(1)
r = RAB

2

0∫

1

[
g00
(1) − 2N i

AB g0i
(1) + N i

AB N j
AB gi j

(1)

]
dλ, (11)

where gμν

(1) indicates the 1st order perturbation with respect to ημν and N i
AB =(

xi
B − xi

A

)
/RAB . In (10) and (11), integration is carried out along the straight line

t (μ) = tA + μTAB, x(μ) = xA + μ(xB − xA) for 	(1)
e , (12)

t (λ) = tB − λTAB, x(λ) = xB − λ(xB − xA) for 	(1)
r , (13)

where TAB is the time lapse between A and B along the straight line. Then, we can
put TAB = RAB/c.

3 Gravitational time delay in McVittie spacetime

3.1 McVittie spacetime

The McVittie metric is expressed in standard comoving form [23,24] as

ds2 = −
[

1 − G M
2c2ra(t)

1 + G M
2c2ra(t)

]2

c2dt2 +
[

1 + G M

2c2ra(t)

]4

a2(t)(dr2 + r2d�2), (14)

where d�2 = dθ2 +sin2 θdφ2, M is the mass of the central gravitating body, and a(t)
is a scale factor. (14) reduces to the Schwarzschild solution when a(t) = constant,
and it reduces to the FLRW cosmological model for the curvature parameter k = 0
when M = 0.

The various observational models of the solar system are currently formulated in
some kind of proper coordinate system such as the barycentric celestial reference
system (BCRS) based on the post-Newtonian framework [25], instead of the cosmo-
logical comoving frame. Hence, to compare the effects formulated using the proper
coordinates with the cosmological ones within the same framework, we adopt the
radial transformation [23,26–30]

R = a(t)r

[
1 + G M

2c2ra(t)

]2

, (15)
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2132 H. Arakida

then (14) is rewritten as

ds = −
(

1 − 2G M

c2 R

)
c2dt2 +

⎛
⎝ d R√

1 − 2G M
c2 R

− H R

c
cdt

⎞
⎠

2

+ R2d�2

= −
(

1 − 2G M

c2 R
− H2 R2

c2

)
c2dt2 − 2H R

c

(
1 + G M

c2 R
+ O(M2)

)
cdtd R

+
(

1 + 2G M

c2 R
+ O(M2)

)
d R2 + R2d�2, (16)

where H = H(t) = ȧ(t)/a(t) is the Hubble parameter.
As mentioned in previous section, the light path used in the computation is recti-

linear so that the rectangular coordinate system can be used instead of the spherical
coordinate system. By coordinate transformation,

x = R sin θ cos φ, y = R sin θ sin φ, z = R cos θ, (17)

and (16) becomes (see [31])

ds2 = −
(

1 − 2G M

c2 R
− H2 R2

c2

)
c2dt2 − 2H xi

c

(
1 + 2G M

c2 R
+ O(M2)

)
cdtdxi

+
(

δi j + 2G M

c2 R3 xi x j + O(M2)

)
dxi dx j , (18)

where R = √
x2 + y2 + z2. To simplify the computation, the straight line used in

integration is parallel to the x-axis (see Fig. 1). Hence, (18) reduces to

ds2 = −
(

1 − 2G M

c2 R
− H2 R2

c2

)
c2dt2 − 2H x

c

(
1 + 2G M

c2 R
+ O(M2)

)
cdtdx

+
(

1 + 2G M

c2 R3 x2 + O(M2)

)
dx2, (19)

Fig. 1 Light ray/signal path. We assume that the path used in calculation is rectilinear and parallel to the

x-axis (bold solid line); b is the impact parameter and R =
√

x2 + b2. The actual path is denoted by the
bold dashed line
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Application of time transfer function to McVittie spacetime 2133

where y = b = constant (b is the impact factor), z = 0, R = √
x2 + b2, and in

this case, we may put N x
AB = (xB − xA)/RAB, N y

AB = N z
AB = 0. This approach is

similar to the one described in [32], (see Sect. 40.4 and Fig. 40.3 of [32]). In (19),
we see the Hubble parameter H(t), which generally is an arbitrary function of time t .
Hence, we suppose that H(t) changes adiabatically because the time lapse of a light
ray/signal observed in the solar system is much shorter than the age of the universe,
TU ≈ 1010 (year):

H(t) = H0 + d H

dt

∣∣∣∣
0

t + O
(

d2 H

dt2

∣∣∣∣
0

)
,

∣∣∣∣ d H

dt

∣∣∣∣
0

∣∣∣∣ ≈ H0

TU
≈ 10−24 [1/(s year)], (20)

where H0 ≈ 10−17 (1/s).

3.2 Gravitational time delay

The time delay functions 	e and 	r can be resolved into the following components:

	e(xA, tA, xB) = 	̂(xA, xB) + 	̄(xA, xB)

+	̄e(xA, tA, xB) + O(M2, (Ḣ |0)2, Ḧ |0), (21)

	r (xA, xB, tB) = 	̂(xA, xB) + 	̄(xA, xB)

+	̄r (xA, xB , tB) + O(M2, (Ḣ |0)2, Ḧ |0), (22)

where 	̂(xA, xB) corresponds to the Shapiro time delay due to central mass
M, 	̄(xA, xB) is due to the static component of cosmological expansion (H0 in (20)),
and 	̄e(xA, tA, xB), 	̄r (xA, xB , tB) are due to the time-dependent (secular) compo-
nent of cosmological expansion (d H/dt |0 in (20)). By the straightforward calculations
from (10), (11), (19), and (20), we obtain following results:

	̂(xA, xB) = G M

c2

⎡
⎣2 ln

∣∣∣∣∣∣
xB +

√
x2

B + b2

xA +
√

x2
A + b2

∣∣∣∣∣∣

−
⎛
⎝ xB√

x2
B + b2

− xA√
x2

A + b2

⎞
⎠
⎤
⎦+ O(M2), (23)

	̄(xA, xB) = −ε
H0

c

(
x2

B − x2
A

)
+ H2

0

6c2

[
x3

B − x3
A + 3b2(xB − xA)

]

−ε
4G M H0

c3

(√
x2

B + b2 −
√

x2
A + b2

)
+ O(M2, (Ḣ |0)2, Ḧ |0)

(24)
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2134 H. Arakida

	̄e(xA, tA, xB) = d H

dt

∣∣∣∣
0

⎛
⎝− ε

c

[(
x2

B − x2
A

)
tA + 1

3

(
2x2

B − xAxB − x2
A

)
TAB

]

+ H0

3c2

{[
x3

B − x3
A + 3b2(xB − xA)

]
tA

+1

4

[
3x3

B − xAx2
B − x2

AxB − x3
A + 6b2(xB − xA)

]
TAB

}

−ε
2G M

c3 RAB

{
[(xB − 2xA)TAB + 2(xB − xA)tA]

√
x2

B + b2

+ [xATAB − 2(xB − xA)tA]
√

x2
A + b2

−b2TAB ln

∣∣∣∣∣∣
xB +

√
x2

B + b2

xA +
√

x2
A + b2

∣∣∣∣∣∣

⎫⎬
⎭
⎞
⎠+ O(M2, (Ḣ |0)2, Ḧ |0) (25)

	̄r (xA, xB , tB) = d H

dt

∣∣∣∣
0

⎛
⎝− ε

c

[(
x2

B − x2
A

)
tB − 1

3

(
x2

B + xAxB − 2x2
A

)
TAB

]

+ H0

3c2

{[
x3

B − x3
A + 3b2(xB − xA)

]
tB

−1

4

[
x3

B + xAx2
B + x2

AxB − 3x3
A + 6b2(xB − xA)

]
TAB

}

+ε
2G M

c3 RAB

⎧⎨
⎩ [xB TAB − 2(xB − xA)tB]

√
x2

B + b2

− [(2xB − xA)TAB − 2(xB − xA)tB]
√

x2
A + b2

−b2TAB ln

∣∣∣∣∣∣
xB +

√
x2

B + b2

xA +
√

x2
A + b2

∣∣∣∣∣∣

⎫⎬
⎭
⎞
⎠

+O(M2, (Ḣ |0)2, Ḧ |0), (26)

where ε = N x
AB = 1 for xB − xA > 0 and ε = −1 for xB − xA < 0. ε is derived from

the term −2N i
AB g0i

(1) in (10) and (11).

3.3 Equation of light time

Actually, xA and xB are positions at t = tA and t = tB , respectively:

xA = xA(tA), xB = xB(tB). (27)
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Application of time transfer function to McVittie spacetime 2135

Then, (21) and (22) can be symbolically expressed as

	e(xA(tA), tA, xB(tB)) = 	̂(xA(tA), xB(tB)) + 	̄(xA(tA), xB(tB))

+	̄e(xA(tA), tA, xB(tB)), (28)

	r (xA(tA), xB(tB), tB) = 	̂(xA(tA), xB(tB)) + 	̄(xA(tA), xB(tB))

+	̄r (xA(tA), xB(tB), tB), (29)

Hence, the equations

tB − tA = 1

c
[RAB(xA(tA), xB(tB)) + 	e(xA(tA), tA, xB(tB))] , (30)

tB − tA = 1

c
[RAB(xA(tA), xB(tB)) + 	r (xA(tA), xB(tB), tB)] , (31)

can be considered as the equation of light time. Here that xA and xB must be known
beforehand as a function of time t via the numerical integration of the equation of
motion or via lunar-planetary ephemerides.

3.4 Time-dependency of solution

The solutions from (21) to (26) have the following form:

T (q)
e

(
x (q)

A , t (q)
A , x (q)

B

)
= 1

c

[
R(q)

AB

(
x (q)

A , x (q)
B

)
+ E (q)

1

(
x (q)

A , x (q)
B

)

+E (q)
2

(
x (q)

A , x (q)
B

)
t (q)
A

]
, (32)

T (q)
r

(
x (q)

A , x (q)
B , t (q)

B

)
= 1

c

[
R(q)

AB

(
x (q)

A , x (q)
B

)
+ R(q)

1

(
x (q)

A , x (q)
B

)

+R(q)
2

(
x (q)

A , x (q)
B

)
t (q)
B

]
, (33)

where the superscript (q) implies the q-th observation, E (q)
1 (x (q)

A , x (q)
B ), R(q)

1 (x (q)
A , x (q)

B )

constitute the static component of gravitational time delay, and E (q)
2 (x (q)

A , x (q)
B )tA, R(q)

2

(x (q)
A , x (q)

B )tB constitute the component depending on either tA or tB . If we carry out

a series of observations, q = 1, 2, 3, . . . , N (see Fig 2), t (q)
A , t (q)

B on the right-hand

Fig. 2 Time-dependency of solutions. The emission time, reflection time, and reception time of the (q)-th
observation are denoted by t(q), t ′(q), and t ′′(q), respectively
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2136 H. Arakida

side of (32) and (33) can be regarded as the time-dependent (secular) component of
the solution.

4 Application to secular increase in astronomical unit

The Secular increase in the astronomical unit (AU), reported by Krasinsky and
Brumberg (2004) [17], is an unexplained physical phenomenon observed in the solar
system. This anomaly was discovered while analyzing planetary radar and spacecraft
(mainly Martian landers/orbiters) ranging data and improving the various astronomical
constants including AU. [17] estimated

dAU

dt
= 15 ± 4 (m/cy). (34)

as the most appropriate value. Subsequently dAU/dt � 20 (m/cy) was separately
evaluated by Pitjeva at the Institute of Applied Astronomy (IAA), Russia, and by
Standish at the Jet Propulsion Laboratory (JPL), USA.2

Previously, some attempts have been made to explain the secular trend in terms of
cosmological expansion [17,21,34]. In particular, [17,22] considered its contribution
to light propagation. However, as mentioned in Sect. 1, it is generally difficult to com-
pute the time-dependent geodesic of null rays; hence, the approach of the former is
somewhat qualitative, whereas that of the latter is essentially restricted to discussion
in static spacetime.

Now, on the basis of the results obtained in previous section, let us re-examine
whether the cosmological effect relates with the observed dAU/dt . It is appropriate
to regard the coefficients of tA and tB in (32) and (33) as secular terms owing to cos-
mological expansion. Then, if we assume that d H/dt |0 ≈ 10−24 [1/(s year)] from
(20), the leading order of magnitude of coefficients is,

E2(xA, xB) ≈ R2(xA, xB) ≈ 10−10 (m/year) = 10−8 (m/cy) (35)

because xA and xB are of the order of a few [AU] or 1011 (m) in the solar system.
Unfortunately, this is approximately 9 orders of magnitude smaller than the evaluated
dAU/dt , i.e., 15 (m/cy). Therefore, the time-dependent effect due to cosmological
expansion does not induce the secular increase in AU.

5 Summary

We considered light propagation in the time-dependent McVittie spacetime, which can
be considered as the spacetime around a gravitating body such as the Sun, embedded in
the FLRW cosmological background metric. To discuss the time-dependent null ray,

2 [17] used only the radiometric observational data, whereas Pitjeva and Standish carried out analysis using
various kinds of data such as optical and VLBI; each of them worked with different software. However, as it
stands, their results have not been published officially because of the difficulty in interpreting the obtained
value, i.e., 20 (m/cy) [33].
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Application of time transfer function to McVittie spacetime 2137

we adopted the recently developed time transfer function method [10,11] which is
originally related to Synge’s world function �(xA, xB) and precludes the integration
of the null geodesic equation. The first step involved the application of this method to
McVittie spacetime and re-examination of the cosmological effect on the round-trip
time of a light ray/signal in the solar system. The time delay functions 	e and 	r ,
which characterize the gravitational time delay, were given by the functions of not
only the spacial coordinates xA and xB but also the emission time tA or reception
time tB (see (21–26)); the presence of the terms tA and tB in 	e and 	r express the
time-dependency of the solution.

On the basis of the obtained results, we also investigated the secular increase in the
astronomical unit (AU), reported by [17]; we showed that the leading order terms of
the time-dependent component due to cosmological expansion are 9 orders of magni-
tude smaller than the observed value of dAU/dt , i.e., 15 ± 4 (m/cy). Therefore, we
explicitly asserted that it is not possible to explain the secular increase of AU in terms
of cosmological expansion.

Currently, it is assumed that the most plausible cause of dAU/dt is either the lack of
calibrations of internal delays in the radio signals within spacecraft or the complexity
in modeling the solar corona; however, no conclusive evidence has not been reported
thus far. The origin of the secular increase in AU has also been examined in terms
of other physical aspects such as solar mass loss [17,35], the time variation of the
gravitational constant G [17], the influence of dark matter in the solar system [34],
the multi-dimensional brane world scenario [36], the transfer of rotational angular
momentum of the Sun due to solar mass loss [37], the azimuthally symmetric theory
of gravitation [38], and the kinematics in Randers–Finsler geometry [39]. However, so
far the cause of the secular increase in AU is not clear. Nonetheless, this phenomenon
and other anomalies discovered in the solar system may be related to some funda-
mental properties of gravitation; therefore it is important to verify these phenomena
theoretically and observationally.

On the other hand, the cosmological effect on gravitationally bound local systems
has been widely investigated, see i.e. [30] and references therein. Its influence in the
solar system is probably so small that one cannot detect it presently. Nevertheless,
it seems that the theoretical discussion is not resolved. Therefore, from the theoret-
ical point of view, it is interesting to construct robust theoretical model beyond the
McVittie model and bring an end to the argument consistently.

Owing to the rapid enhancement of observational techniques, more accurate and
rigorous formulae are required to express light propagation. [10] and [11] succeeded
in developing an elegant and useful method for constructing the post-Newtonian/post-
Minkowskian approximation, and they showed that Synge’s world function �(xA, xB)

(which is not widely adopted or discussed) is a powerful tool for formulations in
practical problems. Thus, the value of Synge’s world function can be reaffirmed, and
it is possible to proceed with the theoretical development of observational models
based on it.

Acknowledgments We acknowledge the anonymous referees for fruitful comments and suggestions. We
would like to extend his gratitude to Prof. G. A. Krasinsky, Dr. E. Yagudina, and Dr. E. V. Pitjeva for
their valuable discussions, suggestions, and hospitality during author’s visit to the Institute of Applied
Astronomy in St. Petersburg, Russia. We also thank Dr. C. Le Poncin-Lafitte; his work strongly influenced

123



2138 H. Arakida

the present study. This work was partially supported by the Ministry of Education, Culture, Sports, Science
and Technology (MEXT), Japan, via Grant-in-Aid No. 21740193.

References

1. Perryman, M.A.C., et al.: GAIA: composition, formation and evolution of the galaxy. A&A
369, 339 (2001)

2. Turyshev, S.G., Shao, M., Nordtvedt, K.L.: In: Dittus, H., Lämmerzahl, C., Turyshev, S.G. (eds.) Sci-
ence, Technology, and Mission Design for the Laser Astrometric Test of Relativity, Lasers, Clocks and
Drag-Free Control: exploration of relativistic gravity in space., pp. 473 Springer, Berlin (2008)

3. Ni, W.T.: Astrod and astrod i—overview and progress. Int. J. Mod. Phys. D 17, 921 (2008)
4. Kopeikin, S.M., Schäfer, G.: Lorentz covariant theory of light propagation in gravitational fields of

arbitrary-moving bodies. Phys. Rev. D 60, 124002 (1999)
5. Kopeikin, S.M., Mashhoon, B.: Gravitomagnetic effects in the propagation of electromagnetic waves

in variable gravitational fields of arbitrary-moving and spinning bodies. Phys. Rev. D 65, 64025 (2002)
6. Klioner, S.A.: Light propagation in the gravitational field of moving bodies by means of Lorentz

transformation I, mass monopoles moving with constant velocities. A&A 404, 783 (2003)
7. Klioner, S.A., Peip, M.: Numerical simulations of the light propagation in the gravitational field of

moving bodies. A&A 410, 1063 (2003)
8. de Felice, F., Crosta, M.T., Vecchiato, A., Lattanzi, M.G., Bucciarelli, B.: A general relativistic

model of light propagation in the gravitational field of the solar system: the static case. Astrophys.
J. 607, 580 (2004)

9. de Felice, F., Vecchiato, A., Crosta, M.T., Bucciarelli, B., Lattanzi, M.G.: A general relativistic model
of light propagation in the gravitational field of the solar system: the dynamical case. Astrophys.
J. 653, 1552 (2006)

10. Le Poncin-Lafitte, C., Linet, B., Teyssandier, P.: World function and time transfer: general post-
Minkowskian expansions. Class. Quantum Gravity 21, 4463 (2004)

11. Teyssandier, P., Le Poncin-Lafitte, C.: General post-Minkowskian expansion of time transfer func-
tions. Class. Quantum Gravity 25, 145020 (2008)

12. Synge, J.L.: Relativity: The General Theory. North-Holland, Amsterdam (1964)
13. Turyshev, S.G., et al.: Advancing fundamental physics with the laser astrometric test of relativity, The

LATOR mission. Exp. Astron. 27, 27 (2009)
14. Turyshev, S.G., Toth, V.T.: The pioneer anomaly, living reviews in relativity, http://relativity.

livingreviews.org/Articles/lrr-2010-4/ (2010)
15. Anderson, J.D., Campbell, J.K., Ekelund, J.E., Ellis, J., Jordan, J.F.: Anomalous orbital-energy changes

observed during spacecraft flybys of earth. Phys. Rev. Lett. 100, (2008). (id. 091102)
16. Iorio, L.: The recently determined anomalous perihelion precession of Saturn. Astron. J. 137,

3615 (2009)
17. Krasinsky, G., Brumberg, V.: Secular increase of astronomical unit from analysis of the major planet

motions, and its interpretation. Celest. Mech. Dyn. Astron. 90, 267 (2004)
18. Anderson, J.D., Nieto, M.M.: Astrometric solar-system anomalies. Proc. IAU Symp. 261, 189 (2010)
19. Lämmerzahl, C., Preuss, O., Dittus, H.: Is the physics within the solar system really understood?. In:

Dittus, H., Lämmerzahl, C., Turyshev, S.G. (eds.) Lasers, Clocks and Drag-Free Control: Exploration
of Relativistic Gravity in Space., pp. 75 Springer, Berlin (2008)

20. Pitjeva, E.V.: High-precision ephemerides of planets-EPM and determination of some astronomical
constants. Sol. Syst. Res. 39, 176 (2005)

21. Mashhoon, B., Mobed, N., Singh, D.: Tidal dynamics in cosmological spacetimes. Class. Quantum
Gravity 24, 5031 (2007)

22. Arakida, H.: Time delay in Robertson-McVittie spacetime and its application to increase of astronom-
ical unit. New Astron. 14, 264 (2009)

23. Robertson, H.P.: On relativistic cosmology. Philos. Mag. 5, 835 (1928)
24. McVittie, G.C.: The mass-particle in an expanding universe. MNRAS 93, 325 (1933)
25. Soffel, M.H., et al.: The IAU 2000 resolutions for astrometry, celestial mechanics, and metrology in

the relativistic framework: explanatory supplement. Astron. J. 126, 2687 (2003)
26. Järnefelt, G.: Zum Einkörperproblem in dem sich ausdehnenden Raume. Ann. Acad. Soc. Sci.

Fennicae A45, 3 (1940)

123

http://relativity.livingreviews.org/Articles/lrr-2010-4/
http://relativity.livingreviews.org/Articles/lrr-2010-4/


Application of time transfer function to McVittie spacetime 2139

27. Järnefelt, G.: Note on the mass particle in an expanding universe. Arkiv Matem. Astron. Fys 27, 1 (1940)
28. Nolan, B.C.: A point mass in an isotropic universe: II, global properties. Class. Quantum

Gravity 16, 1227 (1999)
29. Nolan, B.C.: A point mass in an isotropic universe: III, the region R ≤ 2m. Class. Quantum

Gravity 16, 3183 (1999)
30. Carrera, M., Giulini, D.: Influence of global cosmological expansion on local dynamics and kinemat-

ics. Rev. Mod. Phys. 82, 169 (2010)
31. Brumberg, V.A.: Essential Relativistic Celestial Mechanics. Adam Hilger, Bristol (1991)
32. Misner, C.W., Thorne, K.S., Wheeler, J.A.: Gravitation. Freeman, New York (1970)
33. Pitjeva, E.V.: Private communications (2009)
34. Arakida, H.: Influence of dark matter on light propagation in solar system. Adv. Space Res. 45,

1007 (2010)
35. Noerdlinger, P.D.: Solar mass loss, the astronomical unit, and the scale of the solar system,

arXiv:0801.3807 (2008)
36. Iorio, L.: Secular increase of the astronomical unit and perihelion precessions as tests of the Dvali

Gabadadze Porrati multi-dimensional braneworld scenario. J. Cosmol. Astropart. Phys. 09, 006 (2005)
37. Miura, T., Arakida, H., Kasai, M., Kuramata, S.: Secular increase of the astronomical unit: a pos-

sible explanation in terms of the total angular-momentum conservation law. Publ. Astron. Soc.
Jpn. 61, 1247 (2009)

38. Nyambuya, G.G.: Azimuthally symmetric theory of gravitation - I, On the perihelion precession of
planetary orbits. MNRAS 403, 1381 (2009)

39. Li, X., Chang, Z.: Kinematics in Randers–Finsler geometry and secular increase of the astronomical
unit, arXiv:0911.1890 (2009)

123


	Application of time transfer function to McVittie spacetime: gravitational time delay and secular increase in astronomical unit
	Abstract
	1 Introduction
	2 Time transfer function
	3 Gravitational time delay in McVittie spacetime 
	3.1 McVittie spacetime
	3.2 Gravitational time delay
	3.3 Equation of light time
	3.4 Time-dependency of solution

	4 Application to secular increase in astronomical unit 
	5 Summary
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


