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Abstract

Gromov introduced two distance functions, the box distance and the observable distance, on
the space of isomorphism classes of metric measure spaces and developed the convergence
theory of metric measure spaces. We investigate several topological properties on the space
equipped with these distance functions toward a deep understanding of convergence theory.
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1 Introduction

The study of convergence of metric measure spaces is one of central topics in geometric
analysis on metric measure spaces. This study originates in that of Gromov-Hausdorff con-
vergence/collapsing of Riemannian manifolds, which has widely been developed and applied
to solutions to many significant problems in geometry and topology.

Gromov introduced two fundamental concepts of distance functions, the box distance func-
tion J and the observable distance function deonc, on the set, say X', of isomorphism classes of
metric measure spaces and developed his distinctive theory in [[11], Chapter 3.% +]. The box
distance function is simpler and is close to a metrization of measured Gromov-Hausdorff con-
vergence. Besides, this distance is equivalent to the Gromov-Prokhorov distance introduced
by Greven-Pfaffelhuber-Winter [9] (see [20]). The topology and the convergence notion given
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by these distance functions are widely used as in [10, 27]. On the other hand, the observable
distance function induces a very characteristic topology, called the concentration topology,
based on the concentration of measure phenomenon due to Lévy [19] and Milman [22] (see
also [18]). The concentration topology is effective to capture the high-dimensional aspects
of spaces and admits the convergence of many sequences whose dimensions are unbounded.
The study of the concentration topology has been growing in recent years.

We focus on the topological aspects of the space X with respect to these distance func-
tions [J and dconc. The concentration topology is coarser than the topology induced by the
box distance, which is called the box tfopology simply in this paper. As fundamental prop-
erties, it is known that the space (X', [J) is separable, complete, and non-compact and that
(X, dcone) 1s also separable but is not complete. However, other topological properties have
not yet been studied. In this paper, we investigate several topological properties toward a
deep understanding of the convergence theory.

Moreover, Gromov also introduced a natural compactification, denoted by IT, of X’ with
respect to the concentration topology at the same time, which is one of powerful tools to study
the concentration topology. The topology of this compactification is called the weak topology
and each element of I is called a pyramid (this name comes from its definition). The space
IT of pyramids is interested in itself because this contains many infinite-dimensional objects,
for example, the (virtual) infinite-dimensional Gaussian space. We also investigate the weak
topology on IT. Not only IT is compact, but it also has already known that IT is metrizable
by the third author [26].

Around compactness

We study some properties of X’ around compactness. The space X is globally non-compact
with respect to both topologies, but it is also locally non-compact.

Theorem 1.1 Any metric measure space has no compact neighborhood with respect to both
the box and concentration topologies. In particular, X is not locally compact in either topol-

ogy.

For the box topology, Theorem 1.1 implies the following fact as a corollary since (X, [J)
is Polish and hence is a Baire space through the Baire category theorem. Here, a topological
space is called a Baire space if any countable union of nowhere dense closed subsets has no
interior.

Corollary 1.2 For the box topology, X is not o -compact.
On the other hand, since (X, dconc) is incomplete, for the concentration topology, the above
argument is not applied. Actually, we obtain the new fact that the concentration topology is

non-Baire.

Theorem 1.3 For the concentration topology, X is not a Baire space. In particular, X is not
completely metrizable.

In [[1], Question 9.1], it is asked if the Gromov-Hausdorff space is homeomorphic to the

space [ 2 The answer of the analogous question to (X, dconc) 1S negative because 12 is a Baire
space.
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Around connectivity

We next study some properties of X and [T around connectivity. The following theorem is
very clear as a global property.

Theorem 1.4 For both the box and concentration topologies, X is contractible. Moreover; T1
is contractible in the weak topology. In particular, all of them are path connected and simply
connected.

This theorem is proved by constructing explicit deformation retractions. On the other
hand, local properties are unclear and difficult to prove. For the box topology, we obtain a
geodesic between two metric measure spaces with respect to the metric L. This is one of the
most important results in this paper.

Theorem 1.5 For the box distance function, X is a geodesic space. In particular, X is locally
path connected in the box topology.

The existence of geodesics is important and useful geometrically not only topologically.
Moreover, we prove that any two distinct spaces have uncountably many geodesics between
them with respect to the box distance function (see Theorem 6.4). Therefore any geodesic
branches everywhere and the Alexandrov curvature of X is not bounded from below nor from
above with respect to the box distance function. For the concentration and weak topologies, it
is difficult to obtain a geodesic at present, but it is possible to show the local path connectivity.
Here, a topological space is said to be locally path connected if each point has a neighborhood
basis consisting of path connected sets.

Theorem 1.6 Both X with the concentration topology and T1 with the weak topology are
locally path connected.

As a consequence of the above discussion, we also obtain the following characteristic
corollary for the weak topology.

Corollary 1.7 For the weak topology, T1 is a Peano space. Namely, T1 is a continuous image
of the unit interval.

The topological properties of X’ and IT are summarized in the table below (see Table 1).

Revisit the weak topology on I

As an application of our results, we give a reinterpretation of the weak topology using the
theory of hyperspace. Here, a topological space consisting of (closed) subsets of a topological
space X is called a hyperspace over X. A pyramid in I is originally defined as a (-closed)
subset of X satisfying certain conditions. Therefore, it is very natural to focus on the relation
with the hyperspace. See Sect. 8 for more details below.

Let X be a Hausdorff space and let F(X) be the set of all closed subsets of X. The
Kuratowski-Painlevé convergence and the Fell topology on F(X) is well-studied. The
Kuratowski-Painlevé convergence is topological if and only if X is locally compact. Here, a
convergence is topological provided that there exists a topology achieving it. Moreover, in
this case, the Fell topology achieves the Kuratowski-Painlevé convergence actually.

We now consider the space F (X, ). By Theorem 1.1, the underlying space (X, )
is not locally compact, so that the Kuratowski-Painlevé convergence is not topological in
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Table 1 Summary of topological x.0) (X, deonc) (T, p)

properties

Compact No No Yes
Separable Yes Yes Yes
Complete’ Yes No Yes
Locally compact No* No* Yes
o-Compact No* Unknown Yes
Baire space Yes No* Yes
Polish Yes No* Yes
(Globally) Contractible Yes* Yes* Yes*
Locally path connected Yes* Yes* Yes*
Geodesic spaceT Yes* Unknown Unknown

* indicates our new results in this paper
T indicates geometric properties with respect to the standard metrics

this case. However, the finest topology whose convergence is weaker than the Kuratowski-
Painlevé convergence always exists. This topology, write 7K, is called the fopologization of
the Kuratowski-Painlevé convergence. It follows from the general theory of hyperspace that
the hyperspace (F (X, ), tK) is compact, T1, and sequential (in particular, it is sequentially
compact). Note that K is strictly finer than the Fell topology. We have the new interpretation
that the space IT is a subspace of the compact hyperspace (F (X, 1), TK).

Theorem 1.8 The inclusionmap I1 > P +— P € (F(X, D), 1K) is a topological embedding
map.

This shows that the weak topology on IT is a natural compact topology induced from the
hyperspace F (X, [J).

This paper is organized as follows. In Sect.2, we describe some definitions and prepare
some fundamental tools. A reader who is familiar with them can safely skip this section.
In Sect.3, we prove Theorem 1.1 and Corollary 1.2. A key technique is to make metric
measure spaces near a given space by the /,-product. In Sect.4, we prove Theorem 1.3 and
some related properties. A key tool is the box distance from the one-point space which is
an invariant on X. In Sect.5, we prove Theorem 1.4 by constructing explicit deformation
retractions via the metric transformation. In Sect. 6, we prove Theorem 1.5. We will show
that a midpoint between two spaces is given by the limit of the sequence of explicit spaces. In
Sect. 7, we prove Theorem 1.6 and Corollary 1.7. For the concentration and weak topologies,
itis possible to create a good continuous path in a small ball instead of geodesics. In Sect. 8, we
prove Theorem 1.8 and describe the relation between the weak topology and the hyperspace
theory.

Following this paper, we also study the scale-change action on the space of metric mea-
sure spaces equipped with the box and concentration topologies in [16]. In [16], we have
discovered the following surprising facts.

e X is not homeomorphic to a cone over the quotient space of the scale-change action.
e This action induces a nontrivial and locally trivial principal bundle structure on X \ {x},
where * is a one-point metric measure space which is only one fixed point.

Moreover, a similar statement has been obtained for the space I of pyramids.
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2 Preliminaries

In this section, we describe the definitions and some properties of metric measure space, the
box distance, the observable distance, pyramid, and the weak topology. We use most of these
notions along [26]. As for more details, we refer to [26] and [[11], Chapter 3% +].

2.1 Metric measure spaces

Let (X, dx) be a complete separable metric space and py a Borel probability measure on
X. We call the triple (X, dx, ux) a metric measure space, or an mm-space for short. We
sometimes say that X is an mm-space, in which case the metric and the measure of X are
respectively indicated by dx and .

Definition 2.1 (mm-Isomorphism) Two mm-spaces X and Y are said to be mm-isomorphic
to each other if there exists an isometry f: suppux — supp uy such that fuux = uy,
where f,ux is the push-forward measure of wy by f. Such an isometry f is called an
mm-isomorphism. Denote by X the set of mm-isomorphism classes of mm-spaces.

Note that an mm-space X is mm-isomorphic to (supp ix, dx, tx). We assume that an
mm-space X satisfies

X = supp ux

unless otherwise stated. We denote by : the one-point mm-space with trivial metric and Dirac
measure.

Definition 2.2 (Lipschitz order) Let X and Y be two mm-spaces. We say that X (Lipschitz)
dominates Y and write Y < X if there exists a 1-Lipschitz map f: X — Y satisfying

femx = ny. We call the relation < on X' the Lipschitz order.

The Lipschitz order < is a partial order relation on X'.

2.2 Box distance and observable distance

For a subset A of a metric space (X, dy) and for a real number r > 0, we set
Ur(A) == {x € X | dx(x, A) <r},
where dy (x, A) := inf,ca dx(x, a).

Definition 2.3 (Prokhorov distance) The Prokhorov distance dp (i, v) between two Borel
probability measures © and v on a metric space X is defined to be the infimum of ¢ > 0
satisfying

u(Ug(A)) = v(A) —¢
for any Borel subset A C X.

The Prokhorov metric dp is a metrization of the weak convergence of Borel probability
measures on X provided that X is a separable metric space.
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Definition 2.4 (Ky Fan metric) Let (X, 1) be a measure space and (Y, dy) a metric space.
For two p-measurable maps f, g: X — Y, we define dI’éF(f, g) to be the infimum of ¢ > 0
satisfying

pn(x € X | dy(f(x), g(x)) > &}) < e.

The function dﬁF is a metric on the set of ©-measurable maps from X to Y by identifying two
maps if they are equal to each other p-almost everywhere. We call dﬁF the Ky Fan metric.

Lemma 2.5 ([26],Lemma 1.26) Let X be a topological space with a Borel probability measure
W and Y a metric space. For any two Borel measurable maps f,g: X — Y, we have

dp(fitt, &) < digp(f. 8)-

Definition 2.6 (Parameter) Let 7 := [0, 1) and let X be an mm-space. Amap ¢: [ — X is
called a parameter of X if ¢ is a Borel measurable map such that

(/)*»Cl = Mux,
where £! is the one-dimensional Lebesgue measure on /.
Note that any mm-space has a parameter (see [[26], Lemma 4.2]).

Definition 2.7 (Box distance) We define the box distance [J(X, Y) between two mm-spaces
X and Y to be the infimum of ¢ > O satisfying that there exist parameters ¢: I — X,
Y : I — Y, and a Borel subset Iy C I with cl (Ip) = 1 — & such that

ldx (@(s), (1)) —dy (Y (s), ¥ ()| < ¢
for any s, 1 € I.

Theorem 2.8 ([26], Theorem 4.10) The box distance function (0 is a complete separable
metric on X.

Various distances equivalent to the box distance are defined and studied, for example, the
Gromov-Prokhorov distance introduced by Greven-Pfaffelhuber-Winter [9].

Theorem 2.9 ([[20], Theorem 3.1], [[26], Remark 4.16]) For any two mm-spaces X and Y,
we have

O(X,Y) =dep((X, 2dx, nux), (Y, 2dy, ny)),

where dgp(X, Y) is the Gromov-Prokhorov metric defined to be the infimum of dp(uLx, [Ly)
for all metrics on the disjoint union of X and Y that are extensions of dx and dy. In particular,

dop(X,Y) = U(X,Y) = 2dgp(X, Y).

The topology induced from the box distance has historically various names, for example,
the weak-Gromov topology. However we call it simply the box fopology in this paper.
The following lemma is useful to calculate the box distance.

Lemma 2.10 ([24], Theorem 1.1) Let X and Y be two mm-spaces. Then

(X,Y) = min min max{dis S, I — 7 (S)},
mell(ux,ny) SCXXY

where T1(ux, (y) is the set of couplings between ux and wy, and
dis S := sup {|dx(x, x) —dy(y. YDl (x, ), (X', y) € S}
for a Borel subset S C X x Y, which is called the distortion of S.
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We remark that [J(X, Y) < 1 forany X, Y, but may be quite close to 1. Indeed, there exist
Borel subsets A C X and B C Y such that diam A, diam B < 1/2 and uyx (A), uy(B) > 0.
Then we have

OI(X, Y) < max{dis (A x B), | — ux(A)uy(B)} < 1.
Corollary 2.11 For any mm-space X,

(X, %) = frlncn)} max {diam A, I — ux(A)}.

In particular, if Y < X, then (Y, %) < (X, *).

Any mm-space can be approximated by a finite mm-space. Here, finite means having
finitely many points.

Proposition 2.12 (/26], Proposition 4.20) Let X be an mm-space and let € > 0. There exists
a finite mm-space X such that J(X, X) < ¢.

Given an mm-space X and a parameter ¢: [ — X of X, we set
©*Lip1(X) :={foe| f: X - Ris 1-Lipschitz},
which consists of Borel measurable functions on /.

Definition 2.13 (Observable distance) We define the observable distance deonc(X,Y)
between two mm-spaces X and Y by

deonc(X, Y) == é)nl/i; dH((P*['iPl(X)» W*Cipl(Y)),

where ¢: I — X and ¥ : I — Y run over all parameters of X and Y respectively, and dy is
the Hausdorff distance with respect to the metric dﬁ-

Theorem 2.14 ([26], Proposition 5.5 and Theorem 5.13) The observable distance function
dconc IS a metric on X. Moreover, for any two mm-spaces X and Y,

deonc(X, Y) = (X, Y).

We call the topology on X induced from dconc the concentration topology. We say that a
sequence {X,}°° ; of mm-spaces concentrates to an mm-space X if X, dconc-converges to
X as n — oo. Since the concentration topology is coarser than the box topology, (X, dconc)

is separable.

Example 2.15 Let S"(1) be the n-dimensional unit sphere in R"*+! with the standard Rie-
mannian structure. The sequence {S"(1)}72 ; concentrates to the one-point mm-space * as
n — oo. Furthermore, it is known that {$"(1)}72; has no [J-convergent subsequence (see
[[26], Corollary 5.20] or Lemma 4.2).

Example 2.16 We consider the mm-spaces
n
Xy =[], n=1.2,...,

k=1

with the natural Riemannian product structure. The sequence {X n}flozl is dconc-Cauchy but
does not concentrate to any mm-space (see [[26], Example 7.36] and [17]). In particular,
(X, dconc) 18 not complete.

Denote by X the completion of (X, dconc)-
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2.3 Pyramid

Definition 2.17 (Pyramid) A subset P C X is called a pyramid if it satisfies the following
(1 -@3).

(1) If X e Pandif Y < X, then Y € P.
(2) Forany Y, Y’ € P, there exists X € Psuchthat Y < X and Y/ < X.
(3) P is nonempty and [I-closed.

We denote the set of all pyramids by IT. Note that Gromov’s definition of a pyramid is only
by (1) and (2). The condition (3) is added in [26].
For an mm-space X, we define
Px={Yex | Y <X},
which is a pyramid. We call Px the pyramid associated with X .

We observe that Y < X if and only if Py C Pyx. Note that X itself is a pyramid.
We define the weak convergence of pyramids as follows. This is exactly the Kuratowski-
Painlevé convergence as closed subsets of (X, L) (see Definition 8.1).

Definition 2.18 (Weak convergence) Let P and P,,n = 1,2, ..., be pyramids. We say that
Py converges weakly to P as n — oo if the following (1) and (2) are both satisfied.

(1) For any mm-space X € P, we have
lim (X, P,) =0.
n—o0
(2) For any mm-space X € X' \ P, we have
liminf O(X, P,) > 0.
n—oo

Theorem 2.19 ([26], Section 6) There exists a metric p on I such that the following (1) —
(4) hold.

(1) p is compatible with weak convergence.

(2) Il is p-compact.

(3) Themap: X > X — Px € Ilisa 1-Lipschitz topological embedding map with respect
t0 deonc and p.

(4) 1(X) is p-dense in T1.

In particular, (T1, p) is a compactification of (X, dconc). We often identify X with Py, and we
say that a sequence of mm-spaces converges weakly to a pyramid if the associated pyramid
converges weakly. In a minor abuse of notation, we use X as the image ¢(X) in IT.

Remark 2.20 One of constructions of the metric p is as follows:

o0
, 1
p(P.P) =Y s du(P N Xk ). P/ 0 X (k. ),
k=1

where dy is the Hausdorff metric with respect to [J and

is a Borel probability measure on RV such that
X(N,R) := {(RN,||~||OO,M) |~ P Y }

supp u is contained in the closed R-ball centered at 0.

Note that X (N, R) is a [J-compact subset of X.
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(T1, p) is also a compactification of the completion X of (X, dconc)-

Theorem 2.21 ([26], Theorem 7.27) The natural extension1: X — T1 of the 1-Lipschitz map
t: X 3 X = Px € Il is atopological embedding map.

We use X as the image ((X) in I similar to X.
The following proposition, which follows from the definition of the weak convergence
directly, will be frequently used in this paper.

Proposition 2.22 If a sequence {X,}3° | of mm-spaces concentrates to an mm-space X as
n — 0o, then there exists a sequence {Y,};° | of mm-spaces O-converging to X with Y, < X,
for every n.

Lemma2.23 (/26], Lemma 7.14) For any pyramid ‘P, there exists a sequence (Y, }5"_; of
mm-spaces such that

By e O
Yi<Vy< o <Yy=<- and |JPy, =P

m=1

Such a sequence {Y),}5_; is called an approximation of P. We see that Y,, converges
weakly to P as m — oo and that Y, € P for all m.

Example 2.24 (Virtual infinite-dimensional Gaussian space) Let A be a positive real number.
The n-dimensional Euclidean space (R”, || - ||) with the n-dimensional centered Gaussian
measure ;5 on R" of variance A2 is called the n-dimensional Gaussian space with variance

A2, write F)’fz. The natural projections from R R, n=1,2,..., imply
Fiz <Fi2 <=l <o
and {I'},};2| converges weakly to the pyramid

O
00
’PFS = U ’Pr:z
n=1

asn — oo. We call Preg the virtual infinite-dimensional Gaussian space with variance A2.
s

We remark that Pr‘og is neither in X nor in the completion X (see [[26], Corollary 7.42]).
A

2.4 Observable diameter and metric transformation

The observable diameter is one of the most fundamental invariants of an mm-space and a
pyramid.

Definition 2.25 (Partial and observable diameter) Let X be an mm-space. For a real number
o, we define the partial diameter diam(X; o) = diam(uy; o) of X to be the infimum of
diam A, where A C X runs over all Borel subsets with 1y (A) > « and diam A denotes the
diameter of A. For a real number x > 0, we define the observable diameter of X by

ObsDiam(X; —«) := sup {diam(f*u,x; 1 —«) } f: X —>Ris 1—Lipschitz} (< 4+00).
Moreover, for a real number « > 0, we define the observable diameter of a pyramid P by
ObsDiam(P; —k) := lim sup ObsDiam(X; —(k + 8))(< +00).

=0+ xep
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The observable diameter for mm-spaces is an invariant under mm-isomorphism. Note that
ObsDiam(Py; —«) = ObsDiam(X; —«)

for any k¥ > 0 and that ObsDiam(P; —k) is monotone non-increasing and right-continuous
in € > 0. Moreover, we define

ObsDiam(P) := in{J max{ObsDiam(P; —«), «}

for any pyramid P and ObsDiam(X) := ObsDiam(Py) for any mm-space X. It is easy to
see that

ObsDiam(P) = sup ObsDiam(X).
XeP

Theorem 2.26 ([25], Theorem 1.1, Limit formula for observable diameter) Let P and Py,
n=1,2,... be pyramids. If P, converges weakly to P as n — oo, then

ObsDiam(P; —k) = lim lim inf ObsDiam(P,; —(k + €))

e—>0+ n—>o0

= lim lim sup ObsDiam(P,; —(k + ¢))

e=>0+ p—soo
Sfor any k > 0.
Theorem 2.27 ([25], Corollary 5.8) Let Py, n = 1,2, ..., be pyramids. Then the following
(1) — (3) are equivalent to each other.

(1) Py, converges weakly to the one-point mm-space * as n — Q.
(2) lim,_ ~ ObsDiam(P,; —«) = 0 for any k > Q.
(3) lim,_ s ObsDiam(P,) = 0.

Example 2.28 ([26], Theorem 2.21) The sequence {S"(1)};2 | of unit spheres satisfies
lim ObsDiam(S" (1)) = 0,
n—oQ
in relation to Example 2.15. We use this fact in Sect. 4.

Example 2.29 (cf. [25], Example 3.13) The observable diameter of the virtual infinite-
dimensional Gaussian space Pros with variance A2 is
A

ObsDiam(Pros; —) = diam(y,; 1 —x) = 2417 ((1 = «)/2)

for any « and A with 0 < k¥ < 1 and A > 0, where

1(r) := y5([0, r]) = eXp(—*)dx

7=h

Therefore Prog converges weakly to x as A — 0.
A

Definition 2.30 (Metric transformation) A function F: [0, +00) — [0, +00) is a metric

preserving function provided that F o dx is a metric on X for any metric space (X, dx). For

a metric preserving function F', we define the metric transformation of an mm-space X and

of a pyramid P by

— 0

F(X):= (X, Fodx,pux) and F(P):= | Prex)
XeP
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If a metric preserving function F' is continuous, the topologies of F(X) and X coincide.
In addition, if F is nondecreasing, F'(P) is a pyramid for any pyramid P and

F(Px) = Prx)

holds for every mm-space X. Note that if {Y,,}7°_; is an approximation of a pyramid P, then
{F(Y)};r_, is an approximation of F'(P).

Let F(s) := ts fort > 0, which is a continuous nondecreasing metric preserving function.
We denote F(X) and F(P) by tX and ¢P, respectively. Note that

tP=1{tX | X eP},
which is considered classically.
Lemma 2.31 Let F be a continuous nondecreasing metric preserving function. Then we have
ObsDiam(F (P); —2«) < 4F (ObsDiam(P; —«))
for any pyramid ‘P and any k > 0, where we agree that F (4+00) = sup,_ F(s).
Proof For any mm-space X and any x > 0, we already have obtained the same estimate
ObsDiam(F (X); —2k) < 4F (ObsDiam(X; —«))

in [[14], Lemma 3.22]. Using this, we check for a given pyramid P. Let {¥,,}7° | be an
approximation of P. By Theorem 2.26, we have

ObsDiam(F (P); —2«) lim lim inf ObsDiam(F (Y;,); —2(k + ¢&))

e—=04+ m—o00

lim liminf 4 F (ObsDiam(Y,,; —(k + ¢)))

§—0+4 m—00

lim 4F (ObsDiam(P; —(k + €)))
e—0+

IA

IA

< 4F (ObsDiam(P; —«)).
The proof is completed. O
Definition 2.32 Let P and P’ be two pyramidsandlet 1 < p < 4o00. We define the ,-product

of P and P’ by

—D
/.
Px,P = | Pxspr .
XeP,YeP!

where X X, Y is the /,-product space of two mm-spaces X and Y.

Note that if {X,,}°°_, and {Y,,}>°_, are approximations of pyramids P and P’, respectively,

then {X,, x, Y, }v_, is an approximation of P x , P’.

3 No compact neighborhood in X

In this section, we prove Theorem 1.1 and Corollary 1.2. For the box topology, we prove the
following lemma which implies Theorem 1.1 (in fact they are equivalent).

Lemma 3.1 Any neighborhood of an mm-space X is not precompact with respect to the box
topology.
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Proof For any small ¢ > 0, it is sufficient to prove that U, (X) C (X, ) is not precompact.
We construct a countable discrete net in U, (X). There exists a finite mm-space X such that
X, X) < e by Proposition 2.12 and let N := #X, where # means the number of points.
We define mm-spaces Y, n =1,2,...,as

Y, ={1,2,....,2N)"}

with metric dy, (i, j) := ¢ for i # j and uniform probability measure py, :=
@2N)™ 21(2:1}')” 8;. By Corollary 2.11, we have

(Y, *) < diamY, = &.

Let us define X, := X X oo Yy and prove that {X,,}°2 | is a discrete net in Us. (X).
Since LJ(A x, B, A x, C) < (B, C) in general (see [[14], Proposition 4.1]), we have

O(Xp, X) < O(Xn, X) +& < O(Yn, %) + & < 2e.
Thus X, € Us:(X) for any n. We next prove that
OXm, X») > min{s,)rcrylﬁi)rclld}-((x,x’), %} =:8§>0
for any m # n. Assume that m > n. By Lemma 2.10, there exist a coupling measure
m e (pny,,, 1x,) and a closed set S C X,, x X, such that
O(Xm, Xn) = max{dis S, 1 — 7 (S)}.
If there exist two pairs (x, y), (x’, y) € S with x # x’ in X,,, then we have
O(Xm, Xp) > dis S > dx,, (x,x") > 6.
If not, then we have #S < #X,, = N(2N)" and

(S)<ﬁ A })<M
T = 4y ex (XY =0 N m

which implies that (X, X)) > 1 — 7(S) > % > 8. Therefore {X,};2 | is 8-discrete. This
completes the proof. O

1
<77
-2

In order to prove Theorem 1.1 for the concentration topology, we start with recalling the
following proposition.

Proposition 3.2 (cf. [[7], Theorem 3.3.9], [[29], 18.4]) Let Y be a Hausdorff space and let
X C Y be a dense subset. If a point x € X has a compact neighborhood (in the relative
topology of Y), then x is an interior point of X. In particular, if X is locally compact, then
XisopeninY.

The [,-product is useful to construct a convergent sequence to a given mm-space or
pyramid. The following proposition is known.

Proposition 3.3 (/26], Proposition 7.32) Let X and Y be two mm-spaces. If ObsDiam(Y) <
1/2, then we have

deonc(X xp Y, X) < ObsDiam(Y)

orany 1l < p < +4o00.
y p
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This proposition can be generalized to pyramids as follows.
Proposition 3.4 Let P and P’ be two pyramids. If ObsDiam(P’) < 1/2, then we have
p(P x, P',P) < ObsDiam(P’)
forany 1 < p < 4o00.

Proof Let {X,,}57_; and {Y,,}°°_, be approximations of P and P’ respectively. For each m,
we have

,O(PXmXPYm,’PXm) < dconc(Xm Xp Y, X;) < ObsDiam(Y,) < ObsDiam(P")
by Proposition 3.3. Thus we have
p(Px, P, P)= mli_r)noo 0 (PX,,x yY,» Px,,) < ObsDiam(P’).
The proof is completed. O
Lemma 3.5 Forgiven X € X and 1 < p < 400, the pyramid Pj, for A > 0 is defined by
Py :=Px Xp'Pr:g.
Then Py converges weakly to X as A — 0.
Proof This follows directly from Theorem 2.27, Example 2.29, and Proposition 3.4. O
This leads to the following corollaries.

Corollary 3.6 Every X € X is not an interior point of X with respect to the weak topology.
Similarly, every X € X is not an interior point of X with respect to the weak topology.

Proof Take any X € X and put P;, := Px X, Pr?g forany . > 0 and some 1 < p < +o0.
By Lemma 3.5, P, converges weakly to X as A 55 0. Thus it is sufficient to prove that the
pyramid P; is not in X for any A > 0.

Indeed, if P; € X, then Preg € X by Prog C P (see [[26], Theorem 7.25 and Definition

7.9]). This contradicts the fact Prog € I1\ X. Therefore P; e IT\ X holds for any A > 0.
A
The proof is completed. O

Corollary 3.7 Both IT\X and TI\X are dense in I1.
Proof This follows immediately from the proof of Corollary 3.6. O

Proof of Theorem 1.1 With respect to the box topology, Lemma 3.1 implies Theorem 1.1.
Proposition 3.2 and Corollary 3.6 mean that every X € X has no compact neighborhood in
the relative weak topology, that is, the concentration topology. The proof is completed. O

In order to prove Corollary 1.2, we recall the following propositions.

Proposition 3.8 ((Part of) Baire category theorem, cf. [[29], 25.4]) Every completely metriz-
able topological space is a Baire space.

Proposition 3.9 (cf. [[29], 25B]) If a topological space X is Hausdorff, o-compact, and
Baire, then at least one point in X has a compact neighborhood.
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Proof of Corollary 1.2 Since (X, [J) is complete metric space, (X', OJ) is Hausdorff and Baire.
Theorem 1.1 and Proposition 3.9 together mean that (X, [) is not o-compact.

Remark 3.10 Let {Y,,}°°_, be an approximation of the pyramid X’. It holds that

m=1
00
X = U Py,
m=1

and each Py,, is [-compact (see [[15], Lemma 2.25] and [[17], Theorem 1.1]). Here, Corol-
lary 1.2 says that the [J-closure operation is essential, namely

oo
U Pr cx

m=1

O

The following is obtained by the same reason as Corollary 1.2.

Corollary 3.11 The completion X of (X, deonc) is not o-compact.

4 X with the concentration topology is not a Baire space

In this section, we prove Theorem 1.3. The key tool is the box distance from the one-point
mm-space *, which is an invariant on X (see Corollary 2.11).

Proposition 4.1 For any mm-space X,

(X, %) = 1 = sup px (U1 (x)).

xeX

Proof Take any Borel subset A of X with diam A < 1 and choose x € A. Then A C U;(x)
and

I —px(A) 21— puxUi(x)).
Thus we have

max {diam A, 1 — ux(A)} = 1 — pux(U1(x)) = 1 — sup pux (U1 (x)).

xeX

Corollary 2.11 implies the desired inequality. O

Lemma 4.2 Let S"(1) be the n-dimensional unit sphere with the standard Riemannian struc-
ture. Then

lim O(S"(1), %) = 1.
n—0o0
Proof For any x € S"(1), we have

I on—1
Jo sin" "'z dt

nlglgo psny(Ui(x)) = nlgrolo m =0.
Combining this and Proposition 4.1 implies lim,,_, oo LI(S" (1), %) = 1. O

Proposition 4.3 If a sequence {X,,}3° | of mm-spaces concentrates to an mm-space X, then

O(X, x) < liminf O(X,, *).
n—oo
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Proof Since {X,}°2 | concentrates to X, there exists a sequence {Y,}7> ; of mm-spaces [J-

converging to X with ¥,, < X,, for every n, by Proposition 2.22. Thus we have
liminf (X, *) > lim O(Y,, %) = (X, %)
n—o00 n—oo
by Corollary 2.11. The proof is completed. O

Proof of Theorem 1.3 Let X be the set of all mm-spaces with (J(X, ) < & for § > 0. By
Proposition 4.3, the set X% is closed with respect to the concentration topology. Since

o0 1
X = U xl-n,
n=1

if X% is nowhere dense for any § € [0, 1), then X’ is not a Baire space. We prove that x*
is nowhere dense. Take any mm-space X € X?. It is sufficient to prove that X is not an
interior point of . Indeed, the product space X x p S"(1) concentrates to X as n — 00 by
Proposition 3.3 and Example 2.28 but

liminf O(X xp, $*(1),*) > lim C(S"(1), %) = 1.
n—oo n—o0
Thus X is not an interior point of X, The proof is completed.

Remark 4.4 (1) From the above proof, X with the concentration topology is meager (i.e., a
countable union of nowhere dense subsets) in itself. Actually, this fact is stronger than
non-Baire.

(2) The Baire category theorem (Proposition 3.8) claims that X is not completely metrizable,
or equivalently, X" is not a G5 subset of I1. Namely, there is no complete metric giving
the concentration topology.

Proposition 4.5 (1) X is meager and non-comeager in I1.
(2) T\ X is a Baire space with respect to the relative topology of T1.

Proof We first prove that the subset X* of IT is meager. By the definition of the weak conver-
gence and Lemma 2.23, the closure of X? with respect to the weak topology is

M’ :={Pell | OX,% <34 forany X € P}.

It is sufficient to prove that the interior of IT° is empty for every § € [0, 1). Actually, given a
pyramid P € I1%, the product pyramid P x p Psn(1) converges weakly to P by Proposition
3.4 and Example 2.28. This together with $"(1) € P X, Pgn(1) implies that P is not an
interior point of I1%. Thus the subset X of IT is meager.

Suppose that X' is comeager in I1. The complement IT \ X is meager and hence IT is
meager in itself. This is a contradiction. Thus X" is not comeager in IT.

The statement (2) follows directly from the fact that all comeager subset in the Baire space
IT is a Baire space (see [[12], Proposition 1.16]). m]

Remark 4.6 X is properly included in I1° as a subset of 1. For example,
{Xex | diamX <35}

is a pyramid in IT® but it is not (J-compact, so that it belongs to IT\ X’ (see [17]). Indeed, letting
Xn,n = 1,2,..., as the [o-product space of n copies of the interval [0, §], the sequence
{Xn}ff:l has no [-convergent subsequence (see [[26], Proposition 7.37]).
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5 X and 1 are contractible

In this section, we prove Theorem 1.4 by giving explicit deformation retractions. From now
on, for two given maps f and g on a space X, we use the notation (f, g) as the map on X
defined by

(f, &) (x) = (f(x), g(x), x¢€X.
For example, (idy, idy) means the map X > x > (x,x) € X x X.
Lemma5.1 The map H: X x [0, 1] — X defined by
H(X,t):=tX

for X € X and t € [0, 1] is continuous with respect to both the box and concentration
topologies, where we agree that 0X = x for any mm-space X.

Proof We first prove the lemma for the box topology. We take any {(X,,, zn)}fl":1 C Xx|[0,1]
converging to (X, ¢). Then we have

U(tn X, 1X) < O(ta X, 12 X) + U1 X, 1X) < DXy, X) + D0, X, 1X)

since the map ¢ +— (X, tY) is nondecreasing. It is sufficient to prove that ¢, X []-converges
totXast, -t fqr a fixed mm-space X. Let ¢ > 0 be a positive real number. There exists a
finite mm-space X such that [J(X, X) < & by Proposition 2.12. Then we have

Oty X, 1X) < |ty — t| diam X.
Indeed, letting 7w := (idy,idy )« and S := {(x,x) | x € X}, we have
7(S)=1 and disS = |t, — t| diam X.
Note that this is true even if £, = 0 or t = 0. Thus we have

lim sup (2, X, 1X) < limsup (1, X, 1X) + 2¢ < 2.

n—o0 n—0oQo

As ¢ — 0, we obtain the conclusion. Similarly, for the concentration topology, we obtain
dconc(tan, IX) f dconc(lan» tVlX) + dCODC(lnX! tX) E dCO[lC(XVl! X) + ‘:’(tnX’ tX)

since the map t — dconc (1 X, 1Y) is nondecreasing and dcone < 0. Thus the map H is also
continuous with respect to the concentration topology. O

Lemma 5.2 The map H: I1 x [0, 1] — Il defined by
t
H(P,t) := F,(P), where F;(s):= min{s, ﬁ}’

for P € Tl and t € [0, 1] is continuous with respect to the weak topology, where we agree
that F1(P) = P and Fo(P) = * for any pyramid P.

Proof We take any {(Py, 1,)},2, C IT x [0, 1] converging to (P, t). The main result of [15]
implies that F;, (P,) converges weakly to F;(P) if t > 0 (see [[15], Corollary 1.5]). We
check only thatif t, — 0, then F;, (P,) converges weakly to * as n — oo. By Lemma 2.31,
for any « > 0, we have

n

41
ObsDiam(F, (Py): ~2kc) < 4F;, (ObsDiam(P,: —)) < ——"— = 0
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as n — oo. Therefore F; (P,) converges weakly to % as n — oo by Theorem 2.27. The
proof is completed. O

Remark 5.3 The map (P, t) — tP is discontinuous, in fact, tX = X for any t > 0. One
reason for this is that the function s — ts does not converge uniformly to 0 as t — 0. On
the other hand, the map (X, t) — F;(X), where F; in above lemma, is also continuous with
respect to both the box and concentration topologies.

Proof of Theorem 1.4 The maps in Lemmas 5.1 and 5.2 are deformation retractions of X’ and
IT onto {x}, respectively. Therefore these are contractible.

6 (X, ) is a geodesic space

The aim of this section is to prove Theorem 1.5. We prepare several tools due to the optimal
transport theory.

Definition 6.1 (¢-Subtransport plan) Let 1 and v be two Borel probability measures on a
metric space X. A Borel measure 7 on X x X is called a subtransport plan between p and
v provided that pry, 7w < w and pry, m < v, where pr;, i = 0, 1, is the projection given by
(x0, x1) > x;. For a subtransport plan r, the deficiency of 7 is defined to be

defr :=1—n(X x X).
A subtransport plan 7 is called an e-subtransport plan if it satisfies

suppm C {(x,x") € X x X | dx(x,x") <¢}.

Theorem 6.2 [Strassen’s theorem [[28], Corollary 1.28]] For any two Borel probability
measures 1 and v on a complete separable metric space X, we have

. There exists an e-subtransport plan 7w
dp(p, v) = inf {8 >0 | between . and v with def m < ¢ }

Let C,(X) be the set of all continuous bounded real-valued functions on a metric space
X, which is a Banach space with the supremum norm || - ||. It is well-known that the map

X2xm>dx(x, ) —dx(x, ) e Cp(X),

where X is a fixed point in X, is isometric. This map is called the Kuratowski embedding.

Proof of Theorem 1.5 Take any two mm-spaces X and X;. We construct a midpoint X 1
between X and X, that is,

1
O(Xo, X%) = (X1, X%) = ED(XO» X1)
(see [6], Theorem 2.4.16). Let r,, := O(Xo, X1) +n~ L. By Theorem 2.9, we have
dgp(2X0, 2X1) = O(Xo, X1) < 7,

hence there exists a complete separable metric space Z, such that both 2Xo and 2X; are
embedded in Z,, isometrically and

Zn
dp (I’onv MX]) <TIn.
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Moreover, by the Kuratowski embedding, Z, can be assumed to be a Banach space with
norm || - ||. By Strassen’s theorem, there exists an r,-subtransport plan m, between 1 x, and
wx, over (Z,, || - ||) with def m,, <r,. Wedefineamap M: Z, x Z, — Z, by

x0 + x1

M(xo, x1) = 5

on Z, by

and define a probability measure © In

1 1
w1, = M, + E(uxo — Pro, ) + 5(“"1 =PI, 7n).

[N}

Let us prove

1 .
de”(Mxi,u%,n) =< S 1= 0, 1.

We first find a subtransport plan between px, and Lo We define a measure g, on
Zy, X Zy by

1. )
70,0 = (Pro, M), + E(ldz,,, idz, )« ((xy — Pro.7tn)-

The measure mp , is a subtransport plan between px, and p Lo Indeed,

Pr0,7T0,n = ProyTtn + %(Mxo — ProeTtn) < HUXgs
pri,o.n = My, + %(MXO — Pro,Ttn) < KL e
Moreover, we have
70,0 (Zn X Zp) = m0p(Zy X Zy) + %(1 — 0 (Zn X Zn)) > 1 — %rn_

We verity that mg , is a (1/2)r,-subtransport plan. Take any (x, y) € suppmp , with x # y.
There exists (xg, x1) € supp m;, such that

x0 + X1

x=x90 and y= >

Then we have
Ix =yl = 51 <+
X — = —|lxo — x —ry.
y ) 0 1 _2n

Therefore 7, is a (1/2)r,-subtransport plan with def 7p , < (1/2)r,, which implies that

1
Zﬂ
dp” (xo 1) ) = 5Tn

by Strassen’s theorem again. Similarly, letting

1. .
T, = (M, pry)«m, + i(ldz”’ idz, )« (x, — Pry, ),

the measure my , is a (1/2)r,-subtransport plan between [ In and py, with defmy, <
(1/2)r, and hence

Zn 1
dp (I’LXI!I’L%’H) = Ern-
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Defining an mm-space
) 1
Xy, = sl oy,
this satisfies

1
Zn .
O(Xi. Xy,) = dop(2X:.2Xy ) < d"(ux oy ) < oree i =001,

We prove that {X !

prove that for any ¢ > O there exists a positive number A(g) such that for any n we have a
finite subset \V, of X | , with
3

F

212 is precompact with respect to the box topology. It is sufficient to

u%’n(Ua(N,,)) >1—¢, #N, <A(e), and diamN, < A(e)

(see [26], Lemma 4.28). Take a sufficiently small & > 0 such that 1 — r,, — 2¢ > 0 for every
sufficiently large n, heri: r, — (X, X1) < 1 asn — oo. There exist a finite subset Ay of
X0 and a finite subset N of X such that

pxoUeNo) = 1 —¢ and  pux,(Us (W) = 1 —e.
Let Zp and Z be the images of Np and N by the embeddings to Z,,, respectively, and define
Ny i =Z20UM(Zy x Z\)U Z1 C Zy,.

Note that #A,, < #Nj - #N] + #Np + #/N|. We have

7 (U2e (Z20) x Uze(21))

> n(Zn X Zn) — Pro,Ttn(Zn \ U2e(Z0)) — pr,7ta(Zn \ Uz (Z21))

> 1= ry = txy(Xo \ Us(N)) — pex, (X1 \ Us(N1)) = 1 =1y — 26 > 0,
which implies that there exists a pair (X, y) € supp 7w, N (Uz:(20) X Uz (Z1)). Moreover,

1M (xo, x1) — M(x, ) = %IIXO —xl+ %lel -yl = %diamZo + %diamzl +2e

for every (xg, x1) € Zp x Z;. Combining these implies that

diam N, < %diam 2o+ %diam Z1 4+ |x — 3|l +4e
< 3diam Ny + 3diam N} + r, + 4e
< 3diam Ay + 3diam A} + 2.
We verify that
1y (U2 N) = 1 =26,
Since Uy (M (Zy x Z1)) D M (U2 (Z9) x Ua:(Z1)), we have
g (U2e (N

1 1
>Mm, (Uze (M(20 % 21))) + E(I’on - Pro*ﬂn)(UZE(ZO)) + E(MX] - Prl*nn)(Uh(Zl))

1 1
>11, (Uz6(20) x Uze(21)) + E(MXO — pro,. ) (U2:(20)) + E(MXI — pr,.7) (U2:(21))
zﬂn(zn X Zn) — Py, 7T (Zn \ UZS(ZO)) - prl*”n(zn \ UZE(ZI))
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1 1
+ E(Mxo — pro,. ) (U2:(20)) + E(MX. = pr,.70) (U2:(21))
>x, (Us(NO)) + px, (Us(N)) — 1 > 1 — 2.

Thus {X 1 2Ine; is precompact. There exists a [J-convergent subsequence of {X 1 alney and
its limit, denote by X 1 satisfies

1
OXi, X1) = ED(XO,XO, i=0,1
The proof is completed. o

Remark 6.3 (1) The Gromov-Prokhorov distance dgp is also geodesic on X.
(2) Any geodesic metric space is locally path connected clearly. Hence X is locally path
connected in the box topology.

On (X, 0), a geodesic between two distinct mm-spaces is never unique and it branches
everywhere.

Theorem 6.4 For any two mm-spaces which are not mm-isomorphic, there exists a family
of uncountably many pairwise-disjoint [1-geodesics between them. Here, two geodesics are
disjoint ifthey do not intersect anywhere except the endpoints. In particular, every L1-geodesic
branches everywhere.

In order to construct a family of geodesics, we prepare the following lemma.

Lemma 6.5 Let {X;};c[0,1] be a U-geodesic from an mm-space X to an mm-space X and let
r := (Xo, X1). Take any r-Lipschitz function f: [0, 1] — [0, +00) with f(0) = f(1) =0
and any mm-space Z with 0 < diam Z < 1 and define an mm-space Y, t € [0, 1], by

Y; =X X0 f(D)Z.

Then {Y;}:ep0,1) is also [J-geodesic from X to X;.

Proof Take any s,t € [0, 1] and fix them. It is sufficient to prove that
O, Yo) <|s —t|r

by the triangle inequality. Since (X, X;) = |s — t|r, there exist a coupling w €
M(wx,, ix,) and a closed set § C X x X; such that

max{dis S, 1 —w(S)} = |s —t|r

by Lemma 2.10. Here we define a coupling 7" € TT(ux, ® iz, nx, ® nz) and a closed
subset §" C Yy x Y; by

m' = (pry, pr3, pry, pra)«(mr @ uz), S :={(x,z,y.2) | x.y) €S, z€Z}.
Then we see that
() =@ @uz)(SxZ)=n(S)=1—|s—1|r.
Moreover, for any (x, z, y, z), (x', z/, y', ') € §', we have

|max{dx, (x, x), f(s)dz(z, 2)} — max{dx, (v, ¥, f()dz(z, )}
< max{|dx, (x,x") —dx, (v, Y)I. 1 () = f(Dldz(z. 2)}

@ Springer



Geometriae Dedicata (2024) 218:68 Page 210f28 68

< max{dis S, | f(s) — f(O)}

< I|s—t1lr,
which implies that dis §” < |s — ¢|r. Therefore we obtain
O(Y,, Yy) <max{disS’, 1 —7'(S)} < |s —t|r
by Lemma 2.10 and then {Y¥;};¢[0,1; is a [J-geodesic. The proof is completed. O

Proof of Theorem 6.4 Let X and X; be mm-spaces and assume r := (X, X1) > 0. By
Theorem 1.5, there exists a U-geodesic {X;}¢(0,1] from X to X ;. We take a function f and
an mm-space Z satisfying the assumption of Lemma 6.5, e.g.,

f@) :=rmin{t,1 —¢t} and Z:=([0,1],]-], £h.
For any s, ¢t € [0, 1], an mm-space Y; ; is defined by
Yii =X X0 sf(1)Z.

By Lemma6.5, {Y; ;}¢[0,1 is a geodesic from X to X for every s. We prove that { ¥y ; }¢[0,1]
and {Yy }:e(0,17 are disjoint if s # s’. It is sufficient to prove that ¥; ; and Yy , are not mm-
isomorphic for any s,s’,¢ € [0, 1] with s < s’. The map ¢ := idx,xz is a l-Lipschitz
measure-preserving map from Yy ; to Y, ;. If Y, and Y, are mm-isomorphic, then the
map ¢ must be an isometry from Yy, to Y, in the same way as [26], Proof of Lemma
2.12, which is a contradiction to s < s’. Thus Y, and Y, ; are not mm-isomorphic to each
other. Therefore we obtain a family {r — Y ;}s¢(0,1] of uncountably many pairwise-disjoint
geodesics. The proof is completed.

Corollary 6.6 For any two mm-spaces X and X which are not mm-isomorphic and for any
t € [0, 1], the set

[(Xo, X1, :=={Z e X | O(Xo, 2) = tO0(Xo, X1) and O(X, Z) = (1 — HO(Xo, X1}
is not compact with respect to the box topology.

Proof Take a[J-geodesic {X;};c[0,1] from X to X1 and a function f satisfying the assumption
of Lemma 6.5. Then the mm-space

Zyp = X1 Xoo f(OUO, 1T, || - llos, £7), n=1,2,...

is in the set [Xo, X1]; for any n. However, this sequence {Z,}°2, has no [J-convergent
subsequence. Indeed, suppose that the sequence {Z,}7° | has a [J-convergent subsequence.
Then the sequence {([0, 11", || - [loo, £")}52, has a O-convergent subsequence (to an mm-
space) by [[26], Lemma 4.28]. On the other hand, [[26], Proposition 7.37] implies that this
sequence converges weakly to a pyramid which is not an mm-space. These contradict each
other. This completes the proof. O

Remark 6.7 (1) Theorem 6.4 shows that the Alexandrov curvature of X is not bounded from
below nor from above with respect to the box metric L.

(2) In the Gromov-Hausdorff space case, one can see the analogous statements of Lemma
6.5 in [[13], Proposition 5.3] and of Corollary 6.6 in [5]. The construction of a family of
geodesics on the Gromov-Hausdorff space has studied in [13, 21].
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7 X and I are locally path connected

The goal of this section is to prove Theorem 1.6. For the concentration and weak topologies,
it is difficult to obtain a geodesic at present, but it is possible to construct a continuous path
in a small ball. We prepare some lemmas to prove Theorem 1.6.

Proposition 7.1 Let Xo and X1 be two mm-spaces with Xo < X1 andlet f: X1 — Xo bea
1-Lipschitz measure-preserving map. For any 0 <t < 1, we define a metric dx, on X1 by

dy,(x,x") = (1 = D)dx, (f(x), f(X) +1dx, (x, "), x,x" € X1,
and define an mm-space
X, = (X1, dx,, ux,)-
Then the map [0, 1] > t — X; is a U-continuous path from Xq to X1 and is monotone with

respect to the Lipschitz order, that is, X < X; forevery) <s <t < 1.

Proof For any s,t € (0, 1] with s < ¢, since dy, < dyx,, we have X; < X;. Moreover, for
any ¢t € (0, 1], the map f is also 1-Lipschitz with respect to dx, and dx,, which implies
Xo < X;. Thus we obtain the monotonicity of t — X;.

We next prove the (uniform) continuity with respect to L. We take a real number ¢ > 0.
By the inner regularity of uy,, there exists a compact subset K C X such that

MXI(K)El—S-

If two real numbers s, € [0, 1] satisfy |s — #| < (diam K)~'e, then O(X,, X;) < ¢
holds. Indeed, in the case of s,t € (0, 1], letting w := (idyx,,idx,)«px, and S :=
{(x,x) ’ X € K},We have 7 (S) = ux,(K) > 1 — ¢ and

disS = sup |dx,(x,x") —dx, (x,x)|

x,x'eK

=|s —t| sup |dx, (x,x") —dx,(f(x), f(x')]

x,x'eK

<|s —t|diam K <.

Thus we obtain (X, X;) < & by Lemma 2.10. Similarly, if s = 0, then we just put
= (f,idx,)«px, and S := {(f(x),x) | X € K}. The proof is completed. O

Proposition 7.2 Let P be a pyramid and let ¢ > 0. There exist an mm-space X € P and a
p-continuous path y : [0, 1] — Il joining Px and P such that

p(y(@®),P)<e and y(t)CP
forallt € [0, 1].

Proof Let {Y,,}°°_, be an approximation of 7. By Proposition 7.1, for each m, there exists
a U-continuous path y;, : [0, 1] — X from Y, to Y,,41 with ¥y, < v, (t) < Yy forall 7.
We define amap y: [0,1) — II by

y() i= Py o-ami—p) ifl1—2""""<r<1-27m

Since Y,,, converges weakly to P as m — oo, y () converges weakly to P as ¢ — 1. Thus y
is a p-continuous path from Py, and P with y(t) C P for all ¢. Cutting y if it is required,
we obtain the desired one. O
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Proof of Theorem 1.6 We first prove that X with the concentration topology is locally path
connected. If not, there exist an mm-space X, a real number ¢ > 0, and a sequence {Y, n};'lozl
of mm-spaces concentrating to X such that for any dcopc-continuous path y: [0, 1] — X
from Y), to X, there exists ¢ € [0, 1] such that

deonc (Y (1), X) > ¢.

By Proposition 2.22, there exists a sequence {Z,} > of mm-spaces [J-converging to X

with Z, < Y, for every n. By Proposition 7.1 and Theorem 1.5, for each n, there exist
O-continuous paths y,! and 3, such that

° ynl : [0, 1] — X joins Y, to Z,, and satisfies Z,, < ynl (t) <Y, forany0 <t <1,
° ynz: [0, 1] — X is a [-geodesic from Z, to X.

Joining the two paths ynl and ynz, we obtain a continuous path from Y, to X. By the assumption
and by
limsup sup deonc(y; (1), X) < lim O(Z,, X) = 0,
n—oo

n—o0o 1ef0,1]

there exists {£,}°2 | C [0, 1] such that

dconc(ynl (t:), X) > ¢

for any sufficiently large n. On the other hand, {ynl (tn)}52 | must concentrate to X asn — 00.
Indeed, since Z, < )/nl (tn) < Y, for all n and both Y,, Z, concentrate to X, any limit P of
a weak convergent subsequence of {y”1 (tn)}52 satisfies Py C P C Py, which implies that
ynl (ty) concentrates to X as n — oo. This contradicts alconc(ynl (tn), X) > &. Therefore X is
locally path connected in the concentration topology.

We next prove that IT is locally path connected. The outline of the proof is same as that in
the first half. Suppose that IT is not locally path connected. There exist a pyramid P, a real
number ¢ > 0, and a sequence {P,}°° , of pyramids converging weakly to P such that for

n=1

any p-continuous path y : [0, 1] — IT from P, to P, there exists ¢ € [0, 1] such that
py (@), P) > e.

For every m and n, by Proposition 7.2, there exist mm-spaces X,, € P, Y, € P, and
p-continuous paths ynl and y,ﬁ such that

° ynl : [0, 1T — TII joins P, to Py, and satisfies ,o(ynl(t), P,) <n~! for any 0 <r < 1.
° y,ﬁ: [0, 1] — TT joins Py,, to P and satisfies ,o(y,i(t), P) < m~! for any0 <t <1.

In particular, {Py, }°2 | converges weakly to P. Thus, by the definition of the weak conver-

gence, for any m, there exists a sequence {Z,,, }oc ; of mm-spaces such that

lim O(Zyup, Xm) =0 and Z,, <Y, forevery n.

n—00
For every m, we choose n = n(m) as

OZmn(my. Xm) <m™"and  lim_n(m) = oo,

and put

Yoo ' =Yum), Zm = Zpnm), and ynll = ynl(m).
By Proposition 7.1 and Theorem 1.5, for each m, there exist [l-continuous paths ,2 and y,>

such that
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° y,%: [0, 1] — X joins Y,, to Z,, and satisfies Z,, < y,fl #) <Y, forany0 <t <I.
° yn31 : [0, 1] = X is a [J-geodesic from Z,, to X,,,.

Joining the four paths y,}, 2, ¥, and y;}, we obtain a p-continuous path from Py, = Py (m)
to P. By the assumption and by

lim sup p(y)(r),P) = lim sup
m—=>0re(0,1] Mm—=>00te[0,1

P, P) = lim sup p(y, (1), P) =0,
] m=00¢¢[0,1]

there exists {t,,}0-_, C [0, 1] such that

P2 (tm), P) > &

for any sufficiently large m. On the other hand, {y,2 (tm)};,_, must converge weakly to P as
m — oo in the same discussion as above. These contradict each other. Therefore IT is locally
path connected. The proof of the theorem is completed.

Theorems 1.4 and 1.6 together imply Corollary 1.7 directly. We recall the Peano space
through the following theorem.

Theorem 7.3 (Hahn-Mazurkiewicz theorem, cf. [[29], 31.5]) A Hausdorff space is compact,
connected, metrizable, and locally connected if and only if it is a continuous image of the
unit closed interval [0, 1]. (Such a space is called a Peano space.)

8 Revisit the weak topology on I

Let X be a Hausdorff space and let 7 (X) be the set of all closed subsets of X.
We recall that for a given net {A;}ieca in F(X), the upper closed limit and the lower
closed limit of {A) },en are defined as

Ls A, = {x c X | For any neighborhood U, of x and for any A € A, } ’

there exists A" > A such that U, N A;, # @.

For any neighborhood U, of x, there exists A € A }

Lidy = {x €X | such that U, N A,/ # @ for every A’ > A.

Note that Ls A; and Li A, are closed subsets of X and Li A;, C Ls A;. A element of Ls A,
is called a cluster point of {A; },ca and a element of Li A, a limit point. In the case that X
is a metric space with metric d, we see that

LsA, = {x € X | liminf, d(x, A;) =0} and Li A, = {x € X | limsup, d(x, A;) =0},
where liminf; a, := sup,cp infy>y @y and limsup, a; := infica sup,/s; an for a net
{a).}ren of real numbers.
Definition 8.1 A net {A} },ca Kuratowski-Painlevé convergesto A € F(X) provided that
LiA)\ = LSA}L = A.

It is well-known that the Kuratowski-Painlevé convergence is topological (that is, there
exists a topology achieving the convergence) if and only if X is locally compact (see [23]).
On the other hand, the finest topology whose convergence is weaker than the Kuratowski-

Painlevé convergence always exists. This topology, write 7K, is called the topologization of
the Kuratowski-Painlevé convergence, or convergence topology historically.
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We next recall the Fell topology tr on F(X). The Fell topology is deeply related to the
Kuratowski-Painlevé convergence. This topology is determined by the following subbase:

{{Ae F(X): ANV #0} | Visopen}U{{AeF(X):ACX\K} | K iscompact} .

The Kuratowski-Painlevé convergence implies tp-convergence, so that tg C K. If X is
locally compact, then the tr-convergence implies the Kuratowski-Painlevé convergence con-
versely. In this case, the Fell topology achieves the Kuratowski-Painlevé convergence.

We review some terms for topological spaces. A topological space is said to be T if for
every two distinct points, each has a neighborhood not containing the other point. And it is
said to be sequential if for any subset S, the set of the limit points of sequences (indexed by
the natural numbers) in § is closed. The quotient space of a metric space is sequential and
the converse is also true. The known results used in this paper are listed as follows.

Theorem 8.2 (Mrowka’s theorem, cf. [[3], Theorems5.2.11 and5.2.12]) Let X be a Hausdorff
space. Any net {A; }ren in F(X) has a Kuratowski-Painlevé convergent subnet. Moreover,
if X is second countable, then any sequence {A,};2, in F(X) has a Kuratowski-Painlevé
convergent subsequence.

‘We remark that a subnet of a sequence is not necessarily a subsequence. Mrowka’s theorem
says the compactness and the sequential compactness of both tr and 7K.

Theorem 8.3 (cf. [[3], Proposition 5.1.2], [[8], 4A2T(b)(i)]) Let X be a Hausdorff space.
Then the following (1) and (2) hold.

(1) Both tg and tK are T.
(2) tr is Hausdorff if and only if X is locally compact.

Theorem 8.4 ([4], Theorems 3.12 and 3.13) Let X be a metrizable space. Then the following
(1)—(3) hold.

(1) K is sequential if and only if X is separable.

(2) K = g if and only if X has at most one point that has no compact neighborhood.

(3) tr is sequential if and only if X is separable and X has at most one point that has no
compact neighborhood.

Theorem 8.5 (cf. [3], Theorem 5.2.10) Let X be a first countable Hausdorff space and let A
and Ap,n = 1,2, ..., be aclosed subsets of X. Then {An}fl"=1 tR-converges to A if and only
if {An}52 | Kuratowski-Painlevé converges to A. In particular, a limit of any tg-convergent
sequence is unique.

We now consider the space F (X, [J). Theorem 1.1 and some properties of (X, [J) imply
that

o the Kuratowski-Painlevé convergence on F (X, UJ) is not topological,

e (F(X,0), tr) is compact and 77, but neither Hausdorff nor sequential,
e (F(X,0), K) is compact, Ty, and sequential,

o 11 C 7K,

e 7 and 7K are sequentially equivalent on F (X, [J).

Remark 8.6 (1) tK is the sequential modification of the Fell topology 7r. The sequential
modification of a topology is a stronger topology whose open sets consist of all sequen-
tially open sets of the original topology.
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(2) Viewing K from another angle, if X is a metrizable space, then tK is the infimum of the
Wijsman topologies tw,, where d runs over all compatible metrics on X. For a metric
space (X, d), the Wijsman topology tw, on F(X) is the weakest topology such that the
function A +— d(x, A) on F(X) is continuous for every x € X. Here, if there exists a
compatible metric 4 on X such that TK = tw,, then X must be locally compact (see
[2]). Over (X, 0), there is no minimum of the Wijsman topologies.

(3) The authors do not know whether (F (X', 1), TK) is Hausdorff or not.

We now prove Theorem 1.8.

Proof of Theorem 1.8 Since both IT and (F (X, (), tK) are sequential, it is sufficient to prove
that, for any sequence {P,};2 | of pyramids, the weak convergence and the TK-convergence
coincide with each other. Actually, these coincide with the Kuratowski-Painlevé convergence

by Definition 2.18 and Theorem 8.5, respectively. This completes the proof.
The final topic in this paper starts with the following fact.
Proposition 8.7 ([26], Corollary 6.15) Any pyramid is dconc-closed.
This means that [T C F(X, deonc) C F (X, ). The following observation is interesting.

Proposition 8.8 The Kuratowski-Painlevé convergence on F (X, 1) and F (X, dconc) coin-
cide for any sequences of pyramids.

Proof Let {P,};2 | be a sequence of pyramids. We denote by Lsj P, and Liry P, the upper
closed limit and the lower closed limit with respect to the box distance function L. Similarly,
we denote by Lscone Py and Licone P, them with respect to the observable distance function
dconc. Since deone < [,

LsgPn C Lsconc P and  Lig P, C Licone Pa

are trivial. We prove Lscone P C Ls Py Let X € Lscone Pr- Then there exist a subsequence
{ni}2, of {n} and mm-spaces X; € Py;, i = 1,2,... such that X; concentrates to X as
i — o0. By Proposition 2.22, we find a sequence {Y¥;}72, of mm-spaces [J-converging to X
with ¥; < X; for every i. Since Py, is a pyramid, we have ¥; € P,, and hence

lim inf (X, P,) < liminf (X, P,,) < lim O(X, ¥;) =0,
n—oo I—00 1—00

which implies that X € Lsg P,. We obtain Lscone P C Lsg Py, Similarly, Licone P C
Lig P, is obtained. The proof is completed. O

Remark 8.9 Propositions 8.7 and 8.8 claim that the concept of pyramids is completely the
same if the box distance [J is replaced by the observable distance dconc in Definitions 2.17 and
2.18. It seems more natural to define it in terms of dqonc as a compactification of (X, dconc)-
What is rather amazing is that the theory is developed by replacing dconc into [J.

Proposition 8.8 leads to another embedding as follows.

Theorem 8.10 The inclusion map T1 > P +— P € (F(X,dconc), TK) is a topological
embedding map.

Note that (F(X, dconc), TK) is also compact, 71, and sequential. This 7K is just the
topologization of the Kuratowski-Painlevé convergence over (X, dconc) Which is unrelated
to (F (X, 1), tK) by definition.
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9 Further questions

The following question remains.

Question 9.1 Is X with the concentration topology o -compact? Is [T\ X a G5 subset of [1?
Is IT \ X completely metrizable? These questions are equivalent to one another.

Question 9.2 Are (X, dconc) and (I1, p) geodesic spaces?

Question 9.3 1s (F(X, ), tK) Hausdorff (metrizable)?

Question 9.4 1s there a relation between (F (X, [J), tK) and (F (X, deonc), TK)?

Question 9.5 Can I1 be embedded into (F (X, UJ), tr) or (F(X, 1), twy) topologically?
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