Surv Geophys (2018) 39:401-434 @ CrossMark
https://doi.org/10.1007/s10712-018-9461-7

Efficient Modeling of Gravity Fields Caused by Sources
with Arbitrary Geometry and Arbitrary Density
Distribution

Leyuan Wu!

Received: 25 August 2017/ Accepted: 8 January 2018/ Published online: 20 January 2018
© Springer Science+Business Media B.V., part of Springer Nature 2018

Abstract We present a brief review of gravity forward algorithms in Cartesian coordinate
system, including both space-domain and Fourier-domain approaches, after which we
introduce a truly general and efficient algorithm, namely the convolution-type Gauss fast
Fourier transform (Conv-Gauss-FFT) algorithm, for 2D and 3D modeling of gravity
potential and its derivatives due to sources with arbitrary geometry and arbitrary density
distribution which are defined either by discrete or by continuous functions. The Conv-
Gauss-FFT algorithm is based on the combined use of a hybrid rectangle-Gaussian grid and
the fast Fourier transform (FFT) algorithm. Since the gravity forward problem in Cartesian
coordinate system can be expressed as continuous convolution-type integrals, we first
approximate the continuous convolution by a weighted sum of a series of shifted discrete
convolutions, and then each shifted discrete convolution, which is essentially a Toeplitz
system, is calculated efficiently and accurately by combining circulant embedding with the
FFT algorithm. Synthetic and real model tests show that the Conv-Gauss-FFT algorithm
can obtain high-precision forward results very efficiently for almost any practical model,
and it works especially well for complex 3D models when gravity fields on large 3D
regular grids are needed.
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1 Introduction

The gravity forward problem is the foundation of gravity exploration in geophysics. It can
be formulated either in spherical coordinate system for global- and regional-scale prob-
lems, or in Cartesian coordinate system for local problems when the planar approximation
of the earth surface is acceptable. In the former case, the forward problem can be solved
either in the spectral domain using fast algorithms for spherical harmonic expansions
(Driscoll and Healy 1994; Mohlenkamp 1999; Rokhlin and Tygert 2005; Tygert 2006;
Gruber et al. 2011), or in the space domain using solutions of a spherical prism, i.e., a
tesseroid (Asgharzadeh et al. 2007; Heck and Seitz 2007; Grombein et al. 2013; Uieda
et al. 2016; Deng et al. 2016). In the latter case, analogously, the forward problem is
usually solved in the Fourier domain based on the FFT algorithm (Parker 1973; Pedersen
1978; Forsberg 1985; Hansen and Wang 1988; Sideris and Li 1993; Li and Sideris 1994;
Wu and Tian 2014), or in the space domain using solutions of a rectangular prism (Nagy
1966; Li and Chouteau 1998; Nagy et al. 2000).

Many authors have made contributions to the gravity forward problem, presenting
various approaches involving both analytical, numerical and hybrid analytical-numerical
(seminumerical) algorithms. In our opinion, these contributions may be assigned to four
main aspects:

1. to model sources with more arbitrary geometries;

2. to model sources with more general density distributions;

3. to model the gravity potential and its first-order (the gravity vector), second-order (the
gravity gradient tensor) and higher-order derivative components;

4. to model the gravity effects listed above in all space, both outside and within the
source body, and to clarify singularity problems.

Obviously, it is a universal solution which can be used for sources with arbitrary
complicated geometry and arbitrary variable density distribution that we are pursuing.
Moreover, we always prefer algorithms with higher accuracy and lower computational
costs, though most of the time we have to find a reasonable trade-off between these two
factors. In the following, we provide a brief review of existing forward algorithms for-
mulated in the Cartesian coordinate system, as the method we present in this paper gen-
erally falls into this category. However, it should be mentioned that some models, e.g., the
polyhedron, which is originally formulated in the Cartesian coordinate system, can also be
well applied in the spherical coordinate system through a coordinate system
transformation.

Historically, space-domain solutions have played a major role in the gravity modeling
theory. Both analytical and numerical techniques are used whenever they are well suited
for the model under consideration. Analytical solutions are very useful; they are considered
as the most accurate algorithm and they can provide references to numerical or seminu-
merical algorithms. However, they are available only when the source body is assumed to
have relatively simple geometry and density distribution. When some complicated models
are to be calculated, e.g., sources with their boundaries or density distributions described
by some arbitrary functions, numerical or seminumerical solutions become necessary.

For the general 2D gravity forward problem, a source body with its cross section
represented by an arbitrary polygon is usually considered as the general case of source
geometry. Analytical expressions of the gravity anomaly due to 2D polygonal sources with
homogeneous density were derived by Talwani et al. (1959). Later, analytical solutions of
variable density models, including linear models (Murthy and Rao 1979), quadratic
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polynomial models (Rao 1986), hyperbolic models (Rao et al. 1994) and general 2D
polynomial models (Zhang et al. 2001; Zhou 2010), were also derived. Jia and Wu (2011)
revised forward modeling of the gravity-field components and their first- and second-order
partial derivatives due to homogeneous 2D polygonal sources and addressed some sin-
gularity cases. D’Urso (2015) provided a nice review of gravity forward algorithms due to
a 2D polygonal source whose density contrast is a 2D polynomial function.

In addition to analytical solutions, numerical solutions are also provided for polygonal
sources with variable density. Numerical techniques become indispensable when a certain
density function, like the exponential function (Cordell 1973), or some other more arbitrary
functions are used (Zhou 2008, 2009b). They also provide a simple solution when sources
with continuous boundaries are studied (Martin-Atienza and Garcia-Abdeslem 1999;
Garcia-Abdeslem 2003). Although analytical solutions are not available under these
conditions, it should be mentioned that the polygonal model with 2D polynomial density
function has in fact provided a quite general solution for 2D models, because any con-
tinuous boundary can be well approximated by a n-sided polygon when n is sufficiently
large, and any 2D density distribution can be well approximated by a 2D polynomial
density function when the order of the polynomial is sufficiently high.

For the general 3D gravity forward problem, previous works mainly focus on two
models: the right rectangular prism and the polyhedron. A combination of the two, namely
the rectangular prism with inclined top and bottom faces, has also been studied by several
authors (Smith 2000; Tsoulis et al. 2003; D’Urso and Trotta 2015).

The right rectangular prism is probably the most widely used model in gravity explo-
ration. A collection of prisms provides a simple way to approximate a source body with
complex geometry and arbitrary variable density contrast. Nagy et al. (2000) presented
closed-form expressions of the gravity potential, and its derivatives, up to the third order
for a prism, in a unified manner, and provided a detailed singularity analysis of these
expressions when they are generalized to the whole space. Later, analytical solutions due to
the rectangular prism with several depth-dependent variable density contrast, including the
parabolic model (Chakravarthi et al. 2002), the quadratic polynomial model (Gallardo-
Delgado et al. 2003; Gallardo et al. 2005) and the cubic polynomial model (Garcia-Ab-
deslem 2005), were also studied. Recently, Jiang et al. (2017) derived analytical solution
of gravity anomalies due to a right rectangular prism with an arbitrary order of polynomial
density-contrast function of depth. Soon after, Zhang and Jiang (2017) further extended the
solution to a linear combination of three arbitrary-order polynomial density functions in x-,
y- and z-directions. Although these models can already cover a wide range of density
distributions, when more complex models are considered, such as depth-dependent density
models described by arbitrary functions, or density models vary both horizontally and
vertically following some arbitrary functions, numerical or hybrid solutions are still useful
(Garcia-Abdeslem 1992; Zhou 2009a).

Comparing to the right rectangular prism, the polyhedron offers a more general geo-
metric representation at the expense of a more complicated derivation for the analytical
solutions. Closed-form solutions for the gravity anomaly due to homogeneous polyhedral
bodies have been studied by many authors (Barnett 1976; Okabe 1979; Holstein and
Ketteridge 1996; Guptasarma and Singh 1999; Tsoulis and Petrovic 2001; Tsoulis 2012;
D’Urso 2013, 2014a; Conway 2015; Werner 2017). Polyhedral bodies with linear density
distribution have also received considerable attention during the past decade (Pohanka
1998; Hansen 1999; Holstein 2003; Hamayun and Tenzer 2009; D’Urso 2014b, 2016). Ren
et al. (2017a) derived singularity-free analytic formula of the gravity potential caused by
polyhedral bodies with its density varies in the case of 1=ax"+ by" + c7Z,
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m < 2,n <2t <2, and analytic formula of the gravity potential due to a rectangular
prism with m < 3,n < 3,¢ < 3. Recently, D’Urso and Trotta (2017) and Ren et al.
(2017c) presented singularity-free expressions for evaluating the gravity anomaly due to
polyhedral bodies with its density contrast described by a third-order polynomial, and
indicated that the general approach can be easily extended to higher-order polynomial
functions. Analogous to the 2D case, such a model may provide a quite general solution for
3D forward problems since a polyhedron with increasing number of facets can be used to
approximate a 3D source with arbitrary geometry, and a 3D polynomial density function
with increasing order can be used to approximate as closely as desired any smooth density
distribution.

In addition to space-domain methods, Fourier-domain methods have also been devel-
oped. Compared to analytical solutions, Fourier-domain solutions are considered to be less
accurate. However, they are far more computationally efficient, thanks to the fast Fourier
transform algorithm (Cooley and Tukey 1965), especially when gravity fields on large
regular grids are to be calculated. Besides, Fourier-domain expressions of the gravity
potential and its derivatives are related through very simple multiplicative factors.
Therefore, computational costs can be further reduced for Fourier-domain algorithms when
multiple gravity fields, including vector and tensor components, or even higher-order
derivatives, are calculated simultaneously (Wu and Chen 2016).

Fourier-domain solutions are available for a single rectangular prism with homogeneous
density distribution (Bhattacharyya 1966), depth-dependent linear or exponential density
distributions (Chai and Hinze 1988; Chenot and Debeglia 1990; Lee and Biehler 1991),
and general 3D polynomial density distributions (Wu and Chen 2016). They are also
available for 2D prismatic bodies with general 2D polynomial density distributions (Wu
and Chen 2016), and arbitrary 2D polygonal bodies with homogeneous density distribution
(Pedersen 1978). Fourier-domain solutions due to arbitrary 3D polyhedral bodies in the
case of homogeneous density contrast were derived by Wu (1981) and Pedersen (1978),
and later simplified by Hansen and Wang (1988). For variable polyhedral models, Wu
(1983) derived Fourier-domain expressions of the gravity anomaly caused by an arbitrary
polyhedron with linear and exponential depth-dependent density function.

In addition to single-source bodies, Fourier-domain algorithms work especially effi-
ciently for large-scale combined models, e.g., a 2D layer with horizontally variable density
distribution (Blakely 1996), a general 3D source with arbitrarily variable density distri-
bution (Tontini et al. 2009; Sanso and Sideris 2013; Zhang and Wong 2015) and topo-
graphic models with density variations both horizontally and vertically, following
exponential, parabolic or polynomial functions (Parker 1973; Forsberg 1985; Granser
1987; Chai and Hinze 1988; Chai and Jia 1990; Guspi 1992; Sideris and Li 1993; Li and
Sideris 1994; Chappell and Kusznir 2008; Zhang et al. 2015; Wu 2016). These models are
frequently used in forward problems such as gravity terrain correction, isostatic com-
pensation and inverse problems such as equivalent source construction, 3D density
imaging, and sediment—basement interface or crust-mantle interface determinations. Wu
(2016) provided a brief review of Fourier-domain algorithms for the modeling of topo-
graphic masses, in which they were divided into three categories, namely Chai-type
algorithms (Chai and Hinze 1988), Parker-type algorithms (Parker 1973) and Forsberg-
type algorithms (Forsberg 1985).

Alternatively, the gravity forward problem can also be solved by finite differences
method (Farquharson and Mosher 2009), finite element methods (Cai and Wang 2005),
Cauchy-type integrals (Zhdanov and Liu 2013; Cai and Zhdanov 2015) and fast multipole
method (FMM) (Casenave et al. 2016; Ren et al. 2017b).
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In this paper, we focus on solving the general 2D and 3D gravity forward problems in
Cartesian coordinate system using Fourier-domain algorithms. It is well known that the
general gravity forward problem can be expressed as continuous convolution-type integrals
(Bhattacharyya and Navolio 1975; Blakely 1996). The gravity potential and its derivatives,
including the gravity vector, the gravity gradient tensor, and higher-order components like
the gravitational curvatures, can all be written as the convolution of the density distribution
function and the corresponding kernel function, that is, Newton’s integral kernel, or its
derivative of certain order.

To evaluate the continuous convolution integral using the discrete FFT algorithm, there
are two different approaches; both involve two major steps. The first approach begins by
transforming the continuous convolution in the space domain to the equivalent point-wise
multiplication in the Fourier domain based on the convolution theorem. Then both the
forward and inverse continuous Fourier transforms are calculated approximately using the
forward and inverse discrete FFT algorithms, respectively. As the continuous Fourier
transform of Newton’s integral kernel or its derivatives can be obtained analytically, the
forward transform is applied only to the density function, while the inverse transform is
applied to the Fourier-domain product of the density and kernel functions. Since the
discrete FFT algorithm is in fact the rectangle rule of the continuous Fourier transform
after truncating at finite integral limits (Wu and Tian 2014), the forward results contain
both truncation and quadrature errors (Wu and Chen 2016). The second approach begins by
approximating the continuous convolution integral using a uniformly sampled discrete
convolution, which is also the rectangle rule. Then the discrete convolution, which is
intrinsically a Toeplitz matrix—vector product, is embedded into a circulant matrix—vector
product and evaluated efficiently and accurately, to almost machine precision, through the
FFT algorithm (Vogel 2002). Likewise, the approximation of the continuous convolution
using a discrete one will inevitably produce quadrature errors.

Fourier-domain algorithms including Parker-type algorithms (Parker 1973; Wu 2016)
for topographic models, and the 3D FFT-based algorithm introduced in Tontini et al.
(2009) for general 3D models, generally belong to the first approach; while Forsberg-type
algorithms (Forsberg 1985) and those introduced in Sanso and Sideris (2013) and Zhang
and Wong (2015) generally belong to the second approach. It should be mentioned that
when a prism-stacked model is used, as is the case in Sanso and Sideris (2013), the
continuous convolution integral reduces to a discrete convolution after integrating within
each grid cell and replacing the point mass kernel function with the rectangular prism
kernel function. Then the results obtained by the second approach mentioned above agree
with the classical prism summation results to almost machine precision. However, when
continuous density models are considered, that is, the density varies not only from prism to
prism, but also within each prism element, both approaches involve a discretization step
where the rectangle rule is applied to approximate a continuous integral, i.e., the contin-
uous convolution integral or the continuous Fourier transform integral, and this dis-
cretization step produces numerical errors, which becomes one of the greatest drawbacks
of Fourier-domain solutions.

To improve the numerical accuracy of Fourier-domain approaches, numerical quadra-
ture errors need to be reduced. For the first approach mentioned above, we have already
introduced a Gauss-FFT algorithm to calculate more accurately the forward and inverse
continuous Fourier transforms (Wu and Tian 2014; Wu and Chen 2016; Wu 2016; Wu and
Lin 2017). The Gauss-FFT algorithm is based on a hybrid rectangle-Gaussian sampling of
the function to be transformed. It converges to the precise results much faster than the
standard FFT algorithm with grid expansion, which is in fact the rectangle rule with
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smaller steps (Wu and Tian 2014). Here in this paper, we try to focus on the second
Fourier-domain approach. Inspired by the Gauss-FFT algorithm, a Conv-Gauss-FFT
algorithm is introduced by applying the hybrid rectangle-Gaussian grid directly to the
continuous convolution integral. Instead of using a classical rectangle rule, we first
approximate the continuous convolution integral using a weighted sum of a series of
shifted rectangle rules, with the weights and offsets determined by a Gaussian quadrature
rule. Then each shifted rectangle rule, which is basically a discrete convolution, is eval-
uated efficiently and accurately, to almost machine precision, through the FFT algorithm
(Vogel 2002).

The Conv-Gauss-FFT algorithm is rigorously the hybrid rectangle-Gaussian quadrature
rule for the continuous convolution integral, with its numerical accuracy controlled by both
the step length of the rectangle grid and number of Gaussian nodes within each rectangle
interval. Together with a point-in-polygon or a point-in-polyhedron algorithm, it can be
easily applied to solve general 2D and 3D gravity forward problems involving sources with
arbitrary geometry and arbitrary variable density distribution. Generally speaking, the
algorithm can achieve high accuracy for field points considerably far from the source, but it
may introduce some observable errors for field points close to the source’s boundary.

This paper is organized as follows: Section 2 introduces a hybrid rectangle-Gaussian
grid for continuous convolutions. The 1D, 2D and 3D continuous convolutions are cal-
culated using a weighted sum of a series of discrete convolutions. Section 3 provides some
details on how to evaluate discrete convolutions efficiently and accurately by combining
circulant embedding with the FFT algorithm. Section 4 presents expressions of the 1D, 2D
and 3D Conv-Gauss-FFT algorithms based on the results obtained in Sects. 2 and 3 and
provides some general discussions on the numerical accuracy and computational com-
plexity of the presented algorithm. In Sect. 5, the 2D and 3D gravity forward problems are
studied in the form of convolution-type integrals, and more details on how to solve general
gravity forward problems of sources with versatile geometries and density distributions
using the Conv-Gauss-FFT algorithm are provided. In Sect. 6, many synthetic and real
models are implemented to test the accuracy and efficiency of the presented algorithm.
Section 7 provides a brief discussion on combining the Conv-Gauss-FFT algorithm with
analytical solutions or some properly designed quadrature methods to evaluate the long-
range and close-range contributions separately. Finally in Sect. 8, we draw some con-
clusions and suggest some possible future works.

2 A Hybrid Rectangle-Gaussian Grid for Continuous Convolutions
2.1 1D Continuous Convolutions
The 1D continuous convolution of two functions ¢ and f, denoted as & = ¢ x f, is written as:
h(x) = / F(@)ix — DdE. (1)
In the following, we call ¢ the kernel function, f the source function and 4 the field function,
based on their meanings in a forward modeling problem.
In a practical evaluation, the infinite integral usually reduces to a finite one due to the

finite extent of the function f, indicating a finite length of the source body in a modeling
problem:
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Now we use a hybrid rectangle-Gaussian grid to evaluate Eq. 2, that is, we divide the

XI Xo

integration region [%o, X;] into L equal subintervals of length A% = , after Wthh we

apply the Gaussian quadrature rule to each subinterval [x;, )Em}, 1, 0,1,2,...,L—1;
thus, we have:

XI+|

h(x) = f( tx — x)dx = Z 0)t(x — x)dx

’C()

_szzﬂz(l 'xl+o< ( )Ei+o?i)’

=0 =1

~

where ,ulm

over the integration area [0, 1], and ¥;,; = % + (I + ;) Ax.
Suppose that h(x) is needed on a size L regular grid: x; = xo + [Ax,
1=0,1,2,...,L — 1, by changing the order of the two summations in Eq. 3, we have:

and o; are the weights and nodes of a I-nodes Gauss—Legendre quadrature rule

I -1
:MZ‘M’U) Zf(f”ii)[(xl _)Eﬂro?,')’ (4)
i=1

If we choose identical grid interval for the source function f and the field function 4, that is,
Ax = A%, then the value of the expression x; — ¥;,; = xo — %o + (I — [ — &;)Ax depends
solely on the value of / — [. Therefore, the kernel 7(x; — X7, ;) becomes a function of / — I,

and the second summation on the RHS of Eq. 4 becomes a discrete convolution.
Let

h=[n(x)], [=0,1,2,...,L—1 (5)

be the size L field vector containing values of the field function,
£, =[f(5;)), =012 L—1 (6)
be the size L source vector containing values of the source function on a ;-shifted grid, and
tg, = [ty —%,5), [—I1=1-L,...,—1,0,1,...L—1 (7)

be the size L + L — 1 kernel vector containing values of the kernel function on a &-shifted
grid, then Eq. 4 can be written in vector form as:

1

h=Ar Y it *fs, (8)
i=1

where tg *f; denotes the discrete convolution:
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-1
[t *f5], = ) [ta], ilfsl, 1=0,1,...L—1, ©)

l

Il
o

and it can be evaluated accurately and efficiently through the FFT algorithm. This will be
discussed in detail in Sect. 3.

2.2 2D and 3D Continuous Convolutions

Applying a 2D or 3D hybrid rectangle-Gaussian grid, the above derivation can be easily
extended to 2D and 3D continuous convolutions.
For a 2D finite continuous convolution:

i
e = [ [ ot - gz - ares (10)
X J2o
we have:
LK
hop = AvAz > S i ot kEz 5, (11)
i=1 k=1
where (,ul(l),a),im) and (&;,7,) are the weights and nodes of a I X K nodes 2D Gauss—

Legendre quadrature rule over the integration area [0, 1] x [0, 1], and

hyp = [A(x7, 20)],

(12)
[=0,1,2,...,.L—1, n=0,1,2,...,.N—1
is the size L x N matrix containing values of the field function,
i = G Z00) ~ )

[=0,1,2,..,L—1, 7A=0,1,2,...N—1

is the size L x N matrix containing values of the source function on a (G, 7 )-shifted grid,
and

tog = (100 = X020 = Zing)],
l-i=1-L,...,—1,0,1,...,L—1, (14)
n—in=1-N,...,—1,0,1,...,N—1

is the size (L +L — 1) x (N + N — 1) matrix containing values of the kernel function on a

(6,7 )-shifted grid.
Analogously, for a 3D finite continuous convolution:

hx,y,2) = / ‘ / : / FEF D — By — 2 — 2)didjds, (15)
X0 Jy 20

we have
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J K
_ (0, (K)
h3D = ALA}AZ Z Z/‘li vj Wy ti,/;,"],‘*fo?,-[%fk' (16)
i=1 j=1 k=1
where (,uE[)7 v_,m, w,((K)) and (&;, ﬁj,"ik) are the weights and nodes of a I x J X K nodes 3D

Gauss-Legendre quadrature rule over the integration volume |0, 1}3, and

hsp = [A(x1, Yims 7))

(17)
[=0,1,2,...L—-1, m=0,1,2,.. M—1, n=0,1,2,....N—1
is the size L X M x N matrix containing values of the field function,
fyf,/?/fk = [f(’zi+&,’)7m+/?jvz~ﬂ+ﬁ)]v ~ ~ (18)

i=0,1,2,...L—1, m=012,...M—1, 7=0,1,2,...,N—1

is the size L x M x N matrix containing values of the source function on a (4, B Vi)~
shifted grid, and

t&iﬁj“ik = [I(XI - f[+oz[,ynz - y,ﬁ+/)7/72n - Zri+;7k)];

l-I=1-L,...,—1,0,1,....L—1

a~7 s Uy 1y ) ) (19)
m—m=1-M,...,—1,0,1,...M—1,
n—i=1-N,...,—1,0,1,..,N—1

is the size (L+L—1) x (M +M — 1) x (N + N — 1) matrix containing values of the
kernel function on a (d;, [}ﬁ 7, )-shifted grid.

3 Discrete Convolutions Via the FFT Algorithm

We have reduced the 1D, 2D and 3D continuous convolutions to the weighted sum of a
series of discrete convolutions using 1D, 2D or 3D hybrid rectangle-Gaussian grids. It can
be observed from Eqs. 8, 11 and 16 that the efficiency of the algorithm relies on the fast
calculation of discrete convolutions. It is well known that discrete convolutions can be
evaluated efficiently and accurately, to almost machine precision, through the FFT algo-
rithm (Vogel 2002). In the following, we provide some basic concepts of the relationships
between discrete convolutions, Toeplitz systems and the FFT algorithm.

The derivation here is a bit different from those provided in Vogel (2002) in several
aspects: (1) we deal with the more general case when the vectors h and f are of the same or
different sizes L and L, respectively. The size of the kernel vector t is then L + L—1,as
has been discussed above; (2) we add no extra zeros when embedding the Toeplitz matrix
T into its circulant extension; and (3) we use slightly different symbols to simplify
expressions.

The 1D discrete convolution of a source vector f = (fy,f1,. . .,f;_,) and a kernel vector
t=(t_j.tyjs--t-1,t0, 11, ..., t—2, 1) i Written as:
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L-1
[h], = [txf],= t i, 1=0,1,...,L—-1. (20)
=0
Let
[ 10 - hep hei ]
f fo o t i
fL— K i I f o
| -1 L2 - L Ii |
[ fo ] [ ho ]
f h
f= |, h= o (22)
Jio i
i1 LA ]
then the discrete convolution can be written in matrix—vector product form as:
h =Tft, (23)

where T = toeplitz(t).
Toeplitz matrix—vector products can be efficiently computed by combining circulant
embedding with FFTs (Vogel 2002). Denote C = circulant(c) as the n x n circulant matrix

Co Cn—1 . C C1

c Co Cn—1 . 2
C= C1 ) K . ’ (24)

Cp—2 . . . Cpn—1
_Cn—l Cp-2 .o C1 Co i

with ¢ = (co,c1,...,¢,—1). The Toeplitz matrix T can be embedded in a size (L + L —
1) x (L+L—1) circulant matrix T = circulant(t), with
t = (to,t1,-- s to_1,8,_fy--t; ;o1 ;). Therefore, the Toeplitz matrix—vector product

Tf can be embedded in a circulant matrix—vector product 7f and then evaluated through
the FFT algorithm:

h=7f=T

f TE] e
0@_1)“] _ {AJ —F [F(f)F(t)}, (25)

h= [ﬁ]Lxh

where F and F~! represent the 1D forward and inverse discrete Fourier transform oper-
ators, respectively. The vector f= (fo,fi,-- - fi—1,0,...,0) is obtained by a zero-padding
——

L-1
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extension of the original source vector f, and t = circshift(t, L) is obtained by circularly
shifting the elements in the original kernel vector t by L positions. Finally, the field vector

h can be obtained by extracting the first L elements in the extended field vector h.
Analogously, the derivation above can be extended to the evaluation of 2D and 3D
discrete convolutions using the 2D and 3D FFT algorithms.
For the 2D discrete convolution:

L—1 N—1

[h]z,n = [t*f]l,n = < £ Zt (26)

=
1=0,1,...L—1, n=0,1,....N—1,

the algorithm can be written as:
ﬁZD = FA*l |:F(f2D)F(f2D)i|7 (27)
hyp = [th]LxN'

Here F and F~! represent the 2D forward and inverse discrete Fourier transform operators,
respectively. The extended source matrix fp is obtained by a zero-padding extension of
the original source matrix [f;;] of size L x N to the size (L+L— 1) x (N+ N — 1), and
top = circshift(top, L, N) is obtained by circularly shifting the elements in the original
kernel matrix [tH:nfﬁ] by L and N positions along two dimensions, respectively. Finally,
the field matrix h,p can be obtained by extracting the first L x N elements in the extended

field matrix ﬁw.
Similarly, the algorithm for the 3D discrete convolution:

[h] - [t*f]l m,n t]f[,l”flﬁﬂfﬁﬁfﬁ.ﬁ’

Lmn

1=0,1,...L—1, m=0,1,...M—1, n=0,1,...N—1,

is written as:
hyp = F:1 {F(QD)F(%D)}, 29)
h;p = [h3D]L><M><N’

where F and F~! represent the 3D forward and inverse discrete Fourier transform oper-
ators, respectively. The extended 3D source matrix f3p is obtained by a zero-padding
extension of the original 3D source matrix [f;, ] of size LxMxN to the size
(L+L—1)x (M+M—1)x (N+N —1), and t3p = circshift(tsp, L, M,N) is obtained
by circularly shifting the elements in the original kernel matrix | by L, M and N
positions along three dimensions, respectively. Finally, the 3D field matrix h;p can be
obtained by extracting the first L x M x N elements in the extended 3D field matrix hsp.

tl Lm—rit,n— n]
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4 The Conv-Gauss-FFT Algorithm

Based on the derivations in the previous two sections, we introduce here an efficient
algorithm, namely the Conv-Gauss-FFT algorithm, for the calculation of continuous
convolution-type integrals by a combined use of hybrid rectangle-Gaussian grids and the
FFT algorithm.

For 1D continuous convolutions, by combining Eqs. 8 and 25, we have:

h = Ax i WE [F(f&,)F(t}z,-)}

=AxF~ {Z,ull)F i) x,)},

h= [H}Lxl‘

We call this approach the 1D Conv-Gauss-FFT algorithm.

The 2D and 3D Conv-Gauss-FFT algorithms for the evaluations of the 2D and the 3D
continuous convolutions can be obtained analogously. Combining Egs. 11 and 27, we have
the 2D Conv-Gauss-FFT algorithm:

I K
hyp = AA, F! {Z Z ,ul(”cu l,,k)F(tAiifk)} ,
i=1 k=1 (31)
hyp = [HZD]LXN'
Similarly, by combining Eqgs. 16 and 29, we have the 3D Conv-Gauss-FFT algorithm:

1 K
ﬁ3D = A}cAyAz Fil |:Z ZH O V K>F fi,[;’jk)F(f&,ﬁfA ):| ’

i=1 k=1

M-

(32)
hsp = [haply -

The complexity of the algorithm depends on several parameters, including the source
grid size, the field grid size, and the number of Gaussian nodes used in each direction. Take
the 3D Conv-Gauss-FFT algorithm for instance, the numerical complexity of the algorithm
is O(1JKSlogS), with 1, J, K the number of Gaussian nodes along three directions, and
S=(L+L—1)x(M+M—1)x (N+N —1) is determined by the sizes of both the
source grid (L x M x N) and the field grid (L x M x N). The total number of discrete
Fourier transforms needed is 2IJK + 1.

The accuracy of the algorithm also depends on several aspects, among which the well-
behavedness of the source and the kernel functions, i.e., how well can continuous poly-
nomials approximate these functions, plays the central role. When the source and the
kernel functions are well-behaved, that is, smooth enough and with no singularity, the
algorithm can achieve high accuracy as long as a sufficiently large number of Gaussian
nodes are used. However, when the source function is only piecewise continuous, as is
usually the case in a gravity forward problem, the density function changes discontinuously
across the boundary of the source body, the algorithm may introduce some observable
errors for field points close to the source’s boundary. Furthermore, when the kernel
function has a strong singularity, as is the case for high-order derivatives of Newton’s
integral kernel, the algorithm fails if the convolution integral becomes singular and cannot
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be properly solved using a regular quadrature method, including the hybrid rectangle-
Gaussian quadrature method used here.

The Conv-Gauss-FFT algorithm, including the 2D and 3D cases, has been coded in
MATLAB language. Together with a point-in-polygon algorithm and a point-in-polyhe-
dron algorithm, the method can be used to solve general 2D and 3D gravity forward
problems including sources with arbitrary geometry and arbitrary density distribution.
Moreover, the algorithm may also be useful in solving other convolution-type integrals in
geophysics and geodesy (Hirt et al. 2011). The efficiency, accuracy and robustness of the
algorithm will be assessed by numerical comparisons with examples derived from the
literature.

5 General Gravity Forward Modeling Using the Conv-Gauss-FFT
Algorithm

5.1 The 2D Forward Problem

The general 2D gravity forward problem can be written as a continuous convolution-type
integral:

az+k otk 1
=2G dxdz. 33
ok ¢(x,2) / [(, ‘ak{ g dx—%z-2) 2, (33)
where G is the gravitational constant, p(X,Z) is the 2D density distribution within the

integration region, ¢ is the gravity potential and - avax represent its derivative components,

ax’
and

d(x—)?,z—f):\/(x—f)z—l—(z—i)z (34)

is the 2D Euclidean distance between a field point (x, z) and a source point (X, ).
Figure 1 shows some basic concepts of the 2D Conv-Gauss-FFT algorithm. The region
covered by filed points (the red grid) is denoted as:

Qg = {(x,2)|x0 < x < x-1,20 <2< v ) (35)
The source region (the green grid) is defined as:

Qsource - { )Z ‘XO <x< xLy 0 < z<

i}
~ -fmm — A0 ~ max — X0
Xo = xo + {7J Ax, d¥;=xo+ { —‘ (36)
- Zmin — 20 ~ Imax —
= min =~ 0 VAz, diy = max — 0 IA
20 =20 + { Az J Z, Zy = 20 T [ Az -‘ Z,

where Xmin, Xmax, Zmin, Zmax are the upper and lower limits of the coordinate values of the
source polygon’s (the blue polygon’s) vertices, and the symbols | | and [ | represent the
floor and ceiling functions, respectively.

We mention here that although we have drawn the source grid contained within the field
grid in Fig. 1, there is no limitation on the geometrical relationship between these two
regions. They can either be separated (Qfelg N Lsource = ),  overlapped
(ineld n Qsource ‘_/é @)’ or with one contained in another (ineld N Qsource = ineld or Qsource)-
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Fig. 1 Illustration of the 2D gravity forward model based on the 2D Conv-Gauss-FFT algorithm

However, to make the Conv-Gauss-FFT algorithm work, the grid intervals of these two
regions along each direction must be the same, that is, the condition Ax = Ax, Ay =
Ay, A7 = Az is met.

Now we use the 2D Conv-Gauss-FFT algorithm (Eq. 31) to evaluate Eq. 33. Obviously,
the kernel function ¢ can be evaluated analytically for the gravity potential and its
derivatives of arbitrary order. Taking the vertical component of the gravity vector for
instance, we have:

| L
r—%2-7) =2 (-9

) 0z 1O‘gd(x—fé,z—i) :(x—i)2+(z—2)2' (37)

Then for each pair of shift parameters (&;,7,), the kernel matrix fiiv“k can be obtained by
circularly shifting the elements in the original kernel matrix tz; by L and N positions along
two dimensions, respectively, with t;; defined in Eq. 14.

The kernel functions correspond to the gravity vector, and the gravity gradient tensor
components caused by a 2D source body are written as:
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6, ¢A~>[‘("d2‘ A,z ZN)] (38)

T {2()6 _jiz _ sz 2(x _?*(Z 9 2@ _?42 _ dz]. )

Similarly, for each pair of shift parameters (&;, 7;), the source matrix fﬁ;ﬁ is obtained by
the zero-padding extension of the original source matrix f3; , which is defined in Eq. 13 by
the source function f(%; o Zit5, )- For the polygonal model in Fig. 1, values of the source
function can be determined by both the density distribution p(%, Z) within the polygon and
a point-in-polygon algorithm. Denote the region covered by the source polygon as Qpolygons
we then have:

if (¥, 2) € Qpotygon;

rea={59 LET (40)

Q polygon -

As shown in Fig. 1, the source function is sampled on a hybrid rectangle-Gaussian grid
(cross symbols) with the number of Gaussian nodes chosen as / = K = 2. For each pair of
shift parameters (d;, ), the point-in-polygon algorithm is used to determine whether a grid
point lies inside (blue cross symbols) or outside of (green cross symbols) the source
polygon. For the point-in-polygon test, we use the MATLAB function inpoly.m
downloaded from the MATLAB central. The function is provided by Darren Engwirda at
http://cn.mathworks.com/matlabcentral/fileexchange/10391-fast-points-in-polygon-test.

In addition to polygonal models, the source region can also be defined by analytical
functions. Martin-Atienza and Garcia-Abdeslem (1999) studied 2D gravity modeling with
source body bounded either laterally by functions of depth:

Qop ={(%,2):m(2) X< M(2),21 <2< B}, (41)
or vertically by functions of the horizontal position:
Qop = {(X,2): % <X <0, q1(X) <7< g2(0)} (42)

For these analytically defined geometries, it is simpler to determine whether a source point
lies within the source region or not. The point-in-polygon algorithm is no longer necessary;
a simple comparison to the two analytical boundary functions would immediately tell.

5.2 The 3D Forward Problem

We have discussed in detail the 2D Conv-Gauss-FFT solution for a general 2D gravity
forward problem. The 3D forward problem can be solved in a very similar way based on
the 3D Conv-Gauss-FFT algorithm (Eq. 32) and a point-in-polyhedron algorithm.

The general 3D gravity forward problem can be written as:

az+j+k Vi az+j+k 1
—_— X, 9,2) == dxdydz
Oxi0yzk .32 / / / )2 axlayfaz" r(x —%y—y,z2—2) Y

(43)

where
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M=%y —3.2-9) = /(=2 + =3P + (-2 (44)

is the 3D Euclidean distance between a field point (x, y, z) and a source point (%, ¥, Z), and
p(%,¥,2) is the 3D density distribution within the integration volume.

Again, kernel functions of the gravity potential and its derivatives of arbitrary order can
be obtained analytically. The kernels correspond to the most frequently used gravity
vector, and gravity gradient tensor components are:

A ()
3x—5) =P 30y—-y)—r~3:-2" -~
[¢n¢yy¢u]<_> WA e e )
Dbt | 3D =) 3 D=9 36 -N)E-2) |
r5 r5 7'5

Clearly all kernel functions listed above have very simple expressions and can be evaluated
very quickly with almost negligible computational cost.

Analogous to the 2D case, for each group of shift parameters (4, Bj, 7¢), the point-in-
polyhedron algorithm is used to determine whether a grid point lies within or out of the

I Source body
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Fig. 2 A point-in-polyhedron test of a regular grid of points using an Octahedron
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source polyhedron. Figure 2 shows a point-in-polyhedron test of a regular grid of points
using an Octahedron source body. The MATLAB function inpolyhedron.m down-
loaded from the MATLAB central provided by Sven Holcombe is used for the test. Denote
the region occupied by the source polyhedron as Qpgiyhedron, We then have:

~ 55 p(f,)z 2)7 if (f,}?,Z) € onlyhedron»
1Y:2) = A 47
f(x Y Z) {Oa if (x,y,z) ¢ onlyhedr0n~ ( )

In addition to polyhedral bodies, a 3D source region can also be described by a layer
with uneven top and bottom surfaces, like those frequently used in a terrain correction
problem (Parker 1973; Wu 2016):

Qap = {(¥,5,2): %1 S ¥ <X, 5 <V <%, 2(Xy) <7< 29} (48)

The top and bottom surfaces can be step functions, piecewise triangular interpolated
functions, or smooth functions as discussed in Wu (2016). When these topographic models
are considered, the point-in-polyhedron algorithm is no longer necessary, and a simple
comparison to the top and bottom surface functions would directly tell if a point lies within
or outside the source region.

6 Numerical Tests

In this section, we use both 2D and 3D synthetic and real models, with versatile geome-
tries, constant or variable density distributions, to test the Conv-Gauss-FFT algorithm. For
each model, space-domain analytical solutions are used as precise references. Numerical
accuracy and computational efficiency of the Conv-Gauss-FFT algorithm are then tested by
comparing to space-domain solutions.

For comparison of numerical accuracy, we provide difference maps between the Conv-
Gauss-FFT algorithm and space-domain analytical solutions. Alternatively, we also use
several different criteria, including the absolute error, the relative error and the relative
root-mean-square (rrms) error. The absolute error and the relative error are used when
comparison is made at a single field point, e.g., at the origin of the coordinate system. The
relative root-mean-square error is used for comparison of fields on profiles or on the whole
2D or 3D regular grid.

We also include the computing times of both algorithms for all synthetic and real
models. We use Tp,ce as the computing time for space-domain methods and Tcgr for the
Conv-Gauss-FFT algorithm. It should be mentioned that in the numerical examples we
provided, Typace usually represents the time cost of the space-domain solution calculating
gravity anomalies at one single point or on one single profile, while Tcgr usually represents
the time cost of the Conv-Gauss-FFT algorithm calculating gravity anomalies on the whole
2D or 3D grid. The algorithms were coded in MATLAB language and executed on a Intel
core PC with 8 GB of RAM and a i5-3470 CPU having a clock speed of 3.20 GHz.

6.1 2D Examples
First we test our algorithm using a simple 2D model, an infinitely extended horizontal
cylinder. The cylinder is of uniform density contrast p = 1000 kg m~>. It is centered at the

origin of the coordinate system, and its radius is a = 10 km. Field points on a regular grid
x = —20:1:20 km, z = —20:1:20 km are evaluated using both methods. Figure 3 compares
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Fig. 3 a Space-domain forward gravity anomaly ¢, (mGal) due to an infinitely extended horizontal
cylinder and the associated error maps of the 2D Conv-Gauss-FFT algorithm with different number of
Gaussian nodes, b/ =K =10,¢ /=K =20,dI =K =30

forward results of the gravity component ¢, caused by the cylinder using both space-
domain analytical solution and the 2D Conv-Gauss-FFT algorithm with different numbers
of Gaussian nodes.

Space-domain solution of the ¢, anomaly due to this model is easily obtained:

na’pz .
¢Z(x7 Z) = -2 x2 + Z2 ’ lf (X7 Z) g Qcylinder; (49)
_ZGTEPZ’ if (x7 Z) € Qcylindem

where Qcylinger denotes the area covered by the cylinder: Qcytinger = {(x,2)[x* + 22 < a*}.
Figure 3a shows space-domain forward results of the ¢, anomaly. As indicated in Eq. 49,
the ¢, anomaly is symmetric with respect to the x-axis and antisymmetric with respect to
the z axis. Inside the cylinder, it is linearly dependent on the value of z.

Figure 3b—d shows the associated error maps of the 2D Conv-Gauss-FFT algorithm with
numbers of Gaussian nodes I = K = 10, 20, 30. For most part of the field region, the Conv-
Gauss-FFT algorithm with a small number of Gaussian nodes can already generate forward
results almost identical to the space-domain solutions. However, the difference between
these two algorithms becomes noticeable near the boundary of the cylinder, and it cannot
be fully suppressed by increasing the number of Gaussian nodes. The reason for this, as has
been discussed before, is that the density function changes discontinuously across the
boundary of the source body, producing a discontinuous source function that cannot be
well approximated by continuous polynomials. The space-domain solution costs only
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about 0.0004 s because the analytical expressions are very simple. The Conv-Gauss-FFT
algorithm with / = K = 10,20, 30 costs about 0.10, 0.38 and 0.85 s, respectively.

Figure 4 provides more details of the differences between these two algorithms. Fig-
ure 4a plots the absolute errors of the I = K = 30 Conv-Gauss-FFT algorithm against the
point—cylinder distance, i.e., the minimum distance from each field point to the boundary
of the cylinder: 6 = |v/x? + z2 — a|. Apparently the point—cylinder distance in general
controls the upper bound of the error. The larger the distance, the smaller the error’s upper
bound. Figure 4b shows histogram of the error. Most of the errors lie within the range
[-0.01,0.01] mGal. Figure 4c shows absolute error changes at five randomly picked field
points: A, B, C, D and E with increasing number of Gaussian nodes. In general, the errors
decrease with increasing number of Gaussian nodes. However, they do not decrease
monotonically due to unknown reasons. Figure 4d shows the overall rrms errors of the
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Fig. 4 a Absolute errors of the I = K = 30 Conv-Gauss-FFT algorithm against the point—cylinder distance,
b histogram of the error, ¢ absolute error changes with increasing number of Gaussian nodes at five field
points, d the overall rrms error of the Conv-Gauss-FFT algorithm with increasing number of Gaussian nodes
for the modeling of the ¢, and ¢_ components
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Conv-Gauss-FFT algorithm with increasing number of Gaussian nodes for the modeling of
the ¢, and ¢, components on the whole 2D grid. These two components have exactly the
same rrms error because both their analytical expressions and kernel functions are math-
ematically equivalent. The changing of rrms errors has similar behaviors with those
observed in Fig. 4c. In general, they also decrease, but not monotonically, with increasing
number of Gaussian nodes.

Next we test our method using a variable density model, a 2D prism with linear depth-
dependent density function p(Z) = 100 4 60z kg m~>. As shown in Fig. 5, the prism
extends from — 5 to 5 km horizontally and O to 15 km vertically. For the Conv-Gauss-FFT
algorithm, a 2D grid of field points: x = —20:1:20 km, z = —20:1:20 km are calculated.
For the space-domain analytical solution, only five profiles A, B, C, D and E at different
heights z = — 1 km (solid line), z = —2 km (dashed line), z = —4 km (dotted line),

z= —8 km (cross), and z = — 16 km (asterisk) in the upper half-space are evaluated.
—20 T T T
E:z=-16
KKK K KK K K K K K K K K K K K K K K K K K K K K K K K K K KK Kk Kk kK k¥
D:z=-8
XXXXXXXXXXXXXHXXXXXXHXXHXXXXXXXXXXXXXXXXXX
C:z=-4
B:z=-2
P e —_- o= = =
Eof .
N =
p =100+ 602
15 F .
20 i i i
-20 -5 0 5 20

x (km)

Fig. 5 A 2D prism model with linear depth-dependent density function p = 100 + 607 kg m~3. Five field
profiles A-E at different heights z = — 1, —2, — 4, — 8, — 16 km in the upper half-space are calculated and
compared using space-domain analytical solutions and the 2D Conv-Gauss-FFT algorithm
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Therefore, the comparison between these two methods is catried out only on these five
profiles.

Unlike the horizontal cylinder model we have studied above, the geometry of the 2D
prism model chosen here fits perfectly with the rectangle-Gaussian grid used in the Conv-
Gauss-FFT algorithm. As a result, the density function changes smoothly within each small
rectangle area, leading to integral kernels that can be well approximated by continuous
polynomials, which then ensures the high accuracy of the Gaussian quadrature rule.

Figure 6 compares space-domain and Conv-Gauss-FFT forward results of the gravity
vector component ¢, and the gravity gradient tensor component ¢, on the five profiles A,
B, C, D, E listed above caused by the linear variable density model in Fig. 5. It can be
observed that for both the ¢, and ¢_, components, the Conv-Gauss-FFT algorithm agrees
very well, to almost machine precision, to the space-domain analytical solutions. The
Conv-Gauss-FFT algorithm converges faster for profiles higher above the source because
gravity anomalies generated farther from the source are smoother and can be better
approximated by lower-order polynomials. The space-domain solution costs about
0.0015 s modeling these five profiles, while the Conv-Gauss-FFT algorithm with I = K =
10 costs about 0.09 s modeling the whole 2D grid.

Finally, we test our algorithm using four 2D models in the literature. They have been
studied by several authors using versatile variable density distributions. Figure 7 compares
space-domain analytical solutions and the Conv-Gauss-FFT forward results of the ¢,
anomaly caused by these four models.

Figure 7a shows forward results of a 2D rectangular prism, which extends vertically
from 1 to 2 km, and horizontally from 3 to 9 km; it has been studied by Rao (1986), Zhang
et al. (2001) and D’Urso (2015), by assuming a depth-dependent density function

p(2) = 1.54+0.24z — 0.0352". (50)

Space-domain results are extracted from table 1 in D’Urso (2015). The Conv-Gauss-FFT
algorithm with /=K =2 is applied to calculate a 2D grid of field points:
x =0:0.01:12 km, z = 0:1:3 km, after which field values on the profile z = 0 km with
horizontal positions coincide with those in D’Urso (2015) are extracted for comparison.
The Conv-Gauss-FFT algorithm costs about 0.02 s evaluating the whole 2D grid.

Figure 7b shows forward results of a 2D polygon; it has been studied by Garcia-
Abdeslem et al. (2005), Zhou (2008) and D’Urso (2015). It refers to the Sebastidn Viz-
caino Basin in Mexico for which the density contrast has been assumed in the form

p(2) = —0.7 +0.25487 — 0.02737%. (51)

Space-domain results are extracted from table 2 in D’Urso (2015). The Conv-Gauss-FFT
algorithm with I =2, K = 4 is applied to calculate gravity anomalies on the 2D grid:
x = —0.4:0.01:2.2 km, z = 0:0.05:3 km, after which field values on the profile z = 0 km
with horizontal positions coincide with those in D’Urso (2015) are extracted for com-
parison. The Conv-Gauss-FFT algorithm costs about 0.05 s evaluating the whole 2D grid.

Figure 7c shows forward results of a 2D polygon with horizontally dependent density
function; it has been studied by Martin-Atienza and Garcia-Abdeslem (1999), Zhou (2010)
and D’Urso (2015), by assuming a density function

p(%) = 0.5 +0.02% — 0.02>. (52)
Space-domain results are extracted from table 4 in D’Urso (2015). The Conv-Gauss-FFT

algorithm with / = K = 2 is applied to calculate gravity anomalies on the 2D grid: x =
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Fig. 6 Comparison of space-domain and Conv-Gauss-FFT forward results of the gravity vector component
¢. and the gravity gradient tensor component ¢_. on five profiles A, B, C, D and E caused by the linear
variable density model in Fig. 5. a Space-domain forward results of ¢_, b rrms errors of ¢_ calculated by the
Conv-Gauss-FFT algorithm with increasing number of Gaussian nodes, ¢ the corresponding errors of the
I = K =10 Conv-Gauss-FFT algorithm, d space-domain forward results of ¢_, e rrms errors of ¢_,
calculated by the Conv-Gauss-FFT algorithm with increasing number of Gaussian nodes, f the
corresponding errors of the / = K = 10 Conv-Gauss-FFT algorithm

—5.5:0.01:5.5 km, z = 0:0.1:3 km, after which field values on the profile z = 0 km with
horizontal positions coincide with those in D’Urso (2015) are extracted for comparison.
The Conv-Gauss-FFT algorithm costs about 0.3 s evaluating the whole 2D grid.
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Fig. 7 2D variable density models previously studied by other authors. a A 2D prism with quadratic depth-
dependent density, b a 2D polygon with quadratic depth-dependent density, ¢ a 2D polygon with quadratic
horizontally dependent density, d source body bounded laterally by functions of depth with a second-order
polynomial density function

Figure 7d shows forward results of a 2D model bounded laterally by functions of depth.
It can be defined in the form of Eq. 41, with Z; = 0 km, Z, = 3 km the upper and bottom
depths, and 4 (Z) = —4 — 0.07Z + 0.32% + 0.012> km, hy(Z) = 4.5 + 0.57 — 0.2z km the
left and right boundary functions; it has been studied by Martin-Atienza and Garcia-
Abdeslem (1999), Zhou (2009b, 2010) and D’Urso (2015), by assuming a 2D variable
density function

p(%,2) = —0.7 — 0.055% + 0.04%> + 0.062°. (53)

Space-domain results are extracted from table 5 in D’Urso (2015). The Conv-Gauss-FFT
algorithm with / =2, K =4 is applied to calculate gravity anomalies on the 2D grid:
x = —5.5:0.01:5.5 km, z = 0:0.1:3 km, after which field values on the profile z =0 km
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with horizontal positions coincide with those in D’Urso (2015) are extracted for com-
parison. The Conv-Gauss-FFT algorithm costs about 0.25 s evaluating this model.

In all density functions, the coordinates X, 7 are expressed in kilometers and the density
expressed in g cm 3. Figure 7 shows a perfect agreement between the analytical solutions
(red and blue lines) and those computed by means of the proposed Conv-Gauss-FFT
approach (black dots).

6.2 3D Examples

Now we test the 3D Conv-Gauss-FFT algorithm using 3D models. We choose the trian-
gulated shape model of the asteroid 433 EROS (approximate size 13 x 13 x 33 km), which
was mapped by the NEAR Shoemaker probe from April to October 2000 and has been
investigated in depth by Zuber et al. (2000), Tsoulis et al. (2009), D’Urso (2014a, b) and
Fukushima (2017). Several models of this body at various resolutions have been made
available by the Planetary Science Institute (USA) at the address http://www.psi.edu/pds/
archive/shape.html. Data can be downloaded at the address http://sbn.psi.edu/pds/asteroid/
NEAR_A_5_COLLECTED_MODELS_V1_0/data/msi/ for all resolutions. We compare
our results based on the 3D Conv-Gauss-FFT algorithm with space-domain solutions
provided in D’Urso (20144, b) using both constant and variable density functions for the
asteroid 433 EROS.

Figure 8 shows forward results of the gravity potential ¢ (units in m?>s~2) and three
gravity vector components ¢,, ¢, ¢, (units in mGal) on a surface 0.2 km above the surface
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Fig. 8 Forward results of the gravity potential ¢ (units in m? s~2) and three gravity vector components ¢,,
¢y» ¢. (units in mGal) on a surface 0.2 km above the surface of the asteroid 433 EROS using the 3D Conv-
Gauss-FFT algorithm with / =J =K =2
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of the asteroid 433 EROS using the 3D Conv-Gauss-FFT algorithm with / =J =K = 2.
Here the asteroid 433 EROS is characterized by 1708 faces and 856 vertices. The results
are obtained by assuming G = 6.67259 x 107! m?® kg=! s and a constant density
p = 2670 kg m~3 of the model.

The computation surface contains 856 vertices, with each vertex 0.2 km above a cor-
responding vertex of the asteroid 433 EROS. The local normal vector for each vertex is
obtained by taking the average direction of the normal vectors of the triangular surfaces
sharing this vertex. That is, for each vertex P of the asteroid 433 EROS, suppose P is
shared by N surrounding triangular surfaces whose unit normal vectors are n;,
i=1,2,...,N, then the local unit normal vector corresponding to the vertex P is calculated
as: np = Zivzl n;/| Zf\;l n;|, and a computation point Q with ryp = rp + 0.2np is evalu-
ated, where rp and ry are position vectors for the vertices P and Q, respectively.

Figure 9 shows the corresponding difference maps between space-domain analytical
solutions and the 3D Conv-Gauss-FFT algorithm. For space-domain analytical solution, we
have coded the algorithm introduced in D’Urso (2014a) for the gravity potential and its
first-order derivatives in MATLAB language and evaluated these components on the
computation surface directly. For the 3D Conv-Gauss-FFT algorithm, we first calculate the
gravity potential and its first derivatives on the 3D regular grid: x = —20:0.25:20 km,
y = —10:0.25:10 km, z = —10:0.25:10 km, and then, field values on the computation
surface are obtained through a linear interpolation. The space-domain algorithm costs
about 97 s evaluating 856 points. The Conv-Gauss-FFT algorithm costs about 22 s
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Fig. 9 Difference maps of the gravity potential ¢ (units in m? s~2) and three gravity vector components ¢,,
¢y, ¢. between space-domain analytical solutions and the 3D Conv-Gauss-FFT algorithm with
I=J=K=2
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calculating the whole 3D grid, which is of size 81 x 161 x 81 and in all contains 1,056,321
points.

It can be observed that the errors for the gravity potential ¢ and three gravity vector
components ¢,, ¢, ¢, are all very small comparing to the referenced fields. The gravity
potential exhibits smaller errors than the gravity vector components because the corre-
sponding integral kernel is smoother and can be better approximated by low-order poly-
nomials. The largest misfits between two algorithms for all three gravity vector
components are only about 2 mGal, which proves the accuracy and efficiency of the Conv-
Gauss-FFT algorithm, especially when fields on a regular grid are needed.

Some further comparisons between the Conv-Gauss-FFT algorithm and space-domain
analytical solutions for the asteroid 433 EROS with constant and variable density contrasts
are implemented and summarized in Tables 1 and 2. In all cases, the comparison is made at
the origin of the coordinate system, i.e., the point (0, 0, 0). The relative error is used to test
the accuracy of the algorithm. Time costs of both algorithms, with Ty, represents the
computation time of the space-domain solution calculating the gravity anomalies at a
single point, i.e., the origin, and TcgF represents the computation time of the Conv-Gauss-
FFT algorithm evaluating the whole 3D grid mentioned above, are provided.

Table 1 summarizes forward results of both algorithms for the gravity potential ¢ and
three gravity vector components ¢,, ¢,, ¢, caused by the asteroid 433 EROS with constant

density p = 2670 kg m~3 and characterized by 1708, 7790, 10,152, 22,540, 89,398 and
200,700 faces. For the gravity potential, relative errors for all six models are below 107%;
for vector gravity components, the largest relative error among all six models is about
0.4%. The computation time for the space-domain solution increases significantly when the
number of faces of the polyhedral model becomes larger, while the computation time of the
Conv-Gauss-FFT algorithm changes little. This is because in the Conv-Gauss-FFT algo-
rithm, only the point-in-polyhedron algorithm depends on the geometry of the source, and
it runs very fast for test points on a regular grid, with the computation time increases very
slowly when the polyhedron is characterized by larger numbers of faces.

Table 2 summarizes forward results of both algorithms caused by the asteroid 433
EROS with linear variable density p = 2670 + X% +y + 7 kg m™3 and characterized by
1708, 7790, 10,152 and 22,540 faces. The model has been studied in D’Urso (2014b) using
several linear density functions. Forward results in table 2 in D’Urso (2014b) are extracted
for comparison. It should be noted that since the origin of the coordinate system lies inside
the source body, the integral in Eq. 43 for three diagonal gravity gradient tensor compo-
nents ¢,,, @,,, ¢, suffers from singularity problems which cannot be properly solved by
regular quadrature methods, including the rectangle-Gaussian quadrature rule embedded in
the Conv-Gauss-FFT algorithm, we provide only forward results of the gravity potential ¢,
three gravity vector components ¢,, ¢,, ¢,, and three off-diagonal gravity gradient tensor
components ¢,,, ¢,., ¢,, here. For the gravity potential, relative errors for all models are
below 10~#; for vector gravity components, the largest relative error is about 0.4%; for
tensor gravity components, the largest relative error is about 2%. Time costs of the Conv-
Gauss-FFT algorithm for all models are less than 40 s modeling the whole 3D grid, which
confirms its efficiency for 3D variable density models.
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Table 1 Comparison of values of the gravity potential ¢ and three gravity vector components ¢,, ¢,, ¢, at
the origin caused by the asteroid 433 Eros with constant density and different numbers of faces (Ng)
calculated by the Conv-Gauss-FFT algorithm (I = J = K = 2) and the space-domain algorithm in D’Urso
(2014a)

N Constant density contrast: p = 2670kgm~>
Gravity D’Urso (2014a) Conv-Gauss-FFT  Relative error  Time (s) AU
Nr = 1708 ¢ 6.868879e+-01 6.869223e+01 5.02e—05 Topace = 0.1 m?s~2
o, 1.768255e—04 1.768960e—04  3.99e—04 ms~2
by 7.775899e—04 7.770288e—04  7.22e—04 Tcor =221 ms™2
¢. — 1.353872e—04 — 1.354283e—04 3.03e—04 ms~2
Nr = 7790 ¢ 6.928423e+-01 6.927802e+01  8.96e—05 Topace =0.5  m?s2
o, 1.758138e—04 1.752970e—04  2.94e—03 ms2
by 7.780774e—04 7.774987e—04  7.44e—04 Tcor = 26.1  ms2
o, — 1.384690e—04 — 1.383389¢—04 9.40e—04 ms—2
Ne=10,152 ¢ 6.932709e+-01 6.932796e+01 1.25e—05 Tpace =07 m?s2
o, 1.755377e—04 1.748158e—04 4.11e—03 ms~2
by 7.787153e—04 7.783384e—04  4.84e—04 Tcgr =262 ms?
o, — 1.392375e—04 — 1.391297e—04 7.74e—04 ms—2
N =22540 ¢ 6.939819¢+01 6.940094e+01  3.96e—05 Tpace = 1.5 m?s2
o, 1.752634e—04 1.746698e—04  3.39¢e—03 ms—2
by 7.789840e—04 7.791308e—04  1.88e—04 Tcor =27.0 ms™2
o, — 1.395084e—04 — 1.394981e—04 7.33e—05 ms~2
Nr =89,398 ¢ 6.944107e+-01 6.944270e+01  2.35e—05 Tpace =59  m?s2
o, 1.750527e—04 1.745571e—04  2.83e—03 ms—2
b, 7.793210e—04 7.793855e—04  8.28e—05 Tcgr =304 ms2
o, — 1.397135e—04 — 1.398525e—04 9.95e—04 ms~2
Nr =200,700 ¢ 6.944893e+-01 6.945076e+01  2.62e—05 Topace = 134 m?s72
o, 1.750299e—04 1.744399e—04  3.37e—03 ms—2
by 7.794022e—04 7.794026e—04 4.61e—07 Tcgr =367 ms2
¢, — 1.397703e—04 — 1.400328e—04 1.88e—03 ms~2

Tpace represents the computation time of the space-domain solution calculating the gravity anomalies at a
single point, i.e., the origin, and Tcgr represents the computation time of the Conv-Gauss-FFT algorithm
evaluating the whole 3D grid, i.e., 1,056,321 points

AU amplitude unit

7 Discussion

Numerical examples have shown that in general, the Conv-Gauss-FFT algorithm achieves
high accuracy. However, it may introduce some observable errors under certain conditions.
For example, when the computation point lies near the boundary of the source, and when
the geometry of the source does not fit perfectly with a rectangular mesh. A possible way to
solve this problem may be the combination of the Conv-Gauss-FFT algorithm with ana-
lytical solutions or some properly designed quadrature methods to evaluate the long-range
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Table 2 Comparison of values of the gravity potential ¢, three gravity vector components ¢,, ¢,, ¢, and
three off-diagonal gravity gradient tensor components ¢,,, ¢,., ¢, at the origin caused by the asteroid 433

Eros with variable density p = 2670 + % + ¥ + Z kg m~3 and different numbers of faces (Ng) calculated by
the Conv-Gauss-FFT algorithm (I = J = K = 2) and the space-domain results from D’Urso (2014b)

Nr Variable density contrast: p = 2670 + % + y + Zkgm™>
Gravity D’Urso (2014b) Conv-Gauss-FFT  Relative error  Time (s) AU
Nk = 1708 ¢ 6.869669e+-01 6.870013e4+01  5.01e—05 Tcr =324 m?s?
b, 1.890322e—04 1.891038e—04  3.79e—04 ms—2
oy 7.819466e—04 7.813871e—04  7.16e—04 ms~2
¢, — 1.294272e—04 — 1.294674e—04 3.11e—04 ms2
by — 1.993356e—07 — 1.994861e—07 7.55e—04 s72
b, — 7.989745e—09 — 7.852553e—09 1.72e—02 s2
by, 2.589006e—08 2.584185e—08 1.86e—03 s72
Ng = 7790 ¢ 6.929211e+4-01 6.928587e4+-01  9.01e—05 Teor =374 m?s?
o, 1.881311e—04 1.876148e—04  2.74e—03 ms~?
N 7.824665¢—04 7.818877e—04  7.40e—04 ms~2
¢. — 1.324542e—04 — 1.323271e—04 9.59e—04 ms~2
Ory — 1.997333e—07 — 1.999730e—07 1.20e—03 s72
o — 8.117869¢—09 — 8.051218e—09 8.21e—03 s72
by 2.741592e—08 2.693504e—08 1.75e—02 s72
N =10,152 ¢ 6.933499e+-01 6.933580e+01  1.17e—05 Tcgr =375 m?s2
o, 1.878646e—04 1.871438e—04  3.84e—03 ms—2
oy 7.831055e—04 7.827309e—04  4.78e—04 ms~2
¢. — 1.332192e—04 — 1.331118e—04  8.06e—04 ms~2
(o — 1.996421e—07 — 1.998759¢—07 1.17e—03 s7?
b, — 8.132773e—09 — 8.045723e—09 1.07e—02 s2
by 2.761244e—08 2.749387¢—08 4.29¢—03 572
N =22540 ¢ 6.940608e+-01 6.940880e4-01  3.92e—05 Tcor =385 m?s?
o, 1.876020e—04 1.870107e—04  3.15e—03 ms~?
N 7.833815e—04 7.835288e—04  1.88e—04 ms—2
¢, — 1.334826e—04 — 1.334726e—04 7.48¢—05 ms~2
[ — 1.996434e—07 — 1.998672e—07 1.12e—03 s2
o — 8.161400e—09 — 8.037579¢e—09  1.52e—02 s72
by 2.790263e—08 2.792218e—08 7.0le—04 572

Tcar represents the computation time of the Conv-Gauss-FFT algorithm evaluating the whole 3D grid, i.e.,
1,056,321 points

AU amplitude unit

and close-range contributions separately. Similar techniques have been used in Parker
(1995) and Tsoulis (1998, 2001) in solving terrain correction problems where the com-
bination of analytical solutions for an inner zone surrounding the computation point with
modified FFT for the computation of the effect of the rest of the DTM are discussed.
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Take the general 2D forward problem for example, let £ be the set of all field points,
then for a field point P(xp,zp) € 2 , denote the rectangular region close to P by

Q(P) = {(x,2)||x — xp| < LeAx, |z —zp| < N.Az}, (54)

where L., N, specify the distances along two dimensions within which a close range is
defined. As shown in Fig. 1 by setting L. = N. = 1, field points can be classified into three
categories based on three different relations between the source body region Qo1ygon and
the region Q(P):

e@im lfQ(P) N onlygon = Q(P)7
Pe youty lf-Q(P) n onlygon = @7 (55)
Prond, otherwise.

Then we can evaluate the long-range contribution by applying the Conv-Gauss-FFT

algorithm with a slightly modified kernel flo:’"f
dong 0, if |xl - )E[Jrozi < L.Axand |Zn - Zﬁ+fk| < N:Az,
t.° =1 . : (56)
%k ti, otherwise,

and evaluate the close-range contribution using either analytical solutions or some properly
designed quadrature methods. For example, if P € 2, clearly the close-range contri-
bution is zero; if P € #y,, close-range contribution can be accurately evaluated using
analytical solution of a 2D prism; if P € Ppuq, analytical solution or some properly
designed quadrature methods can be applied once the region Q(P) N Qpo1yeon is rigorously
defined.

The 3D case can be understood analogously. However, in order to use analytical
solutions, an efficient algorithm for the calculation of the geometric intersection of a
rectangular prism and a polyhedron is needed, which may cause some extra computational
efforts. Besides, analytical solutions can be used only when they are available for the
density model under consideration, and they also require considerable computational costs.
An optimal trade-off between numerical accuracy and computational efficiency may be
obtained by choosing optimal values of the parameters L., M., N,.

8 Conclusions

We have reviewed briefly space-domain and Fourier-domain gravity forward algorithms in
Cartesian coordinate system, based on which we introduced a Conv-Gauss-FFT algorithm
for the accurate and efficient evaluation of continuous convolution-type integrals, and
applied it to solve general 2D and 3D gravity forward problems.

The contribution of the Conv-Gauss-FFT algorithm can be summarized as follows:

1. The algorithm can be applied to source bodies with arbitrary geometry, with their
boundaries represented either by discrete or continuous functions. Therefore, the
algorithm can be applied to almost any 2D or 3D model, including single-source
bodies like sphere, ellipsoid, cylinder, prism and general polyhedron, combined
models like a 2D layer, a 3D terrain, or a general 3D model.

2. Although no numerical example of a prism-staked model is provided here, we mention
that in fact the algorithm achieves best numerical accuracy and efficiency for this kind
of models. On the one hand, since the source is a 3D mesh of prisms, a prefect match
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of the rectangle-Gaussian grid and the source’s boundaries can be obtained. On the
other hand, the point-in-polyhedron algorithm is no longer needed, which can further
accelerate the algorithm.

3. The algorithm can be applied to arbitrary density distribution that are defined either by
discrete or by continuous functions, including polynomial, exponential, hyperbolic,
parabolic, or any other analytically defined function. For the 3D prism-stacked model
that is widely applied in both forward and inverse problems, since IJK sample points
are picked within each prism element when an / X J X K nodes 3D Conv-Gauss-FFT
algorithm is applied, the density function can vary not only from prism to prism, but
also within each prism element. This adds more flexibility to the 3D prism-stacked
model.

4. Theoretically, the algorithm can be extended to any higher-order derivatives of the
gravitational potential simply by replacing the kernel function with the corresponding
derivative component of Newton’s integral kernel. For the gravity potential and its
first-order derivatives, the algorithm can obtain high-precision forward results in the
whole 2D or 3D space. For gravity gradient tensor components, the algorithm can
provide reliable forward results outside the source body, but may fail or need special
treatment inside the source body due to singularity problems. For gravity curvature
components and higher-order derivatives, we have not done any numerical example, a
reasonable guess is that the algorithm works well for field points outside the source
body, and it may fail for those lying within.

5. Efficiency of the algorithm is guaranteed by the fast computations of the kernel
functions of a mass point, a fast point-in-polyhedron algorithm, and the FFT algorithm.
For 3D prism-stacked models, the algorithm presented here is more efficient than the
mass-prism-based algorithm in Sanso and Sideris (2013) by avoiding the numerous,
time-consuming evaluations of the logarithmic and arctangent terms. Besides, the
algorithm presented here is more accurate than the algorithm in Tontini et al. (2009)
since edge effects now can be completely eliminated. It is also more accurate than the
algorithm in Zhang et al. (2015) because instead of a pure rectangle mesh of mass
points, we use a hybrid rectangle-Gaussian grid of mass points.

Future works may be dedicated to the application of appropriate numerical quadrature
methods for the evaluation of close-range contribution. Further applications of the algo-
rithm for other convolution-type integrals in geophysics and geodesy, like the modeling of
magnetic fields, upward and downward continuation of potential fields, and the evaluation
of many geodetic integrals under planar assumption, may also be studied.
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