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Abstract Due to the ESA’s satellite mission GOCE launched in March 2009, gravita-

tional gradients sampled along the orbital trajectory approximately 250 km above the

Earth’s surface have become available. Since 2010, gravitational gradients have routinely

been applied in geodesy for the derivation of global Earth’s gravitational models provided

in terms of fully normalized coefficients in a spherical harmonic series representation of

the Earth’s gravitational potential. However, in geophysics, gravitational gradients

observed by spaceborne instruments have still been applied relatively seldom. This con-

tribution describes their possible geophysical applications in structural studies where

gravitational gradients observed at satellite altitudes are compared with those derived by a

spectral forward modeling technique using available global models of selected Earth’s

mass components as input data. In particular, GOCE gravitational gradients are interpreted

in terms of a superposition principle of gravitation as combined gravitational effects

generated by a homogeneous reference ellipsoid of revolution, mean topographic and ice

mass density distributions, depth-dependent mass density contrasts within bathymetry and

lateral mass density anomalies with sediments and crustal layers. Respective gravitational

effects are one by one removed from gravitational gradients observed at approximately

250 km elevation above ground. Removing respective gravitational gradients from

observed gravitational gradients gradually reveals problematic geographic areas with

model deficiencies. For the full interpretation of observed gravitational gradients, defi-

ciencies of CRUST2.0 must be corrected and effects of deeper laying mass anomalies not

included in the study considered. These findings are confirmed by parameters describing

spectral properties of the gravitational gradients. The methodology can be applied for

validating Earth’s gravitational models and for constraining crustal models in the devel-

opment phase.
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1 Introduction

The gravity field and steady-state ocean circulation experiment (GOCE) satellite was

launched by the European Space Agency (ESA) in March 2009; more details on the GOCE

mission can be found in, e.g., Floberghagen et al. (2011). Since September 2009, the

mission has been providing time series of high-quality gravitational gradients sampled

along near-polar orbits at the elevation of approximately 250 km above ground. Observed

gradients have routinely been used in geodesy for estimating global static Earth’s gravi-

tational models (EGMs) with first releases presented during the ESA’s Living Planet

Symposium in Bergen at the turn of June and July 2010.

Geophysics has routinely applied anomalous or disturbing gravity in structural studies of

the Earth (even of extraterrestrial bodies). However, geophysical applications of gravita-

tional gradients observed by the low Earth orbiting satellite GOCE have still been relatively

sparse, although mapping Earth interior processes was among its original science objectives.

Several contributions in the field appeared just recently. Forward modeling of gravitational

gradients generated by topographic masses was discussed, for example, by Álvarez et al.

(2012) and Hirt et al. (2012). Crust thickness estimates based on GOCE observations were

presented in studies by Mariani et al. (2013) and Reguzzoni and Sampietro (2012). These

studies suggest globally distributed gravitational gradients at satellite altitudes can be used to

probe subsurface mass density distributions in a joint analysis with available global models

that describe mass density distributions within topography, bathymetry, continental ice

sheets, sediments and crust. Gravitational gradients observed by the GOCE gradiometer and

computed by forward modeling from available global topographic and crustal models can

constrain models of the interior structure of the Earth’s crust by taking the advantage of a 3-D

behavior of the gravitational field represented by gravitational gradients. Fundamental

parameters such as crustal thickness and crustal inhomogeneous density structures can then

be inverted that in turn provide answers to the questions regarding, e.g., crust formation and

thermal evolution of interior masses.

Combined analysis of anomalous (or disturbing) gravity data with global topographic

and crustal models was attempted, for example, by Phillips and Lambeck (1980), Wie-

czorek (2007) and Tenzer et al. (2009). Similar studies have even been performed for some

extraterrestrial bodies (namely the Moon, Venus and Mars) with Rummel (2005) and

Huang and Wieczorek (2012) as two examples of such studies. In this contribution, we

focus on gravitational gradients of the Earth’s gravitational field observed by the space-

borne gradiometer on board GOCE that form the Marussi (gradiometric) tensor. These data

will be analyzed in terms of gravitational gradients computed by forward modeling from

global mass density distribution models that comprise of a homogeneous geocentric biaxial

ellipsoid (Heiskanen and Moritz 1967, Sect. 2–7), topography (solid Earth’s masses with

an adopted mean mass density exterior to the geocentric ellipsoid), bathymetry (ocean

water with a depth-dependent mass density contrast), continental ice sheets and interior

masses comprising of sediments and crustal layer.

Although the GOCE gravitational gradients are freely available nowadays (for GOCE

data products, see ESA 2010), our study relies on one of the latest EGMs based on GOCE

data, namely the GOCO-03S model Mayer-Gürr et al. (2012). This model in terms of fully
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normalized potential coefficients complete to degree and order 250 represents—after their

synthesis—observed gravitational gradients at the satellite altitude. These values will be

compared to gravitational gradients computed by a spectral forward modeling technique of

the gravitational potential, e.g., Balmino (1973), Lachapelle (1976), Rapp (1981) and

Sünkel (1986). This method was later modified and applied by Novák and Grafarend

(2006) for the evaluation of gravitational gradients at satellite altitudes generated by

topographic and atmospheric masses. Recently, Novák et al. (2013) applied this method

also for the evaluation of gravitational gradients generated by subsurface mass density

anomalies, namely by sediments and crustal layers. This method facilitates the uniform

mathematical formalism of computing gravitational gradient corrections of mass density

contrasts within the Earth’s inner density structures, which was developed by Tenzer et al.

(2012). It utilizes the expression for the gravitational potential (and its higher-order

directional derivatives) generated by an arbitrary volumetric mass layer with a variable

depth and thickness while having laterally distributed vertical mass density variations.

Although the GOCE-based gravitational models are currently available up to degree 250,

in this study, the actual resolution of all computed values is limited by degree 90 which is

implied by the limited spatial resolution (2 arc-deg) of the CRUST2.0 model. For selected

mass components, such as topography and sea water, the effective resolution could easily be

extended to (and beyond) degree 250. However, to keep all the gravitational effects (signal

components) consistent, the unique maximum degree 90 is applied concisely. Both the

resolution and the accuracy of current crustal models are obviously insufficient for the

validation or interpretation of latest EGMs based on GOCE observations.

In Sect. 2, forward modeling of gravitational gradients generated by a volumetric layer

with a 3-D varying mass density distribution using the spectral approach will shortly be

reviewed; Sect. 3 describes applied global topographic and crustal models; Sect. 4 vali-

dates the spectral formulas by an independent integral-based approach; Sect. 5 summarizes

and interprets numerical results obtained by spectral forward modeling from available

global topographic and crustal models; and Sect. 6 concludes the article by discussing

possible future developments.

2 Gravitational Gradients of Volumetric Mass Layers

In the following, we shall assume the Earth’s crust consists of distinguished volumetric

mass layers with specific mass density distributions. In particular, topography, bathymetry,

continental ice sheets, sediments and crust layers are described in such a manner by

available global models (such as ETOPO, SRTM and CRUST, see Sect. 3 for more

details). In the following, the apparatus of spherical harmonics will be applied in con-

nection with the geocentric spherical coordinate system defined in terms of the geocentric

radius r, geocentric co-latitude 0 B h B p and longitude 0 B k \ 2 p.

Let us assume that functions describing geometry and mass density distribution within

each layer can be expressed as a real square-integrable function f as follows (spherical

harmonic synthesis—SHS):

f ðXÞ ¼
X

n;m

fnmYnmðXÞ; ð1Þ

with the pair of angular coordinates—geocentric direction X ¼ ðh; kÞ and spherical har-

monics Y of degree n and order m. The abbreviated notation for the double summation is

introduced and used throughout the article (first summation is limited by degree 90)
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X

n;m

¼
X90

n¼0

Xn

m¼�n

:

Numerical coefficients fnm in Eq. (1) are then defined (spherical harmonic analysis—

SHA)

fnm ¼
Z

H

f ðX0ÞY�nmðX0ÞdX0; n� 90; ð2Þ

with complex conjugates Y� of the spherical harmonics, e.g., Arfken (1985, Sect. 12.8).

The following abbreviated notation for surface integration over the full spatial angle H is

used in the text:

Z

H

dX0 ¼
Z2p

0

Zp

0

sin h0dh0dk0:

The functional model for the gravitational potential V is based on the Newtonian theory

of gravitation. Applying the superposition principle of gravitation yields the gravitational

potential generated by a closed volumetric mass layer in the form

Vðr;XÞ ¼ G

Z

H

ZreðX0Þ

riðX0Þ

.ðn;X0ÞL�1ðr;X; n;X0Þn2dndX0: ð3Þ

In this equation, 2-D functions ri and re describe two closed star-shaped mutually not

crossing surfaces—interior (i) and exterior (e)—and bounding mass density distribution q
and G is the (universal) gravitational constant. The inverse of the Euclidean distance L in

Eq. (3) can be expanded into a series of spherical harmonics (Heiskanen and Moritz 1967,

Sect. 1.15) as follows:

L�1ðr;X; r0;X0Þ ¼ 1

r

X

n;m

r0

r

� �n
1

2nþ 1
YnmðXÞY�nmðX0Þ; ð4Þ

that originates in Legendre’s addition theorem.

The gravitational potential V, see Eq. (3), can be then computed if the mass density

distribution function . and the two closed bounding surfaces—ri and re—are known. In the

following, a general mass density distribution function will be modeled as follows (Tenzer

et al. 2011):

.ðr;XÞ ¼
X

j¼0

ajðXÞrðXÞ j: ð5Þ

Numerical coefficients aj can be determined by fitting the mass density model to

available mass density distribution data with a0 representing the reference mass density.

Their numerical values for static atmospheric and sea water masses were given, e.g., by

Novák (2010) and Tenzer et al. (2011). Numerical coefficients for sediment and crust mass

density are taken from CRUST2.0, and for topography, a constant mass distribution

function is assumed. Mass density contrasts defined as

D.ðr;XÞ ¼ q0 � .ðr;XÞ; ð6Þ
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were used for sea water masses, ice sheets, sediments and crust masses with the mean crust

mass density q0 of 2,670 kg m-3 (Hinze 2003). Using one reference density for all the

masses considered in this study shall be replaced by a multilayer reference density model

which has still to be developed. However, these investigations have to be linked to more

reliable future crustal models such as CRUST1.0 (Pasyanos et al. 2012).

Geometry of the two bounding surfaces is then defined in terms of their vertical sep-

aration function H from the geocentric reference sphere of radius R, see Eq. (1),

rðXÞ ¼ Rþ HðXÞ ¼ Rþ
X

n;m

HnmYnmðXÞ: ð7Þ

Numerical coefficients Hnm of the separation function H can be computed, see Eq. (2),

Hnm ¼
Z

H

HðX0ÞY�nmðX0ÞdX0; ð8Þ

from available global topographic models (such as ETOPO, SRTM or DTM).

As the background EGM is given in terms of normalized coefficients in spherical

harmonic expansion of the gravitational potential and respective gravitational gradients are

spectrally limited, spherical harmonic representation of the gravitational potential V asso-

ciated with a specific volumetric mass layer is sought. Substituting Eqs. (4) and (5) into

Eq. (3) yields the gravitational potential

Vðr;XÞ ¼ G
X

n;m

1

r

� �nþ1
1

2nþ 1
YnmðXÞ

Z

H

Y�nmðX0ÞdX0
ZreðX0Þ

riðX0Þ

nnþ2
X

j¼0

ajðX0Þn jdn: ð9Þ

The summation and integration in Eq. (9) can mutually be interchanged as long as the

series is uniformly convergent, cf. Leibnitz’s integral rule, see, e.g., Moritz (1990). Since

our evaluation points are located at the GOCE altitude, there is no problem to fulfill this

requirement. Substituting for the radial integral in Eq. (9)

FðX0Þ ¼
X

j¼0

ajðX0Þ
ZreðX0Þ

riðX0Þ

njþnþ2dn ¼
X

j¼0

ajðX0Þ
njþnþ3

jþ nþ 3

� �reðX0Þ

riðX0Þ
; ð10Þ

one gets a function that represents both mass density distribution (aj) and geometry (ri and

re) of gravitating masses under consideration. Performing its global spherical harmonic

analysis

Fnm ¼
Z

H

FðX0ÞY�nmðX0ÞdX0; ð11Þ

the gravitational potential can finally be synthesized as follows:

Vðr;XÞ ¼ GR2
X

n;m

R

r

� �nþ1
4p

2nþ 1
FnmYnmðXÞ ¼

GM

R

X

n;m

R

r

� �nþ1

VnmYnmðXÞ; ð12Þ
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where harmonic coefficients of the gravitational potential V are rescaled to the geocentric

gravitational constant GM of the spherical Earth with the homogeneous mass density

distribution q

GM ¼ 4

3
pqGR3: ð13Þ

Maximum degree 90 of the spherical harmonic expansion in Eq. (12) corresponds to the

angular resolution Dh (2 arc-deg) of the function F.

Mathematical expressions for second-order directional derivatives of the gravitational

potential depend on the coordinate frame. The GOCE gradiometer provides gravitational

gradients that refer to the gradiometer reference frame (GRF) with x the roll axis, y the

pitch axis and z the yaw axis of the GOCE satellite. In this particular coordinate system,

components Vxy and Vyz are significantly less accurate (ESA 2010). GRF coordinates can

conveniently be rotated to the local north-oriented frame (LNOF) that is used in this study

(observed Vxy and Vyz must be replaced prior the rotation). The origin of LNOF coincides

with the satellite’s center of mass and the z axis points toward the center of mass of the

Earth. The x axis points toward the rotational axis of the Earth and is orthogonal to the

mean orbital plane. Finally, the y axis completes the orthogonal right-handed reference

frame. In LNOF, components of the gravity gradient tensor are expressed as linear com-

binations of derivatives of the gravitational potential V in the geocentric spherical coor-

dinate system, see ‘‘Appendix 1’’. Thus, they can easily be computed (synthesized) from

any EGM.

The spherical harmonic representation of the gravitational gradients reads

Cðr; h; kÞ ¼ r �rVðr; h; kÞ ¼ GM

R

X

n;m

VnmZnmðr; h; kÞ; ð14Þ

with the tensor-valued harmonics

Znmðr; h; kÞ ¼ r�r
R

r

� �nþ1

Ynmðh; kÞ: ð15Þ

The symbol � stands for the tensor (outer) product of two vectors. The transformation into

the Cartesian form of the tensor reads

Cðx; y; zÞ ¼ r � JTrVðr; h; kÞ þ JTCðr; h; kÞJ: ð16Þ

with the Jacobian J of transformation between normalized spherical and Cartesian coor-

dinate frames, see Eqs. (36)–(41) in ‘‘Appendix 1’’.

3 Global Gravitational, Topographic and Crustal Models

Global Earth’s gravitational models derived from GOCE gravitational gradients are cur-

rently limited by maximum degree of 250 (International Centre for Global Earth Models -

ICGEM) with low degree coefficients usually derived from GRACE (Tapley et al. 2004)

and LAGEOS (Cohen and Smith 1985) data. In this article, the model GOCO-03S has been

used as their typical representative.

Any gravitational parameter is reduced prior to its geophysical interpretation for the

effect of the so-called normal (gravitational) field that is represented by a homogeneous
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biaxial geocentric ellipsoid. The parameters of the Geodetic Reference System 1980 (GRS-

80, see Moritz 2000) described according to the Somigliana–Pizetti theory allow for the

evaluation of respective (normal) gravitational gradients in any point outside the reference

ellipsoid (at an orbital elevation)

Uðr; hÞ ¼ GM

r

X

n

a

r

� �2n

U2nP2nðhÞ; ð17Þ

with the harmonic coefficients (Heiskanen and Moritz 1967, Sect. 2.9) for n B 10

U2n ¼ ð�1Þnþ1 3en

ð2nþ 1Þð2nþ 3Þ 1� nþ 5n
J2

e

� �
: ð18Þ

Parameters a (major semi-axis of the reference ellipsoid), e (first numerical eccentricity

of the reference ellipsoid) and J2 (dynamic form factor of the normal gravitational field) are

given by GRS-80. Respective (normal) gravitational gradients are then defined as follows:

CNðr; hÞ ¼ r�rUðr; hÞ: ð19Þ
Topographic masses are defined as solid Earth’s masses outside the reference ellipsoid.

For their representation, the global topographic model DTM2006 (Pavlis et al. 2007)

released along with EGM08 (Pavlis et al. 2012) is used as it directly represents a spherical

harmonic model with the global equiangular resolution of 5 arc-min. In connection with

the reference ellipsoid, one gets the two bounding surfaces required for the evaluation of

the topographic potential: ri is the reference ellipsoid and re is the topographic surface.

Obviously, over the oceans, the two surfaces coincide. The mean topographic mass density

of 2,670 kg m-3 is then used as the mass density function q. In case of bathymetry, the

gravitational potential generated by the seawater can be computed similarly: ri represents

the ocean bottom and re is the reference ellipsoid. A radially varying (depth-dependent)

mass density function q (Tenzer et al. 2012) and a respective mass density contrast, see

Eq. (6), are applied. The very same approach was applied in case of the continental ice

sheets. For this, we used the 5 arc-min continental ice-thickness data from the DTM2006

data sets derived from Kort and Matrikelstyrelsen ice-thickness data for Greenland (Ek-

holm 1996) and from the updated ice-thickness data for Antarctica assembled by the

BEDMAP project (Lythe et al. 2001).

For the internal structure of the Earth’s crust, the available global crustal model

CRUST2.0 (Bassin et al. 2000) consists of the following global volumetric mass layers:

(soft and hard) sediments and (upper, middle and lower) crusts. The model was compiled

from seismic reflection data and detailed data of ice and sediment thickness. The angular

resolution of the model is 2 arc-deg that is equivalent to maximum spherical harmonic

degree 90. The model consists of bounding (internal and external) surfaces r and respective

laterally varying volumetric mass density functions q. The application of the spectral

approach is then rather straightforward: one can compute harmonic coefficients that cor-

respond to the products of geometric and mass density information for each layer within

the global crustal model, see Eq. (10). These coefficients are then used for the spherical

harmonic synthesis of the respective gravitational potential by Eq. (12) and of its gravi-

tational gradients by Eqs. (14) and (16), respectively.

From the above overview, it is obvious that measured data and available global models

may have different properties (namely spatial resolutions) that can complicate their direct

comparison. Gravitational gradients up to degree/order 90 were evaluated for the effect of
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topography, bathymetry and continental ice sheets as the CRUST2.0 model allowed for the

evaluation of gravitational gradients generated by the sediments and three crustal layers

only up to the same spherical harmonic degree/order. One should keep this in mind when

comparing numerical values of respective effects.

4 Validation of the Spectral Approach

In this section, results based on spectral formulas (derived in Sect. 2) will be compared to

those based on classical Newtonian integrals. Only the radial component of the Marussi

tensor will be considered. Spectral representation of the gradiometric tensor is based on

Eqs. (12) and (14), respectively. Gravitational gradients based on volume integration then

read, see Eq. (3),

Cðr;XÞ ¼ G

Z

H

ZreðX0Þ

riðX0Þ

.ðn;X0ÞKðr;X; n;X0Þn2dndX0; ð20Þ

with the tensor-valued integral kernel

Kðr;X; n;X0Þ ¼ r �rL�1ðr;X; n;X0Þ: ð21Þ
The radial component of the gradiometric tensor for a constant mass density function

reads

Crrðr;XÞ ¼ Gq
Z

H

ZreðX0Þ

riðX0Þ

D2
rL�1ðr;X; n;X0Þn2dndX0 ¼ Gq

r2

Z

H

Iðr;X; ri; re;X
0ÞdX0; ð22Þ

where Dr is the radial derivative. The integrand I in the surface integration can be eval-

uated analytically, see (Wild and Heck 2004, Eq. 3) and ‘‘Appendix 2’’.

The two approaches were applied for the evaluation of the radial topographic gradient.

In the case of the spectral approach, DTM2006 coefficients up to degree and order 2160

were used. For global numerical integration, a global grid of 5 arc-min mean elevations

consistent with the DTM2006 model represented the input data (discrete representation of

the function re). Values of the radial topographic gradient were computed over the parallel

of 20 arc-deg south crossing partially the Pacific Ocean and the Andes (crossing the

coastline of Chile close to the port city of Iquique) where large values of the topographic

gradient occur. The parallel arc is 40 arc-deg long and values of the radial topographic

gradient were computed with the step of 15 arc-min. Numerical values are plotted in Fig. 1

that shows the radial topographic gradient computed by the spectral approach (SHS/SHA),

global integration (integration) and their respective differences (magnified by two orders of

magnitude). Thus, over the parallel arc 161 values were computed ranging from -0.92 to

5.77 E (Eötvös = 10-9 s-2). The standard deviation of the differences is 0.001 E, which

means that the two methods provide comparable results.

Numerical tests were also performed by comparing values based on the spectral

approach described in this article with values derived from the KIT model (Grombein et al.

2010). The KIT (Karlsruhe Institute of Technology) model contains spherical harmonic

coefficients derived by spherical harmonic analysis of combined topographic, bathymetric

and ice mass gravitational effects. Thus, the combined gravitational gradients of these three
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masses can be synthesized at the satellite altitude. Gravitational gradients generated by

topography, bathymetry and continental ice sheets computed with the spectral formulas

formulated above had to be combined in one gravitational gradient. Figure 2 shows values

of the radial gravitational gradient derived from the KIT model (KIT), respective values

computed by the spectral approach combining the radial gravitational gradients of the three

mass components (SHS/SHA) and their differences. The differences remain below 0.01 E

over the parallel arc. The values match quite well considering the different approaches

used for their evaluation: 1—masses are represented by tesseroids per each grid element,

gravitational effects are computed by integration, and their respective spherical harmonic

coefficients are derived by spherical harmonic analysis (KIT) versus 2—masses are rep-

resented by a continuous volumetric layer, spherical harmonic coefficients of functions

defining their geometry and mass density distribution are derived by spherical harmonic

analysis, and respective gravitational effects are finally evaluated by spherical harmonic

synthesis (SHS/SHA).

5 Results and Their Interpretation

Numerical values of the gravitational gradients synthesized from GOCO-03S are compared

to their respective values generated by the spectral approach described in Sect. 2 and by

using input global data sets described in Sect. 3. In order to make the EGM-based grav-

itational gradients comparable to those derived by forward modeling, one defines first the

disturbing (note the difference of the two adjectives ‘‘anomalous’’ and ‘‘disturbing’’ in this

context) gravitational gradients

dCðr; h; kÞ ¼ Cðr; h; kÞ � CNðr; hÞ: ð23Þ

Fig. 1 Topographic gradient Ct
zz: spectral approach (SHS/SHA) versus integration
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Values of the three diagonal elements of the Marussi disturbing gravity gradient tensor in

LNOF are shown in Fig. 3 produced by using GMT (Wessel and Smith 1991). These

values represent counterparts to the components of the disturbing gravity vector dg often

used in geodesy and geophysics.

Values of the disturbing gravitational gradients dC in Eq. (23) correspond to 1—all

masses external to the reference ellipsoid GRS-80, and 2—all mass density anomalies

within the reference ellipsoid taken relatively to the adopted constant (mean) mass density

of the reference ellipsoid (so-called mass density contrasts). External masses outside the

reference ellipsoid consist of the atmosphere, topography and continental ice (neglecting

the effect of water in large lakes and oceans). As numerical values of the gravitational

gradients generated by global atmospheric masses are much smaller compared to other

gravitational gradient corrections, see Novák and Grafarend (2006), only the latter two

mass components are considered in this study. The internal mass density anomaly effects

are namely due to the ocean mass density contrast and mass density jump from crust to

mantle at the Moho. Effects of minor importance include mass density contrasts within

sediments and crustal layers.

Once the spherical harmonic coefficients Vnm of the gravitational potential generated by

a particular Earth’s mass component are estimated, see Eq. (12), respective gravitational

gradients can easily be synthesized through Eqs. (14) and (16). These gradients can be used

for reducing/stripping the disturbing gravitational gradients of Eq. (23) resulting in residual

(corrected and stripped) gravitational gradients

dCrðr;XÞ ¼ dCðr;XÞ �
X

k

Ckðr;XÞ; ð24Þ

with the summation index k representing the k-th mass density component. Gravitational

gradients Ct are generated by homogenous topographic masses (t). Remaining gravitational

gradients are due to mass density contrasts (with respect to the mean crustal density of

Fig. 2 Combined gradient Ctþbþi
zz : KIT-based results versus spectral approach (SHS/SHA)
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2,670 kg m-3, see, e.g., Hinze 2003) within bathymetry (b), continental ice sheets (i),

sediments (s) and crustal layers (c). Gravitational gradients were computed at the equi-

angular 0.5 arc-deg global grid at the elevation of 250 km that approximately corresponds

to orbital elevation of the GOCE satellite. However, the spectral content of the computed

values is limited by degree/order 90.

Topography-corrected disturbing gravitational gradients—diagonal entries of the Mar-

ussi tensor in LNOF—are plotted in Fig. 4. Residual gravitational gradients—diagonal

entries of the Marussi tensor in LNOF—after the progressive application of the gravita-

tional gradients generated by the k-th mass components are plotted in Figs. 5, 6, 7.

Applying the topographic and bathymetric gradient corrections, see Fig. 5, distinct features

of topography (large mountain ranges) as well as of the ocean bottom (large trenches) are

clearly visible. Ice sheet gradient corrections removed large local signals over Greenland

and Antarctica namely in the dCzz component shown in Fig. 6. Corrections due to sedi-

ments are relatively small and do not change significantly the plots; thus, these reduced

fields are not shown herein. In contrary, crust-generated gravitational gradients change

significantly global maps, see Fig. 7. Although some of the large effects are compensated

by the last correction (such as those over the Himalayas and the Andes), there are still

many areas with large effects not sufficiently compensated (namely along coastlines).

As seen in Fig. 7, the maximum spatial variations in the gravitational gradients cor-

respond with the areas of the significant changes in the lithospheric structure. These

features comprise, for instance, margins between the oceanic and continental crustal

structures, borders between significant orogens and basins, and structures of the oceanic

lithosphere with pronounced boundaries between the mid-oceanic ridges (i.e., divergent
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Fig. 3 GOCO-03S/GRS80 disturbing gravitational gradients (from top dCxx; dCyy and dCzz)
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Fig. 4 Disturbing gravitational gradients reduced for topography
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Fig. 5 Disturbing gravitational gradients reduced for topography and bathymetry
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Fig. 6 Disturbing gravitational gradient dCzz reduced for topography, bathymetry and ice

0˚

0˚

40˚

40˚

80˚

80˚

120˚

120˚

160˚

160˚

200˚

200˚

240˚

240˚

280˚

280˚

320˚

320˚

−60˚ −60˚

−30˚ −30˚

0˚ 0˚

30˚ 30˚

60˚ 60˚

−2 −1 0 1

Eotvoes

0˚

0˚

40˚

40˚

80˚

80˚

120˚

120˚

160˚

160˚

200˚

200˚

240˚

240˚

280˚

280˚

320˚

320˚

−60˚ −60˚

−30˚ −30˚

0˚ 0˚

30˚ 30˚

60˚ 60˚

−3 −2 −1 0 1 2

Eotvoes

0˚

0˚

40˚

40˚

80˚

80˚

120˚

120˚

160˚

160˚

200˚

200˚

240˚

240˚

280˚

280˚

320˚

320˚

−60˚ −60˚

−30˚ −30˚

0˚ 0˚

30˚ 30˚

60˚ 60˚

−2 −1 0 1 2 3 4

Eotvoes

a b

c

Fig. 7 Disturbing gravitational gradients reduced for all effects
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tectonic plate boundaries) and oceanic subduction zones. Another oceanic lithosphere

structures, which can easily be recognized, are contrasts between oceanic sedimentary

basins and locations of hot spots. Over continental regions, boundaries between different

geological structures are enhanced.

In Fig. 8, values of gravitational gradients dCzz evaluated along the parallel of 30 arc-deg

north with regular spacing of 0.5 arc-deg are shown. The parallel crosses some interesting

geographic areas including the Himalayas (within the longitude of *70 to 110 arc-deg),

Japanese Trench (*140 arc-deg), Pacific Ocean (*140 to 240 arc-deg), North American

continent (*240 to 280 arc-deg) and Atlantic Ocean (*280 to 340 arc-deg). The lack of

compensation of the four major components (topography, bathymetry, sediments and crust)

is clearly visible namely over oceanic areas where large values of bathymetry-generated

gravitational gradient remain uncompensated by mass densities within the crust.

Statistical values of the gravitational gradients after consecutive applications of par-

ticular effects can be found in Table 1. The sequential application of various gravitational

gradient corrections to observed data resulted in larger magnitudes of corrected/stripped

gravitational gradients. The largest range is achieved by applying the combined topo-

graphic and bathymetric gradient corrections (up to 10 E for Czz). Their magnitudes

decreased again after the crust-generated gradients were applied. Still, the range of

gravitational gradients corrected for all effects is approximately twice as large as that of the

disturbing gravitational gradients.

The residual gravitational gradients correspond to unmodeled mass density variations

within static atmosphere, topography, continental ice, bathymetry, sediments and crust

layers as well as to inhomogeneous mass density structures within the lithosphere mantle

and possibly also within the deeper mantle. As such, they could be used for constraining

the mass densities taking into account both their spatial and spectral properties. The GOCE

gravitational gradients improved significantly the information about the static Earth’s

gravitational field—namely, the accuracy of EGMs at the medium spectrum

Fig. 8 Gravitational gradients Ck
zzðk ¼ t; b; s; cÞ along the 30 arc-deg parallel north
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(approximately between degrees 70 and 200 of spherical harmonics) largely increased. The

most significant improvement was achieved especially over the continental regions where

low-quality and/or resolution terrestrial or airborne gravity data were only available. For

geophysical studies, the inversion of EGM-based gravitational gradients should lead to

improved interpretation of the Earth’s inner density structure (particularly of shallow mass

density structures within the lithosphere) due to the fact that the gravitational gradients

have a more localized character compared to gravity or potential quantities.

For a specific gravitational potential represented by a set of spherical harmonic coef-

ficients, its power spectrum (so-called degree variances) can be computed by generaliza-

tion of Parseval’s theorem (van Gelderen and Koop 1997)

rnðVÞ ¼
Xn

m¼�n

V2
nm: ð25Þ

These values can be used to study the spectral characteristics of harmonic functions in

general. Looking at the power spectra of the different signal components—degree vari-

ances computed from respective potential coefficients, see Fig. 9—the following conclu-

sions can be drawn: 1—power spectra of topography (mean topographic density),

bathymetry and crust (mass density contrast) exceeds that of EGM (over degrees 2–90);

2—power spectrum of the sediments is below that of EGM (over degrees 2–90); and 3—

ice spectrum attenuates quickly with increasing degrees due to a geographically limited ice

sheets.

Power spectra of reduced gravitational gradients are plotted in Fig. 10. Respective

signals after the application of corrections due to ice sheets and sediments are not included

in the figure as they do not change significantly with respect to power spectra (signal

Table 1 Statistics of GOCO-03S/GRS80 disturbing gravitational gradients (g) reduced for topography (t),
bathymetry (b), ice (i), sediments (s) and crust (c); all values are in Eötvös

Option Gradient Min Max Mean Sigma

g dCxx -1.107 1.140 0.000 0.138

g - t -1.700 4.535 0.091 0.540

g - t - b -3.602 4.651 -0.373 1.105

g - b - t - i -3.307 4.652 -0.398 0.958

g - b - t - i - s -3.360 4.371 -0.347 0.961

g - b - t - i - s - c -2.559 1.684 -0.824 0.556

g dCyy -1.118 0.789 0.004 0.142

g - t -1.215 3.815 0.184 0.537

g - t - b -3.387 5.347 -0.216 1.076

g - t - b - i -3.075 5.340 -0.304 0.932

g - b - t - i - s -3.174 5.472 -0.248 0.939

g - b - t - i - s - c -3.142 2.256 -0.754 0.523

g dCzz -1.403 1.623 -0.004 0.240

g - t -6.089 1.158 -0.276 0.957

g - t - b -6.142 4.646 0.589 1.934

g - t - b - i -6.140 4.647 0.702 1.665

g - b - t - i - s -6.127 4.578 0.595 1.167

g - b - t - i - s - c -2.726 4.628 1.570 0.938
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degree variances). The power spectra of the computed gravitational gradients confirm the

lack of compensation namely in the low degree band of spherical harmonic degrees.

Additionally, the degree correlations (correlation coefficients) of two sets of harmonic

coefficients

 

 

Fig. 9 Power spectra (degree variances) of the signal components

 

 

Fig. 10 Power spectra (degree variances) of the reduced gravitational gradients
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qnðVi;V jÞ ¼ rnðViÞrnðV jÞ
� 	�0:5

Xn

m¼0

Vi
nmV j

nm; ð26Þ

can be used to investigate the degree-dependent relationship of two signal components Vi

and Vj. Values of the correlation coefficients for the signal components discussed in this

article are plotted in Fig. 11. The degree correlations for the pairs egm-topography and

egm-bathymetry were presented and discussed, e.g., in Novák (2010). Other combinations

show relatively small values of the correlation coefficients (over the plotted degree band

2-90). For the combination egm-ice, they correspond to strictly localized and geographi-

cally small areas covered by continental ice sheets. Remaining combinations (egm-sedi-

ments and egm-crust) have negative correlation coefficients with extreme values at the

level of -0.6 over degrees 10–20 and decreasing to the level of -0.2 toward degree 90

reflecting the poor spatial resolution of the CRUST2.0 model.

6 Conclusions

Spectral forward modeling of gravitational gradients was applied for the derivation of

global maps of the corrected/stripped gravitational gradients. The spectral formulas were

successfully verified through an independent method represented by the discrete Newto-

nian integration. Respective corrections to observed gravitational gradients are represented

by gravitational gradients generated by topographic masses of mean topographic mass

density, and by mass density contrasts within oceans, continental ice sheets, sediments and

crust layers. Values of the combined gravitational gradients generated by topography,

bathymetry and continental ice were compared to their counterparts independently derived

from the KIT model. Maximum relative differences reach 1 % of the individual gradient

components. Individual gradient corrections were gradually applied to GOCE-based

gravitational gradients reduced for the effect of the normal gravitational field generated by

 

 

Fig. 11 Correlation spectra of the signal components
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the GRS-80 reference ellipsoid. Global spatial maps of corrected/stripped gravitational

gradients then revealed geographic locations with the lack of compensation due to data or

model deficiencies.

Spectral characteristics of the signal components represented in this study by degree

variances and degree correlations indicate potential applications of the gravitational gra-

dients in studying spectral properties of the Earth’s gravity field, eventually for the vali-

dation of its spectral models routinely produced by geodesy. However, current crustal

models have insufficient spatial resolutions to validate the entire range of applicable fre-

quencies (measurement bandwidth) of GOCE observations. Power spectra of mean density

topographic masses, ocean water (bathymetry) depth-dependent mass density contrasts and

lateral crust mass density contrasts exceed that of the total field over the entire considered

degree range 2–90 (limited by the CRUST2.0 spatial resolution) as Fig. 8 demonstrates.

Reduced gravitational gradients have larger degree variances than the observed gravita-

tional gradients (reduced for normal gravitational gradients). Finally, the degree correla-

tions show relatively small dependencies between individual field components generated

by the CRUST2.0 components and the total field (significant correlations are detected only

for topography and bathymetry).

Future studies shall incorporate new CRUST models (more reliable and with higher

spatial resolution) as well as the method of a geographically localized spectral analysis of

gravitational parameters as their spectral properties vary largely with the location (spectral

properties based on global data grids may not sufficiently be representative for studies of

geophysically interesting and challenging areas). On the model side, new-generation

GOCE-based Earth’s gravitational models shall be released during 2013, which will take

the advantage of large volumes of reprocessed GOCE gravitational gradients.

Residual gravitational gradients can be applied in various local geophysical studies such

as modeling of margins between the oceanic and continental lithosphere, studies of sub-

duction zones and hot spots due to the fact that the signature of the lithospheric structures

has a strong localized character in the gravitational gradients than the corresponding

signature in gravity data. However, the expected primary use of the gravitational gradients

is in the context of studying shallow crustal structures as the resolving power of the

gravitational gradients decreases fast with the spatial distance from gravitating masses. We

also expect that more accurate gravimetric recovery of the crust–mantle density interface

based on a combined inversion of isostatic gravitational data and the (isostatically com-

pensated) gravitational gradients will be possible. However, a more detailed geophysical

interpretation as well as the inversion of the gravitational gradients is out of the scope of

this study.
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Appendix 1: Gravitational Gradients in LNOF

First-order derivatives of the gravitational potential in the spherical coordinates read (with

a derivative D and for the attenuation factor j = R/r B 1)

Vr ¼ �
1

R

X

n;m

ðnþ 1Þjnþ2VnmYnmðh; kÞ; ð27Þ
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Vh ¼
X

n;m

jnþ2Vn;mDhYnmðh; kÞ; ð28Þ

Vk ¼
X

n;m

jnþ2VnmDkYnmðh; kÞ: ð29Þ

Second-order derivatives of the gravitational potential then read as follows:

Vrr ¼
1

R2

X

n;m

ðnþ 1Þðnþ 2Þjnþ3Vn;mYnmðh; kÞ; ð30Þ

Vhh ¼
X

n;m

jnþ3VnmD2
hYnmðh; kÞ; ð31Þ

Vkk ¼
X

n;m

jnþ3VnmD2
kYnmðh; kÞ; ð32Þ

Vrh ¼ �
1

R

X

n;m

ðnþ 1Þjnþ3VnmDhYnmðh; kÞ; ð33Þ

Vrk ¼ �
1

R

X

n;m

ðnþ 1Þjnþ3VnmDkYnmðh; kÞ; ð34Þ

Vhk ¼
X

n;m

jnþ3VnmD2
hkYnmðh; kÞ: ð35Þ

Elements of the gradiometric tensor in LNOF are defined (Koop 1993) as

Cxx ¼
1

r
Vr þ

1

r2
Vhh; ð36Þ

Cyy ¼
1

r
Vr þ

1

r2 tan h
Vh þ

1

r2 sin2 h
Vkk; ð37Þ

Czz ¼ Vrr; ð38Þ

Cxy ¼
1

r2 sin h
Vhk �

cos h

r2 sin2 h
Vk; ð39Þ
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Cxz ¼
1

r2
Vh �

1

r
Vrh; ð40Þ

Cyz ¼
1

r2 sin h
Vk �

1

r sin h
Vrk: ð41Þ

Appendix 2: Radial Gravitational Gradient by Newtonian Integration

The radial gravitational gradient can be computed analytically by Eq. (22). The integrand

I originates from the radial integration

Iðr;X; ri; re;X
0Þ ¼

ZreðX0Þ

riðX0Þ

D2
rL�1ðr;X; n;X0Þn2dn; ð42Þ

that can be evaluated as follows (Wild and Heck 2004):

Iðr;X; ri; re;X
0Þ ¼ � r3

e

2Le

þ r3
i

2Li

þ reLe � riLi þ
r3

e ðr2 � r2
e Þ

2L3
e

� r3
i ðr2 � r2

i Þ
2L3

i

þ 3rcosw Le � Lið Þ þ r2 3cos2w� 1

 �

ln
Le þ re � rcosw
Li þ ri � rcosw

����

����:
ð43Þ

The distance functions are defined as

Le ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ r2

e � 2rrecosw
q

; ð44Þ

and

Li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ r2

i � 2rricosw
q

: ð45Þ

Finally, w is the spherical distance between the two geocentric directions X and X0.
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