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Abstract Motivated by the recent work of the hidden conformal symmetry of the
Kerr black hole, we investigate the hidden conformal symmetry of a Kerr–Sen black
hole and a Kerr–Newman–Kasuya black hole. Our result shows the conformal sym-
metry is spontaneously broken due to the periodicity of the azimuthal angle. The
absorption across section is in consistence with the finite temperature absorption cross
section for a 2D CFT. The entropies of the black holes are reproduced by the Cardy
formula.
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1 Introduction

The Kerr/CFT correspondence put forward by Guica et al. [1] has attracted people’s
great interest. In this work, quantum gravity in the region very near the horizon of an
extreme Kerr black hole was researched. After the specification of boundary condi-
tions at the asymptotic infinity of the near-horizon extreme Kerr (NHEK) geometry
and the demonstration of their consistency, the authors showed the asymptotic sym-
metry group is one copy of the conformal group and furthermore has a central charge
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cL = 12J . The macroscopic Bekenstein–Hawking entropy was reproduced by the
microscopical computation of entropy from the Cardy formula. Subsequently, this
work was extended to various background spacetime and all of the work supports the
Kerr/CFT correspondence and give the evidences of holographic duality. The related
work can be seen in [3–47]. In fact, the holographic duality was early studied in the
work of Brown and Henneaux [2].

Very recently, Castro et al. [48] have studied the hidden conformal symmetry of the
non-extreme Kerr background spacetime by the massless scalar field and showed
there is the conformal symmetry, but it is spontaneously broken due to the exis-
tence of 2π periodicity of the azimuthal angle. It should point out that the confor-
mal symmetry is not symmetry of the spacetime geometry and it acts locally on
the solution space. The calculation of the absorption probability shows that the near
region of the Kerr background spacetime is dual to the 2D CFT. In the microcosmic
depiction, using the Cardy formula for the microstate degeneracy, they reobtained
the Bekenstein–Hawking entropy of the black hole. Based on this work, Krishnan
[49] explored the hidden conformal symmetry of the most general black holes in five
dimensions arising from heterotic/type II string theory. Chen and Sun [50] studied
the hidden conformal symmetry of the nonextremal uplifted 5D Reissner–Nordstrom
black hole. The case of Kerr–Newman black holes was investigated by Wang and Chen
in [51] and [52], respectively. Li et al. [53] investigated the case of the Kaluza–Klein
black hole.

Our aim in this paper is to explore the hidden conformal symmetry of a Kerr–
Sen black hole and a Kerr–Newman–Kasuya black hole by using the idea of Castro
et al. Our result is similar to that of the Kerr black hole and the conformal symme-
try is spontaneously broken. The Bekenstein–Hawking entropies of the black holes
are recovered by the Cardy formula and the CFT temperatures are obtained respec-
tively. Finally, we investigate the absorption across section of the Kerr–Sen black
hole in the near region and get the result that the near region of the Kerr–Sen black
hole is dual to 2D CFT. The similar case of the Kerr–Newman–Kasuya black hole is
investigated.

The rest of this paper is organized as follows. In Sect. 2, the hidden conformal sym-
metry of the Kerr–Sen black hole is explored by the massless scalar field. In Sect. 3,
we explore the hidden conformal symmetry of the Kerr–Newman–Kasuya black hole.
Meanwhile, the entropy and the absorption cross section are investigated. Section 4
includes our conclusions.

2 Hidden conformal symmetry of the Kerr–Sen black hole

The Kerr–Sen solution was derived from the low energy effective action for heterotic
string theory [55,56]. In the generalized Boyer–Linquist coordinates, the metric is
given by

ds2 = −�

�

(
dt − a sin2 θdφ

)2 + �

�
dr2 + �dθ2 + sin2 θ

�

×
[
adt −

(
� + a2 sin2 θ

)
dφ

]2
, (1)
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with the electromagnetic potential

Aμ = Qr√
2�

(
dt − a sin2 θdφ

)
, (2)

where

� = r2 − 2M ′r + a2 = (r − r+) (r − r−),
(3)

� = r2 + 2br + a2 cos2 θ, r± = M ′ ±
√

M ′2 − a2,

r± are the outer (inner) horizons and M ′ = M − b = M − Q2

2M . M, Q and J = Ma
are physical mass, charge and angular momentum of the black hole, respectively. The
horizon area, entropy, Hawking temperature and angular velocity at the event horizon
are

A = 4π
(

r2+ + 2br+ + a2
)

= 8π Mr+,

S = 2π Mr+, T = r+ − M ′

4π Mr+
, �+ = a

2Mr+
. (4)

In this paper, we only consider the massless scalar particles. The solution of the Klein–
Gordon equation for the massless scalar field on the Kerr–Sen background spacetime
is obtained as follows

∂r (�∂r	) − 1

�

[(
r2 + 2br + a2

)
∂t + a∂φ

]2
	 + 1

sin θ
∂θ (sin θ∂θ	)

+
(

a sin θ∂t + 1

sin θ
∂φ

)2

	 = 0. (5)

The existence of two killing vectors ∂t and ∂φ enables us to separate the variables as
	 = e−i(ωt−mφ) R (r)� (θ), where ω and m are quantum numbers. Then the wave
equation can be decomposed into two parts (angular part and radial part), which are

− �� = 1

sin θ
∂θ (sin θ∂θ�) −

(
ω2a sin2 θ + m2

sin2 θ
∂φ

)
�, (6)

�R = ∂r (�∂r R) + (ma − 2Mr+ω)2

(r − r+) (r+ − r−)
R − (ma − 2Mr−ω)2

(r − r−) (r+ − r−)
R

+ [� + 4M (M + r)] ω2 R. (7)

We are interested in the case of the low frequency limit ωM � 1. In this case the
geometry can be divided into two parts and the terms included ω2 can be neglected in
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(6) and (7). In the near region defined as rω � 1 [48], (6) and (7) are simplified as

− �� = 1

sin θ
∂θ (sin θ∂θ�) − m2

sin2 θ
∂φ�, (8)

�R = ∂r (�∂r R) + (ma − 2Mr+ω)2

(r − r+) (r+ − r−)
R − (ma − 2Mr−ω)2

(r − r−) (r+ − r−)
R. (9)

It is obvious to find that (8) denotes the standard Laplacian on the 2-sphere. Thus one
can get � = l(l + 1). Comparing (9) with the Kerr case, we find they have the similar
form, the difference is the values of r±.

In fact, (9) can also be derived from the SL(2, R) Casimir operator, which reflects
the SL(2, R)L × SL(2, R)R symmetry of the near-region scalar field equation. This is
improved in the following. We follow Ref. [48–53] and firstly introduce the conformal
coordinates (ω±, y) that relate to the coordinates (t, r, φ) by

ω+ =
√

r − r+
r − r−

e2πTRφ+2nRt ,

ω− =
√

r − r+
r − r−

e2πTLφ+2nL t , (10)

y =
√

r+ − r−
r − r−

eπ(TR+TL )φ+(nR+nL )t .

The definition of the local vector field is

H1 = i∂+, H0 = i

(
ω+∂+ + 1

2
y∂y

)
, H−1 = i

[(
ω+)2

∂+ + ω+y∂y − y2∂−
]
,

(11)

H̃1 = i∂−, H̃0 = i

(
ω−∂− + 1

2
y∂y

)
, H̃−1 = i

[(
ω−)2

∂− + ω−y∂y − y2∂+
]
,

(12)

which obey the SL (2, R) Lie bracket algebra

[
H0, H±1

] = ∓i H±1,
[
H−1, H1

] = −2i H0, (13)

and the same commutators are hold for
(

H̃0, H̃±1

)
. The corresponding quadratic

Casimir is

H2 = H̃2 = −H2
0 + 1

2
(H1 H−1 + H−1 H1) = 1

4

(
y2∂2

y − y∂y

)
+ y2∂+∂−. (14)

123



Hidden conformal symmetry of rotating charged black holes 185

To study the Casimir, we choose the identifications,

nL = − 1

4M
, TL = r+ + r−

4πa
= 2M2 − Q2

4π Ma
,

(15)

nR = 0, TR = r+ − r−
4πa

=
√(

2M2 − Q2
)2 − 4M2a2

4π Ma
.

From (10), (14) and (15), the Casimir in term of (t, r, φ) becomes

H2 = ∂r (�∂r ) −
(
a∂φ + 2Mr+∂t

)2

(r − r+) (r+ − r−)
+

(
a∂φ + 2Mr−∂t

)2

(r − r−) (r+ − r−)
. (16)

Comparing (9) with (16), we find the wave of radial part in the near region can be
rewritten as

H2 R = H̃2 R = l (l + 1) R, (17)

which shows the scalar Laplacian can be reduced to the SL(2, R) Casimir and the
SL(2, R)L × SL(2, R)R weights of the field 	 are (l, l). We know the vector fields
defined in (11) and (12) are local and the angular φ is periodic. Therefore they are
not periodic under the angular identification φ ∼ φ + 2π . This implies that the
SL(2, R)L × SL(2, R)R symmetry is spontaneously broken under the periodic iden-
tification of the angular coordinate φ.

In the following, we reproduce the Bekenstein–Hawking entropy of the Kerr–Sen
black hole from the Cardy formula for the dual 2D CFT. There are many papers
about the black hole entropy. The attractor mechanism plays an important role when
the scalars are turned on (black holes in string theory). The research on the attractor
mechanism and entropy of extremal black holes based on the entropy function for-
malism has been discussed [54]. Here, we don’t know the corresponding the central
charge CL and CR of the non-extreme Kerr–Sen black hole. In Ref. [48–53] the central
charges near the extreme case are adopted and are regarded as that of the non-extreme
case. The reason is that there is a smooth limit from near-extremal to extremal solution
and probably the hidden conformal symmetry connects smoothly to that of extreme
limit.1 Therefore we can get the central charges from the case of the extreme Kerr–Sen
black hole, which is

CL = CR = 12J. (18)

From the Cardy formula for the microstate degeneracy, we get

S = π2

3
(CL TL + CRTR) = 2π Mr+ = SB H , (19)

1 We are grateful to the reviewer for his help on this point.
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where (15) is introduced to get the second equal sign and which shows the Beken-
stein–Hawking entropy can be derived from the dual 2D CFT.

Now we solve (7). There is much work appeared to solve such equation in the
research on greybody factors of black holes at the frequency ωM � 1 ([57–59] and
the references therein). The difference here is that our consideration is the solution in
the near region ωr � 1. To bring (7) in the form of a known differential equation, we
introduce the following transformation [52,57–59]

f = r − r−
r − r+

. (20)

And then (7) becomes

f (1 − f )
d2 R

d f 2 + (1 − f )
d R

d f
+

{[
ma − 2Mr+ω

]2

f (r+ − r−)2

−
[
ma − 2Mr−ω

]2

(r+ − r−)2 − l (l + 1)

1 − f

}
R = 0. (21)

It is not a simply work to solve the above equation. We can follow the method given
in [57–59] and get the solution. So the absorption cross section is

Pacs ∼ |A|−2 = sinh

(
ω − m�

2T

)
| (l + 1 − i2Mω)|2

·
∣∣∣∣

(
l + 1 − i2

Mω (r+ + r−) − ma

r+ − r−

)∣∣∣∣
2

. (22)

We find it has similar form with that of the Kerr–Newman case, but the values of r± are
different. We show that this absorption across section relates to a 2D CFT in the fol-
lowing. To do this, we should first find the conjugate charges (EL , ER) corresponding
to the CFT temperatures given by (15), which satisfy the relation

δS = δEL

TL
+ δER

TR
. (23)

The solution of the conjugate charges is easily gotten as

δEL = δM

a
(r+ + r−) M, δER = δM

a
(r+ + r−) M − δ J (24)

after the first law of thermodynamics TH δS = δM − �H δ J − 	H Q was introduced.
In [52], the conjugate charges was derived with the consideration of electro-magnetic
field, where 	H Q �= 0. Since the massless scalar field is considered in this paper, we
do not care 	H Q. Hence the left and right moving frequencies are

ωL = ω

a
(r+ + r−) M, ωR = ω

a
(r+ + r−) M − m. (25)
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where δM = ω and δ J = m were used here. Combining (15), (22), (25) and the
weights (l, l), we can get the absorption cross section as follows

P ∼T 2hL−1
L T 2h R−1

R sinh

(
ωL

TL
+ ωR

TR

) ∣∣∣∣
(

hL +i
ωL

2πTL

)∣∣∣∣
2

·
∣∣∣∣

(
h R +i

ωR

2πTR

)∣∣∣∣
2

,

(26)

which is just the finite-temperature absorption cross section for a 2D CFT and shows
the near region of the Kerr–Sen background spacetime is dual to 2D CFT.

3 Hidden conformal symmetry of a Kerr–Newman–Kasuya black hole

The hidden conformal symmetry of the charged rotating black hole has been inves-
tigated [51,52]. In this section, we investigate the hidden conformal symmetry of a
rotating black hole with electric charge and magnetic charge (namely a Kerr–New-
man–Kasuya black hole) [60]. The metric in the Boyer-Lindquist coordinates is given
by

ds2 = −
(

1 − 2Mr − Q2 − P2
∑

)
dt2 − 2a sin2 θ∑

(
2Mr − Q2 − P2

)
dtdϕ

+
∑
�

dr2+
∑

dθ2+
((

2Mr −Q2−P2
)
a2 sin2 θ∑ −

(
r2+a2

))
sin2 θdϕ2,

(27)

with the electro-magnetic vector potential

A = Qr∑
(

dt − a sin2 θdφ
)

+ P cos θ∑
[
adt − (r2 + a2)dφ

]
+ εPdφ, (28)

where

� = r2 − 2Mr + a2 + Q2 + P2 = (r − r+) (r − r−),
(29)∑

= r2 + a2 cos2 θ, ε = ±1, 0, r± = M ±
√

M2 − a2 − Q2 − P2.

parameters M, Q and P are the physical mass, electric charge and magnetic charge
of the black hole, respectively. The horizon area, entropy, Hawking temperature and
angular velocity at the event horizon are

A = 4π
(

2Mr+ − Q2 − P2
)
, S = π

(
2Mr+ − Q2 − P2

)
,

(30)
TH = r+ − r−

4π
(
r2+ + a2

) , �H = a

(r2+ + a2)
.
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Since the Kerr–Newman–Kasuya metric can be obtained from Kerr–Newman one by
replacing Q2 by Q2 + P2, all the calculations are parallel to those of Kerr–Newman,
investigated by [52], we simply list the final conclusion here.

• Once considering a massless scalar field, the Laplacian can be reduced to the
SL(2, R) Casimir in the near region rω � 1.

• With Cardy’s formula and the available constraints CL = CR = 12J , the CFT
microstate degeneracy precisely coincides the Bekenstein–Hawking entropy of the
Kerr–Newman–Kasuya:

S = π2

3
(CL TL + CRTR) = π

(
2Mr+ − Q2 − P2

)
, (31)

• In the near region, after imposing r � M , similar calculation as in [52] shows that

pabs = |A|−2 ∼ sinh
ω − m�H

2TH
| (l + 1 − i2Mω)|2 ·

∣∣∣∣∣
(

l + 1 + i2
ma − (

2M2 − Q2 − P2
)
ω

r+ − r−

)∣∣∣∣∣
2

. (32)

With identifications of the corresponding left and right moving frequencies

ωL = 2M2 − Q2 − P2

a
ω,

ωR = 2M2 − Q2 − P2

a
ω − m, (33)

the two dimensional CFT finite-temperature absorption cross section is reproduced:

pabs ∼ T 2hL−1
L T 2h R−1

R sinh

(
ωL

2TL
+ ωR

2TR

) ∣∣∣∣
(

hL + i
ωL

2πTL

)∣∣∣∣
2

·
∣∣∣∣

(
h R + i

ωR

2πTR

)∣∣∣∣
2

, (34)

4 Conclusions

In this paper, we have investigated the dual conformal field theory of the Kerr–Sen
black hole and the Kerr–Newman–Kasuya black hole. The result shows there is spon-
taneous breaking of the conformal symmetry due to the existence of the periodic
identification of the azimuthal angle φ in the background spacetime of the black

holes. For the Kerr–Sen black hole, we get the CFT temperatures as TL = 2M2−Q2

4π Ma

and TR =
√
(2M2−Q2)

2−4M2a2

4π Ma . For the Kerr–Newman–Kasuya black hole, the CFT

temperatures are TL = 2M2−Q2−P2

4π Ma and TR =
√

M2−Q2−P2−a2

2πa . Meanwhile the
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Hidden conformal symmetry of rotating charged black holes 189

Bekenstein–Hawking entropies of the black holes were reobtained by the Cardy for-
mula. When the conjugate charges and the CFT temperatures were introduced, we find
the absorption cross section of the Kerr–Sen black hole is just the finite temperature
absorption cross section for a 2D CFT. There is the same case for the Kerr–New-
man–Kasuya black hole. This shows the absorption across section in gravity is in
consistency with that in CFT and the near region of the background spacetime of the
black hole is dual to 2D CFT.
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