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Abstract Hawking tunneling radiation of spin −1/2 particles from the event hori-
zon of the Reissner–Nordström black hole is studied. We introduce the Dirac equation
of the charged particles. We further consider the gravitational interaction and back
reaction of the emitted spin particles in the dynamical background space–time. The
result shows that when the energy conservation and charge conservation are taken into
account, the actual radiation spectrum of fermions also derivates from the thermal one
and the tunneling rate is related to the change of Bekenstein–Hawking entropy.

Keywords Hawking radiation · Fermions tunneling · Reissner–Nordström
black hole

1 Introduction

Recent years, Hawking tunneling radiation obtains great importance. Because it
provides not only an alternative conceptual means for understanding the actual emis-
sion process of black hole but also a useful verification of black hole thermodynamics.
Since the first paradigm of Parikh and Wilczek [1,2], which modeled Hawking radi-
ation as a tunneling event from the classical forbidden path by the semi-classical
WKB approximation, there have emerged several derivations of Hawking tunnel-
ing radiation [3–7]. Each of them until now has been extended to the charged and
uncharged, massive and massless particles successfully [8–15]. Notably, all of them
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only involved scalar particles. In fact, as implied in reference [16], black holes can
radiate all sorts of particles like a blackbody at the Hawking temperature. The emis-
sion spectrum contains particles of all spins. Therefore, investigation on Hawking
tunneling radiation of fermions is also of great importance and necessary. Very
recently, Kerner and Mann [17] brought forward a method to discuss the tunneling of
fermions from the Rindler space–time and a general non-rotating black hole space–
time. Their work, adopting the general Dirac equation but not the Newman–Penrose
formalism to determine the action of the radiant spin particles, is mainly based on the
idea of Padmanabhan et al. [18]. And the tunneling rate from inside to outside of the
horizon is derived by the calculation of probability ratio of the outgoing modes and
incoming modes. Nevertheless in their paper, they didn’t consider the self-gravita-
tional interaction and back reaction of the emission. The obtained radiation spectrum
thus there only corresponds to the pure thermal one. Actually, Parikh et al. [1,2] have
renewed the exact emission picture by the consideration of energy conservation in the
dynamical background space–time several years ago. That is, after the materialized
positive energy particle that stems from the vacuum fluctuation with energy ω tun-
nels out the horizon, due to energy conservation, the mass of the black hole would
reduce to M − ω while the total ADM mass is fixed. The precise thermal spectrum,
which is related to the tunneling rate, accordingly isn’t pure thermal but has some
corrections.

In this paper, we incorporate the self-gravitational interaction and back reaction of
the emission to discuss the tunneling radiation of fermions from Reissner–Nordström
black hole. Due to the electromagnetic field would couple with the matter field and
gravity field, the Dirac equation here is modified as that of charged particles. Then
while we discuss the correction spectrum, we consider not only the energy conserva-
tion but also the charge conservation. Namely, after the spin particle with charge q
runs out, the total charge of the hole will reduce to Q −q too. In addition, for the static,
non-rotating Reissner–Nordström black hole, because the ADM mass is much larger
than the Plank mass, we ignore the affect of the emitted spin particles on the angular
momentum of the black hole. Then for the zero-angular momentum hole, because
the number of the spin up and spin down particles statistically is the same, when
the spin up particles tunnel out, we regard its partner also do at the same Hawking
temperature.

The remainder of this paper is outlined as follows. In Sect. 2, the Dirac equation
of charged particles is introduced and the pure thermal spectrum of fermions from
Reissner–Nordström black hole is derived. Then in Sect. 3, we take the energy and
charge conservations into account to discuss the correction spectrum of the charged
fermions. Finally we present our conclusions in Sect. 4.

2 The pure thermal spectrum of fermions

The line element of the Reissner–Nordström black hole is given by

ds2 = − f (r)dt2
R + f (r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (1)

123



Fermions tunneling from Reissner–Nordström black hole 2109

where

f (r±) =
(

1 − 2M

r±
+ Q2

r2±

)
= 0, (2)

in which, r±, respectively, represent the outer horizon and inner horizon, M and Q
denote the mass and charge of the black hole. And the corresponding non-vanishing
component of the electromagnetic vector potential is

At = − Q

r
. (3)

For the robust tunneling paradigm, the core is the calculation of the imaginary part
of the action for the process of s-wave from the inside to outside of the horizon, which
in turn is related to the Boltzmann factor for radiation at Hawking temperature. As for
the charged fermions, we finish it by the Dirac equation of charged particles

iγ µ
(

Dµ − iq Aµ
h̄

)
ψ + m

h̄
ψ = 0, (4)

where the Greek indices µ, ν = 0, 1, 2, 3, q and m are the charge and mass of the
fermions and

Dµ = ∂µ +�µ, �µ = 1

2
i	αβµ �αβ, �αβ = 1

4
i[γ α, γ β ]. (5)

For the case of this hole, according to the relation {γ µ, γ ν} = 2gµν I , we pick for the
component of the γ µ matrixes as

γ t = 1√
f

(
i 0
0 −i

)
, γ r = √

f

(
0 σ 3

σ 3 0

)
,

γ θ = 1

r

(
0 σ 1

σ 1 0

)
, γ ϕ = 1

r sin θ

(
0 σ 2

σ 2 0

)
. (6)

In which σ i (i = 1, 2, 3) is the Pauli Sigma matrixes that satisfy

σ 1 =
(

0 1
1 0

)
, σ 2 =

(
0 −i
i 0

)
, σ 3 =

(
1 0
0 −1

)
. (7)

The eigenvectors of σ 3 are

ξ↑ =
(

1
0

)
, ξ↓ =

(
0
1

)
. (8)
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And the matrix for γ 5 correspondingly takes the form as

γ 5 = iγ tγ rγ θγ ϕ = i

r2 sin θ

(
0 −1
1 0

)
. (9)

In the Dirac field, the solution of the spin up and spin down particles can be expressed
as

ψ↑(t, r, θ, ϕ) =
[

A(t, r, θ, ϕ)ξ↑
B(t, r, θ, ϕ)ξ↑

]
exp

[
i

h̄
I↑(t, r, θ, ϕ)

]
, (10)

ψ↓(t, r, θ, ϕ) =
[

C(t, r, θ, ϕ)ξ↓
D(t, r, θ, ϕ)ξ↓

]
exp

[
i

h̄
I↓(t, r, θ, ϕ)

]
, (11)

where I↑/↓ denote the action of the emitted spin up and spin down particles, respec-
tively. In this paper, we are only interested in the spin up case since the spin down
is fully similar to this other than some changes of the sign. Inserting Eq. (10) into
the Dirac Equation, after dividing the exponential term and multiplying h̄, we find to
leading order in h̄

i A(∂t I↑ − q At )√
f (r)

+ B
√

f (r)∂r I↑ − Am = 0, (12)

− B

r

(
∂θ I↑ + i

sin θ
∂ϕ I↑

)
= 0, (13)

− i B(∂t I↑ − q At )√
f (r)

+ A
√

f (r)∂r I↑ − Bm = 0, (14)

− A

r

(
∂θ I↑ + i

sin θ
∂ϕ I↑

)
= 0. (15)

Owing to the action is the function of coordinate components, it is not easy to solve
it directly now. However, taking into account the existence of time-like killing vector
( ∂
∂t )

a , we can carry out the following separation variable

I↑ = −ωt + W (r)+ J (ϕ, θ), (16)

then we find

− i A(ω + q At )√
f (r)

+ B
√

f (r)W ′(r)− Am = 0, (17)

− B

r

(
Jθ + i

sin θ
Jϕ

)
= 0, (18)

i B(ω + q At )√
f (r)

+ A
√

f (r)W ′(r)− Bm = 0, (19)

− A

r

(
Jθ + i

sin θ
Jϕ

)
= 0. (20)
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Obviously, Eqs. (18) and (20) both yield Jθ + i
sin θ Jϕ = 0 regardless the explicit

value of A or B, implying J (θ, ϕ)must be a complex function that would contribute to
the imaginary part of the action. While in Eqs. (17) and (19), for the case of massless,
there exist two possible solutions, namely

A = −i B, W ′(r) = W ′+(r) = ω + q At

f (r)
, (21)

A = i B, W ′(r) = W ′−(r) = − (ω + q At )

f (r)
, (22)

where W±(r), respectively, stand for the outgoing and incoming solutions. Meanwhile,
solving Eqs. (17) and (19) with m �= 0 leads to

(
A

B

)2

= −i(ω + q At )+ √
f (r)m

i(ω + q At )+ √
f (r)m

. (23)

Taking the near-horizon approximation, which result in A2 = −B2, we find the same
result as the case of massless. This is true and reasonable, because all massive spinless
or spin particles near the black hole horizon become ultra-relativistic and thus behave
massless.

Since the event horizon and infinite red-shift surface of this hole are coincident
with each other, the geometrical optics limit hence is reliable. In the semi-classical
limit, adopting the Wentzel–Kramers–Brilloin (WKB) approximation, the relation-
ship between the tunneling rate and the action’s imaginary part of the radiation can be
expressed as

	 ∼ e−2 Im W . (24)

Considering the contribution of the ingoing modes, the total tunneling probability of
the spin particles that cross the horizon should be

	 ∼ P(out)

P(in)
= exp[−2(Im W+ + Im J )]

exp[−2(Im W− + Im J )] = exp(−4 Im W+), (25)

where

W+ =
∫
(ω + q At )

f (r)
dr =

iπ(ω − ω0)
(

m2 + m
√

m2 − Q2 − 1
2 Q2

)
√

m2 − Q2
, (26)

in whichω0 = qV0 = q Q/r+. Based on this action, we can easily obtain the Hawking
temperature

T =
√

m2 − Q2

4π
(

m2 + m
√

m2 − Q2 − 1
2 Q2

) . (27)
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This is consistent with that in [15]. However, we find the derived radiation spec-
trum from Eq. (27) is pure thermal. The reason for this arises from the background
space–time is fixed. To precisely picture the Hawking radiation, we have to take the
self-gravitational interaction and back reaction of the emitted charged spin particles
into account.

3 The correction spectrum of fermions

According to the quantum theory, Hawking radiation is triggered by vacuum fluctu-
ations. When a pair of virtual particle that creates spontaneously near the inside of
the horizon, the negative energy particle will be absorbed, which effectively lower
the mass of the black hole, while the positive energy virtual particle tunnels out the
horizon and turn into true particle. In the opinion of Parikh and Wilczek, when the
ADM mass and charge of black hole are given and admit to fluctuate, as the particle
with a shell of energy ω and charge q runs out, the total mass and charge of the hole
would reduce to M − ω and Q − q accordingly and the radius of the horizon will
shrink. So the imaginary part of the actual action should be rewritten as

Im W ′ = −
ω,q∫

0,0

π [d(M−ω)−d(Q−q)] [(M−ω)2 + (M−ω)�− 1
2 (Q − q)2

]
�

,

(28)

where V ′
0 = (Q − q)/r ′+, r ′+ = r+(M − ω, Q − q) and

� =
√
(M − ω)2 − (Q − q)2. (29)

To get the final result, one can integrate it directly. But recalling the differential form
of the first law of black hole thermodynamics

d M = T d S + V d Q +�d J, (30)

and the Hawking temperature in Eq. (27), one can easily get

Im W ′ = −
sf∫

si

1

4
ds = −�S

4
, (31)

in which

�S = S(r f )− S(ri ) = 2π

[
(M − ω)2 − M2 + (M − ω)

√
(M − ω)2 − (Q − q)2

−M
√

M2 − Q2 + 1

2
(Q − q)2 − 1

2
Q2

]
, (32)
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is the change of Bekenstein–Hawking entropy. Where we have invoked the formalism
of entropy of the Reissner–Nordström black hole

S = 1

4
A = πr2+ = 2π

[
M2 + M

√
M2 − Q2 − 1

2
Q2

]
. (33)

Thus the total tunneling probability of the emitted spin particles is

	 ∼ exp(�S). (34)

This result is consistent with the initial viewpoint of Parikh and Wilczek that the tun-
neling rate is related to the change of Bekenstein–Hawking entropy. The difference of
the entropy of the black hole before and after the radiation can be expanded as

�S = d S

dr+
�r+ + 1

2!
d2S

dr2+
(�r+)2 + 1

3!
d3S

dr3+
(�r+)3 + · · · (35)

Employing Eq. (33) and the expression of event horizon, we find

d S

dr+
= 2πr+, �r+ =

(
M + √

M2 − Q2√
M2 − Q2

)
�M − Q�Q√

M2 − Q2
. (36)

Subtitling Eq. (36) into Eq. (34) and considering the changes of mass and charge of
the hole �M = −ω and �Q = −q, one would get

	 ∼ exp(�S) = exp

[
−β(ω − ω0)

(
1 − 1

2!β(ω − ω0)

d2S

dr2+
(�r+)2

)]
, (37)

where β = 1/T is the inverse temperature. When the higher order term of ω − ω0
that may include more information is ignored, one can obtain the pure thermal spec-
trum of the Reissner–Nordström black hole. That is, after the energy conservation and
charge conservation are considered in the unfixed background space–time, the actual
radiation spectrum of fermions derivates from the pure thermal one.

4 Conclusions

We have extended Kerner–Mann’s work on fermions tunneling to the charged black
hole. Due to the coupling among mater field, gravity field and electromagnetic field, we
introduced the Dirac equation of charged particles. As an example, we discussed the
tunneling radiation of fermions with and without mass from the Reissner–Nordström
black hole. To picture the tunneling event of fermions precisely, we further considered
the self-gravitational interaction and back reaction of the emitted spin particles. Our
result shows that when the unfixed background space–time is taken into account, the
tunneling probability of spin 1/2 particle is related to the change of the Bekenstein–
Hawking entropy. This result agrees with that of the scalar particles.
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