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Abstract We construct thin shell Lorentzian wormholes in higher dimensional
Einstein—-Maxwell theory applying the ‘Cut and Paste’ technique proposed by
Visser. The linearized stability is analyzed under radial perturbations around
some assumed higher dimensional spherically symmetric static solution of the
Einstein field equations in presence of Electromagnetic field. We determine the
total amount of exotic matter, which is concentrated at the wormhole throat.
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Stability

1 Introduction

In a pioneer work, Morris and Thorne [1] have found traversable Lorentzian
wormbholes as the solutions of Einstein’s field equations. These are hypothetical
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shortcuts between two regions (of the same Universe or may be of two separate
Universes) connected by a throat. The throat of the wormholes is defined as
a two dimensional hypersurface of minimal area and to hold such a wormhole
open, violations of certain energy conditions are unavoidable i.e. the energy
momentum tensor of the matter source of gravity violates the local and aver-
aged null energy condition 7, k*k" > 0, k,,k" = 0. Thus all traversable worm-
holes require exotic matter that violates the null energy condition. Recently, it
has been shown that the requirements of exotic matter for the existence of a
wormbhole can be made infinitesimally small by a suitable choice of the geometry
[2-3].

In recent past, Visser [4] has proposed another way, which is known as ‘Cut
and Paste’ technique, of minimizing the usage of exotic matter to construct a
wormbhole in which the exotic matter is concentrated at the wormhole throat. In
‘Cut and Paste’ technique, the wormholes are theoretically constructed by cut-
ting and pasting two manifolds to obtain geodesically complete new manifold
with a throat placed in the joining shell [S]. Using Darmois—Israel [6] formalism,
one can determine the surface stresses of the exotic matter (located in thin shell
placed at the joining surface). Though we do not know about the equation of
state of exotic matter, yet it is possible to investigate the stability of these thin
wormholes. Following references [5-6], one can analyze the stability of these
thin wormholes through linearized perturbations around static solutions of the
Einstein field equations. Several authors have used surgical technique (Cut and
Paste) to construct thin wormholes. Poisson and Visser [5] have analyzed the
stability of a thin wormhole constructed by joining two Schwarzschild space-
times. Eiroa and Romero [7] have extended the linearized stability analysis to
Reissner—Nordstrom thin spacetimes. Eiroa and Simeone[8] have constructed
the wormholes by cutting and pasting two metrics corresponding to a charged
black hole which is a solution of low energy bosonic string theory, with vanish-
ing antisymmetric field but including a Maxwell field. Also the same authors
have analyzed cylindrically symmetric thin wormhole geometry associated to
gauge cosmic strings [9]. Recently, Thibeault et al.[10] have studied the stabil-
ity and energy conditions of five dimensional spherically symmetric thin shell
wormholes in Einstein—-Maxwell theory with addition of a Gauss Bonnet term.
In this article, we study thin shell wormholes in higher dimensional Einstein—
Maxwell theory i.e. wormholes constructed by cutting and pasting two metrics
corresponding a higher dimensional Reissner-Nordstrom black hole. We are
interested only to study the geometry of these objects. We do not explain about
the mechanism that provide the exotic matter to them, but rather we focus on
the total amount of exotic matter.

2 Reissner—Nordstrom black holes in higher dimension

The Reissner—-Nordstrom black hole is a solution of the Einstein equation cou-
pled to the Maxwell field. From the Einstein-Maxwell action in (D+2) dimen-
sion [11]
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S = / dP+? /=g [R - SiFubFab} (1)
T
where

k=87G )
Fab = Aa;b - Ab;a (3)

One can obtain the following Einstein—-Maxwell equations:

1 k . 1 )
Rap = 580 R = [F;Fbc N ZgachdF‘d] (4)
F5.=0 ()
Fab;c + Fbc;a + Fca;b =0 (6)

The only non-trivial components of F,, are

Q
tr rt rD ( )

where Q represents an isolated point charge.
These equations admit a spherically symmetric static solution given by [11]

ds?> = —f(nd’ + ar + r7dQ? (8)
B f@) b

where dQ%) is the line element on the D unit sphere i.e.

D—1
dQj, = dof + sin® 0,65 + -+ + [ [ sin® 6,d67 (9)
n=1
The volume of the D unit sphere is given by
ot
Qp =2 (10)
%)
The expression of f(r) is [11]
n 7>
fn=1- D1 + 201 (11)
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Here, 1 is related to the mass M of the black hole as

_ 167 GM (12)
DQp
2 8t GO
=501 (13)

There are two roots of equation f(r) = 0 as

1

1o, 44°\ 17
[ 14
™ [2 2( /ﬂ)] (9

When u? < 442, we have two positive roots, one of which is an outer horizon
r4+ while the other is inner horizon.
If 4% = 442, both horizons coincide at

1
8t GM | p—T
rp=r_= |: Doy i| (15)

3 The Darmois—Israel formalism and ‘Cut and Paste’ construction

From the higher dimensional Reissner—Nordstrém geometry, we can take two
copies of the region with r > a:

M*=(x|r=a
and paste them at the hypersurface
T=Xt=@x|r=oa

We take a > ry to avoid horizon and this new construction produces a geo-
desically complete manifold M = M™ | J M~ with a matter shell at the surface
r = a , where the throat of the wormhole is located. Thus M is a manifold with
two asymptotically flat regions connected by the throat. We shall use the Dar-
mois—Israel formalism to determine the surface stress at the junction boundary.
Now we choose the coordinates £/(t,6;,65,...,0p) in & where the throat is
located with 7 is the proper time on the shell.

To analyze the dynamics of the wormhole, we let the radius of the throat be
a function of the proper time a = a(7).

The parametric equation for X is given by

Y:F(r,t) =r—a(r) (16)
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The intrinsic surface stress energy tensor, Sj; is given by the Lanczos equation
in the following form:

Si=— 8; (K — 8l ) (17)

where k;; = KJr Ki; i.e. the discontinuity in the second fundamental forms or
extrinsic curvatures

The extrinsic curvature associated with the two sides of the shell are

%X, X“ 9P
l.jF =—nt + o~ o (18)
/ AETIE] o0&t o9&l
where n are the unit normals to %,
1
aF 9F |72 oF
+ _ af
=+ 19
=S X gxP ‘ axX" (19)
with n*n, = 1.
The intrinsic metric on ¥ is given by
ds? = —de? + a(r)?dQ3, (20)

From Lanczos equation, one obtain the surface stress energy tensor S;. =

diag(—o,pe,,pe,,- - ..Pep), Where o is the surface energy density and p is the
surface pressure as

D
. 72 21
7 drra f+a )
D -1 1 2a+f
Doy =D, =" =Pop =P = ——— (22)

D o+ g—f%—{—dz

where over dot and prime mean, respectively, the derivatives with respect to t
andr.
From Egs. (21) and (22), one can verify the energy conservation equation:

—(aaD) +p (aD) =0 (23)
or
6+D%(p+0)=0 (24)

The first term represents the variation of the internal energy of the throat
and the second term is the work done by the throat’s internal forces. Negative
energy density in Eq. (21) implies the existence of exotic matter at the shell.

@ Springer



1692 F. Rahaman et al.

4 Linearized stability analysis
Rearranging Eq. (21), we obtain the thin shell’s equation of motion
>+ V) =0 (25)
Here the potential is defined as

1672a%02(a)

V@) =f@) - =5 (26)

Linearizing around a static solution situated at ag, one can expand V(a)
around ay to yield

1
V = V(ap) +V'(ao) (@ = ap) + 5 V" (@p) (@ - ap)® +0[(a — ap)’1  (27)

where prime denotes derivative with respect to a.

Since we are linearizing around a static solution at a = ag, we have V(ap) = 0
and V’(ag) = 0. The stable equilibrium configurations correspond to the con-
dition V" (ap) > 0. Now we define a parameter 8, which is interpreted as the
speed of sound, by the relation

0
B (o) = % (28)
o
Using conservation Eq. (24), we have
V@) = f — R2r’a*o? 3 1287%aco’ 3 327%a*(0')?
“= D? D? D?
32n%a’c [ D D
T pr |:a—2(P+O’)—EG/ (1+,32)i| (29)
The wormbhole solution is stable if V" (ag) > 0 i.e. if
1 aZ(f/)Z
2 / 2 e11 ovVo
—_ —2fo — -1 30
Po =< D(aofy — 2fo) [aofo fo = aofo + 2fo (30)
or
2u(D-1)(D=2) | pA(D-1)(9D-15) _ 2ug*>(D-1)(4D-7) | 4¢*(D-1)(D-2)
2 1 a(l))—l + uﬁD—Z aaD—B + agD—4
By < D 1+

2 2
" q uw(D+1) 2¢°D
2 (1 - 2P + 2(071)) (2 - D—1 + 2(D—1))
0 a4 4y @

€Y
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Thus if one treats ap, D and the parameters related to the Reissner-Nord-
strom black hole are specified quantities, then the stability of the configuration
requires the above restriction on the parameter fy.

5 Energy condition and exotic matter

Weak energy condition (WEC) implies that for all time like vectors x**, T, x*x"
> 0. In an orthonormal basis WEC reads p > 0, p 4+ p; > 0Vi, where p is the en-
ergy density and p; , the principal pressures. Null energy condition (NEC) states
that 7),,k*k” > 0 for all null vectors k*. In an orthonormal frame 7},,k*k" > 0
takes the form p + p; > 0Vi. (The WEC implies by continuity the NEC). In the
case of thin wormhole constructed above, we have [from Egs. (21) and (22)]
o < 0and o + p < 0 i.e. matter occupies in the shell violates WEC and NEC,
in other words, shell contains exotic matter. The only contributor in the stress
tensor out side the shell is electromagnetic field. Now from the field equations
Rup — %gabR =81 GT,p, we can write T, = TaEbM = %[Fngc — %guchdFCd].
Now, the energy density p = Ty , the radial pressure pg = T and the

2

tangential pressure p; = pg = pg are given by pEM = pEM — _p,EM _ rZ—D.

Thus pEM > 0, pEM —i—pFM > 0 and pFM —i—pEM = 0 i.e. the NEC and WEC
are satisfied out side the shell. Hence the exotic matter is confined within the
shell. The total amount of exotic matter can be quantified by the integrals [3]
[ p/—8dP*x, [1p + pil/—gdP+1x , where g is the determinant of the metric
tensor. To quantify the amount of exotic matter, we use the following integral
(NEC violating matter is related only on p, and not the transverse components):

= / [p + prly/—gdPHx (32)

Following Eiroa and Simone [8], we introduce new radial coordinate
R = £(r — a) in M (& for M, respectively) as

2r b4

/ / / / [0+ prly/—gdRd6d6 - - dop (33)
0 —o©

Since the shell does not exert radial pressure and the energy density is located
on a thin shell surface, so that p = §(R)oy, then we have

2r 7

Q =// /[pfur ad61d63 - - - dép

= al oy x area of the unit D-sphere

D2+1
T
=2aPop——
090 —"p11
F(—;)
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Thus one gets

D—1 o
Q= —Da;~ forDTH) (34)
Using Eq. (10), we have
2 D+1
Q=-paP~! |1- L ¢ __r° (35)

+
aOD—l a%(D—l) ZF(Dz-l)

Since the total amount of exotic matter 2 is proportional to ,/fy, then €
approaches to zero when wormhole radius tends to the event horizon (i.e. when
ap — r4). So one can get vanishing amount of exotic matter by taking ag
near r4.

6 Concluding remarks

Recently, several theoretical physicists are interested to obtain wormholes by
surgically grafting two identical copies of various well known spacetimes. In
this report, we have constructed thin wormhole in higher dimensional Ein-
stein—-Maxwell theory. We analyze the dynamical stability of the thin shell,
considering linearized radial perturbations around stable solutions. To analyze
this, we define a parameter g% = fj’—l, as a parametrization of the stability of equi-
librium. We have obtained a restriction on A2 to get stable equilibrium of the
thin wormhole [see eq.(31)]. We have shown that matter within the shell vio-
lates the WEC and NEC but matter out side the shell obeys the NEC and WEC.
Thus the exotic matter is confined only within the shell. Since the viability of
traversable wormholes are linked to the total amount of exotic matter for their
construction, we have calculated an integral measuring of the total amount
of exotic matter. Finally, we have shown that total amount of exotic matter
needed to support traversable wormhole can be made infinitesimal small by
taking wormbhole radius near the throat.

Acknowledgements F.R. is thankful to Jadavpur University and DST, Government of India for
providing financial support under Potential Excellence and Young Scientist scheme. MK has been
partially supported by UGC, Government of India under Minor Research Project scheme. We are
thankful to the anonymous referees for their constructive suggestions.

References

. Morris, M., Throne, K.: Am. J. Phys. 56, 39 (1988)

Visser, M., Kar, S., Dadhich, N.: Phys. Rev. Lett. 90, 201102 (2003) [arXiv: gr-qc / 0301003]
Kuhfittig, P.: arXiv: gr-qc / 0401048

. Visser, M.: Nucl. Phys. B 328, 203 (1989)

. Poisson, E., Visser, M.: Phys. Rev. D 52, 7318 (1995) [arXiv: gr-qc / 9506083]

@ Springer



Thin shell wormholes in higher dimensional Einstein—-Maxwell theory

1695

UGN

— O O 0

. Israel, W.: Nuovo Cimento 44B , 1 (1966); erratum - ibid. 48B, 463 (1967); F Lobo and

P Crawford Class. Quan. Grav. 21, 391 (2004); M Ishak and K Lake Phys. Rev. D 65, 044011

(2002)

. Eiroa, E., Romero, G.: Gen. Rel. Grav. 36, 651 (2004)[arXiv: gr-qc / 0303093]

. Eiroa, E.: Simeone, C.: Phys. Rev. D 71, 127501 (2005) [arXiv: gr-qc / 0502073]
. Eiroa, E., Simeone, C.; Phys. Rev. D 70, 044008 (2004)

. Thibeault, M., Simeone, C., Eiroa, E.: arXiv: gr-qc / 0512029

. Myers, R., Perry, M.: Ann. Phys. ( N.Y.) 172, 304 (1986)

@ Springer



