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Abstract We analytically evaluate the gravity anomaly associated with a polyhedral body
having an arbitrary geometrical shape and a polynomial density contrast in both the horizontal
and vertical directions. The gravity anomaly is evaluated at an arbitrary point that does not
necessarily coincide with the origin of the reference frame in which the density function is
assigned. Density contrast is assumed to be a third-order polynomial as a maximum but the
general approach exploited in the paper can be easily extended to higher-order polynomial
functions. Invoking recent results of potential theory, the solution derived in the paper is
shown to be singularity-free and is expressed as a sum of algebraic quantities that only depend
upon the 3D coordinates of the polyhedron vertices and upon the polynomial density function.
The accuracy, robustness and effectiveness of the proposed approach are illustrated by
numerical comparisons with examples derived from the existing literature.

Keywords Gravity anomaly - Polyhedral bodies - Polynomial density
contrast - Singularity

1 Introduction

Gravity is an economic tool for exploring and discovering natural resources (Jacoby and
Smilde 2009). In this respect, density is one of the most diagnostic physical properties of a
mineral deposit and is also fundamental to oil and gas exploration. To date, density has
been one of the most difficult properties to measure and infer.
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During the last decade, there has been significant development in gravity survey, par-
ticularly with the advent of GPS and gravity gradiometry. In conventional gravity survey,
Earth’s gravity acceleration is measured using gravimeter, whereas in gravity gradiometer
survey, the gravity gradient or how the gravitational acceleration changes over distance (or
in some cases time) is measured.

Recent reviews (LaFehr 1980; Paterson and Reeves 1985; Hansen 2001) document the
continuous evolution of instruments, field operations, data-processing techniques, and
methods of interpretation. A steady progression in instrumentation (torsion balance,
gravimeters based on land or underwater, in boreholes or on board satellites, aircraft or
marine vessels, modern versions of absolute gravimeters, and gravity gradiometers) has
enabled the acquisition of gravity data in nearly all environments, see, e.g., Nabighian
et al. (2005) for a quite recent historical account.

Despite being eclipsed by seismology, it is impressive to realize that about 40 different
commercial gravity sensors and gravity gradiometers are available (Chapin 1998) and
about 30 different gravity sensor and gravity gradiometers designs have either been pro-
posed or developed. In particular, gravity gradiometry is still used in exploration
(Dransfield 2007) and for regional gravity mapping (Jekeli 2006).

Gravity data sets are effectively used to estimate locations and shapes of bodies,
embedded in Earth, exhibiting anomalous mass density with respect to a constant reference
value (Zhang et al. 2014). More refined Earth models can be obtained by inverting gravity
data (Li and Oldenburg 1998; Zhdanov 2002) in conjunction with seismic and electro-
magnetic induction data (Moorkamp et al. 2011; Aydemir et al. 2014; Roberts et al. 2016).

Recent improvements in gravimeter efficiency and inversion algorithms have increased
the possibility of collecting and inverting huge data sets over extended areas in order to
derive 3D density models (Kamm et al. 2015). In particular, gravity methods are exten-
sively used in geoid determination (Bajracharya and Sideris 2004) and mineral exploration
(Beiki and Pedersen 2010; Martinez et al. 2013; Abtahi et al. 2016).

In conclusion, it is of paramount importance to efficiently evaluate the gravity anomaly
associated with a body characterized by complex density distributions since this represents
an important task in forward modeling and inversion.

Due to the mathematical complexity of the problem, the gravity anomaly of an irregular
body whose density contrast is spatially variable has been first computed by approximating
the body as a collection of vertical rectangular parallelepipeds (prisms) in which the
density is assumed to be constant.

Numerical computations were first carried out by Talwani et al. (1959) and Bott (1960).
Closed form expressions of the gravity anomaly were subsequently derived by Nagy
(1966), Banerjee and Das Gupta (1977), Cady (1980), Nagy et al. (2000), Tsoulis (2000b),
Jiancheng and Wenbin (2010) and D’Urso (2012), see also Plouff (1975, 1976), Won and
Bevis (1987) and Montana et al. (1992) for computer codes. The case of spheroidal shell
has been addressed by Johnson and Litehiser (1972). Analytical expressions of the gravity
anomaly for prisms have been derived by D’Urso (2016), for a linearly varying density, by
Rao (1985, 1986, 1990), Rao et al. (1994), Gallardo-Delgado et al. (2003) for a quadratic
density contrast, by Garcia-Abdeslem (1992, 2005), for a cubic density variation with
depth. A good collection of earlier references for 3D prisms can be found in Li and
Chouteau (1998) who name, among others, a formula contributed by Sorokin (1951).

Non-polynomial density contrast models for 3D bodies have been considered by Cordell
(1973), Chai and Hinze (1988), Litinsky (1989), Rao et al. (1990), Chakravarthi et al.
(2002), Silva et al. (2006), Chakravarthi and Sundararajan (2007), Chappell and Kusznir
(2008) and Zhou (2009b) and, for 2D bodies, by Gendzwill (1970), Murthy and Rao
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(1979), Pan (1989), Guspi (1990), Ruotoistenmiki (1992), Martin-Atienza and Garcia-
Abdeslem (1999), Zhang et al. (2001) and Zhou (2008, 2009a, 2010). For more compli-
cated forms of the density contrast, see, e.g., Cai and Wang (2005) and Mostafa (2008).

Alternatively to the use of prisms, characterized by complicated functions describing
density contrast, is the case of polyhedrons endowed with a simple description of density
contrast. Analytical formulas for the gravimetric analysis of polyhedra having constant
density have been contributed by Paul (1974), Barnett (1976), Strakhov (1978), Okabe
(1979), Waldvogel (1979), Golizdra (1981), Strakhov et al. (1986), Gotze and Lahmeyer
(1988), Pohanka (1988), Murthy et al. (1989), Kwok (1991b), Werner (1994), Holstein and
Ketteridge (1996), Petrovi¢ (1996), Werner and Scheeres (1997), Li and Chouteau (1998),
Tsoulis (2012), D’Urso (2013a, 2014a), Conway (2015) and Werner (2017). Subsequent
advancements have been only concerned with a linear density variation (Pohanka 1998;
Hansen 1999; Holstein 2003; Hamayun et al. 2009; D’Urso 2014b); actually, handling
more complex density functions in conjunction with polyhedral models considerably
increases the difficulties of the treatment, especially if analytical solutions are looked for.

For 2D bodies having density contrast depending only on depth, Zhou (2008) converted
the original domain integral for gravity anomaly to a Line Integral (LI) by using Stokes
theorem. In particular, he derived two types of LIs for computing the gravity anomaly of
bodies. In a subsequent paper (Zhou 2009a), the author extended his method to account for
density contrast functions which depended not only on depth but also on horizontal or,
jointly, on horizontal and vertical directions. The gravity anomaly at observation points
different from the origin has been evaluated in Zhou (2010) since, historically, gravity
anomaly was computed only at the origin of the reference frame. In the same paper, Zhou
dealt with the singularity of the gravity anomaly arising where the observation point is
coincident with the vertices of the integration domain, an issue already discussed in Kwok
(1991a), for prism-based modeling, and Tsoulis and Petrovi¢ (2001) for polyhedra.

The first approach for evaluating the gravity anomaly of bodies characterized by a
complicated density contrast, even in the presence of two-dimensional domains, has been
either numerical or of semi-analytical nature based on the use of prisms (Murthy and Rao
1979; Rao et al. 1990; Chakravarthi et al. 2002; Chakravarthi and Sundararajan 2007,
Zhou 2009b), or with 2D geometrical shapes (Gendzwill 1970; Murthy and Rao 1979; Pan
1989; Guspi 1990; Ruotoistenmiki 1992; Martin-Atienza and Garcia-Abdeslem 1999;
Zhang et al. 2001; Zhou 2008, 2009a, 2010). Actually, this last geometrical assumption,
which can be used to model domains extending toward infinity in one direction, signifi-
cantly simplifies the mathematical treatment of the problem.

Nevertheless, starting from the first researches on the subject (Hubbert 1948), all
authors have systematically transformed the original domain integrals into integrals of
lower dimension in order to simplify the adoption of quadrature rules for the numerical
evaluation of the gravity anomaly.

The derivation of analytical expressions for the gravity anomaly of polygonal bodies has
been achieved only recently (D’Urso 2015c) by exploiting the generalized Gauss’ theorem first
presented in D’Urso (2012, 2013a), and subsequently applied to several problems ranging
from geodesy (D’Urso 2014a, b; D’Urso and Trotta 2015b; D’Urso 2016), to geomechanics
(D’Urso and Marmo 2009; Sessa and D’Urso 2013; D’Urso and Marmo 2015a), to geophysics
(D’Urso and Marmo 2013b), elasticity (Marmo and Rosati 2016; Marmo et al. 2016a, b, 2017;
Trotta et al. 2016a, b) and to heat transfer (Rosati and Marmo 2014).

The methodology outlined in D’Urso (2015c) is here generalized in order to derive an
analytical expression of the gravity anomaly for polyhedral bodies having density contrast
expressed as a polynomial function of arbitrary degree in both the horizontal and vertical
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directions, an issue recently addressed in Ren et al. (2017). The result is obtained by first
reducing the original domain integral to a 2D boundary integral by virtue of the gener-
alized Gauss’ theorem. Remarkably, this also allows one to prove that the boundary
integral expression of the gravity anomaly is singularity-free whatever is the position of the
observation point with respect to the body.

Being Q polyhedral, the 2D expression of the gravity anomaly is written as finite sum of
2D integrals extended to the faces of Q. By a further application of the generalized Gauss’
theorem, each face integral is reduced to the sum of 1D integrals extended to the edges of
the face. Such 1D integrals are analytically evaluated as products between the position
vectors of the end vertices of each edge and scalar coefficients providing the analytical
value of integrals of real variable.

Although these last integrals may exhibit a singularity when the projection of the
observation point onto a face belongs to an edge, it is proved that such a singularity
produces a null contribution of the i-th edge to the general expression of gravity anomaly;
hence, one infers that the derived expression is singularity-free.

By exploiting a suitable change of variables, we also derive an enhanced algebraic
formula which expresses the gravity anomaly at an arbitrary point P and specializes to the
ordinary one when P = O. Remarkably, the enhanced expression of the gravity anomaly
has been derived without any modification of the density contrast function since this is still
defined in the original reference frame. The enhanced formula has been implemented in a
MATLAB code, and its accuracy and robustness has been assessed by numerical com-
parisons with examples derived from the literature.

2 Gravity Anomaly of Polyhedral Bodies at the Origin O of the Reference
Frame

Let us consider a Cartesian reference frame having origin at an arbitrary point O and a
polyhedral body Q. We shall assume that the density Ap of the body, usually denominated
density contrast, is a function of the generic point whose position with respect to O is
defined by the vector r. The symbol Ap emphasizes the fact that the density of Q is a
variation with respect to that of the surrounding medium.

Denoting by G the gravitational constant, we shall first evaluate the gravity anomaly at
0; it is defined by

Ag(0) —G/%dV (1)
Q

and the integrand function represents the magnitude of attraction on a unit mass at O
arising from the infinitesimal mass ApdV.

We remark that the denomination of gravity anomaly adopted to denote Eq. (1), though
not strictly correct, is based on a common practice in the specialized literature. Actually,
Eq. (1) is a formula for the gravitational attraction of a mass body and may be approxi-
mately seen as the formula for the influence of a mass body on the gravity anomaly since,
for small bodies, the effect on gravity is the dominant part of the effect on the gravity
anomaly.

An in-depth discussion on this topic is reported in Vanicek et al. (2004) where the
interested reader can find an example of how the effect of a mass body on the gravity
anomaly can be formulated in a theoretically consistent manner.
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The vertical component of the gravity anomaly at O is provided by

Ap(r)r -
Ag.(0) = G/%dv, (2)
Q

k being the unit vector directed along the vertical axis. The evaluation of Ag, at an
arbitrary point P will be addressed in Sect. 3 since a considerably more elaborate
expression is arrived at.

It is usually of interest to dispose of a procedure to actually compute Ag, since most
gravimeters can only measure the vertical component of the gravity field. Nevertheless, the
procedure detailed in the paper can be equally applied to all components of (1) and to
physical problems governed by the Poisson equation (Blakely 2010).

The computation of the integral in (2) is a hard task since the density contrast function
Ap does usually have a very complicated expression for the necessity of modeling 3D
anomalies of Earth. For simplicity, this can be modeled as an ensemble of 3D anomalies in
a layered medium or a sequence of strata with horizontally undulated interfaces, e.g.,
sedimentary basins and underlying bedrock. In each layer, mass density typically exhibits
depth-dependent variations (Garcia-Abdeslem 1992).

However, geological processes of exogenetic (fluvial, coastal, glacial,...) and endoge-
netic (rock diagenesis, plate tectonics, volcano eruptions, earthquakes,...) nature can induce
both horizontal and vertical variations in mass density (Martin-Atienza and Garcia-Ab-
deslem 1999). Thus, a suitable expression of the density variation can allow for potentially
faithful representations of the Earth subsurface with a relatively smaller amount of com-
putations and parameters. Additionally, disposing of analytical expressions of the gravity
anomaly associated with complicated expressions Ap can be useful for benchmarking
numerical approaches.

A quite general expression for Ap, able to accommodate a large variety of geological
formations, is given by a triple polynomial in x, y and z, (Garcia-Abdeslem 2005; Zhou
2009b; Ren et al. 2017)

3
=z

v

Ap(r) = 0(x,y,z thjkxiyizk (3)

J k=0

I§
=)
I§
=)

where N,, N, and N, represent the maximum power of the polynomial density variation
along x, y and z, respectively. In the sequel, we shall confine the treatment to the case

Ny +Ny+N. =3 (4)

since this will suffice to address the majority of the practical applications and, at the same
time, to present our formulation at a degree of generality sufficient to be generalized to the
cases Ny + N, + N, > 3.
Thus, under the assumption (4), Eq. (3) specializes to
0(r) = cooo + c100x + Co10y + co012
+ €200 + Con0y” + Co02Z” + C110XY + Co11yz + 10142
+ €300 + C030Y” + C0032” + €210X7Y + €021Y°2 + C102X7

2 2 2
+ C120Xy” + C012YZ" + C201X7Z + C111X)2.
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The scalars c; represent the coefficients of the polynomial law; they can be estimated
from the known data points by a least-squares approach (Jacoby and Smilde 2009).

Paralleling the analogous treatment developed in D’Urso (2015c), we first reformulate
the general expression (3) of the density contrast by writing

Or)=0,+¢c-r+C D+ C- Dy (6)

where 0, is a scalar denoting the density at o = (0,0,0), ¢ is a vector, C and Dy, are
symmetric second-order tensors, C and Dy, are third-order tensors; furthermore, it has
been set

Dy=r®r Dyr =rrer. (7)

The second-order (rank-two) tensor r ® r has the following matrix representation

2 xy xz

ror=|w y yz|, (8)
o o7y 2
so that, being:
C-(ror) = Cyx® +2Cxy + 2C13xz + Cny* + 2Ca3yz + Ci32%, )

a quadratic distribution of density can be assigned by suitably defining the coefficients of
the symmetric tensor C. Analogously, the third-order tensors C and r ® r ® r are repre-
sented in matrix form as:

[Cri1 Cii2 Cii3 ] [ [x? xy xz]]
Ci21 Ci2 Cyp3 x| yxy? yz
Cis1 Ciz2 Cus, e
Can Coz Copz [ X% xy xz |
C=|Cyy Cxp Cpo3 ro@er)=|ylyx? yz ||, (10)
Co1 Copp G, ez
Cs11 G312 G313 (X2 xy xz |
Cso1 G322 Csp3 z|yx y* yz
| C331 Cs32 Cas3 | | | zx zy 22| |

i.e. as vectors of rank-two tensors. Being

C-(rar®r)=Cix’ + Couy’ + Canaz
+ (Ci12 + Cia1 + Co11)x%y + (Cii3 4 Cizp + Capp)x’z
+ (Co23 + Cazz + Can2)y*z + (Cizz + Caozt + Con)xy? (11)
+ (C133 + Cs31 + C313)x2> + (Coss + Cazp + Cans)yz’
+ (Ci23 + Ci32 + Capz + Coz1 + Capz + Capp)xyz,

the representation (3) of the density contrast is recovered from (6) by setting

0o = coop €1 =cCro0 €2 ==Col0 €3 = Coot
Cii=cx0 Cxn=cepo C33=con (12)
Cio=c10/2 Ciz=ci01/2 Cy=coi1/2
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and
Cin =300 Caza = co30 Cs33 = coo3
Ciz=Ci21=Cann=c210/3 Ciiz =Ciz1 =C311 =c201/3
Co3 =Con =Cs =cp21/3  Ciz =Cni =Cora =c120/3 (13)

Ci33=C331 =C3i3 =c102/3  Ca33 = C332 = C3p3 = co12/3

Ci23 = Ci32 = Ca13 = Cy31 = C31p = C32 = ¢111/6.

In conclusion, we derive from (2) the following expression of the gravity anomaly

Ag.(0) = G[Oody +¢-df +C-Dp. + C- Do, | (14)
where
o [ 1k o [ @-Kr
a _/(ror)yzdv & _/(r~r)3/2dv (15)
Q Q
and
D2 _ (r-k)r®rdv D _ (r~k)r®r®rdv
o (r.r)3/z rrr (l‘7~ l‘)3/2 . (16)

In order to transform the previous domain integrals into boundary integrals, we apply
Gauss’ theorem in the generalized form illustrated in D’Urso (2013a, 2014a) so as to
correctly take into account the singularity at r = 0 = (0,0, 0).

This will be done in the following two subsections, while in the subsequent ones the
boundary integrals extended to the faces of Q will be further reduced to 1D integrals
extended to the edges of each face by means of a further application of Gauss’ theorem.
These last integrals will be first expressed as a function of the 2D coordinates of the
vertices in the reference frame local to each face and then reformulated in terms of the 3D
coordinates representing the basic geometric data defining the polyhedron.

2.1 Analytical Expression of the Gravity Anomaly at O in Terms of 2D
Integrals

Let us now illustrate a general approach to express the 3D integrals in (14) as 2D integrals
extended to the faces constituting the boundary of Q2. Generality lies in the fact that, owing
to the symmetry of the integrals, application of Gauss’ theorem can be based upon a unique
formula. Actually, we are going to prove the result

/kr[®r, m] v 1 / ke[®r, m](r - n)

(r.r)3/2 :m+ 1 (r.r)3/2

0Q

where k. =1 - Kk, n is the 3D outward unit normal to the boundary 02 of the polyhedral
body and [®r,m] denotes a rank-m tensor defined by
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1 if m=0
r if m=1
(sor, m] = reor if m=2 (18)
ror---Qr if m>2.
Nt e’
m times
To fix the ideas, we shall prove the identity (17) for m = 2
k,r®rdV:1 k,(r®r)(r.n)dA "
(r- r)3/2 3 (r- r)3/2 (19)
Q o0

since it allows us to illustrate our approach to a degree of generality sufficient to extend the

final result to all integrals in (14) and to the additional ones, not reported in (14), con-

taining tensors of rank superior to three, i.e. tensors of the kind [®r, m| where m > 3.
Recalling the identity proved in the appendix of D’Urso (2015¢)

diviy(a@b®c)] = (a®@b ® c)grady + y[(grada)c] @ b

+ya® [(gradb)e] + y(a®@ b)dive (20)

where a, b, ¢ () are vector (scalar) differentiable fields, we have

div |k (r®r) ®r2/2] =|(rer)® 1‘3/2} grad ky + ky (gradr)iy2 Qr
(r-r) (r-r) (r-r)
+ ker ® | (gradr) ﬁ + ke (r @ 1) div W .
(1)
Applying the further identity proved in the appendix of D’Urso (2015c)
grad (a - b) = [grada]’b + [grad b]"a (22)
where (-)T stands for transpose, one gets

gradk, = grad (r - k) = (gradr)k = k (23)

since k is a constant vector field and gradr = I, I being the rank-two identity tensor.
Substituting the previous relation in (21), one obtains

r r r
div |k (rr)® ———=| = |ror) @ ———= |Kk+ k| — r+r®@ ——7
( ) (I' . I‘)3/2:| ( ) (I' . r)3/2 (l‘ . l')3/2 (I‘ . r)3/2
r
+k(r@r)div——-=
rondy
ror
= 3ky————=+ k(r®r)div .

Finally, integrating the previous identity over € yields
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rer 1 .
/krmd‘/—g/dlv
Q

Q

r 1 r
k(r®r) @ ——~ dV——/kr rr)div——-dV.
( ) (r.r)3/2:| 3 ( ) (r.r)3/2

Q
(25)

The second integral on the right-hand side can be computed by means of the general
result (Tang 2006)

. r 0 if  ogQ
| otoyi Lr.m/z}dvz{w(om(m it 0co 8)

Q

where ¢ is a continuous scalar field and the quantity oy represents the angular measure,
expressed in steradians, of the intersection between €2 and a spherical neighborhood of the
singularity point r = o, see D’Urso (2012, 2013a, 2014a) for additional details.

The previous expression can be extended to arbitrary tensors by applying it to each
scalar component of the tensor.

On account of (26), one infers that the second integral on the right-hand side of (25) is
the null rank-two tensor O since

/k(@)d' r dV—{O if ofQ
rrerayv -1 lkr®r],_av(o) if ocQ. (27)
Q

However, the expression [k.(r @ r)],_, amounts to evaluating the quantity k.(r @ r) at the
singularity point r = o, which yields trivially the null tensor Q. Hence, according to (27),
the last integral in (25) is always the null tensor, independently from the position of
singularity point r = o with respect to the domain € of integration.

In conclusion, upon application of Gauss’ theorem to the second integral in (25), we
finally infer the identity (19). Remarkably, the derivation of this identity has also allowed
us to prove that the singularity at r = o, of the integrand function appearing on the left-
hand side of (19), can be actually ignored.

Furthermore, it is not difficult to rephrase the path of reasoning detailed in formulas
(21-27) so as to prove the more general formula (17). Hence, defining

o _ [ (r-k)(r-m) o _ [ (r-K)r(r-m
. _az (r-r)3/2 “ & 4 (r~r)3/2 “ (28)
r-k)reor(r-n r-kirer®r(r-n
DY = /—( ()ris/(z Laa Dfﬁ:/( )(?r)(iz( e (29)
oQ oQ

one has, recalling definitions (15) and (16)

. daQ DGQ DOQ
d=df d}==-  DL==r DL = (30)

In conclusion, application of formula (17) allows us to rewrite formula (14) as follows

c-de+C-fo+C~lfor (1)
2 3 4 ]

Ag.(0) = G |0,d°? +
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an expression that will be further elaborated in the next subsection by transforming the 2D
integrals (28), (29) into 1D integrals.

2.2 Analytical Expression of the Gravity Anomaly at O in Terms of Face
Integrals

In order to derive an expression suitable for programming, we specialize formula (31) to
polyhedral domains since this is by far the most general case in the gravity inversion
problems.

For a polyhedral body characterized by Nf faces, the integrals in (28, 29) can be written
as

de:Z/ rlr l‘,3/2 dA; = Zd/ 2/sz
de:Z/ ih (r; K 3/2nl dA; = Zd/ 3/2dA

" (32)
Np
0Q r- rl ® rl) r;- nl I', R r;
D = Z/ 3/2 dA; = Zd / )3/2 da;
1=

00 ri-k rz®n®r1) ri-n;) (ri - Kror,r,
D = Z/ 1) da; = Zd —mdAl
1

r;)

where the second equality in each formula above stems from the fact that the vector r;
spanning the i-th face, see, e.g., Fig. 1, can be decomposed as follows

r=r-+rl, (33)

i.e. as sum of a vector r;- orthogonal to F; and a vector r” parallel to the face. Accordingly,
denoting by n; the unit vector pointing outwards €2, one can setr; - n; = rf- -n; = d;, since
d; represents the signed distance between the origin and the i-th face F; measured
orthogonally to this last one.

The 2D integrals above can be transformed to a line integral by a further application of
Gauss’ theorem. To this end, we denote by O; the orthogonal projection on F; of the
observation point O and assume O; as origin of a 2D reference frame local to the face.

Furthermore, we express formula (33) in the alternative form

r=r+ r,H = (r;-my)n; + r,H =dm; + Tr.p; (34)

where the vector p; = (&;, ;) represents the position vector of a generic point of the i-th
face with respect to O; and

W Vil
T = |up Vi (35)
W3 V3

is the linear operator mapping the 2D vector p; to the 3D one rH

two distinct, yet arbitrary, 3D unit vectors parallel to F;.

In turn, u; and v; represent
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Fig. 1 Polyhedral domain Q and o
decomposition of the position

vector of a point on a face
i

G
Yy Nz
~ F
1
z 2>
N
Mg
r;
1
n;

We emphasize the use of Roman and Greek letters in (34) to denote, respectively, 3D
and 2D vectors. The same notational distinction will be adopted throughout the paper.
Setting

ri-k=dmn; - k+Trp; -k =dns+p;- T,k =diniz + p; - ki, (36)

the first two integrals in (32) become
Nr
dA; p;
daQ = d,' d,n,g /71 + K; - /—ldA, (37)
' 12:1: 7 (pi pit di2)3/2 7, (pi pit diz)3/2

a? =) q dn3n/ +d~n~3/7”dA
Z e ,,,+d2>3/2 ") ot )7

(38)

dA, Ty p, @ p.da,
+dini \/#3/2.“1‘ _‘_/%kl
(pi- pi +d?) (pi- pi +d?)

Thus, defining

@_/L (,,_/LA:- @F—/M
Fi 3/2 F = 3/2 i = 372 0
L (pipit ) L oot d)) S oo+ )Y

one finally has

de? = Zd{dnﬁ% +K - op, ) (40)
i=1

and
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Nr
= Zdi{dfnmpp,.ni + dinisTrpp, + dim;(k; - o) + Tp, Ok} . (41)

i=1
To suitably shorten the expression of the last two integrals in (32) we set

i QP Q@ p; i QP QP D p;
GF":/ o 2p3/2dAi DF’:/p 5 pz 3/12) da; (42)
(i pi +di) (pi - pi +d7)

GF,.KI' = f

(p;i - "i)l’f—® ’thdA Dk = / (p; - k:)p; ® p; @ p,dA;
Fo(pipi+d?)Y

(0~ p; + )" #3)

Fi

and introduce the formal operator lep"_"b where the symbol b..b denotes an arbitrary
sequence of 0 and 1. In particular

Mg, _ ol P @ p; Tr,p; @ Tr,p; T
R e e LR
—U—HIQF-:—U—HI/ Pi®pP; D p; /TFP,@TFP,®TFPl
F; YF; (pi- pi+ d2)3/2 (p: - pi + diz)a/z (45)
and
010y o0 [ PiOPLEPiOPi G, Trpi@pi QTrpiQp;
) ) (o +ay 9

since the suffix 1 (0) of Tf, indicates that the operator Tr, has (not) to be applied to the
vector p;.
Accordingly, the third integral in (32) becomes

DaQ Zd{dnﬂ{d ¢Fn,®n,+d(n,®TF(pF + Tk, e, ®n,) +TF(I)FT ]

(47)
+din; @ (- @) + diln; @ Tr, (Or ;) + Tr, (P ;) @ m] + Hi}
where
H,‘ = TF,'((Y’F,'Ki)TEi- (48)
Furthermore, setting
;N ®p; ;i 3N; AN R p;
q)F"Ani:;!,(p’:-m:T;“dAi Dp, A (n; @ 1;) fpp’“1+;2z72 i
(49)

Cr A = P,®n,®P‘®P‘dA Cr VN = ng’P,??nx‘XP,dA
BT fﬂ,p,+d’)1/2 Fo T fp,ﬂ,+d2)3/2

it turns out to be
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Np
Dsﬁ = Z di{dil/llg [d?quini Xn; Qn; + dlz (ni XN Q TFI(PF,' +n® TFi(pFi X n;
i=1
+ TF,-(PFi ®Xn; ® Il,') + d,-n,- ® Tll;}q)[?l + le;?l ((DF’. A l’ll').
+di T Op, @m + T €] + dn; @n; @n;(k; - @)
—Q—dlz [I‘l,‘ ®XRN; R T]:i ((DF,.K,‘) +n® T'F('” ((DF, A n,-)k,-+T;(’)°°<Dp,. A (n,- & I'li)K,}
+d; [n,- ® T Crie; + TR (€ Am)kit T3 % (€, v ni)”z} + T;T:IODF;Ki}

(50)
being
Trp;, ®n; ® Tr.p;
101 N FiP, i FiP,
T (Or, Ay) = /z—m i (51)
P (P pi +d7)
Trp; ®n; @n; ® p;dA;
TE% 0 A (@ n) = / AP ST 12 3/; K (52)
4 (pi pi+d7)
Trp; ® Tgp; @ pdA; (p; k) Trp; @ Trp;
110 _ FiPj FiPi Pi i _ Pi i) LFP; FiPi
Tr Cri */ N / 2n3/2 i (53)
(p; - pi +d7) (p; - pi +d})
Trp, & 10; @ T p; @ prdA;
T}r?lo(@ﬁ Am) = / PO Flf’;ipl ) (54)
7. (pi-pi +d7)
Trp; @ Tr.p; i dA;
TN, v i) = / FPi @ Trpi @n 3</8; PidAi (55)
I (pi-p;+d7)

Fi

Trp; @ Tr.p; @ Tr.p; dA; i Ki)Trp; @ Tr.p; @ Tr.p;
T;}l()bFiK[:/ F,pz® F,p1® F,pl®pl lk__/(pt Kl) F,Pl® F,pz® F‘pldA,‘.

-
4 (pi - pi+ )" / (pi - pi+ )"

(56)

Notice that the symbols in (49), as well as the ones in (50), are purely formal since they
involve the tensor product of 2D and 3D vectors. They have been deliberately introduced
to focus the reader’s attention on the main issues involved in the evaluation of the

quantities d°?, d%?, D, and D%, Actually, one first evaluates the integrals

[®piam}
— T __dA; me0,4]
P Sk ) (57)
F; (pl pl+dl)

as a tensor product of 2D vectors, see, e.g., Appendix 1 and 2. Only subsequently the
resulting formula is combined with the 2D vector ; and expressed in terms of 3D vectors,
by means of the operator T, or suitably combined with the 3D vector n; to evaluate the
integrals in (50).

The simultaneous presence in (57) of the quantity d; and of the exponent 3/2 in the
denominator makes the evaluation of the integrals in (57) far more diffult than the
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analogous ones addressed in D’Urso (2015c) for polygonal bodies. Actually the case
d; = 0, meaning that the observation point O belongs to the face F;, or equivalently that
O; = O, needs to be properly addressed since the integrals can become singular.

For the same reason, we shall not consider the fact that the integrals in (57) need to be
composed with the vector k; producing

®pi,m ®pi,m — 1)(p; - ki
[ o n = [ e,

Fi

since this would require us to consider separately these cases in the discussion of the
singularities of the algebraic expressions resulting from (57); instead, we shall perform the
combination after the integration. Moreover, due to the presence of the exponent 3/2, the
definite integrals that need to be computed to transform the integrals (57) into their
algebraic counterparts do not exhibit anymore the useful recurrence property invoked in
the appendix of D’Urso (2015c¢) so that it is more convenient to evaluate the integrals in
(57) prior to their composition with ;.

Last, but not least, most of the integrals in (57) have already been computed in D’Urso
(2013a,2014a, b) so that we include in Appendix 1 only the explicit evaluation of the new ones.

2.3 Analytical Expression of Face Integrals in Terms of 1D Integrals

It has been emphasized in the previous subsection that the main burden associated with the
evaluation of the expressions (37), (38), (47) and (50) is the evaluation of the integrals (57).
Similarly to the integrals (15) and (16), they can be transformed into simpler 1D integrals
by a further application of the generalized Gauss’ theorem (Tang 2006).

For some of them, namely the ones in (57) defined by m = 0, m = 1, and m = 2, this
has been done in previous papers (D’Urso 2013a, 2014a, b); for m = 3 and m = 4 this has
been carried out in Appendix 1. For the sake of clarity their expressions are collected
hereafter for increasing values of m.

e Integral (57) form =0

op = / dA; % / pi(si) - v(si) ds

Fi — 32 7 |4 17271 (59
S Gpe @ 1A () pslos) s + 1Y)
where s; is the curvilinear abscissa along the boundary OF; of the face F;, v is the
outward unit normal to F; and o; is a scalar, defined in Appendix 2, representing the
measure, expressed in radians, of the intersection between F; and a circular neigh-
borhood of the singularity point p = ¢ when d; = 0.

e Integral (57) form =1

/ pidAi / v(s:) d
Or= | 3=~ S - 60
h e d)™ s i) + ) (60)

e Integral (57) form =2

B pi®pdA; pi(si) @ v(si)
Oy, = / PR / ’ AR LI ()
(pi - pi +d7) pi(si) - pilsi) + d7]

F; OF;
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where Ip is the rank-two two-dimensional identity tensor,

- [ el i) ] les) v
‘PF,—/(I) 1/2—/ ds; — oy|d,]

- P; 2 i\Si) - Pi\Si
L (i pitd) oA pi(si) - pi(si)

and o; has been introduced just before formula (60).
e Integral (57) form =3

Pi ® p; ® pdA; pi(si) ® pi(si) ® v(si)
G = / o pitdy” / (lp ) +ld2)1/2 = ds; + L @23 ¥rp, + ¥, ©
i Vi i i Pi i

F; oF;
(63)

where the symbol ®,3 denotes the tensor product obtained by interchanging the second
and third index of the rank-three tensor Ibp ® Y. and

p;dA; 1/2
!/’Fi = /(W = / [pi(s,-) . pi(Si) -+ dlz] V(S,‘)dS,' . (64)
Pi- Pi i
Fi oF;
e Integral (57) form =4

Dy = / PP 2P 2 pdA; / pi(si) @ pi(si) ® pi(si) ® v(si)

ds;
3/2 1/2 !
(0 pi+ ) i (P pi+d?)!
' (65)

F;

+Ip ®24 Yr, + ¥, @3 Lp + Vi, @ Inp

where the symbol ®,4 denotes the tensor product obtained by interchanging the second
and fourth index of the rank-four tensor Inp ® ¥, and

pi @ pidA; 1/2
‘I’F,—/—( +d2)1/2:_ / [pi(s1) - pi(si) + 2] py(s:) ©v(si)ds
Pi Pi i

F; oF,;
Lp 1/2
=28 [ o) o)+ ] P (s i
oF;

(66)
Since each face is polygonal, the previous line integrals can be further expressed as
sums extended to the Ng, edges that define the boundary OF;. For the j-th edge, a suit-
able parameterization allows one to transform each 1D integral into an integral of a real
variable; this is scaled by a suitable combination of the vectors p; and p;, that define the

position vectors of the end vertices of the edge in the 2D reference frame local to F;.
In particular, we set

ﬁi(/lj) =p;+ )°j(Pj+1 - Pj) =p;+ )“jApj (67)
where the function p; associates with each value of the dimensionless abscissa

4 = i/l (68)

@ Springer



796 Surv Geophys (2017) 38:781-832

the position vector spanning the j-th edge. The quantity s;, s; € [0, /], is the curvilinear
abscissa along the j-th edge and [; = |p_,- o pj| is the edge length. The position vector
spanning the j-th edge of F; can also be expressed as a function of s; and a new function p;,
fulfilling the condition p;(s;) = p;(4;). Hence

pi(si) - pi(si) = pi(%) - pi(%y) = P/’“;2 + 2g;4; + uj = Pu(%) (69)
where, according to (67)
pi=27pi-Ap;  qi=p;-Ap;  wi=p;-p; (70)
Furthermore
p(s) - p(sj) +di = pjii +2q;0 + v (71)
where v; = u; + d?. We shall also set P,(4;) = P,(/;) + d>.

2.4 Algebraic Expression of Face Integrals in Terms of 2D Vectors

Referring to Appendices 1 and 2 for further details, we hereby report the algebraic
counterparts of the integrals (57) for m= 0,....4.

e Integral (57) form =0
1

P d; P &
ey o) [t B )
=

i 0 Pu(2)) [Pu(%)] 2

where ¢; is defined in (221). The symbol ()l denotes a clockwise rotation of the 2D
vector (-) necessary to express the outward unit normal v; to the j-th edge according to
the formula

1
(i mp) Ar (73)
I l; L
J J

The clockwise rotation indicated by the symbol ()L depends on the convention
adopted to circulate along the boundary OF;. In particular, we have assumed that the
vertices of each face have been numbered consecutively by circulating along OF; in a
counterclockwise sense with respect to the normal n; to the face. Thus

A, —An; 0 —1
Ap,=| . | = Apt= T = Ap; . 74
i [An,-] £ [A@l {1 0 } & 74

[PV(A]) 1/2 Z Iy Ap; (75)

where the scalar Iy; is defined in (211).
e Integral (57) form =2
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1
i)
/ ; P )f adiy ® Ap! 0T
0

=19 [Po(%)]

. (76)
= — Z [loj P ® Al)jL +1 Apj ® APJL} + ‘pF,IZD

Jj=1

where Iy; is defined in (211), 1;; in (212) while lpF[ is provided by
1 /2

Ne
/ u diy=> ! (- 05) ~ ldle )
u J=1

and /} is defined in (219).
e Integral (57) for m =3

5

1 j

~.
Il

I
: (4) @ p;(A;)dA;
/ P 1/12 L+ hp @3 Y, + Y, @ I
0

&

= - [Ioj Ey p + 1 Ep ap, + D Enp, Ap,} @ Ap; +Top @3 Yy, + Y, © Iop
1

~.
I

(78)

where Iy, I, Ip; are defined in (211), (212) and (213), respectively, Epj o Epf Ap, and
EApj Ap, are defined in (180) and

Y, = Zlv]/ 1/2d’1 = 2141 AP; ) (79)

the scalar I4; being defined in (215).
e Integral (57) for m =4

N, Lo R P
- Pi(%) ® pi(%) @ pi(4)d,
o= 5e{ frtnontoaii, .
= [Py(%)]
+ Lp ®24 Y, + Yr, @23 Ip + ¥r, ® Ip (80)

: 1
=-> [IOJ Epyy0 1 By 080, By gy a0, + L3 By, APJ} ® Ap;
=1

+Lp @4 Y, + Vr, @23 Lp + Pr, @ Ip

where Iy, I, Ipj, I3; are defined in (211), (212), (213) and (214) respectively, [Epj Py
[Epj p;Ap;s [Epj Ap; Ap; and [EA,,! Ap; Ap; AT defined in (191), (192) and (193) and
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N, 1
~ ~ [ 1/2
TF’ = /[pl(}j) . pi(Aj) +d12] / (pj + /IjApj)d)uj ® Apj‘

=D

I 1 &’
2D R . /2 ,, i

~=2 (00t / (i) - i) + &) iy ¢ +5 (W — ldior) B
0
& . Ip L di2
= > | (lyp; + I5iAp;) ® Ap; =3 Py | + 5 (s = |dion)

Jj=1

Ly, Isj, and i; being defined in (215), (216) and (219), respectively.
For future reference, we also include the algebraic expressions of the integrals in
formula (43).

N,

Crwi = — Z("i : Aﬂ_;l) (IO.i Ep o, + 1 Ep ap, + hj Eay, Ap/) TR @Yy, + W @K
=
(82)
Ni,
Drki = — Z("" ' A”JL) (Iof Ep, o0, + 11 Epyp, g, + 12 Ep g, ap, (83)
= 83

+ 13 Eap, ap, Apj) + V@K + VY5 Quki+ K Q V.

All the previous quantities are expressed in terms of 2D vectors representing the
coordinates of the end vertices of each edge in the reference frame local to each face F;.
Conversely, all tensors appearing in (37), (38), (47) and (50) have to expressed in terms of
the 3D position vectors defining the vertices of the polyhedron € since these represent the
basic geometric entities that define it. This task will be accomplished in the following
subsection.

2.5 Algebraic Expression of the Integrals in Terms of 3D Vectors

The aim of this subsection is to show how the algebraic expressions derived in the previous
subsection can be expressed in terms of 3D vectors in order to apply formula (31), which is
fully accounted for in the next subsection. This is done by inverting (34) so as to express
2D coordinates of each vertex as a function of the relevant 3D ones. In particular, pre-

multiplying relation (34) by TT,, where ()T stands for transpose, one obtains
p; = T (x; — dim;) (84)

since it is easy to check that T;_TF,. = Lp.
Additional quantities that need to be expressed in terms of 3D vectors are

TrAp; = rjp1 —1i = Ar; (85)

and
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i
Tr, Ap;- =Ty, [TE,- Al’.z} : (86)
We also set
N,
f, = TF,(pF = — ZIOJTFI Apj (87)
j=1
according to (75) and
N,
g = TF,-(DF,-KI' = — Z(ApjL . Ki) [Iojrj + 11]' Al‘j] + lpF,vTFiT;,k (88)
j=1

according to (36) and (76); furthermore, we set
Gi = TpOr T} (89)

see, e.g., formula (44).
Finally, recalling (44), (46), (48) and (49), it turns out to be

TF,p< XN R TF Pi
—H—II;OI((I)F /\n) — /%M — G ®23 n;
; i i 3/2 i i i 90
L (oot d)” %0)
-ﬂ—}-‘}oq)Fi®ni:/%¢4i®ni:(}i®nia (91)
v (pi - pi +d})

Trp: @ Trp; ® Tg p;

__ Tl _ F; Pi FiPi F;Pi

Gi = —[FF,- GF:‘ 7/ 2413/2 i (92)
(pi - pi +d)

T (OF, Amy)k; = Tp, /

i - Ki)pdA; : ® p;) dA;
(pi - w)piddi T, / (i ® pi)
4 (

K; & n;
(p; - p; + a2 e l

. p, 2
F; Pi p1+dz) (93)

=TrOrk; N =g n;,

Trp; N QN ® p; ;- Ki)pidA;

T, A (n; @ ny)x; = / F.Pi . ml’t = TF,»/%@OHI- ®n
S (piepit+d) L pi-pitdi)

=TpPrx; @M QN =g M N, (94)
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i

T;}O(SF,Ki = /—TFipi © TF[pi o P iKi = / (pl '(K")(TF[pi ® TFipi)

3/2 3/2
(pi - pi +d})” L et )

~T, / (pi %) (p; @ py) AT =T, / (p; ® p; ® p;)dA; o | T (95)
O A P PO R I

=Tr (€, Ki)T;. =H,,

TI0(E, Ak = / Tep, @n @ TEp; ® Pi 41 — / (pi - %:)Tr,p; @M @ Tr,p; '
" 1 (pi pit di2)3/2 (pi - pi + di2)3/2
_ / (p; - %:)Tr,p; @ Tr,p;
(pi-pi + di2)3/2

dA; ®3 m; = H; @3 n;,

Trp @Trp: @N; @ p; i Ki)Trp; @TEp,@n;
T}::OO((SFi\/ni):/ FPiQ1Ep; @M & p; iki:/(pl k)Trp, ®Trp; ®n

32 3/2 i
(Pi'Pi+d,'2)/ i (Pi'Pi+dl'2)/

i Ki l® i
:TF,- /((p)#)f/sz TT ®Xn; = [TF,v(GF,-Ki)T;i ®n;=H; ®n;,
Pi P

©7)

TFP,®TFP,®TFPI®I’1)
(p; - pi + )2

dAlKi

1110
Hi = TF,- DFI.K,‘

(98)

Kl Pi TFPI®TFpt®TFp1
L dA;.
(pi - pi+di)

F;
F;
The explicit evaluation of the last integral will be dealt with in the next subsection together
with further considerations on actual evaluation of all third-order tensors appearing in (50).

2.6 Algebraic Expression of the Gravity Anomaly at O

In order to make the reader fully acquainted with the operative steps required to compute
the gravity anomaly at O, it is instructive to further comment on the formulas derived in the
previous subsections in order to apply formula (31). As a matter of fact, the evaluation of
df"Q s df"g s DE;Q , provided by formulas (37), (38) and (47), respectively, is trivial since they
can be obtained by standard matrix operations.

More difficult is the evaluation of the third-order tensors appearing in (50), by taking
also into account the fact that they have to first expressed in terms of 2D vectors and only
subsequently, as specified in the previous subsection, reformulated in terms of 3D vectors.

To fix the ideas, let us start from the last addend in (50) that has been further detailed in
(98). By means of formula (83), we actually dispose of an expression that can be written
more concisely as
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NE,

i

(ki p))p; @ p; @ p;
[ R = 3 50 A Bt A B B A] 99
i i i J=

where the right-hand side is a symbolic representation of the linear combination between

0)
third-order tensors D ppp

products between 2D vectors f and rank-two tensors A, this last one expressed as tensor
product of 2D vectors.

Hence, to evaluate the left-hand side of (98) starting from (99) we have to transform the
rank-three tensors on the right-hand side of (99) defined in terms of 2D vectors by applying
the formal operator T};{“ to get

such as I]ZD,,I_,,J,,/_, ID,,I_,,]A,,J, I]ZD,,jA,,/A,,J, I]ZDA,,]_A,,/_A,,/_, and tensor

Trp, @ Tr pr @ Trp @
/ Fp,(p ;pl+d2)§/l;l Pi g ,—T“IZ{% ppp+A,,p®/;+A,,p®23ﬂ+ﬁ®App}.
1 1

| (100)

This is trivial for the rank-three tensor Dy) »p Since it is expressed as the tensor product
of three 2D vectors y, d, &, so that

THDY =T (@608 =Try@Trd@Tre=tavaw (101)

and the last tensor product between 3D vectors can be expressed in matrix form according
to the rule which one adopts to define the matrix associated with a rank-three tensor, a rule
that usually depends upon the adopted programming language.

For instance, extending the rule defined in (10) to three arbitrary 3D vectors one has

viwp viwa viws ), (viwr viwa viwz ), (viwn viwg viws

[t®(V®W)] = |t | vawy vaowp vaws |l B | Vawy Vawp Vows |l £3]| Vaw] Vowp Vows
V3IW] Vawp V3ws ! VIW] Vawp Viw3 ! VIW] V3wp V3Ww3

(102)

where, for typographical reasons, we have represented the matrix associated with t®

(v ® w) as a row rather than as a column.
Let us now apply the formal operator Tl,“, already exploited in (101), to the last three
addends in (100). Differently from DY thatis computed recursively as a function of the

PP
Jj-th edge of F;, the rank-two tensor A4, is already available as a whole since it has been

evaluated elsewhere, e.g. in a different subroutine. Hence, we already dispose of
T App = TrAp, T =Ly, (103)

where the roman letter L has been adopted to emphasize that the matrix associated with
L,, is 3 x 3. Accordingly

Ti'(App ®B) =Ly @Tpp=L,, @b (104)

where b is a 3D vector.
Thus, we can exploit the general scheme in (102) by writing
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[L@b]=[(Lab), (L&b), (Lab)]".

where

[(Leb)] =

[(Leb),] =

[(L ® b)3] =

Analogously one has

(LPP)llbl
(Lpp)lzbl

_(Lpp)nbl

[ (LPP)ZI b
(Lpp)zzbl

_(Lpp)23b1

[ (Lpﬂ)31bl

(LPP)32b1

_(LI’P)33b1

(Lpp) 11 by
(Lﬂp)lzbZ

(Lpp)13b2

(Lpp)zl by
(Lpp)zzbZ

(Lpp)23b2

(Lpﬂ)31b2
(Lpp)32b2

(Lpp)33b2

(Lpp) 11 b3
(Lpﬂ)lzb3

(Lpp)13b3 i

(Lipp)21b3 |
(Lipp) 223

(Lpﬂ)z3b3 J

(Lpp)31b3 1

(Lpp)32b3

(Lpp)33b3 J

T (B Ay) =TrpRL, =boL,,

so that the associated matrix is

beL]=[baL),

where

(boL)] =

[(b®L),| =

[(b®L)| =

(b®L),,

i Lpp)ii Lipp) o
bi| (Lpplar  (Lipp)an
L (Lpp)ar  (Lipp)sa
i Lpp)ii Lipp) o
by| (Lpplar  (Lipp)an
L (Lpp)ar  (Lipp)sa
[ (Lpp)yy (Lpp)is
by| (Lpplar  (Lipp)an

(Lpp)sr  (Lipp)sa

boL),)"

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

A little bit more awkward is how to address the tensor product 4,, ®,3 B. This case has
been deliberately left to last since constructing the matrix associated with the rank-three

tensor TIF’” (A,,,, @23 ﬁ) allows us to solve the problem concerning the tensor in (90).
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Actually, if we could split the tensor 4,, as a tensor product of two 2D vectors in the
form A,, =y ® 6 we would trivially have

Tr' (App @B) = TR (1@ 00u ) =T G0 s =tobav (114)

and exploit the general scheme in (102) to construct the relevant matrix. Unfortunately, we
directly dispose of the matrix L,, whose entries have to appear as first and third entries in
the previous, purely illustrative, scheme.

This does not represent a real problem since, coherently with the matrix representation
(102), we can define the matrix associated with

T (App @23 B) = Lne (115)
as
[Lrbr] = |:(App ®23 ﬂ) 1 (App ®23 ﬁ)z? (App ®23 ﬂ)3} ! (116)
where

bl(LPﬂ)ll bl(LPP)IZ bl(Lpp)13
[<A9ﬂ®23p)1]: bZ(Lﬂp)n bZ(Lpp)lz bZ(Lpp)m ) (117)

L bs (Lpp) 11 b3 (Lpp) 12 b3 (LPP) 13

bl(Lpp)zl bl(Lpﬂ)zz bl(Lpp)B

[(App®23ﬁ)2]: ba(Lpp)ay  D2(Lpp)ay  D2(Lpp)as | (118)

b3(LPP)21 b3(Lpp)22 b3(Lpﬂ)23_

_bl (Lpp)m b (Lpp)n b (Lpp)ss

|:<App®23ﬁ)3:|: bz(Lpp)31 bZ(Lpp)32 bZ(Lpp)33 ) (119)

_b3(Lpp)31 b3 (Lpp)32 b3 (Lpp)33

and L, is obtained from (103) and b = Ty, .

Remarkably, the same notational scheme as in the previous formula can be exploited for
the tensor in (90) since G; can be obtained from (44) by standard matrix operations.

Furthermore, setting M = G; ®,3 n;, the matrix [M] can be obtained analogously to
(116). Stated equivalently, to construct the matrix associated with the rank-three tensor M,
one has to first evaluate ®f,, transform it as in (44) to get G;, and exploit the notational
scheme (116) by replacing L,, with G;.

The notational schemes detailed in (101, 102), (104, 105), (109, 110) and (115, 116) can

be suitably exploited to evaluate the tensors in (91-97) and, hence, the tensor [Diflr in (50).

Namely, the tensors G; ® n; in (91) and H; ® n; in (97) can be evaluated by applying the
scheme (105), the tensor G; in (92) by applying the scheme (101, 102) and the tensor
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Fig. 2 Representation of P
geometric quantities used to p

assign density contrast (s) and 0
define the position of Q with

respect to an arbitrary point P

H; ®,3 n; in (96) by applying the scheme (115, 116). Finally, the tensors in (93) and (95)
are rank-two tensors and the tensor in (94) can be evaluated as in (102).

3 Gravity Anomaly of Polyhedral Bodies at an Arbitrary Point P

In the previous sections, it has been assumed that the observation point P would coincide
with the origin of the reference frame in which the anomalous density of a body is
assigned. This has allowed us to set the stage and to define the most problematic issues to
address, from both the analytical and numerical point of view.

However, when gravity measures are carried out at several points and/or when multiple
bodies are taken into account it is by far more convenient to fix an arbitrary reference
frame in which both the coordinates of each observation point and the density of all bodies
are simultaneously assigned.

To suitably extend the formulas contributed in the previous section, one can exploit a
coordinate transformation (Zhou 2010) by translating the origin of the reference frame to
the observation point and modifying in accordance the expression of the density contrast
by expressing the coefficients of the polynomial law in the new reference frame.

Alternatively, one can follow the approach outlined in D’Urso (2015¢) and define the
position vector r entering the definition of the gravity anomaly as follows

r=s—p (120)

where p is the position vector of the observation point and s is the position vector of an
arbitrary point belonging to €, see, e.g., Fig. 2. In this way, we can leave the expression (6)
unchanged by writing

Ap(s) = 0(x,y,2) = 0p + ¢ -8+ C-Dg + C - Dgss (121)

where Dy and Dy are defined as in (7) and write

A .
AgZ(P) = G/de. (122)

Clearly, in the case of multiple observation points P; and/or bodies one can simply write
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Ap(s))r;
Ag.(P;) = / bl j/z (123)

3
(rj - 1;)

where €; is the domain of the j-th body, Np is the number of bodies to analyze and
rj = s; — p;, p; being the position vector of P; with respect to the assigned reference frame
having origin at an arbitrary point O. However, being mainly interested to illustrate the
rationale of our approach, we shall make reference in the sequel to the case of a single
observation point and a single body.

To exploit the results illustrated in the previous section, it is convenient to express s as a
function of r by means of (120). For brevity, this is detailed only for the rank-three tensor
Dgss since it is the more cumbersome to handle. In particular, we infer from (120)

Dys =s@s®s = (r+p) @ (r+p) @ (r+p) = Drrr + Drrp + Dppr + Dppp - (124)
where Dppp = PR p P,
Dip =T @r@p+r@per+peror (125)
and

Dppr =PRPRr+por@p+r@pep=Dp@r+pr@p+re®Dy,. (126)

Hence, the expression (122) for the gravity anomaly becomes

Ag.(p) = G{[0p +¢-p+C Dy + C - Dppplds + ¢ - df
+C-[d9®p+p®dQ+DQ]+<D~[ pp ©d7 +p@d7 @p+df @Dy
+C-PLep+dfopod? +poD?+C-DL},

(127)

which represents the generalization of (14) to the case p # o.
Special attention has to be paid to the symbol d? @ p ® d which is a shorthand to
denote the third-order tensor

r-kroper
d?®P®df—/((l_)WdV Dy ®@x3p. (128)

In spite of its symbol, which has been adopted to emphasize its symmetric expression, the
tensor above cannot be obtained as the triple tensor product of the vectors d and p.
Rather, it is conveniently computed starting from the rank-two tensor D%
computed its algebraic expression, as detailed in Sect. 2.6.

Although r is now defined from (120), it can be shown that formula (17) holds as well.
Thus, recalling (30) and setting

after having

I’

0p=c-p+C -Dyp+C-Dppp, (129)

formula (127) specializes to
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00 c.daQ 0Q daQ 0Q
Agz(p):G{(OﬁOp)dr +T'+C-{§®p+p®%+ 3"]
1
+C- [5 (Dpp @ dX? +p @ d)” @ p+d° @ Dyp) (130)
1 oQ 0Q 0Q o0Q D?ﬁ‘
+§(Drr ®p+dr ®P®dr +p®Drr)+T .

Obviously, (130) coincides with (31) when p = o.

Formula (130) can be operatively evaluated for a polyhedral body by considering
formulas (37), (38), (47) and (50) for dfz, df, Df’r and D?", respectively, and the proce-
dures detailed in Sect. 2.3-2.6 to express them in terms of 3D vectors. In particular, the
third-order tensor dfg QPR dfg is obtained by applying the notational scheme (115, 116)

and replacing L,, with D2 and b with p, respectively.

4 Eliminable Singularities of the Algebraic Expressions of the Gravity
Anomaly

It has already been shown that the analytical expression (31) of the gravity anomaly is
singularity-free in the sense that its expression holds rigorously whatever is the position of
the point O with respect to Q. The same property holds true for the expression (130)
referred to an arbitrary point P. However, their algebraic counterparts, being expressed by
means of the quantities detailed in Sect. 2.4, do include further singularities.

They are associated with the expression of the line integrals provided in the Appendices
since they become singular when the generic face F; contains the observation point, either
O or P, and this belongs to the line containing the j-th edge of the boundary OF;.

However, we are going to prove analytically that the contribution of the singular line
integral to the domain integral in which its computation is required is zero. Hence, from the
computational point of view, the singularity of the j-th line integral does not have any
practical effect and it can be simply ignored when computing the associated domain
integral.

As shown in Appendix 2, some of the 2D domain integrals required in the present
context have already been computed in previous papers by D’Urso (2013a, 2014a, b) so
that the discussion on their singularity-free nature can be found in the quoted reference.
Nevertheless, we shall systematically prove this property also for these last integrals,
namely the ones having (pi -p;i + d,z) 2 in the denominator, since we are going to use new
and simpler arguments; the same arguments will be exploited to prove the singularity-free

3/2 . .
) / in the denominator.

nature of the integrals having (pi pi+d?
4.1 Eliminable Singularity of the Integral v/ .

We know from formulas (218) and (219) that
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1

dA; +d2}1/2
‘/fF,Z/i (b0t / djy — old|
P, (pi-pi )’ j ' 0 p,())
e V(0 12 .
Dj%; +2l]] i+ v E; N
; p] pj+1 / p; +2q//{ +u/ J l| l| ; pj pj+1 6j t| ‘
(131)

where see also (70), we have set
pi=Ap;-Ap =0 qi=p;-Ap; w=p;-p vi=w+d =]r]. (132)
Useful in the sequel are also the quantities (D’Urso 2013a, 2014a, b)

Pitai=pp1 Ay P24V = ppyy pr +dE = [ (133)

and the discriminant A; = qu — pju; of the denominator in (131). In particular, it turns out
to be

—A; = ps = @ = (B pj1) - (- 1) = (- 1) >0 (134)

by virtue of the Cauchy-Schwartz inequality (Tang 2006).

Clearly, our main concern is when A; = 0. In particular, setting 0 = (0, 0), it is apparent
from the previous expression that the denominator of the j-th integral on the right-hand side
of (131) can become singular if p; =0, p;,; =0 or p; and p;,, are parallel and point in
opposite directions, i.e. if the projection of the observation point onto F; belongs to the
segment [pj, P +1]. In turn, this may happen independently from the value of d,, i.e.
whether or not the i-th face of the polyhedron Q does contain the observation point.

In both cases, d; # 0 or d; = 0, we are going to prove by mathematical arguments that
the contribution of such an edge to V. is zero so that its computation can be skipped. Let
us first consider the case d; # 0.

As shown in D’Urso (2013a, 2014a), the evaluation of the line integral on the right-hand
side of (131) is carried out by setting t = 4; + g;/p;; this yields

(2 , 1/2 1+4;/p;
. (Pj L+ 25/ +Vj> di = 1 \/md 135
6 = ) ) N 2ia W (135)
Pit; + 2q;A + u; VPi ) "+ A;
4qi/Pj
where

A Pt —q i — a? d?
Aj:,_ézpffizqf Bj:u_f\ +i=4+. (136)

P; p; pj Pj l

Notice that the denominator in (135) is positive if —A; = pjzA_,- > 0. In this case, the
primitive of the integrand on the right-hand side of (135) becomes
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1+4;/p;

]ﬁj_%{ Bj_A'arCtan\/L/TL—Hn(t—o—\/Bj—l-tz)} (137)

4;/pj

or equivalently

1+q;/p;
; l t B+ 12
I = { 4] arctan |d| n(t+ VB + )} . (138)

Conversely, should it be A; = 0, and hence A; = 0, the integrand on the right-hand side

4;/pj

of (135) becomes singular at one point belonging to the interval [q_,-/p_,v7 1—|—qj/p_,-}.
Actually, we infer from (134) and the properties of the Cauchy-Schwartz inequality that
Aj = 0if and only if p; = 0, p;,; = 0 or the segment [p;, p; ] contains the null vector in
its interior.

Actually if p; =0 (le = 0), it turns out to be ¢;/p; =0 (1 +4qi/pi = 0); hence, the
denominator in (135) becomes singular since £ +Ai=p;- pj/pj (Pj+1 -ij/pj) =0 at
the left (right) extreme of the integration integral.

Furthermore, should the projection of the observation point fall within the segment
[P, pjs1], one has p; . =pf;p; (B;<0) where g¢;/p;j=(B;—1)p;-p;/pj<0 and
1+ ¢;i/pj = B;(B; — 1)p; - p;/p; > 0. Accordingly, the integration interval in (135) splits in
two intervals having O as right (left) extreme. At that point, however, t = 0 and A; =
—A;/ pf = (0 by assumption so that the integrand in (135) becomes singular.

However, we are going to prove that, in the previous three cases, the singularity is
eliminable and that the integral attains a finite value. Let us discuss separately the three
cases, namely p; =0, p;.; =0 and p;. = f;p; (B;<0).

In this first case, p; = o, the integration interval is [0, 1] and we have singularity of the
integrand in (135) at the left extreme, while the argument of the logarithm is positive.
Thus, recalling (131) and (138), the contribution of the integral Ig; to Y, is provided by

1
N | ldil |d;| In(t + /B; + 1)
P p; ) Iei = p; - p; arctan + (139)
(- 50) =y [J—T, VoAVB T o,
Setting p; = |p;|e = e and observing that, on account of (134),
2 2 2
=A== (pi1 - Pl = (Ipjle - piay) =& [Pj+1 P — (- pip1) } ; (140)
we infer that \/—A; is infinitesimal of the same order as ¢ = |p;| when ¢ — 0, a property

we state by writing /—A; = O(e). Hence, (139) becomes

(l’./-l’_il+1)16_i:£g1(1)s [\/_arctan\/_ T

oo ),

(141)

since the p;-p;; = O(e) if £ —0.
Since the arctan function is finite at t = 1 and the same does occur for the In function at
t =0 and ¢ = 1, we finally have
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(Pj . Pﬁrl) lej = —|di] lim \/_arctan \/_|d\|/m —g|d,-| . (142)

However, if p; = o for the j-th edge, it will turn out to be p;,; = o for the (j— 1)-th

edge. Hence, the arctan function in (138) will be evaluated in the interval [—1, ¢, with
& — 0, and one has (pj . pj{H) loj = m|d;] /2.

To conclude the total contribution provided to ¢, by the two edges for which it
simultaneously happens that p; = o for the j-th edge and p;,; = o for the (j — 1)-th edge is
zZero.

A null contribution to ¢, is also provided by edges for which the projection of the
observation point is internal to the edge. In this case p; and p;, are parallel so that the
product p; - pji, is zero. Accordingly, both p; - pjﬁr, and \/f—A/ are O(¢), that is both of
them are infinitesimal of order ¢ as ¢ — 0. In conclusion, (139) yields

|di|
arctan

1 T €
(#7°9)s1) lg =1t \/W*[ NEYON =

|di|
NevoN

1+[1n(r+\/ﬁ)}; —0.

(143)

+ [arctan

&
\/ —Aj(F

Actually, the In function is finite both at + = 0 and at r = 1. Furthermore, by repeating
the arguments exploited in (142), the arctan function attains finite and opposite values both
att=0and r+ 1.

In conclusion, we have proved that, when d; # 0 and the projection of the observation
point does belong to the closed interval having p; and p;, as extremes, the contribution of
the relevant edge can be skipped since the overall contribution to ¢, associated with such
a singular case is lumped within the addend o;|d;|.

Let us now prove that the same result is obtained if |d;| = 0, i.e. if the face F; does
contain the observation point. In this case, the integral in (131) can be expressed as follows

1

NE;
v =3 (o p,H)I@ (o) 0} / el s
J=

0 j) - i)

Also in this case, the j-th edge characterized by p; =0 or p;; = 0 or p;,| = f;p; (ﬁj <0)
does not give any contribution to ¢r.. Let us examine separately the three cases

* pi=o0
In this case, the parameterization (67) yields p;(4;) = 4;p;; so that the j-th integral in

(144) becomes
I "
o= [ L[4 (149
/1 1/2 \/EO )‘J'

0o 7 Pj+1 I’]+1
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Setting ¢ = | pj| and being p; - pjﬁl infinitesimal of order ¢, it turns out to be
1 1
L = 1i > S =
(Pj Pj+1) Isj \/17112% ¢[Inf],=0 (146)
since the logarithm tends to infinite with an arbitrarily low degree.

® pPiy1 =0
Setting p;(4;) = (1 — 4;)p; the integral in (144) can be written

1 d ;
Ty = b (147)
' \/_ 1 - A nj
where 17; = 1 — ;. Hence, setting ¢ = |pj+l |, one has
1
i
(pj : Pj+1) I = 7ﬁ1%a[ln n]i=0 (148)

due to the behavior of the logarithm at infinity.

* pj;y parallel to p;
We are considering the case in which the observation point is projected onto the face F;
inside the j-th edge [pj, ij]. Hence, we can set p;,; = B;p;, f; <0, since p; and p;,
point in opposite directions. Setting

pi(%) = [L+24(B; = D]p; = 1p;, (149)

the integral in (144) becomes

B
/ dA] dt;
I = = I
= 01 6 nva ) Tl
1
o /dr, . /@ (150)
(=B | ) 15l ]
B; 0
! I8 1
-4 7ﬁj)\/u_j{[1mj]o +[n gy}
Being p; and p;., parallel, p; - p;, = 0. Hence, setting & = |p; - p;"|
1
P P; )16_4 llmsln|ﬂ\—21n8 =0 151
( j Fi+l J ( )\/—6_) [ ] ( )

similarly to (146).

4.2 Eliminable Singularity of the Integral .

The expression (220) of the integral
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pdA; - 1
'//F,' :/7: 14]Ap
H (pi'pi+di2)l/2 FZI !
(152)
NEg

is composed of two addends. The second one is well defined, according to (132) and (133),
whatever is the value of d; and the position of j-th edge with respect to the observation
point.

The first addend in (152) is well defined for d; # O since

Piy1- (Pj+1 - Pj) + Ll
P (Pj+1 - Pj) + [y

on the basis of formula (73) in D’Urso (2014b).
Conversely, should it be d; = 0 and p; =0 or p; =0 or p;.; = B;p; (ﬂj<0), one has

LN; = Ink; = In (153)

v — g2 _A “Ai(£2)LN:
Py N, = TN g AN

=0 (154)
Dj Dj 0 2pj

since —A; tends to zero quadratically and LN; tends to infinity with an arbitrary low
degree.

In conclusion, edges characterized by singularities of the relevant integral Iy give no
contribution to ..

4.3 Eliminable Singularity of the Integral ¥,

The expression (208) of the integral

NE; 2

I d;
Vi = Z [(141‘171' +15Ap;) @ Ap; — % (P Pyl | + ?l(‘ﬁz — |dilo) (155)
=

depends upon the integrals ;, I4; and Is;. The discussion on the well-posedness on y; has
already been detailed in Sect. 4.1.

Conversely, the integrals I4; and Is; are composed, according to their expressions (215)
and (216), of the quantities

i+ 245+ (156)

and of the additional integral ;. On the basis of the definition (132) and (134), the radicals
in (156) are well defined whatever is the value of d; and the position of the j-th edge with
respect to the observation point.

The dependence of the integrals I4; and I5; upon Iy; does not give any problem since its
expression, according to (211), depends upon LN;. Differently from (152), the quantity LN;
is not scaled by p;v; — qf, so that we cannot invoke the result (154). However, the integral
¥r,, and hence LN;, is required for computing the integrals €, and D, in (42) that, in
turn, are scaled by d; in the expressions (47) and (50).
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Hence, when d; is zero, which makes LN; undefined, we can invoke a result similar to
(154) by writing

GLN; = limd (6)LNy(2) = 0. (157)

Stated equivalently, when d; = O the contribution to the integral ¥, provided by the face
F; can be skipped.

4.4 Eliminable Singularity of the Integral ¢

The expression provided in (221) for the integral

Ng. 1
dA; % S|P P
or = / —— = ‘7{| =) |—2—=L=—(ATNI; — ATN2)) (158)
(pi - pi +d7) i = |l — qF

is well defined whatever is the value of d; and the position of the j-th edge with respect to
the observation point.
Also the case d; = 0 does not represent a problem since ¢, is premultiplied by d; in the

formulas (37), (38) (47) and (50) for df’, df, Dfr and I]])?rr respectively. Furthermore, the
discussion on the well-posedness of the quantity

pj- le+1
\/PiVi — ‘1]2

when d; = 0 and the projection of the observation point lies within the segment [pj, Pt J
is completely similar to that reported in Sect. 4.1

(ATN1; — ATN2)) (159)

4.5 Eliminable Singularity of the Integral ¢ .

We know from formula (222) that

= / (P - p; +d2 2 ZIOJ v (160)

where Iy; is provided by (211). Hence, the discussion on its well-posedness can be carried
out similarly to (157) when d; = 0 and the j-th edge does contain the observation point in
its interior.

Actually, the integral ¢ in the expression (37), (38) (47) and (50) for drg, df, D?r and

D2 is always scaled by d;.

rrr

4.6 Eliminable Singularity of the Integral @,

Recalling the expression (223)

Ne,

l® 1
®r, = /(p Z+Zz 372 _Z[LNJPJ®APf+IlfAPj ®Aﬂﬂ +¥rlo,  (161)
i i j=1
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we infer that @, is well defined whatever is the value of d; and the position of the
observation point with respect to the j-th edge of the face F;. This is trivial if d; # 0 since
LN;, I;; and Y. in the previous expression are well defined.

To discuss the well-posedness of @, in the case d; = 0 and when the projection of the
observation point onto F; does belong to the segment [pj, p; +1} we remind the reader that

@r,, as well as ¢, and @, is scaled by d; in the expressions (47) and (50) for Dﬁ and Drer.
Hence, the well-posedness of d;LLN; can be assessed as in (157), while that of wFi has been
already proved in Sect. 4.1.

Finally, according to formula (212), the well-posedness of I;; depends upon that of Io;;
in turn, this last one depends upon the product 4;LN; discussed above.

In conclusion, we have proved that the gravity anomaly at an arbitrary point P can be
computed effectively whatever is its position with respect to the polyhedron Q. Actually,
the potential singularity of the integrals involved in the formulas (37), (38), (47) and (50)

for d¥, df , Dfr and ID?rr gives no contribution to the gravity anomaly.

5 Numerical Examples

The formulas developed in the previous sections have been coded in a Matlab program in
order to check their correctness and robustness. They have been applied to model tests and
case studies derived from the specialized literature by assuming the density contrast to vary
separately along the horizontal and the vertical directions or along both of them. In all
examples, the density contrast is expressed in units of kilometers per cubic meter, while
distances are expressed in kilometers; the value of the gravitational constant G is
6.67259 10" "'m3 kg 's 2.

@) 0 (b)IOO
— Ap=p — o Numerical
s E ool
> >
£ 1100 g 40
] o Numericall & 201
S 150 | | | | S o _ Ap=qtz _Peoess
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(© o (d) "
— Ap=r*z2 — °o N ical
z 2
= -40 = s
< c P = t
S 60 S L Ap=sts
=0 5 10 15 20 25 30 00 5 10 15 20 25 30
Distance [km] Distance [km]

Fig. 3 Gravitational attraction at P = [0,30]x15x(—0.00015) associated with the prism Q = [10, 20] x
(10, 20] x [0, 8] (dimensions in kilometers) and density contrast given by (162). a Constant term in (162). b
Linear term in (162). ¢ Quadratic term in (162). d Cubic term in (162)
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Results obtained by the proposed approach have been carefully checked by comparing
them with those resulting from a numerical integration of the integrals involved in the
computation of the gravity anomaly. They can be useful to allow for a comparison with
computations carried out by using different methods or with more complex modelings,
e.g., those required to evaluate the gravitational effects of an arbitrary volumetric mass
layer in which a laterally varying radial density change has been assumed (Kingdon et al.
2009; Tenzer et al. 2012). To give an idea of the computational burden required in both
approaches, we have included the computing time (CT) obtained by running the Matlab
code on a INTEL CORE2 PC with 16Gb of RAM and a i7-4700HQ CPU having clock
speed of 2.40 GHz.

The first test has been taken from Garcia-Abdeslem (2005) and refers to a prism
extending along x and y between 10 and 20 km and delimited by the planes z = 0 and
z = 8 km. Density contrast is expressed by the function

Ap(z) = —T47.7 +203.435z — 26.7647> + 1.42477° = p + qz + r2* + 52° (162)

where the density is expressed in kg/m® and z in kilometers.

In order to compare our results with those reported in Garcia-Abdeslem (2005), the
gravity anomaly has been computed at points P having y = 15 km, z = —0.15 m and x
ranging from 0 to 30 km. In particular, the observer location was taken by Garcia-Ab-
deslem (2005) —15 cm of the top of the prism to avoid a singularity in the analytic solution
occurring when the observation and the source coordinates coincide.

Although our approach is singularity-free, as proved in Sect. 4, we have deliberately
repeated the computations made by Garcia-Abdeslem (2005) to draw the reader’s attention
to the incorrect values reported in Fig. 3 of the quoted paper.

As a matter of fact, all mathematical formulas in Garcia-Abdeslem (2005) are correct,
but, for some reasons, the values of the gravity anomaly plotted in Fig. 3 have been

(a) (b)
0.8 T T T T T 0.02
0.6 1 0.01
4 : ]
q q 0
0.2 1 -0.01
071 1 -0.02
0.2 . . . . . - . . . . .
0 0 5 10 15 20 25 30 0'030 5 10 15 20 25 30
Distance [km] Distance [km]
(C) %10 3 (d) x 10 3
15
10+
< s
0 L
0 5 10 15 20 25 30 S0 5 10 15 20 25 30
Distance [km] Distance [km]

Fig. 4 Differences A between the analytical and numerical values plotted in Fig. 3. a Constant term in
(162). b Linear term in (162). ¢ Quadratic term in (162). d Cubic term in (162)
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calculated by assuming wrong integration limits in formula (8) of his paper, namely x;, y,
71, X2, ¥2, 22 (lowercase letters) instead of the correct X1, Y1, Z;, X, Y2, Z, (capital letters).
In other words, formula (8) in Garcia-Abdeslem (2005), reported herewith for

completeness
X5 Y Z
Zk
Ik:/dX/dY/dZ{ka} k=1,2,3,4
X Y Z

is correct but the results plotted in Fig. 3 of the quoted paper have been obtained by
considering x; instead X, y; instead Y; ... and so on. Please notice that, apart from p,, the
notation in (163) is taken from the original paper so that the observation point is defined by
the coordinates P = (xo, o, z0) and (x,y,z) denote the source coordinates. According to
Garcia-Abdeslem (2005) the prism is bounded by the planes x = x1,y = y1, z = z1, x = X2,
y=y,z=2z and it has beenset X =x —x9, ¥ =y — y9, Z = 7 — 20.

In conclusion, the correct values of the gravity anomaly at xo € [0, 30] km, yo = 15 km
and zp = —15 cm, where we have used the notation of Garcia-Abdeslem (2005), are
reported in Figs. 3a—d, respectively, for the separate cases of Ap = p = p, Ap = gz = p»,
Ap =12 = p3, Ap = 52 = py,

The correctness of the values reported in Fig. 3 has been checked by numerically
integrating formula (162) with the aid of the adaptive quadrature procedure implemented in
Matlab and by setting X; =10—xy, Y; =10—y9, Z; =0.00015, X, =20 — xo,
Y, =20 — yg, Z; = 8 — 0.00015. For completeness, the differences between the analytical
and numerical values reported in Fig. 3 are plotted in Fig. 4.

To fully test the correctness of the proposed formulation and the robustness of the
relevant implementation, we have systematically carried out a comparison of the results

(163)
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Fig. 5 Gravitational attraction at P = [0,30] x y; x [0] (k = 1,2,3,4) associated with the prism Q =
(10, 20] x [10, 20] x [0, 8] (dimensions in kilometers) and density contrast given by (162). ay; = 10km. b
y» =11km ecy; = 12,5km. d y, = 15 km
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Fig. 6 Differences A between the analytical and numerical values plotted in Fig. 5. a y; =10 km. b
yy=11km. cy; =12,5km. d y, = 15 km

—~
i
~
%)
[«

k).

N
wn
N
i

393
(=)
393
(=]

Distance along y-axis [km]
o

Distance along y-axis [km]
O

10 10
5 5
0 : S — : : 0 : : :
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance along x-axis [km] Distance along x-axis [km]

Fig. 7 Gravity anomaly distribution at z = 0 associated with the prism Q = [10, 20] x [10, 20] x [0, 8]
(dimensions in kilometers) and density contrast given by (162) (on the leff) and (164) (on the right). a
Density contrast as in (162). b Density contrast as in (164)

associated with the analytical and the numerical evaluation of the integrals involved in the
computation of the gravity anomaly. To emphasize the singularity-free nature of our
solution, this has been done by considering the example in Garcia-Abdeslem (2005) and
evaluating the anomaly at z = 0 and for several values of y, namely y = 10, y = 11 km,
y =125 km and y = 15 km.

The gravity anomaly has been evaluated for values of x ranging in the interval [0, 30]
km, and the relevant values are plotted in Fig. 5. For completeness, the analytical results
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Fig. 8 Gravity anomaly distribution at z = 0 associated with the prism Q = [10, 20] x [10, 20] x [0, 8]
(dimensions in kilometers) and density contrast given by (165) (on the left) and (166) (on the right). a
Density contrast as in (165). b Density contrast as in (166)

are reported in Table 1 together with those obtained by numerically evaluating the inte-
grals in formula (163); for the reader’s convenience, the differences between the analytical
and numerical values are plotted in Fig. 6. The symbol NaN in Table 1 for x = 15 km, is
due to the fact that the numerical procedure, adopted by Matlab to numerically evaluate the
integrals in (163), failed to converge. Notice as well that the numerical procedure, besides
being computationally more expensive, gives less precise results when the observation
point belongs to €2, i.e. y = 10 km and y = 15 km, and x moves toward the center of Q;
actually the numerical solution has only three significant digits at x = 10 km and x = 20
km.

To give a quick overlook of the symmetric nature of the solution with respect to the
planes x = 15 km and y = 15 km, we report in Fig. 7a the contour plot of the gravity
anomaly at z = 0. The surface distribution of the gravity anomaly becomes unsymmetric,
as shown in Fig. 7b, by considering a density contrast depending upon an a horizontal
direction such as the expression considered in Zhou (2009b)

Ap(z) = —747.7 + 203.435z — 26.7647% + 1.42477° — 23.205x.. (164)
To emphasize the dependence of the solution upon the monomials appearing in the

expression of the density contrast, we plot in Fig. 8a, b the surface distribution of the
gravity anomaly for the density contrast

Ap(z) = —747.7 + 203.435z — 26.7647> + 1.42477> — 23.205y, (165)
Ap(z) = —747.7 +203.435z — 26.7647> + 1.42477° — 23.205x — 23.205y.  (166)

It is apparent from the last two plots that the gravity anomaly vanishes less rapidly than
in Fig. 7a.
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6 Conclusions

The gravity anomaly at arbitrary points induced by a polyhedral body of arbitrary shape
and characterized by polynomial density contrast has been obtained in closed form. It is
expressed as the sum of quantities that depend only upon the 3D coordinates of the vertices
of the polyhedron and upon the parameters defining the density contrast. The solution
procedure, based upon a generalized application of Gauss’ theorem, takes consistently into
account the singularity intrinsic to the integrals to be evaluated. In particular, by means of
rigorous mathematical arguments, singularities are proved to give no contribution both to
the analytical expression of the gravity anomaly and to its algebraic counterpart.

The formulation presented in the paper has been limited to a polynomial density con-
trast varying with a cubic law as a maximum, but it can be easily extended to polynomials
of higher degree. The effectiveness of the proposed approach has been intensively tested by
numerical comparisons, carried out by means of a Matlab code, with several examples
derived from the specialized literature. Future contributions will concern the cases of
density contrast variable with exponential law for 2D and 3D domains.

Acknowledgements The authors wish to express their deep gratitude to the Editor-in-Chief and to three
anonymous reviewers for careful reading and useful comments which resulted in an improved version of the
original manuscript.

Appendix 1: Algebraic Expression of Integrals

We are going to show that the 2D integrals

[®p:m}
P4, me[0,4]
/ PR ) (167)
A (pi - pi +d7)

can be evaluated analytically. As a matter of fact, we only need to evaluate the integrals for
m=23and m =4

Cr, = / : l’z ®.’:(jgl))7;/2 dA; Df, = /p(, ?Pii—‘:ﬁ/’;mh (168)
pl pl 1 F[ pl pl 1
since the additional ones in (167) have been already computed in D’Urso
(2013a, 2014a, b). For completeness, these last ones are reported in Appendix 2.
A further integral, namely

pi @ p;
W, = /7%, 6
(p; - pi+ )" (169)

i

required for the computation of the integrals (168), will be dealt with at the end of this
Appendix.

The rationale for evaluating the integrals (168) is to first apply the generalized Gauss’
theorem D’Urso (2013a, 2014a) to transform them into 1D integrals and, subsequently, to
compute such integrals by means of algebraic expressions depending upon the 2D coor-
dinates of the vertices that define the face F;.

In order to apply Gauss’ theorem to the integrals in (168), let us first prove the identity

@ Springer



820 Surv Geophys (2017) 38:781-832

grad[p (a®@b)] = (a®@b) @ gradp + ¢ grada @ b + @ a ® gradb, (170)

holding for scalar ¢ and vector (a,b) differentiable fields.
It can be easily verified by applying the chain rule to the ijk component of the third-
order tensor on the left-hand side

{grad[p (a @b)]},= (@ aibx) ;= @144 b + @ @iy b + @ a; by (171)

In a similar fashion, one can prove the further differential identity involving fourth-
order tensors

gradlp (a®@b®c)) = (a®@b®c)gradp + pgrada®b®c+ pa® gradb ® ¢ + pa® b ® grade.

(172)
Let us now apply the identity (171) as follows
[grad( P Q p; )} __|_p Qp; D p; (pi)j/q(pi)k (pi)j(pi)k/q
(pi-pi + diz)l/z Jjkg (pi pit di2)3/2 Jkq (pi-pi + diz)l/z (pi-pi + diz)l/z
(173)
since
1 pi
grad|———mM8MM | =———F——— . (174)
[(Pi P+ d?)l/z} (pi-pi + di2)3/2
Thus, being (p;);,, = Jj, we infer from (173)
P ®p; _ Pi®p;®p; Ip ®23 p; p; ®Ip
grad /2] 213/2 2\1/2 21/2
(pi-pi+d7) (pi-pi+d))""  (pi-pi+d})'" (pi-pi+d)
(175)

where Ip is the 2D identity tensor and ®,3 denotes the tensor product obtained by
interchanging the second and third index of the rank-three tensor Ip ® p;.

The integral over F; of the first addend in the formula above can be transformed into a
boundary integral by exploiting the differential identity (Bowen and Wang 2006)

/gradeV:/ S ® ndA (176)
Q e

where S is a continuous tensor field.
Thus, integrating over F; the previous relation and recalling the definition (64) one has

/ Pi QP D P, dA___/Pi(Si)®Pi(Si)®V(Si)
L el el B 7
(pi - pi +d?)? (pip;+d))'?

ds; + Iop @23 Y, + ¥, @ Iop
P oF;

(177)

where v is the unit normal pointing outwards the boundary OF; of the i-th face F; of the
polyhedron.
Hence, the first integral on the right-hand side of (177) becomes
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1
Ng,
(8 (8 S d i(S; iAl'dAl'
/ pl(9 ) ®pl(v ) ®]v2(v)dsi _ Z/pl(v ) ®p (T )] ; ®Vj (178)
oF (pi'Pi+dz'2)/ j (pi'pi+di2)/ ‘
since v is constant on each of the Ng, edges belonging to OF;.
Recalling (68) and (73), formula (178) becomes
1
i\S ® i Qv /L & i /1 di;
/ p((l) p( [)12)1/2 i / : p ) 2]1/2®Apf (179)
g Piopit J )+ d7]
and the integral on the right-hand side can be further transformed by defining
By o =0 @0 Epnp=p @00+ Ap;@p; Espap =Ap;®Ap;. (180)
Actually, recalling the parametrization (67) one has
pi(%) @ pi(4;) = E/{,- p T ;“jEf'J Ap T ﬂyzEAp,,- Ap; s (181)
r /1) i)diy
®
pl T IOj EP, 0 + Ilj Epj Ap; + IZj EAp,»Apf (182)
)+
0 l
where the explicit expression of the integrals
1 1
I / dij / AjdA;
U N 1/2 1/2
0 [Pi(ﬂj) - pi(4) + dﬂ 0 Pz )+ dz}
(183)

1

/ ,12dz
1/2
0 pt(/“J + d2}

l

is provided in Appendix 2.
In conclusion, it turns out to be

N,

pi(si) ® pi(si) @ v(s:) '
/ (0:-pi + )" ds; = 21 [10]' Ep,p + 1 Epap, + b EAP/AP/} ® Ap_f‘ , (184)

it pitd =

oF
so that the integral of interest can be computed as follows on account of (177)

N,
PR PP ‘ i
(SFI = /%Ml = — |:IOJ Eﬂjﬂj + Ilj Ep,»Apf +121 EAP/APJ} X Ap
(pi- pi+ )" ; ‘ T (185)
+Lp ®3 Y, +¥p @Lp

where the expression of Y as an explicit function of the position vectors defining the
boundary of F; is provided at the end of this Appendix.

Also of interest is the composition of the third-order tensor above with the vector k;
since it appears in the expressions (47), (50) and (49). For this end, let us first notice that
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[(IZD @23 Yr,) KiL-k = (Ip ®23 l/,F,)jkp(Ki)p: Lp (WFi)k(Ki),,

(186)
= Ojp(Ki),, ('/’F,-)k: (x:); (‘llFi)k: ("i ® '/’F.)jk'
Hence
N,
K . ® . !
Crxi = /%d& = - Z(Kz : AI’,'L) (101' Epj/)f + 1 E,,] Ap, + Dy EAP,- Aﬂf)
4 (pi-pi+di) Jj=1
+Ki®|//p‘i +l//Fi X K;
(187)

so that the right-hand side fulfills the symmetry of the tensor on the left-hand side of the
previous expression.
To evaluate analytically the second integral in (168), we exploit the identity (172) to get

I:grad(m>:| — _ pi®pi®pi®pi 6fq(pi®pi)kp
2 3/2 12
(pi-pi+ di2)1/ jkpa (pi - pi +d7) / Jkpa (pi - pi +d}) / (188)
Og(pi®@p)y,  Opapi @ Py
+ 2\1/2 N 1/2 0
(pi - pi + d7) (pi - pi +d7)
or equivalently
grad( Pi®Pi®pi )__Pi®ﬂi®l'i®ﬂi Lp ®24 (p; ® p;)
.n. 2]/2 - . 23/2 o 2]/2
(pi - pi +dy) (i pi +d7) (p; - pi +d7) (189)

(pi®p) @3bp | (pi®p;) ®hp
(pi-pi+ )" (pi-pi+d?)'"
where ®,4 denotes the tensor product obtained by interchanging the second and fourth

index of the rank-four tensor Lp ® (p; ® p;).
Integrating the previous relation over F; and applying Gauss’ theorem yields

Dy — / PiOPOPOPi g, / pi(si) ® pi(si) ® pi(si) @ v(si)

o+ d2)3?
2 (pipitdy) i

+ Lp ®24 Y7, + ¥Yr, ®23 Ip + ¥, ® Inp

dS,‘
(p; - pi+d)'? (190)

where ¥y, is analytically evaluated in formula (208) of Appendix 2.
In view of the ensuing developments, we further set

Eonn, =P @0 Eppnp =P @000 +p;@Ap; @ p;+ Ap; ® p; @ p;

(191)
Ep, ap, 80, = P; @ Ap; @ Ap; + Ap; ® p; @ Ap; + Ap; @ Ap; @ p; (192)
[EApj Ap; Ap; = Ap, (29 Ap] (29 Ap] (193)

yielding
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ﬁl(j’]) ® pl( ) ® pl(i) p P P; + 4 [Ep,p,Ap, + j- [Ep,Ap,Ap] +) [EAijp Ap; - (194)

Accordingly, the integral on the right-hand side in (190) becomes

/ p;(si) ® pi(si)) @ pi(si) @ ds, Z/{p’ })®p,( )dll ®Apj‘}

rA (pi- p,+d2)1/2 pil2g) + 2]

Nk,
= § :|:IOJ [El’j Pj Pj + Ilj [El’j pPj AP,‘

=
+ 1 Ep, ap, ap, + 13 Enp, ap, Apj} ® Ap; (195)

where the integrals Iy;, 1y;, I>; and I5; are explicitly evaluated in Appendix 2.
In conclusion one has

ds; :Z [10/' [Eﬂ;p, p 1y [Eﬂj p;Ap;

Ng.
/ pi(si) @ pi(si) @ pi(si) @ v(s;) .
(pi-pi + diz)l/z j=1

oF,;
+ 1oy By, ap, ap; + 13 Eap,ap, Ap,} ® Apj-
+Lp ®24 Pr, + ¥r, @3 Lp + V5, @ Ip .
(196)

The composition of the previous integral with x;, a quantity that is needed in (175) and (to
be displayed), yields a third-order tensor. The contribution to the jkp component of this
tensor provided by the tensor product ¥r, ®o3 Irp is given by
[(Pr, @23 Lop) iy, = (PF, ©23 b ), (K1), = (PR (k) (1),
(197)
= (Yr)jp(Ki) = (Yr, ©23 Ki) -

Analogously
[(Lp @24 ¥r,) Ky, = (Iop @24 ¥r,) g (K1), = (9jg) (YR ) i (K1),
(198)
= (k) (YE) = (1) ;(YE) = (K @ ¥ ),

where the identity (¥r,),= (¥r,)
infer from (190) and (196)

ip Stems from the symmetry of ¥, Accordingly, we

i

P ®p; ®p; @ pdA;
i i i J=

F; (199)
+ 1o By, ap, ap, + 13 Eap, ) Apj)

+ V@K + VY5, Q@ ki + 1 QY.
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The expression (185) for €, and (190) for Dy, requires the computation of the integral
Yr, defined in formula (169); it is evaluated analytically by invoking the differential
identity

grad[pa] = a ® gradg + ¢ grada (200)

holding for differentiable scalar (¢) and vector (a) fields. Actually, applying the previous
identity as follows

Pi P
sl o e e o )
i i i
integrating over F; and setting
_ 2\1/2
IF;, = / (pi - pi +d7) ""dA; (202)
F;
one has
P, = 2"’ ds; — 1,1
ro= [ [pilsi) - pilsi) + d7] 7 pilsi) @ vilsi)dsi — 1p o (203)

oF,
To compute the domain integral (202), we apply the differential identity

div[pa] = gradep - a + @ diva (204)

to the vector field (pi -p;i dl-z)l/zpi to get

div [(pi -pi + dlz) l/zp,-] = ﬁ + 2(Pi “pi+ diz)l/z . (205)
Adding and subtracting di2 to the numerator yields
div {(Pi P+ d,z) l/zl’l} = 3(Pi P+ dlz) 1/2_ﬁ ) (206)
it Pi T4
so that, upon integrating over F; and applying Gauss’ theorem, one has
= % / [pi(s) - pi(s0) + 7] pils:) - vl ds; - dg"zllff, , (207)

OF;

by recalling definition (62). In conclusion, we infer from (203) and the previous expression
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n = / [i(s1) - pilse) + 2] pilsi) © v(si)ds;

OF;

B IZTD / [pi(s:) - pilsi) + 7] ]/2Pi(si) ~v(si)ds; — di,

(0 o+ ) P pids; | @,

Il
o\o

J

b 2
(pi-pi+d})

Lp 1/2 d;
Ry o)t + %y, (208)
0
Ne, 1
- [ 16650 + &1 (0, + i) | = 87
J=1 0
I 1 d?
12 ,, i
_%(pj ) pj+] / pl )“/ pl /L] +d2] / d/L/ +?(‘/jt - |d,"0(,~)

0

Lp d?
= Z {(I4jpj + ISjApj) & ApjL 3 (Pj : PjLH)Ltj + 3 (; — |difou)

j=1

where ; is defined in (219).
We have numerically verified that the sum over the Ng, edges of the first addend on the
right-hand side returns a symmetric rank-two tensor as the one on the left-hand side.

Appendix 2: Available Expressions of Integrals

We hereby collect some known formulas in order to allow the reader to implement the
expression of the gravity anomaly contributed in the main body of the paper.

We first report the algebraic expression of some definite integrals that will be repeatedly
referred to in the sequel; they have been computed elsewhere D’Urso (2013a, 2014a, b)
though with a different denomination. Making reference to the quantities p;, g;, u;, v;
introduced in formula (71), we set

|di|(p; + q;)

\/ P — 47 \/pj + 2q; + v

|di|q,

— (210)
\/Piti — /Y

where the suffix ()J has been added to remind that they all refer to the j-th edge of the

generic face F;.
Also of interest are the following integrals

ATNI; = arctan

(209)

ATN2; = arctan
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1

di; i+ q; + /Di\/Pj + 2q; +v;
Iy = J k=2 I TVEIVE TN N 21n)
J P . 1/2 J Q'+ Dv; Jo
o [pj)v +2quuj+vj} i T APV

1

Aid A 1 q;

11,-:/ . :{\/pj+2q,+v,\/v—,110,}7 (212)
J 2 +2g 0] P Vi

1

2d); 1
12j:/ > - - 1/2:g[@j—3‘1j) P+ 2q; + v + 3q;,/])
5 [ij +2q;4 + vj] J

(213)

3g? — piv;
+@10.7
72 )j
2pj

1

23dA; 1
L= / L — [(21!7]2 — 5pjq; — 4pvi + 15¢2)\/pj + 2q; + v

1z
S [pi2? 4 240+ v o)

3pigivi — 5¢3
iy = 15G) ] + S

(V)
2pj?/2 !
(214)
i
, 12 i+ q)\/Pi 20+ Vi — 4\ PV — 4
Ly = [ [p® + 2q50 +v)) iy = Py 4)) /it 24+ AU o
Zp/' 2 3/2 ’
0 ' J
(215)
/ 1
, N /2 .,
Is; = /Aj [ij2+2qjﬂ,j+vj] d; :@ [(217]-2+ijj'+2Pj"j_3‘1j2)\/l’j+2qj+"j
j
0
3
—(2ijj - 3qj)\/vvj} +- 5/2 10j7
ij
(216)
1 1/2
A2 4 2gi0 + v d; 1
16j:/[”f LA il diy = —A4 ANy - AN+ LN, 217
; DA+ 2q;4 + u; ,/pjuj—qu VPi

Let us now consider the evaluation of 2D integrals having either (p; - p; +dl.2)l/2 or
(p; - p; +d2)*'* in the denominator. The first domain integral to consider is

dA;
b= | ol (18)
Fl 4 1 1

where
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N, Y] , 1/2
' (p; p; +d»)'" ’ (pi%; +2qidi +vj) "
b= (oyw) [P =S (g 0) [ 2
0 0

=1 pj/; + 2qjij + Uj

i d
_ (,,j',,jil) %[ATNl — ATN2] + Zl//l (p] pm)
j \/Piti — 4

(219)

The derivation of the previous expression can be found, e.g., in formula (19) of D’Urso
(2013a) and (23) of D’Urso (2014a).

The scalar o; in (218) is the two-dimensional counterpart of the quantity oy in (26) and
accounts for the singularity of ¥ when d; =0 and p =0 where o = (0, 0). Thus o;
represents the angular measure, expressed in radians, of the intersection between F; and a
circular neighborhood of the singularity point p = o, see D’Urso (2013a, 2014a, b) for
additional details. Although its computation is not required in the ensuing developments,
we specify for completeness that o; can be computed by means of the general algorithm
detailed in D’Urso and Russo (2002).

Analogously, formulas (19), (77) and (79) of D’Urso (2014b) yield

Ng G

pidA; . 2\1/2
'//F,-:/iz Vj/(Pi'Pi+d-) ds;
4 (p; 'Pi+d,-2)l/2 j_Zl 5 l
(220)
N, 1
— Z lej / |:ij12 + ijﬂvj -+ VJi| d)»j Z 14/ Apj
=y
while formulas (37) and (81) of D’Urso (2014b)
E, l
dA,‘ o - de
%:/—————:——Z(mw/
L prd)? il S (pi-p)(pi- i+ )2
1 "
o Aj
=157 P p+1 / X . (221)
dil j:u Y , (P23 + 2q505 + w) (027 + 2q;75 + v))'?
NE; . pl . Ei
=S N | PP (ATND - ATND) :i—za(p..p.il).
22 I : ]~ 2P \Pi P
= |ldi| Pjuj — 4 j=1

Furthermore, on account of formulas (38) and (82) of D’Urso (2014b) it turns out to be
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b

pidA; .
e [t S i
" X (pi'pi+di2)3/2 72:1: 0 pt+d2)l/2
' (222)
& 1 diy
= — Ap#/ J 1o AP
j:zl J J (pjif+2qj)»j+vj 1/2 Z j 2P
while one infers from formulas (40) and (83) of D’Urso (2014b)
® M
Pi D Pi Pi
Dy, = /%dAi: 72/7&, ®v; + Yrhp
L (i pi ) = (g +d)'?
Ny pi + LiAp,
= — / - (] = dl; ® Apf + Lo (223)
(pjij + qu)»j + Vj)
N,
= = [LN; g @ Ap} + 1y Apy @ Ap} | + v T
j=1

where Ipp is the rank-two two-dimensional identity tensor.
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