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Abstract The Earth masses reside in a near-hydrostatic equilibrium, while the deviations

are, for example, manifested in the geoid, which is nowadays well determined by satellite

gravimetry. Recent progress in estimating the density distribution of the Earth allows us to

examine individual Earth layers and to directly see how the sum approaches the observed

anomalous gravitational field. This study evaluates contributions from the crust and the

upper mantle taken from the LITHO1.0 model and quantifies the gravitational spectra of

the density structure to the depth of 435 km. This is done without isostatic adjustments to

see what can be revealed with models like LITHO1.0 alone. At the resolution of 290 km

(spherical harmonic degree 70), the crustal contribution starts to dominate over the upper

mantle and at about 150 km (degree 130) the upper mantle contribution is nearly negli-

gible. At the spatial resolution \150 km; the spectra behavior is driven by the crust, the

mantle lid and the asthenosphere. The LITHO1.0 model was furthermore referenced by

adding deeper Earth layers from ak135, and the gravity signal of the merged model was

then compared with the observed satellite-only model GOCO05s. The largest differences

are found over the tectonothermal cold and old (such as cratonic), and over warm and

young areas (such as oceanic ridges). The misfit encountered comes from the mantle lid

where a velocity–density relation helped to reduce the RMS error by 40%. Global residuals

are also provided in terms of the gravitational gradients as they provide better spatial

localization than gravity, and there is strong observational support from ESA’s satellite

gradiometry mission GOCE down to the spatial resolution of 80–90 km.
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1 Introduction

The balance between the gravitational and internal pressure force dominantly governs how

celestial bodies are structured (Bertotti et al. 2012). Soon after the launch of the first

artificial satellite, a misfit of about 0.5% was found between the hydrostatic (theoretical)

flattening (1/299.9) and the value obtained from orbit perturbations (1/298.3), see, e.g.,

(James and Kopal 1962; Denis et al. 1997). The hydrostatic equilibrium (as well as the

deviation from it) in the Earth is not exclusively reserved for a single frequency such as J2:
At the resolution of few thousands of kilometers, the hydrostatic equilibrium is affected by

the convective flows in the mantle (Anderson 2007) where the dominant geoid patterns are

produced (Chase 1979; Hager et al. 1985). Over wavelengths down to about 100 km

(Turcotte and Schubert 2002), the hydrostatic equilibrium is characterized by means of

isostasy. At smaller scales, a compensating mechanism is less profound because the

lithosphere becomes rigid enough to bear the topography; hence the (high-frequency) free

air gravity anomalies do correlate with the topography (De Pater and Lissauer 2015).

With more advanced models of the Earth’s density distribution, based, for example, on

seismic tomography and crustal compilations, one can try to reproduce the observed

gravity field by forward calculation. The more real Earth’s density model is used, the better

match with the observed field might be achieved. So far, such direct global budgeting was

limited because models were provided either for limited depths (e.g., crust, lithosphere), or

with a low resolution resembling the longest wavelengths of the geoid, or for well-sur-

veyed regions only (e.g., Europe, North America), or they were provided in terms of

seismic velocities only. Although with a partial Earth’s density model the calculated

gravity signal is necessarily incomplete, models that go significantly beneath the litho-

sphere bring little more because these masses participate in the hydrostatic equilibrium up

to a certain extent. In gravity, this is manifested by large signal variations of individual

Earth’s layers like the crust compared with the observed anomalous field (Tenzer et al.

2012); a difference might reach a few orders of magnitude depending on the wavelength.

Precisely this difference makes it possible to decipher basic spectral relations between

large parts of the Earth even with an incomplete (depth-limited) density model.

In this paper, we study how the masses of the outermost 435 km of the Earth contribute

to the gravitational anomalous field, how they contribute to the hydrostatic equilibrium on

a global scale, and how the gravitational fields of these Earth layers are related with each

other spectrally. The increasing spatial resolution and accuracy of density distribution

models offer the opportunity to compare these data with satellite gravimetry. Relating

Earth’s structure models with totally independent satellite information can constrain

knowledge of the Earth’s crust and upper mantle. Note that isostatic adjustments of the

LITHO1.0 gravity signal are intentionally avoided to see the immediate output of the

model and to constrain such adjustments at the later stage. An overview of recent seismic

tomography and lithospheric models is provided by Steinberger and Becker (2016). In our

study, we have chosen the model LITHO1.0 (Pasyanos et al. 2014) because it provides a

density variation to the depth of 435 km (below the lithosphere in most places) with a � 1

arc-deg resolution. LITHO1.0 incorporates CRUST1.0 (Laske et al. 2013) that makes the

model more suitable for a direct comparison with satellite gravimetry; models like

SAVANI (Auer et al. 2014) or GyPSuM (Simmons et al. 2010) use older CRUST2.0. Last

but not least, our aim is to analyze how the gravitational gradients (Bouman et al.

2015, 2016) recently obtained by the ESA’s mission GOCE (Floberghagen et al. 2011) can

globally be used with density models such as LITHO1.0. Unlike the geoid (and gravity),
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the gradients are more sensitive to shallower density contrasts and they are thus less

affected by deeper sources. Note that all calculations are done with absolute densities.

Section 1 introduces the input data used, i.e., the models LITHO1.0 and GOCO05s, and

the numerical approach for converting densities in LITHO1.0 to the gravitational signal.

With help from Appendix 1 the nodal parameterization of LITHO1.0 is discussed in detail.

Section 2 provides gravity spectra of major (groups of) layers of the uppermost 435 km;

this is done up to spherical harmonic degree 180 that corresponds with LITHO1.0’s spatial

resolution. This section also shows why density models like LITHO1.0 offer a useful

laboratory for testing various density-related corrections to approach the observed gravity

field—this is demonstrated by replacing a constant density of the mantle lid by the value

obtained from LITHO1.0’s primary wave and the velocity–density relation. Finally, Sect. 3

builds a complete synthetic Earth’s gravitational field using LITHO1.0 (0–435 km) and

ak135 (\ 435 km) and compares the outcome with satellite gravimetry in terms of gravity

vector and tensor components. For the sake of the related discussion, Appendix 2 gives a

comparison of 1D and 3D integration applied to LITHO1.0’s density columns.

2 Data and Processing

To represent the true gravitational field, we use the satellite-only model GOCO05s (Mayer-

Guerr 2015), which is provided as a spherical harmonic expansion to degree and order 280.

Up to degree 120 (165 km) GOCO05s benefits mainly from the GRACE mission (Tapley

et al. 2004) and orbit tracking of low-orbit satellites while the higher degrees ([ 120) rely

on the GOCE mission (Mayer-Guerr 2015). The total error of gravity anomalies containing

GOCE data such as GOCO05s is \1mGal at the resolution of 110 km (degree 180)

(Meijde et al. 2015; Gruber 2015). This is by far superior to the accuracy of the gravita-

tional signal calculated from any global Earth’s density model available.

The upper Earth density structure is here represented by the LITHO1.0 model (Pasyanos

et al. 2014), which is built upon the crustal model and seismic information. This model was

constructed in order to fit high-resolution (Love and Rayleigh) surface wave dispersion

maps. As prior information LITHO1.0 has used CRUST1.0 (Laske et al. 2013) for the crust

and LLNL-G3D for the upper mantle (Simmons et al. 2012). LITHO1.0 consists of 40,962

nodes and 81,920 triangles within 154 layers. Each node has its own number of layers

equipped with the primary and secondary seismic velocity, volumetric mass density,

thickness (in terms of two radii R1;R2) and other parameters. Out of 154 layers the

lowermost ones (1–127) come from the mean spherical 1D Earth model ak135 (Kennett

et al. 1995) so that these might be evaluated as spherical shells. LITHO1.0 provides

densities in the outer 435 kilometers of the Earth with respect to a mean radius 6371 km.

Important for the gravitational field is that LITHO1.0 provides a global density distri-

bution down to the upper mantle. The upper and the lower part of the LITHO1.0 model are

expected to be anti-correlated because the masses there participate, although it is not

exactly known up to what extent, in a hydrostatic balance. Evaluating and summing

individual layers thus provides their spectral relations directly.

Figure 1 provides the analysis of LITHO1.0 with respect to the radius (in green) and the

mean thickness (in black) for all non-homogeneous layers (all that differ from a spherical

shell either in density or in shape). As seen, the asthenosphere and the mantle lid are the

thickest layers. From this figure, we can also anticipate why 1D Earth models and constant-
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depth approaches are insufficient for global geodynamic analyses. One average value for

any given depth can hardly be used to represent the site-specific physical environment. The

depths of Moho and Lithosphere-Asthenosphere boundary (LAB) of LITHO1.0 vary

within [3, 76.3] and [58.4, 322] km (with respect to 6371 km), respectively. The

LITHO1.0’s crustal thickness comes from balancing the prior model (CRUST1.0) and

wave dispersion maps, whereas some artifacts were found over the oceans (Pasyanos et al.

2014, p. 2161). The model’s lithospheric thickness complies with the seismic definition

(Artemieva 2006). Finally, note that LITHO1.0 contains also layers of zero thickness

(M57, M66, A) that do not contribute to the gravitational signal, but indicate seismic

discontinuities. For more information, see (Pasyanos et al. 2014, Table 1), which provides

an overview of the uppermost layers with respect to prior information used in LITHO1.0.

2.1 Numerical Integration

To obtain the gravitational signal from a density distribution, it is straightforward to

employ Green’s functions (Martinec 2014):
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where L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ ðz� z0Þ2

q
and G ¼ 6:67408� 10�11kg�1m3s�2 are

the gravitational constants and the product dx0dy0dz0 defines an infinitesimal volume ele-

ment. Using the densities from LITHO1.0 and volume elements for each, the integral can

be approximated with a sum over all layers and nodes:

Fig. 1 The LITHO1.0 non-homogeneous layers in terms of the mean thickness (black) and the radial range
(green). White and gray shading indicate two largest groups of layers involved in the gravitational
equilibrium
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Similarly, the gravitational gradients can be calculated:
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The symbol dV 0
ij denotes a volume element for each node as detailed in Appendix 1), N is

the number of layers involved in the integration and ni is the number of nodes used in each

layer. The acronym TRF abbreviates the Terrestrial Reference Frame, in which the

Cartesian axes point to the geocenter, whereas the xy plane lies in the equatorial plane (x

pointing to the Greenwich meridian) and the z�axis is pointing to the North pole. The

acceleration vector and the second-order tensor in the local tangential coordinate system

are provided by Euler rotation (Arfken and Weber 2005):

gNWU ¼ RgTRF; ggNWU ¼ RggTRFR
> ð4Þ

where the matrix Rðk; hÞ rotates the vector/tensor from the TRF to the North-West-Up

(NWU) system and the elements of R depend on the geocentric latitude and longitude only.

The magnitude of the gravitational (acceleration) vector ‘2-norm (g ¼ jgj) is invariant as
well as the trace of gg that must be zero in source-free space (Laplace’s equation).

To implement Eqs. (2 and 3) with LITHO1.0 is straightforward. The essential differ-

ence between Eqs. (1) and (2) is that the coordinates fx0; y0; z0g in the latter refer to a

volume and not to a point. Thus, for kernel calculations the volume element is referred to a

mid-point along the geocentric radius for each layer RPðx0; y0; z0Þ ¼ ðR2 þ R1Þ=2 with R2

and R1 being the upper and the lower layer boundary, respectively.

2.2 Validation and the Gravitational Signal

To demonstrate that Eqs. (2 and 3) are correctly used with LITHO1.0, the top panels of

Fig. 2 show two distinct cases. Panel A examines the spherical shell of the uppermost

constant-density layer in LITHO1.0 (called M55) at the radius of 6621 km. The shell

theorem gives analytically gU ¼ 6589mGal while panel A matches well this value with a

variation 6590–6591 mGal. A small bias 0.5 mGal accounts for the 3D kernel employing

RP and non-zero gN ; gW (with 0.2–0.3 mGal RMS). The triangular patterns in panel A well

coincide with LITHO1.0 tesselation levels since the nodal densities cannot be equipped

with surface/volume elements uniquely; see the discussion in Appendix 1. Using RP the
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integration error can be further decreased by additional vertical stratification. Unlike the

lateral interpolation, this refinement does not modify LITHO1.0. Therefore, the original 27

non-homogeneous layers of the LITHO1.0 model were split into 145 layers. Each layer out

of 27 was split into five except the mantle lid and the asthenosphere that were split into 10

layers. Panel B in Fig. 2 displays jgj for the Earth’s mean ice sheet although there is no

exact formula to validate this result. The magnitudes and the spatial distribution are

nonetheless realistic and correspond with other authors, e.g., see (Tenzer et al. 2015,

Fig. 1). Overall, the adopted integration approach provides a reliable outcome and about

2–3 significant digits in the spatial domain. Of course, the numerical accuracy depends also

on the distance from mass elements and on the wavelength. Numerical values for the

quantities discussed are provided in Table 1.

Panel C in Fig. 2 shows jgj for the upper mantle (the gray-shaded layers from Fig. 1)

with a variation of about 27,150 mGal. Panel D shows gU obtained from the whole

LITHO1.0 model that will be used for the spectral analysis. From Table 1 and panels C, D

it follows that the variation decreased to 1000 from 27,150 mGal; this is about 3.6%.

Hence, LITHO1.0 within its 435 km represents a significant part of the Earth’s (near-)

hydrostatic equilibrium. The observed gravity signal variation, in turn, calculated with

GOCO05s gives about 0.5% out of the upper mantle variation; see Table 1. Less than one

order of magnitude is needed to approach the observed field. On the one hand, the dis-

crepancy is caused by the errors in LITHO1.0 and by the numerical accuracy. On the other

hand, the decrease to 3.6% only is also caused by a missing signal from below LITHO1.0

(manifested as a larger departure of LITHO1.0 from GOCO05s over long wavelengths in

Fig. 3). It is known that long-wavelength geoid is generated in the mantle (Hager et al.

1985). This includes missing density information between TZ410 and TZ660 where

seismic profiles show that velocity anomalies from above and from below � 400 km might

Fig. 2 Examples of the gravitational field calculated from LITHO1.0 on the sphere r ¼ 6621 km. Panel A
shows jgj when the adopted integration scheme is applied to the shell-like layer M55, panel B shows the
same quantity for the mean ice, panel C shows jgj for the upper mantle (excluding the asthenosphere because
of Fig. 1), while panel D shows the gUðNWUÞ obtained with all non-homogeneous layers in LITHO1.0.

Plate boundaries come from Bird (2003). Units are in mGal (1mGal ¼ 105 m/s2)
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be related and continuous tens of km below TZ410, e.g., see (Nolet et al. 2007, Fig. 2), (Li

and Van Der Hilst 2010, Fig. 6) or (Fukao and Obayashi 2013, Fig. 3).

From panel D, we can see that local extremes are located over the tectonothermal young

(and warm) and old (and cold) areas of the Earth. Panels A and D also partially

Table 1 Basic numerical values for the results discussed in this article

Quantity Min Mean Max RMS Note

jgj 6590.0 6590.9 6591.4 6590.9 Fig. 2a

jgj 1.3 16 156 35 Fig. 2b

jgj 38,315 54,946 65,470 55,220 Fig. 2c

gU (� jgj) 104,944 105,511 105,940 105,512 Fig. 2d

gU 909,201 909,266 909,316 909,265 GOCO05s, d/o 180

gU - 26.6 0.06 34.4 8.4 Fig. 4 right

gU - 242/- 350 184/- 116 727/274 265/155 Fig. 5 left/ right

ggNN � 4:2 0.2 3.4 0.87 Fig. 6

ggNW � 1:9 0 2.7 0.45 Fig. 6

ggWW � 5:4 0.1 2.8 0.86 Fig. 6

ggNU � 5:8 � 0:03 4.3 1.0 Fig. 6

ggUU � 5:8 � 0:3 8.7 1.5 Fig. 6

ggWU � 3:9 0 6.0 1.0 Fig. 6

Quantities obtained from g and gg are in mGal (1mGal ¼ 10�5 1m=s2) and in eotvos unit

(1 EU ¼ 10�9 1= s2), respectively

Fig. 3 Gravitational spectra—budget—of the upper Earth estimated at the ground level
(R ¼ 6378:1363 km) with LITHO1.0 layers and compared with the satellite gravimetry model GOCO05s,

in m=s2. ‘‘All’’ stands for the whole model LITHO1.0
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demonstrate the loss of significant digits as the icosahedron patterns occur at the second

significant digits (see the Pacific ocean and compare with Fig. 7). Summing the gravita-

tional effects of masses involved in the near-equilibrium state therefore directly validates

the numerical integration. Panel D also shows that the whole LITHO1.0 model represents

about 11% out of the total gravitational acceleration excluding the flattening.

3 Gravitational Budget of the Uppermost Earth

In Fig. 2 the colorbars for panels C and D indicate that the (direct) gravitational budgeting

of the major uppermost Earth masses is necessarily limited by the accuracy of each layer

and by missing data below LITHO1.0. As said above, the spectral relations between

different layers might be valid as long as the variation of a total sum is (significantly)

smaller than the variation of individual layers that are being summed. This is because the

more Earth layers we evaluate, the better agreement with a relatively small variation of the

observed anomalous field may be expected.

The gravitational field of the crust and the lithosphere is studied both locally and

globally; e.g., see Ebbing et al. (2007), Fullea et al. (2015), Kaban et al. (2003), Kaban

et al. (2010), Ebbing et al. (2013), Panet et al. (2014), Tenzer et al. (2009), Tenzer et al.

(2015) and Bouman et al. (2015). However, the coupling between the layers (regions) on a

global scale is not well known from a direct evaluation since the density structure for the

crust and for the upper mantle was not provided in a consistent way as done by the

LITHO1.0 model. Based on Fig. 1 we first group LITHO1.0 layers into two parts that

couple most. These groups involve the asthenosphere with the whole lithosphere on one

side and the upper mantle on the other side.

To obtain the spectrum for a given layer or a group of layers, Eqs. (2–4) are used to

calculate particular vector and tensor quantities in the North-West-Up system. Then the

Gauss–Legendre quadrature (Hildebrand 1987) is applied to gU to obtain spherical har-

monic coefficients. The quantity gU in spherical harmonics reads

gU ¼ �GM

R2

X270
n¼0

Xn
m¼0

ðnþ 1Þ R

r

� �nþ2

�Cn;m cosmkþ �Sn;m sinmk
� �

�Pn;mðcos hÞ; ð5Þ

where GM (3:986004415 � 1014 m3=s2) denotes the geocentric gravitational constant, R ¼
aGOCO05s ¼ 6;378;136:3 m is the semimajor axis of the reference body, ðr; h; kÞ is the set of
geocentric coordinates, and �Pn;mðcos hÞ is the fully normalized associated Legendre

function of the 1st kind. The maximum degree 270 of the coefficients �Cs
n;m;

�Ssn;m corre-

sponds to a number of latitudes in the grid entering the quadrature (271� 540 points).

Although LITHO1.0 lateral resolution is about 1 arc-deg degree, we evaluate Eqs. (2–3) on

the target grid with a slightly higher resolution. This prevents a spectral leakage affecting

the highest frequencies of the expansion. The altitude of the calculation was chosen to be

close to the orbital altitude of GOCE, i.e., 250 km above 6,371 km. Although there is no

exact relation between the tesselation level of a density model and the maximum spherical

harmonic degree of the generated gravity signal, harmonic spectra are plotted up to degree

180 that gives a 1 arc-deg resolution on the sphere. The power spectral density (PSD) is

provided in terms of the ‘‘degree variance’’ (Kaula 2000).
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PSDðgUÞn ¼
GM

R2

� �2Xn
m¼0

ðnþ 1Þ2 R

r

� �2nþ4

�C2
n;m þ �S2n;m

� �
: ð6Þ

Before interpretations we shortly stray to the numerical errors. As seen from Figs. 2 and

Appendix 1 a choice of the surface element leads to triangular artifacts in the resulting

gravitational signal. Although the effect was significantly reduced from the first to second/

third significant digit by using surface elements according to Appendix 1, it still enters the

spherical harmonic analysis and may bias the spectra estimates (especially at higher

frequencies).

In Fig. 3 the orange line shows the gravitational spectrum of gU obtained from panel D

in Fig. 2 (the whole LITHO1.0 model); see also Table 1 for the statistics. From degree 30

there is an apparent, strong and irregular oscillation that biases a realistic estimate of the

PSD. Fig. 4 explains its nature in detail; on the left there are individual harmonic coeffi-

cients with �Cn;m in the lower and �Sn;m in the upper triangle. We can see that some cosine

coefficients are systematically larger (blue stripes) with respect to the order. These stripes

are a spectral response to the triangular patterns from Fig. 2 and affect only the resonant

orders m ¼ 0; 5; 10; . . .. The order five is not a coincidence, but it is related to a number of

dominant patterns along the parallel in the spatial domain. Appendix 1 and Fig. 2 show

that there are 5 largest structures along the parallel in each hemisphere that cause the

‘‘formal’’ resonance. The situation is reminiscent of resonance problems in satellite orbit

dynamics (Kaula 2000; Vallado and McClain 2001), in which particular resonant orders

linked with longitudinal parameters such as the Earth’s rotation and the nodal rate are

strongly affected. Here, the resonant-like effects occur in the cosine terms from degree 30;

thus, the spectrum estimate can be corrected by leaving out these columns in Eq. (6). Of

course, there might be multiple other ways to filter this effect out but this one is simple and

sufficient for our purpose. In the right panel of Fig. 4, we see gU produced by the filtered-

out coefficients. Obviously, regular triangular patterns with the magnitude variation

� 30mGal are generated; see also Table 1. The corrected PSD from the whole model

LITHO1.0 used in the following discussions is plotted in Fig. 3 as a cyan or yellow line.

The corrected spectrum (cyan) has no ‘‘zigzag’’ patterns anymore, follows the orange curve

(LITHO1.0 unfiltered) at its minima, and it preserves the magnitude at the degrees not

affected by the oscillation. Note the resonant-like effect was already present in the red line

Fig. 4 A resonance-like effect in the harmonic analysis caused by the triangular icosahedron tesselation.
The left panel shows the spherical harmonic coefficients of the LITHO1.0 gravitational signal (the orange
curve in Fig. 3). The right panel shows gU computed from resonant orders starting from degree 30
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from degree 70—a sum of the gravitational effects from the asthenosphere and mantle lid

(green) on one side, and, crust, sediments, ice and water on the other side. Again, as soon

as some layers gravitationally couple, the numerical accuracy is questioned by summing

their effects. With more complete and/or accurate Earth’s density models, with which we

get closer to the real gravity, the numerical issues associated with a model representation

will become more pressing.

Compare now the corrected spectrum of the whole LITHO1.0 model (cyan) in Fig. 3

with the spectra generated by selected groups of layers. Note Fig. 3 shows the spectra up to

degree 180 while the analysis was done to degree/order 270 to get rid of spectral leakage (a

minor effect over largest degrees). The black dots represent the observed gravitational

spectrum, which is used as a baseline, obtained from GOCO05s (Mayer-Guerr 2015), see

Table 1 for statistics. From Fig. 3 we can see how large are individual contributors of the

crust with sediments, ice and water (blue), the asthenosphere and the mantle lid (green), the

upper mantle (black) compared with their sum (cyan). A significantly smaller power of the

sum demonstrates how the hydrostatic balance is being manifested in the gravitational

signal. The relatively small true anomalous gravitational field (�150mGal at the satellite

altitude excluding the flattening) is being composed from very large contributions such as

those from Fig. 3.

Compared to the upper mantle, the largest contribution in Fig. 3 (black solid line), it is

seen that LITHO1.0 (cyan) provides more than one significant digit up to degree 60 (i.e.,

\10%) and slightly less over higher degrees. The nature of the interaction between the

major layers significantly changes around degree 70. Up to this degree the interaction is

driven by the asthenosphereþmantle lid (Aþ L, green) and the upper mantle (black).

Then, from degree 70 onward the coupling is more driven by the Aþ L (green) and the

crust, sediments, ice and water (blue). Around degree 110 the signal of the uppermost

layers (blue) reaches the same magnitude as Aþ L (green). The remaining upper mantle

(black) stops contributing significantly. While the upper mantle can be effectively elimi-

nated by using degrees[ 130, Fig. 3 clearly shows that the role of the uppermost layers

(crust, sediments, water, ice) is more peculiar. Hence for upper mantle studies, there is

probably no cutoff spherical harmonic degree eliminating the crust from the analysis.

If the Earth’s anomalous gravitational field would be solely caused by masses within the

first 435 km, then the departure of LITHO1.0’s signal from GOCO05s would simply equal

the error of LITHO1.0 (GOCO05s error is negligible in this context). This is not the case

since the data from below LITHO1.0 are not considered here (the remaining mantle and the

core). It is known that especially the long-wavelength geoid is caused by deeper sources

(Anderson 2007). Missing deep sources in our analysis explain why LITHO1.0 (cyan)

departures from GOCO05s (black dots) more over long than short wavelengths. Over

shorter wavelengths, a small contribution of the upper mantle from about degree 130 very

likely means the cyan curve gets close to the LITHO1.0 error level – only Aþ L and

crustal-like layers interact here. The spectrum becomes white from degree 110 roughly at

the level of 3 mGal. Although this value is global, the LITHO1.0 model cannot be

expected to have errors uniformly distributed in the vertical and lateral sense (Pasyanos

et al. 2014, p. 2154)

Although any gravity field modeling is necessarily subject of non-uniqueness (e.g., the

same signal can be created using different layers and different density variations), one can

try to refine a particular Earth layer as long as the refinement seems to be more realistic

than the status quo. For example, the total LITHO1.0 signal from Fig. 3 (cyan), which is

based on panel D from Fig. 2, indicates that the total signal of LITHO1.0 significantly
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departs from the observed field over the long wavelengths. As said above, this is mainly

because of missing data from the mantle, but possibly also because the mantle lid in

LITHO1.0 is equipped with a constant density. Pasyanos et al. (2014) explains that the

constant value comes from the initial model. Based on Pasyanos (2017) we modified the

density in the mantle lid by using a linear velocity–density relation q ¼ 0:316Vp þ 0:769

(with Vp in m/s and q in kg/m3) from ACY400 (Montagner and Anderson 1989); e.g.,

recently used in Yegorova and Pavlenkova (2015), whereas the primary wave Vp is dis-

tributed along with LITHO1.0. Adding its gravitational signal to that from remaining

LITHO1.0 layers, it results in the PSD represented by the yellow line from Fig. 3. The

modification—a more realistic density variation in the mantle lid—significantly decreased

the power over first ten degrees (up to 50%) toward the observed spectrum, while only a

negligible change of the spectrum is seen beyond degree 90. This example basically shows

why density models deep enough provide a useful platform for further geodynamic analyses

– different geophysical scenarios (temperature, composition, etc.) can be tested while

monitoring spectral relations between the layers. In addition, global evaluations like here

avoid problems associated with the removal of long wavelengths with one cutoff frequency.

4 Anomalies from the Upper Earth Density Model and Satellite
Gravimetry

Now the LITHO1.0 model will be combined with the remaining Earth’s layers taken from

the ak135 model (Kennett et al. 1995) in order to obtain absolute gravitational discrep-

ancies with the help from GOCO05s. The only necessary correction to compare LITHO1.0

and GOCO05s in the spatial domain accounts for the flattening. GOCO05s includes the

flattening, but LITHO1.0 is a pure spherical Earth model without it. Because we do not

want to lose connection with LITHO1.0, not the density model, but the observed field

(GOCO05s) is reduced for the flattening. This is accomplished by reducing GOCO05s

zonal harmonics �C2;0; �C4;0; �C6;0; �C8;0 for those from the GRS80 ellipsoid (Moritz 2000).

To obtain a (synthetic) full-earth gravitational signal, we add to LITHO1.0 a signal from

ak135 model calculated from the shell formula (for r[Ri):

gU ¼ � 4

3
pG

Xn
i¼1

qi
R3
iþ1 � R3

i

r2
; ð7Þ

where r is a given radius, Riþ1 and Ri is the upper and the lower radius of a particular

spherical shell, respectively. The integer n denotes a number of shells involved. The

LITHO1.0 model is already equipped with the densities from ak135 so that the use of both

models together is straightforward.

The ‘‘absolute’’ discrepancies in terms of gU , that correspond to the full LITHO1.0

signal (cyan in Fig. 3), are plotted in the left panel of Fig. 5 (see also Table 1). The

magnitudes reach hundreds of mGal, but they are not randomly distributed. The largest

values are located over cold (such as cratonic) and hot areas (such as oceanic ridges), while

the lowest systematically depart from both thermal extremes (green-yellow boundaries in

Fig. 5). Indeed, residuals such as in the left panel of Fig. 5 suggest to refine densities in

some LITHO1.0 layer(s) that might be linked with thermal and composition effects. The

blue histogram in Fig. 5 then shows how much the discrepancies are not centered.

As mentioned above, large discrepancies in Fig. 5 (left) coming from LITHO1.0 can be

caused by q ¼ 3300 kg=m3 used both for the mantle lid and the asthenosphere. Such a
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constant value is not realistic especially for the mantle lid because its density is known to be

dependent on the temperature and composition (e.g., Afonso et al. (2016)) which correlates

with the tectonothermal age. For example, Zoback and Mooney (2003) uses q ¼ 3320�
3340 kg=m3 for masses above the asthenosphere. As explained in Pasyanos et al. (2014)

q ¼ 3300 kg=m3 was not changed during the iteration when fitting wave dispersion maps.

Note Fig. 5 (left) interestingly matches the thermal correction to Vs in Simmons et al. (2010,

Fig. 6) and the temperature-induced gravity anomaly in Kaban et al. (2003, Fig. 9).

In the previous section, the velocity–density relation was employed to modify the

density of the mantle lid while the spectrum to degree 10 (yellow line) became signifi-

cantly closer to the observed spectrum. The right panel of Fig. 5 shows gU computed from

the same coefficients as used for the modified LITHO1.0 spectrum (yellow line in Fig. 3).

It is seen the residuals substantially changed over the globe, especially in the areas where

LITHO1.0’s mantle lid is very thick (the white areas in Fig. 5). The red histogram in Fig. 5

shows that the residuals are again off center but on the opposite side than before. The

residuals are now more concentrated around the main bin. The RMS values from Table 1

for both panels in Fig. 5 quantify the difference between the unmodified (cyan) and the

modified (yellow) coefficients—the RMS decreased from 265 to 155 mGal. Dominant

patterns in the right panel of Fig. 5 resemble the structures that do not seem to be asso-

ciated with the mantle lid or the layers above the mantle lid. Most likely, these residuals

come from deeper areas and thus they possibly highlight other areas for further refinement.

Of course, there is the ubiquitous problem of non-uniqueness—but this can be prevented

only by omitting gravity data at all. The main lesson here is that with density models deep

enough to contain masses participating, to a certain extent, in the near-hydrostatic equi-

librium, we are much closer to the observed field than with any lithosphere/asthenosphere

model. Hence the sensitivity for density-related modifications is much higher than with the

model of lithosphere/asthenosphere only (i.e., compare the relation of the red line from

Fig. 3 with that of GOCO05s vs. the difference between the cyan and yellow line).

Finally, to better localize the sources of discrepancies shown in the right panel of Fig. 5 the

same evaluation (LITHO1.0 and ak135 vs. GOCO05s) is provided in Fig. 6 in terms of the

gravitational gradients. For example, compare gU fromFig. 5 (right) with its radial derivative

ggUU .We see that the discrepancies aremore concentrated in the neighborhood of subduction

zones (red) and over the oceanic ridges (blue). Obviously, the width/sensitivity of the kernel

function enters the geophysical interpretation. Other diagonal components ggNN ; ggWW from

Fig. 6 systematically highlight the same areas but in a given direction (this comes from

Laplace’s equation ggNN þ ggWW ¼ �ggUU). The remaining gradients may highlight places

not well indicated by the diagonal components. For example, ggNU is large (in its absolute

value) in the Arabian peninsula or the Central America.

Fig. 5 Residual gU signal from GOCO05s, LITHO1.0 (cyan curve in Fig. 3) and ak135 obtained at the

altitude of 250 km to degree 180, in mGal (10�5m=s2). Plate boundaries based on Bird (2003)
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5 Summary and Conclusions

This paper evaluates the gravitational field of the density model for the outermost 435 km

of the Earth. Large gravitational signal variations of individual layers substantially

decrease toward the observed field in the sum (see Figs. 2, 3)—a manifestation of masses

participating in the near-hydrostatic equilibrium in terms of the gravitational signal. The

deeper and more realistic is the density model the better should the match with the

observed field be—in this case global spectra like those in Fig. 3 will approach the

observed field. Satellite gravimetry nowadays gives a very accurate reference at a higher

resolution than that of global density distribution models available.

The spectral budget in Fig. 3 gives a clue to a use of lithospheric and upper mantle

models in gravity-related geodynamics. Although LITHO1.0 errors and missing masses

below bias the estimated spectra, the total signal of 435 km of mass (cyan and yellow lines

in Fig. 3) is significantly lower than the signal of all the main layers involved. The

estimated spectra are thus valid with the uncertainty of about 5–10% depending on the

wavelength. Figure 3 therefore allows us to distinguish two important spectral zones. At

degrees [ 130 the upper mantle gradually stops contributing, while its error must be small

since it does not contribute much and only with a first significant digit. The gravitational

field is here driven solely by the relation of the uppermost layers (crust, sediments, etc.)

and the asthenosphere/mantle lid (Aþ L). Moreover, the total LITHO1.0 spectrum (cyan

or yellow in Fig. 3) over higher degrees becomes flat near the 3 mGal level that is plau-

sibly close to the accuracy of LITHO1.0 (assuming the missing mantle does not add much)

Fig. 6 Residual gravitational gradients from GOCO05s, LITHO1.0 (yellow curve in Fig. 3) and ak135

obtained at the altitude of 250 km to degree 180, in eotvos (10�9s�2). Plate boundaries based on Bird (2003)
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and provides an input for the isostatic adjustment within the lithosphere. For these degrees

([ 130) especially ESA’s gradiometry mission GOCE supports global analyses with high-

accuracy gravitational gradients. Below degrees 110-130 the situation in the uppermost

Earth is more complicated. Although low wavelengths are governed by the Aþ L and the

upper mantle layers, the role of the crust is not negligible over all wavelengths (blue curve

in Fig. 3). The quality of the crustal density models over long wavelengths is thus crucial

for accessing deeper areas with gravity data. The crustal field starts to dominate over the

upper mantle around degree 70 although this value may slightly change by considering

densities below 435 km. Overall, Aþ L from Fig. 3 (green line) is shown to play a role of

a ‘‘double-agent’’—it produces largest magnitudes over all wavelengths while interacting

with the upper mantle over long and with the crust over shorter wavelengths.

The model ak135 below 435 kmwas added to LITHO1.0 to obtain absolute discrepancies

by comparing it with the observed field (GOCO05s). For the mantle lid we have tested two

options. In the first the original density from LITHO1.0 was used (constant value for the

whole layer) while in the second one the density was obtained from the primary wave Vp and

the velocity–density relation. While the first option (Fig. 5 left) shows large discrepancies

over hot (oceanic ridges) and cold areas (e.g., cratons) resembling a temperature-driven

density variation [see Simmons et al. 2010, Fig. 6 and Kaban et al. 2003, Fig. 9)], the

velocity–density relation dramatically reduced the discrepancy for about 40% in terms of

RMS (see Fig. 5 right and Table 1). The second option thus seems to resolve the large misfit

due to the mantle lid and allows us to continue making further refinements. The velocity–

density relation affected namely the spectrum over first degrees; see Fig. 3. For a more

detailed look at the misfit between LITHO1.0 (with modified mantle lid), ak135f and

GOCO05s Fig. 6 shows the gravitational gradients in the spatial domain. Especially diagonal

components (e.g., ggUU) show that the misfit is related to masses beneath the mantle lid since

the major patterns do not correlate with the density/thickness of this layer—both radial

components from Figs. 5 and 6 show the large values follow subduction zones.

The LITHO1.0 model was shown to be an appropriate global density distribution model

useful for global geodynamic research. A more comprehensive study is possible because

LITHO1.0 shares the same parameterization with the mantle model LLNL-G3Dv3 (Sim-

mons et al. 2012). Although icosahedron parameterization used in LITHO1.0 suffers from

an ambiguity when setting up volume elements (triangles vary in area and each may have

three different densities), the problem can be overcome in the spectral domain because the

effect produces very regular patterns with respect to the spherical harmonic order of the

gravitational field expansion. For deeper areas in the mantle, this numerical issue will be

less important since the effect naturally ceases with the depth.
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Appendix 1: Choice of Volume Elements

Triangular parameterizations such as that used in LITHO1.0 are not often used for cal-

culating the Earth’s gravitational signal from a global density distribution; see, however,

the exception (Haagmans 2000). The situation is complicated by the fact that each node

might be equipped with a unique value of the density and individual triangles may differ in

area. This causes an ambiguity in a way the volume element can be set up.
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To reduce the effect of triangulation in LITHO1.0, we define the volume element of

each node according to Fig. 7 as space between two spherical surfaces (R1 and R2) for a

specific solid angle:

dV 0 ¼ 1

3
SaðR3

2 � R3
1Þ; ð8Þ

where R1\ ¼ R2 and Sa is the average solid angle from the all spherical triangles con-

taining the particular node. The gray area on the left of Fig. 7 depicts Sa, white radii bound

the volume element vertically and the green area shows the discretized layer passing from

node to node. Because the number of nodes is half of the number of triangles (40,962 nodes

vs. 81,920 triangles), the local average Sa must be multiplied by two (or exactly by 81,920/

40,962) to cover 4p. Nonetheless, a global sum of such average Sa will deviate from 4p. In
our case, the error is d ¼ 4:4 � 10�5 steradian that corresponds to more than 5 significant

decimal digits of 4p. To compare, a sum of all spherical triangles provided with LITHO1.0

gives 4p with the error d ¼ �3:5 � 10�10 steradian. Hence, the volume numerical inte-

gration with models like LITHO1.0 is a sort of a trade-off between a way the local average

is made (to assign the density to a volume) and preservation of the whole Earth

surface/mass.

The variation of the average surface elements in percent is shown on the right of Fig. 7.

The patterns agree well with the process of tesselation used in LITHO1.0; nearly each

tesselation level can be recognized (from large to small patterns). The area variation is

computed with respect to the largest value (red) and it reaches up to 22%. For example,

omitting this area variation and using a constant value for each node (i.e., Sa ¼ 4p=40962)
affects all significant digits of the resulting gravitational signal.

Appendix 2: Comparison of 1D and 3D Integration

One dimensional approximations such Eq. (7) are often being used to calculate the gravity

signal from a density column qi (Turcotte and Schubert 2002; Hees 2000). Although not by
definition, the shell formula may also provide a quasi-lateral variation if each density

column is evaluated separately. Hence, by using all the non-homogeneous layers in

LITHO1.0 a 3D approach based on Eq. (4) can be confronted with Eq. (7).

Fig. 7 On the left, the average solid angle of each node for setting up volume elements according to Eq. (8).
On the right, the global variation of Sa in percent (relatively to the largest value) obtained from LITHO1.0
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Figure 8 shows such a difference in terms of gU . It is seen the large discrepancies are

located over the thick parts of the lithosphere and over the oceanic ridges where the shell

formula simply does not account for a lateral density variation. The magnitudes reach

�1000mGal that is more than twice as much as the difference between GOCO05s and

LITHO1.0 (including ak135) evaluated with Eq. (2); see Fig. 5 and Table 1. The 1D

approximation would introduce a large methodological error in our context. On the other

hand, Eq. (7) is not singular (compare with Eq. (2) when L ! 0) and it is much faster to

evaluate than Eq. 2 (seconds vs. hours on a single PC).
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