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Abstract

Branched coverings boast a rich history, ranging from the ramification of Riemann surfaces to
the realization of 3-manifolds as coverings branched over knots and spanning both geometric
topology and algebraic geometry. This work delves into branched coverings “a la Fox” of
(G, X)-manifolds, encompassing three main avenues: Firstly, we introduce a comprehensive
class of singular (G, X)-manifolds, elucidating elementary theory paired with illustrative
examples to showcase its efficacy and universality. Secondly, building on Montesinos’ work,
we revisit and augment the prevailing knowledge, formulating a Galois theory tailored for
such branched coverings. This includes a detailed portrayal of the fiber above branching
points. Lastly, we identify local attributes that guarantee the existence of developing maps for
singular (G, X)-manifolds within the branched coverings framework. Notably, we pinpoint
conditions that ensure the existence of developing maps for these singular manifolds. This
research proves especially pertinent for non-metric singular (G, X)-manifolds like those of
Lorentzian or projective nature, as discussed by Barbot, Bonsante, Suhyoung Choi, Danciger,
Seppi, Schlenker, and the author, among others. While examples are sprinkled throughout, a
standout application presented is a uniformization theorem “a la Mess” for singular locally
Minkowski manifolds exhibiting BTZ-like singularities.
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1 Introduction
1.1 Some motivational examples

Consider H the hyperbolic plane and Isom™ (H) ~ Og(1, 2; R) >~ PSL(2; R)! its group of
direct isometries. The quotient of H by a geometrically finite discrete torsion-free subgroup
of Isom™ (Hl), say I', gives a locally hyperbolic manifold, a H-manifold, say X := I"\H.
Such a X' admits a developing map D : Y > Handa holonomy homomorphism p :
m1(X) — Isom™ (H) where 5 is the universal covering of X and 7 (X) its fundamental
group. If, furthermore, the holonomies of the ends of X are parabolic, then one can associate
to each end an ideal point “at infinity”, effectively compactifying X to some X (which is the
Freudenthal compactification [23] of ). The geometric model (Isom™ (H), H) is an instance
of a geometric structure in the sense of Ehresmann [24], popularised by Thurston [48] and
others [2, 12, 13, 25, 29, 40, 43] ie a couple (G, X) where X is a locally path-connected
Hausdorff topological space and G is a group acting analytically on X by homeomorphisms.
Here “analytically” means that for all g, 2 € G, if the restrictions to any nontrivial open
subset U of g and h agree, then g = h. A (G, X)-manifold is then a second countable

! The index 0 indicates the connected component of identity.
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Hausdorff topological space M endowed with an atlas whose change of charts lies in G. The
existence of a developing map from the universal covering of such a manifold M to the model
space X and of a holonomy from its fundamental group to the model group G is a general
property as long as the universal covering exists.?

The manipulation of such points “at infinity” (or even irrational conical singularities),
though legal and quite simple in this specific context, requires some additional care in the gen-
eral setting of (G, X)-manifolds especially if one considers nonmetric analytical structures
such as conformal structures, Lorentzian structures or affine structures ie, (Aff(R"), R")-
structures. Compactifications and completions are not (G, X)-manifolds anymore but rather
“singular” (G, X)-manifolds. The notion of singularity is not a unified concept: singularities
are usually described in a specific context, making clear what those singularities entail. Most
“singularities” arise either via

— completion or compactification procedures as presented above (see also [17, 20]);
quotienting a regular (G, X)-manifold by a discrete group acting properly discontinu-
ously by automorphisms [34];

gluings of simplices of the model space X (when it makes sense) [8, 26],

suspensions such as presented in [5, 47].

In all instances, the regular locus is open and dense. Additional properties are, however,
required for any weak form of analyticity to hold. In fact, consider X = R? and G either
Isom(E?) ~ 0,(R) x R? or Aff(R?) ~ GL,(R) x R? acting as usual on R2: then consider
the manifold M = R? together with the (G, X)-structure induced by the atlas composed of a
unique chart Id : RZ\S — R?\ S for some subset S. If S is a singleton, using the metric, it is
easy to check that one can extend uniquely the flat metric structure to the whole R%. The same
statement is true in the affine case. However, if S is a line segment, say S = {0} x [—1, 1], the
uniqueness of the atlas extension can be proved only in the metric case, while in the affine
case, uniqueness fails. More precisely, in the affine case, one can add any one of the charts

Rx]—1,1 — Rx]—1,1[
Ot |, ), x 20— (Ax,y) , A, >0,
x,y),x >0 rH— (ux,y)

The new regular locus is then the complement of two points, and its holonomy is trivial if and
only if A = . In any case, different extensions of the initial atlas give rise to inequivalent
affine structures.’

1.2 Singular (G, X)-manifolds and branched coverings

We show that an efficient definition for singular (G, X)-manifold is that they have a (G, X)-
atlas defined almost everywhere in the sense that its support is portly: open, dense and locally
connected in the whole manifold.* The complement of a portly subset is called skeletal. In
Sect. 2, we write a primer on such singular (G, X)-manifolds, generalizing elementary results
to this context, showing that this definition is satisfactory.

2 In [24] elements of proof are presented for G a Lie group acting on a manifold X, a careful proof for the
group of conformal transformations or isometries of a Riemannian manifold see [35] or [25]. The generality
considered here is contained in neither reference, but the arguments still work [16].

3 If however we only consider extensions of the (G, X)-atlas which are defined on the whole R? then in both
cases the extension is unique.

4 Asubset Y C X is locally connected in X if for all open connected VW C X, the intersection YW N Y is
connected.
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Beyond elementary analyticity statements, we would like a good notion of developing
map, holonomy, and universal covering for singular (G, X)-manifolds. A natural first step
in this direction is to consider, for some singular (G, X)-manifold M, the universal covering
/Rz:g(M ) of its regular locus Reg(M), which gives rise to a map Ti\e_g(M ) — M, then try to
completeﬁ\e_g(M ) in a natural way.

We argue that Fox has provided this natural way in the 1950s [27, 33] with the notions of
spread, complete spread, and completion of spread and then extended to include branched
coverings; we refer the interested reader to Montesinos [39] for an up to date review. We shall
recall fundamental properties of coverings a la Fox as well as extend it in two directions.
First, we define a Galois Theory of branched coverings with the important addition of a
characterization of Galoisian universal branched coverings above given loci. In particular, we
prove in Proposition 3.52 that for a Hausdorff, connected, locally path-connected topological
space X, the universal covering branched above a skeletal locus S is Galoisian if and only if
X\S is semi-locally simply connected in X in a sense we will define. Second, we give a path
space description of the universal covering branched above a given locus akin to that of the
universal unbranched covering; see Theorem 2. To this end, we introduce a notion of almost
trivial loop. Most intermediary results and definitions presented are folkloric; however, to the
author’s knowledge, most are not presented in the generality considered in the present work,
and the notion of “semi-locally simply connected in” is new as well as the path description
of the maximal branched covering.

Coming back to singular (G, X)-manifolds, we introduce the classes of tame singular
(G, X)-manifolds and virtually tame singular (G, X)-manifolds that admit natural develop-
ing maps. We prove localization Theorems to ensure those global properties can be efficiently
derived from local ones. See Theorems 4 and 5.

1.3 General references

We use freely standard notions from general topology (separation and countable basis
hypotheses, compact-open topology), algebraic topology (first fundamental group, semi-
local simple connectedness, Galois correspondence, etc.), group actions and category theory
(categories, commutative diagrams, projective limits). We refer the reader uncomfortable with
some of these notions to reference texts [14, 15, 32, 41, 46, 50]. Thurston’s book [48] contains
many intuitions and constructions; however, the only reference textbook on the fundamentals
of (G, X)-manifolds is Goldman’s book [30]. Benzecri thesis [7] as well as Ratcliff’s [43]
and Bonahon’s [13] books which include some metric background in the (G, X)-manifold
context and some elementary account of conical singularities. However, our assumptions
may be slightly more general at times. We may also refer to the (yet unpublished) book of
Choi [20]. Having a particular interest in Lorentzian manifolds, the author kindly asks the
reader to pardon his tendency to draw nontrivial examples from those. The reader unfamiliar
with the geometry of Lorentzian manifolds may find useful [3, 42].

2 Singular (G, X)-manifolds (I): bases and examples

We give ourselves some analytical structure (G, X), ie, a connected, locally connected, Haus-
dorff topological space X together with a faithful action of a group G by homeomorphisms
such that for all ¢y, ¢» € G and all nontrivial open subset &/ C X if the actions of ¢
and ¢ agree on U they agree on X. A (G, X)-atlas on a topological space M is a family
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Ui, Vi, ¢i)ier where for all i € I, U; is an open subset of M, V; is an open subset of X
and ¢; : U; — V; an homeomorphism, with the property that for all i, j € [ such that
U; NU; # @ and for all connected component W of U; N U}, there exists a ¢ € G such that
¢ o pijw = @j)w. By analyticity of (G, X), such a ¢ is unique. The support supp(A) of
such an atlas A is defined as the union of the I/;. A (G, X)-manifold is a second countable
Hausdorff topological space M endowed with a (G, X)-atlas whose support is M.

The simplest example of singularities occurring in the literature of (G, X)-manifolds are
conical singularities in homogeneous Riemannian manifolds.

Example2.1 Let « > 0 and n > 2, define E], = R"2 x R? endowed with cylindrical
coordinates (z, 7, 0) € R"%2 xR xR/Z and the Riemannian metric g = dz?+dr?4ar2d6?.
This Riemannian metric is well-defined and locally Euclidean on the complement of the
domain {r = 0}. One can thus endow the domain {r > 0} witha (E", R" x SO(n))-structure.
However, this geometric structure cannot be extended to the whole R" except for o = 2.
An obstruction is given by the holonomy p : 71 ({r > 0}) = Z — R" x SO(n), indeed p(1)
is the rotation of angle o which is non trivial when o ¢ 27 N*,

In the previous example, manifolds with conical singularities have an underlying metric
space structure that gives a natural notion of isomorphism class. In a way, the author feels
that such an underlying structure distracts from the fact that the notion of isomorphism
between singular (G, X)-manifolds does not depend on such metrics and is actually more
general. Gluing projective polyhedra leads to “singular” projective manifolds, and it would
feel “unnatural” to define isomorphism classes for such manifolds based upon some metric
choice. As an illustration of the richness of nonmetric singularities and their usefulness,
we wish to refer, for instance, to [5] for a fundamental study of conical 2 4+ 1 Lorentzian
singularities or [19, 22] for their role in geometric transitions.

The present section is devoted to the most basic definitions and properties of the notion of
singular (G, X)-manifolds we introduce. It encompasses most singularities of the literature,
and we show some elementary properties ensuring the theory of such manifolds works well.

2.1 Topological preliminaries

Recall that for X a topological space, a subset U/ C X is locally connected in X if for all
open connected VW C X, the intersection W N U is connected. Note in particular that if X is
connected, then I/ is connected.

Definition 2.2 (Portly/skeletal subset) Let X be a Hausdorff locally connected topological
space, a subset U/ of X is portly (in X) if ¢ is open dense and locally connected in X. A
subset S C X is skeletal if its complement in X is portly.

Example 2.3 The following examples of S are skeletal in X.

S finite and X a surface;

S a tame knot in a 3-manifold X;

S the k-skeleton of a pure n-dimensional simplicial complex X withk <n — 2;
S a Cantor set wildly embedded into an n-manifold X.

Portly subsets have nice properties, the proof of which relies on usual connectedness and
density arguments and are thus left to the reader, most can be found in [16, 27, 33, 37].
Consider a locally connected Hausdorff topological space X .
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— finite intersections of portly subsets are portly;

— iftd C V,U isportly in X and V is open, then V is portly (hence unions of portly subsets
are portly);

— if Y C V and U is portly in X then U/ is portly in V;

— if ¢/ is portly in V and V is portly in X then U/ is portly in X;

— locally portly subsets are portly (ie if ({4;);c; is a family of open subsets and for each
i € 1,V; CU;is aportly subset of If;, then | J;; Vi is portly in |J;c; Ui);

—if X —f> Y is a local homeomorphism and &/ C Y is portly in ¥ then f~! (1) is portly in
X

—ifX EA Y is a continuous open surjective and &/ C X is portly in X then f () is portly
inY.

2.2 Almost everywhere (G, X)-atlases

The objects of this section are a.e. (G, X)-atlases, which are the first step toward (G, X)-
structures defined almost everywhere.

Definition 2.4 An almosteverywhere (G, X)-atlas on a topological space M isa (G, X)-atlas
supported by some portly subset of M.

In order to avoid caveats, we need to build suitable maximality properties for such (G, X)-
atlases. We can first extend the usual properties to this context. A (G, X)-atlas is complete if
forall U,V,¢) € Aand all i/’ C U we have U, ¢(U'), o) € A. We can complete
any (G, X)-atlas by adding missing sub-charts; the completed atlas is still a (G, X)-
atlas. In our context, a (G, X)-atlas A = (U;, V;, ¢i)ies 18 thinner than a (G, X)-atlas
B= U, V}, d)}) jey if the support of A is a subset of the support of 5 and for all p € supp.A
and all j € J such that p € Z/{j’-, there exists g € G andi € I such that p € U; C I/{} and
¢i =go qb;‘u’_. Notice that if such an A is thinner than such a B, then the completion of A
is still thinner than B.

What we need and now provide is the flexibility to manipulate atlases that are defined up
to some “negligible set” akin to the similar notion in measure theory.

Lemma 2.5 Let N be a locally connected topological space. Let (By)rekx be a family of a.e.
(G, X)-atlases on N. Assume for all (k, k') € K2, there exists an a.e. (G, X)-atlas A such
that A is thinner than both By and By .

Then, the union | Jycg Bk is an a.e. (G, X)-atlas.

Proof Let k, k" € K and write By = U, Vi, ¢i)iciy and By = Ui, Vi, di)ierxy- Let
i € 1(k), j € I(k') such that U; NU; # ¢ and let W C U; NU; be an open connected non
empty subset. Let A be an a.e. (G, X)-atlas supported by some portly subset M C N which
is thinner that both 5y and By/. Without loss of generality, we assume that A is complete.

— Consider p € W N M and a chart U, V, @) of A around p such that Y C W. The
existence of such a chart is guaranteed since A is complete and thinner than By, By . Let
W C U be an open connected neighborhood of p. There exists unique g, 2 € G such
that

dw =godiw dw =hodjw,

hence

djw = (h~'g) o gipw.
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Define g, 1, = h~!g so that diw = &p.u,w © Pipw-

— We show that g, 14,v depends neither on ¢/ nor on W nor on p.
Fixing p € WNM ,consider (U, V, ¢) and U', V', ¢') two charts of A on a neighborhood
of paswellas W and W’ two open connected neighborhoods of p inif and U’ respectively.
Since

VX e siOVOW),  gpuw ) = ¢ (b (X)) = gpurw (%)

we thus have g,y w = gpur, ' 80 gp = gp,u,w only depends on p. Furthermore,
if ¢ € W, we prove the same way that g,/ w = gpu,w- Finally, the map W N
M — G, p > g is locally constant. Since M is portly and since W is connected, the
intersection YW N M is connected and p > gp is constant on Wn M.

— We proved there exists g € G such that

Ve MNW, ¢;(x)=godi(x)

Since ¢;, ¢ and g are continuous, X is Hausdorff and M is dense, the intersection WNM
is then dense in WV and

¢iw = 8o w-
Finally, By U By is an a.e. (G, X)-atlas, moreover k, k' € K are arbitrary thus UkeK By is

an a.e. (G, X)-atlas. ]

Corollary 2.6 Let M be a locally connected Hausdor{f topological space. Consider the set £
of a.e. (G, X)-atlas A on M ordered by A < B if the completion of A is thinner than .
Then, for every A € & the maximum

max (B : A<Be¢&})
is well-defined.

Proof By Lemma 2.5, this maximum is Jz- 4 B. ]

2.3 Category of singular (G, X)-manifolds

Definition 2.7 An a.e. (G, X)-structure on a topological space M is an a.e. (G, X)-atlas on
M which maximal in the sense of Corollary 2.6.

Definition 2.8 A singular (G, X)-manifoldis alocally connected Hausdorff second countable
topological space M endowed with an a.e. (G, X)-structure.

The support of its a.e. (G, X)-atlas is called its regular locus denoted Reg(M), and the
complement of Reg(M) is called the singular locus denoted Sing(M).

Definition 2.9 (a.e. (G, X)-morphism) Let M and N be two singular (G, X)-manifolds.
An a.e. morphism ¢ : M — N is a continuous map such that there exists portly subsets
U C Reg(M) and V C Reg(N) such that ¢||2{) U — Visa (G, X)-morphism.

Remark 2.10 Composition of a.e. (G, X)-morphisms is an a.e. (G, X)-morphism. The cate-
gory SingGX of singular (G, X)-manifold, which morphisms are a.e. (G, X)-morphisms, is
then well defined. Isomorphisms of singular (G, X)-manifolds are then maps that are both
homeomorphisms and a.e. (G, X)-morphisms.
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Remark 2.11 A.e. (G, X)-morphisms are analytical: if two are equal on an open set, they are
equal everywhere.

Remark 2.12 Let M — N be a continuous map between singular (G, X)-manifolds. The
following properties are equivalent.

(1) fisana.e. (G, X)-morphism;
(i) f islocally an a.e. (G, X)-morphism;
(iii) fjz¢ is an a.e. (G, X)-morphism for some portly set i/ C M.

Lemma 2.13 Let M and N be singular (G, X)-manifolds and let f : M — N an be a.e.
(G, X)-morphism. Let £ be the set of open subsets U C Reg(M) such that f(U) C Reg(N)
and fllzfeg(N) is a (G, X)-morphism.

Ordered by the inclusion, £ has a maximum.
Proof Let Uy := |J; ce U, the map fllzjlz)eg(N) is locally a (G, X)-morphism hence a (G, X)-
morphism. Finally, Uy € £ is certainly the maximum. O

Definition 2.14 Let M and N be singular (G, X)-manifolds and let f : M — N an a.e.
(G, X)-morphism. The maximal open subset of M on which f induces a (G, X)-morphism
is the regular locus of f, which we denote by Reg( f).

The following properties give characterizations of Reg( f) in typical situations, limiting
what can go wrong.

Lemma2.15 Let M and N be singular (G, X)-manifolds and let f : M — N an a.e.
(G, X)-morphism. Then,

Reg(f) = Reg(M) N £~ (Reg(N)).

Proof The left-hand side is clearly included in the right-hand side. Via restrictions to charts,
it suffices to prove the special case of N = X hence M = f~!(Reg(N)).

Let x € Reg(M) and let (U4, V, ¢) be a connected chart around x. The map f o ¢~
induces a (G, X)-morphisms from ¢(U N Reg(f)) to X. Since Reg(f) is locally connected
in M and U is connected, ¢ (U N Reg(f)) is also connected and there exists a unique g € G
such that

1

Vy € o NReg(f)), fop '(y)=gW).

Since ¢ : U4 — V is a homeomorphism and &/ N Reg( f) is dense in U, then ¢(Reg(f) NU)
is dense in V. Since f o ¢~ ! is continuous, we have

Vyed, f(y)=gop®).
Finally, f is a regular on /. The result follows. O
Lemma2.16 Let M i> N be a continuous map with M locally connected Hausdorff topo-
logical space and N a singular (G, X)-manifold.

If f is a.e. alocal homeomorphism, there exists a unique a.e. (G, X)-structure on M such
that f is an a.e. (G, X)-morphism.
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Proof Let O C M and P C Reg(N) both portly such that f‘lg is a local homeomorphism.

By usual results, there exists a unique a.e. (G, X)-structure A supported on O such that
fllg is a (G, X)-morphism. Since O, P are portly, we thus defined an a.e. (G, X)-structure
on M such that f in an a.e. (G, X)-morphism.

Assume that M is endowed with an a.e. (G, X)-structure 3 supported on some portly
subset O C M such that f‘lop, is a (G, X)-morphism. In particular fl\(j;/(r?(;mO) isa (G, X)-
morphism, therefore the Aono = Bjono. By Corollary 2.6 and maximality A = B and
0=0. o

Definition 2.17 With the notations of Lemma 2.16, the unique a.e. (G, X)-structure f*.4 on
M is called the pullback by f of the a.e. (G, X)-structure A of N.

Corollary 2.18 Let L 4, M 2 N be locally connected, Hausdorff topological space. And
let A be an a.e. (G, X)-structure on N. Then f*g* A = (go f)*A.

Lemma2.19 Let M and N be singular (G, X)-manifolds and let f : M — N an a.e.
(G, X)-morphism. Then,

Reg(f) = Reg(M) N {x € M | f is a local homeomorphism around x}

Proof By definition, Reg(f) C Reg(M), furthermore a (G, X)-morphism is always a local
homeomorphism; therefore, the left-hand side is included in the right-hand side. Furthermore,
let A, B be the a.e. (G, X)-atlases of M, N respectively. Since f is a.e. a (G, X)-morphism,
then itis a.e. alocal homeomorphism; we may thus apply Lemma 2.16 to show that f*B = A.
In particular, if fllbli is an homeomorphism for some U/, V then Reg(Uf) = f -1 (Reg(V)) NU
and f : Reg(d) — Reg(V) is a (G, X)-morphism. Therefore, if f is a local homemorphism
around x and in Reg(M) then x € Reg(i/) for a i/ such as above thus f is (G, X)-morphism
around x and x € Reg(f). O

Corollary 2.20 Ifan a.e. (G, X)-morphism is also a local homeomorphism, then it preserves
both regular and singular loci.

Remark 2.21 As aconsequence, an isomorphism M i> N of singular (G, X)-manifolds is an
isomorphism of almost everywhere (G, X)-atlas in the sense that given the maximal almost
everywhere (G, X)-atlases .4 and B of M and N respectively, the pullback f*5 and A are
equal. It is then an isomorphism in every natural way relative to singular (G, X)-manifolds.

2.4 Common construction of singular (G, X)-manifolds

From the literature, we can list common construction leading to “informal” singular (G, X)-
manifolds:

— branched coverings;

— gluings of projective polyhedron; [1, 6, 10, 12, 17]

— a quotient of some (G, X)-manifold M by some discrete group I” acting via (G, X)-
morphisms [34];

suspensions [5, 47];

completions [17]

Branched coverings will be studied more thoroughly in the following sections. When
X C RP" and G C PGL(n + 1; R), gluings of projective polyhedra via elements of G
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have a natural (G, X)-structure on the complement of the (n — 2)-skeleton. The latter being
skeletal, such gluings are singular (G, X)-manifolds with our definitions. This includes, in
particular, most usual Lie group actions, such as semi-Riemannian isometry groups, as well
as conformal and symplectic actions. We will not cover completions.

2.4.1 Quotients

The first example that comes to mind is the following.

Example 2.22 Consider X = M = E" and G = Isom™ (E") identifying E” with R" and
n € Nx>j. The point-wise stabilizer of S = R"2 x {(0,0)} is isomorphic to SO(2; R), we
choose I C Stab(S) a finite group of rotations of order p. The group I" acts freely on M\ S,
which is portly; therefore, the quotient "\ M has a natural singular (G, X)-structure. The
metric on Reg(1"\ M) extends continuously to "\ M. As a metric space "\ M is isomorphic
to 5, described in Example 2.1.

Variations on this example can be done either by replacing X with another Riemannian
spaceform such as H" or S”. More generally, one can take a submodel of the projective model
space: X C KP" and G C PGL(n; K) for K e {R, C} with G preserving X.

We can relate this example to a known? result for regular (G, X)-manifolds.

Proposition 2.23 Let M be a (G, X)-manifold and let I be a discrete group acting freely
and properly discontinuously on M. Then, there exists a unique (G, X)-structure on I'\M
such that the natural projection M — I'\M is a (G, X)-morphism.

In the example above, the action is not free, and the singular locus of the quotient cor-
responds to the “non-free locus”: the projection of the set of points of nontrivial stabilizer.
Nonetheless, we may extend the last Proposition to a.e. (G, X)-manifolds.

Proposition 2.24 Let M be a singular (G, X)-manifold, and let I" be a discrete group acting
properly discontinuously on M by a.e. (G, X)-morphisms.

If there exists a portly I'-invariant subset U on which I" acts freely then I'\M has a
unique a.e. (G, X)-structure such that the natural projection M — I'\M is an a.e. (G, X)-
morphism.

Proof of Proposition 2.24 By assumption, the quotient I"\ M is Hausdorff. Furthermore, the

projection M ir \ M is open; hence, as an open quotient of a locally connected and second
countable space, I"\ M is locally connected and second countable. Leti/ C M be a portly I"-
invariant subset on which I" acts freely, since I” acts by a.e. (G, X)-morphisms, in particular
I" preserves Reg(U/). By Proposition 2.23, the quotient /"\Reg(/) admits a unique (G, X)-
structure such that nlll@;(z%(m is a (G, X)-morphism. Since 7 is open and surjective, the
image of a portly subset of M is a portly subset of 1"\ M in particular, 7 (Reg(i/)) is portly.
Therefore, the (G, X)-structure on I"\Reg({/) induces an a.e. (G, X)-structure A on I'\M
for which 7 is an a.e. (G, X)-morphism.

If '\ M is endowed with some other a.e. (G, X)-structure 13 for which 7 isana.e. (G, X)-
morphism then n_||5eg(6) isa (G, X)-morphism for some portly subset )V C Reg(M) and thus

n‘“lj;géBmReg(A) is a (G, X)-morphism both for .4 and B. In particular, on the portly subset

m(U NV) C supp(A) N supp(B), the two (G, X)-structures agree. By Lemma 2.5 and
maximality of A and B, we conclude that A = B. O

5 See chapter 5 of [30]. There, only differentiable (G, X)-manifolds are considered with G a Lie group;
however, the proof does not rely on such assumptions.
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Example 2.25 Consider D, the topological space {(r,0) € R x R|r > Qorf = 0}
endowed witht the topology generated by the usual one on R’ x R and open subsets {(r, 8) €
Do | ¥ < 1o} for ro > 0. We may refer to the space D, as the “infinite angle disc.”

The infinite angle cylinder, the space (C(") := Dy x R", can be endowed with an a.e. affine
structure for some choice G C Aff(R") and X C R" via pullback by alocal homeomorphism
D : {r > 0} - X.We call this singular (G, X)-manifold M and naturally, Smg(M) c{r=
0}.

Take I', = 7Z acting on M via k - (r,0,z) = (r,0 + Iioz, z) for some @ € Ri, assume
that I, acts via a.e. (G, X)-morphisms, then M := [\ M is naturally a singular (G, X)-
manifold homeomorphic to R"” endowed with cylindrical coordinates. Its singular locus is
Sing(M) = {r = 0}.

Consider the special case X = E'2 eg R? endowed with the bilinear form Q(z, x, y) =
x4 y2 — 2 of signature (2, 1); with G = Isomg(X) the identity component of the affine
isometry group. E''? is the 3-dimensional Minkowski space and G the group of isometries
preserving both orientation and time orientation (see Sects. 5.1 and 5.2 for more details). We
can recover several instances of Lorentzian singularities [5, 11] for different choices of D.

- D(r,0,z) = (z+06/a,rcos(0/a), rsin(@/a)) then M is the so-called massive particle
of mass m = 1 — /27 and spin o.
— Consider

D(r,0,t) =Py (xo+rv+tu)

withxg € X arbitrary, (Pg)gcr the 1-parameter family of parabolic isometries fixing point
wise xo + Ru some future lightlike vector and (v|u) < 0. Then M is a so-called extreme
BTZ whitehole that we shall focus on in Sect. 5. Choosing D'(r, 0,t) = D(r, 0, —t)
gives an extreme BTZ blackhole instead.

— Variations allow to construct so-called Misner particles, BTZ white/blackholes. It suffices
to choose u spacelike instead and v spacelike or future/past timelike, respectively.

So-called tachyons (resp. photons) can be obtained as variations of the above example
with a hyperbolic (resp. parabolic) action of I" = Z on the coordinate 6 with the identification
Do = R% x RP! U{(0,0)}.

All these examples can also be obtained via gluings of polyhedra.

Remark 2.26 The previous examples are instances of developing maps defined on the univer-
sal covering of some singular space branched over its singular locus. This is the archetype
we will describe with more precisions in Sect. 4.

2.4.2 Suspensions

One can construct conical singularities (without spin) iteratively following a method of
Thurston [47].

1. Letus say that any compact (S!, SO(2))-manifold is regular, so there is no singular model
to construct.

2. Assume you have constructed local models of singularities in (S", SO(n + 1))-manifolds.
A (S",SO(n + 1))-manifold with conical singularities is then a metric space locally
isometric to either of the local models.

3. You can then construct local model of singularity for (S"*!, SO(n + 2)).
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(a) Take a (S", SO(n + 1))-manifold M with conical singularities and with M homeo-
morphic to S”, denote its Riemannian metric by g which is defined on the complement
of the singularities;

(b) Define the suspension of M by M= (M x R,)/ ~ the set of (0, r) where (61, 0) ~
(0, 0) for all 61,6, € M;

(¢) Endow M with a Riemannian metric

80, r) =dr®dr+ sin(r)’g®)

which is “regular”, eg locally isometric to S"*!, on rays through “regular” points of
M.

This way, we obtain usual conical singularities in dimension 2, then so-called “collisions” of
conical lines in dimension 3, etc.

From (S"~!, SO(n))-manifolds with conical singularities one can construct conical local
models for (H”, SO(n, 1)) and (E", R” x SO(n)) replacing sin(r)> by sinh’(r) and r>
respectively in the formula for Riemannian metric of the suspension above. One can show
that gluings of finitely many Spherical (or Euclidean or hyperbolic) polyhedra give rise to
such singularities on the codimension k > 2 skeletons of the underlying simplicial complex.

We are led to the following definition.

Definition 2.27 (Topological suspension) Let X be a topological space; the topological sus-
pension of X is

susp(X) := (¥ x Ry)/~

where (o, r) ~ (o, r") if r = ¥’ = 0; endowed with the topology generated by the quotient
topology on {r > 0} and the image of X' x [0, ¢[ for ¢ > 0. We also define O := {r = 0}.

Remark 2.28 One may check that the suspension preserves Hausdorff as well as the first and
second countable properties.

Remark 2.29 The infinite angle disc D is the suspension of R.

Counter-Example 2.30 The topology we chose is the same as the quotient topology if X' is
compact; however, the suspension susp(R) endowed with the quotient topology is not first
countable. Indeed, a basis of open neighborhoods of O is givenbyUy := {(0,r) |r < f(0)}
for [ : R — R% continuous. For any sequence (f,)neN we may construct g : R — R
continuous and such thatVn € N, g(n) := %min(fk ik <n). This way, Vn € N, Uy, U,
which proves (Uf, )neN is not a basis of neighborhoods of O.

Remark 2.31 The topological suspension is, in fact, a functor from the category of topological
space to itself, as continuous maps can be extended radially in a natural way. Suspension
preserves injectivity, surjectivity, and embeddings.

Geometrical suspension as above can be described abstractly as a lift of the topological
suspension functor susp

susp
Top ——— X = Top

T T

SingGX — — — — — > SingHY
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where (G, X) and (H, Y) are analytical structures, and the vertical arrows are the forgetful
functor. Thurston method provides a functors SingS” — SingS”'H and Bonsante, Barbot,
Schlenker [5] generalized to a functor SingHS? — SingE!"? where HS? := (E!-2\{0})/ R%
is the space of rays from the origin in E"? with automorphism group G := SOg(1, 2). For
these suspensions, the image of regular (G, X)-manifolds are regular except possibly at O
and are regular at O if and only if X is homeomorphic to a sphere.®

To ensure that iterated suspensions described above are of this type, we need to prove the
following.

Proposition 2.32 Let X be a Hausdorff, connected, locally connected topological space and
letU C X be a portly subset. Then susp(U)\{O} is a portly subset of susp(X).

Let us to recall a classical connectivity Lemma, the proof of which is omitted.

Lemma 2.33 Let M be a topological space and let (U;);c1 be a nonempty family of nonempty
connected open subset. Define on I the equivalence relation ~ generated by i ~ j ifU; "\U; #
@.
The | J;<; Ui is connected if and only if I/ ~ is a singleton.

Proof of Proposition 2.32 Let w : ¥ x Ry — susp(X) be the natural projection and define
V = susp(UU)\{O}. We also introduce v : susp(X)\{O} — X induced by the projection
X x R% — X. Notice that 7| TR is an embedding, therefore V = (U x R%) is open.
Since U is dense in X' and since i is open, then V = ¥~ 1) is dense in susp(X)\{O}. For
any neighborhood W of {0} and for all o € X, for r small enough 7 (o, r) € W; then O is
also in the closure of V and V is dense in susp(X).

Let W be a connected open subset of susp(X).

— Assume that 0 ¢ W. We may write W = UlE, W; with W; = n(W x]r,,r D,0 <
ri <rjand Wl open subset of X. Since X is locally connected, we assume without loss
of generallty that each W) is connected. Denote by ~ the equivalence relation defined
in Lemma 2.33 for the family (OV;);er so that I/ ~ is singleton.

Then consider the family (WV;NV); < and define ~» the associated equivalence relation on
I. On the one hand, if W; NW; # ¢ then by density of V we have OV; N\V)N(W; NV) =
Winw;) Ny #49. Therefore ~1 and ~; are equal, so I/ ~»= I/ ~ is a singleton.
Furthermore WinNny =m ((W, NUYX]ri, r; ’[); since W; is connected and U portly,
W N U is connected and so is W; N V. Again by Lemma2.33, WNV = {J;c,;WiNYV)
is connected.

— Assume that O € W, to reduce to the previous case, it suffices to prove that W\{O}
is connected too. Consider O = n({(o,r) : o € X, r € [0, f(o)[}) with
f(o) = sup{r* > 0| Vr < r*, m(o,r) € W} Note that, since W is open,
Vo € X, (o, f(0)) ¢ W.

Assume that f is not lower semi-continuous, then (since X' is first countable) there exists

6 Although the following remark is valid for the whole present work, this place is as good as any. The
topological suspension above is too crude to encompass even projective structures: consider hyperbolic cusps,
although they may be naturally understood as 0-angle conical singularities in a hyperbolic surface, hyperbolic
isometries are in the stabilizer of the point at infinity corresponding to the cusp in the universal covering.
One may check that the hyperbolic rescaling does not change the isomorphism class of the cusp. A correct
general suspension description must deal with this case. A better description of local models of singularities,
in particular of suspension, should probably be done via a notion of germ of local models; leading to a sheaf
theoretical formulation of singular (G, X)-manifolds. We do not wish to dive any deeper in this direction for
now.
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some o € X and some sequence o, — o such that £ := lim f(0,) < f(0). The
sequence 1 (0,, f(0,)) converges toward (o, £) € W butVn € N, n(o,, f(0,)) ¢ W.
Contradiction, f is thus lower semi-continuous.

We may thus construct some neighborhood Wp of O in W such that Wp =
Uies H(W_/ x [0, rj[) with V’\\)j connected and open. We notice that |, Wj =X
is connected, that the relation ~ on j in Lemma 2.33 for the families (Wj) jed» Wj)jes
and W;\{O}) ey are equal. Since every )//\7]-, J € J is connected, so are the W;\{O};
we deduce that Wp\{O} is connected.

Write W\{O} = UkeKu{O}(Wk\{O}) with Wy )kek the family of connected compo-
nent of W\{O}, in particular Vk € K, W \{O} = Wk. Since W is connected, for all
k € K, wehave Wi \{O0}) N(Wo\{O}) = Wik N Wo # (. We may apply Lemma 2.33
again to conclude that W\{O} is connected.

]
Remark 2.34 The proof above works for the quotient topology.

3 Branched coverings a la Fox: spreads, paths and Galois

Although some of the results of this section may be proven with more generality, all topolog-
ical spaces are Hausdorff, locally path-connected, and first countable unless explicitly stated
otherwise.

In this section, we recall fundamentals on spreads and branched coverings with some
enrichments. Considering those will be needed later on, we prefer to lay out a solid foundation
and provide most of the proofs. Some results presented in Sects. 3.1 and 3.2, though not found
in the literature by the author, are probably “folkloric”. Our presentation is in part redundant
with [36-39], but our different purposes lead to divergences. For instance, to our knowledge,
Lemma 3.23 and Proposition 3.24 are new.

To the author’s knowledge, the path representation of maximal branched coverings’ pre-
sented in Sect. 3.3 as well as the topological characterization of Galoisian maximal branched
coverings presented in Sect. 3.4 are both new. The former is a natural extension of the usual
description of the universal covering as a space of paths to branched coverings. The critical
point is the introduction of the adequate homotopy equivalence relation: almost-homotopic
loops. An extension of the classical semi-local simple connectedness notion based on almost-
homotopy equivalence is then introduced and shown to characterize branching locus giving
rise to Galoisian coverings, which is described in Sect. 3.4. Examples and counter-examples
are given throughout the section.

3.1 Preliminaries on spreads

Definition 3.1 (Category of spreads) A spread X 2 ¥ is a continuous map such that the
topology of X is generated by the connected components of the preimages of open subsets
of Y.

We define the category of spreads Spr whose objects are spreads and morphisms in

Hom(X Ly L X/ Ly ) are couples of continuous functions ( f, g) such that the following

7 The path representation is not used in the second part of the work on singular (G, X)-manifolds but fits
nicely both in the present study of branched coverings and the subsequent study of developing maps of singular
(G, X)-manifolds. The author believes that this will prove helpful for future studies.
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diagram commutes

Remark3.2 Let X 5 Y be a spread, with ¢4,V open of X and Y respectively such that
pU) C V, the (co)restriction pl‘g is a spread.

Definition 3.3 Let X > Y be a continuous map, the ordinary locus Ord, (Y) of Y is the set
of point y € Y for which there exists an open neighborhood ¢/ evenly covered by p ie, such
that p maps each connected component of p~!(2/) homeomorphically onto /. The ordinary
locus Ord,, (X) of X is the preimage of the ordinary locus of Y.

We will write Ord instead of Ord;, when there is no ambiguity.

Remark 3.4 The ordinary loci are open but may not be connected. The only obstruction for
the restriction Ord(X) — Ord(Y) to be a covering is the connectedness of Ord(X).

Remark3.5 Let X 5 Y bea surjective continuous map. Then

p(X\Ord(X)) = Y\Ord(Y).

Lemma3.6 Let X 5 Y be a continuous map inducing a covering X1 — Y1 for some
X1 C X and Y1 C Y with X1 portly and Y1 open.
Then Yy C Ord(Y), X1 C Ord(X) and p~' (Y1) = X1.

Proof Lety € Yy and let i/ C Y be an open neighborhood of y evenly covered by pll?l ie

-1
prlennxi=(pl) @ =]
iel
with V; open connected and pllz{;{j homeomorphisms for all i € I.

Assume by contradiction there exists some x € p~!()\ X, consider some connected
open subset V' such that x € V  p~ (). Since X is portly, V N X is connected and dense
inV,thus VN X; CV; forsomei € [ andx € V;. Letx’ := (p‘%i)_1 o p(x) and let W, W'
disjoint open neighborhoods of x and x’ respectively with W C V. Since p(x) € p(W')
which is open, there exists some open neighborhood W’ C W of x such that pOWV") C
pOWV). Therefore, @ = pW” NV;) € pW') = p(W' NV;). This contradicts injectivity
on p|y;, hence p~'U) C Xy and U is evenly covered by p. In particular, p~!(¥}) = X;.

Therefore, Y| C Ord(Y) and Ord(X) = p~'(Ord(Y)) D p~1(¥)) = X, O

Though not the core of the present work, for pedagogical purposes, we provide counter-
examples to Lemma 3.6 we feel help understand some caveats when dealing with spreads.

Counter-Example 3.7 The conclusion of Lemma 3.6 fails if Y| is not open.
Consider X =R x {0} and Y = R? with p the inclusion map. p is a continuous map (it
is even a spread) and induces a covering X — X C Y but Ord(Y) = .
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Counter-Example 3.8 The conclusion of Lemma 3.6 fails if X1 is not portly.

— If X is not open, then take x € X1\Int(X1), for a neighborhood V of x small enough,
the set V N X1 is mapped homeomorphically to some open neighborhood U of p(x). For
V small enough, p(V) C U thus p(V\X1) N p(V N X1) # @. In other words, p is not
injective in any neighborhood of x. In particular, p(x) ¢ Ord(Y) and x ¢ Ord(X).

— Take X C Y = R? with the Euclidean norm, X = {x | | x| > 1}U{ix | 2 €]0, 11, ||lx| =
1,x € Q?). Endow Y with its usual topology but X with the coarsest topology making
the natural injection X — Y a spread: the subset {Ax | A e]O 1L Ix]l = 1, x € Q3}is
homeomorphic to | [;.10, 1[. Define piecewise p(x) = ifllx] <1 and px) =x

HXII2
if |x|| > 1. Take X1 = {x | ||x|| > 1} = Y1. Notice that X L Y1 is a homeomorphism,
hence a covering, X is Hausdorff, second countable and locally path-connected, X Ly
is a spread, Y| is open, and X is open locally connected in X. However, Ord(Y) =
since for every open neighborhood U of some y € p(X), the preimage p~ ' (U) contains
points x with || x|l < 1 but p is not a local homeomorphism around such a point.

Lemma3.9 Let X; LN Y; be spreads fori € {1,2} and let (f, g) be a spread isomorphism
from X1 — Y| to Xo — Y. Then g(Ord(X1)) = Ord(X») and f(Ord(Y1)) = Ord(Y>).

Proof Let U be an open connected neighborhood of p;(x) evenly covered by py, let (Z:{,-) iel
the connected components of pl_l(l/{) and define V := f(U) and V; = gU;) fori € I.
Since f and g are bijective and f o p; = ps o g, we have

py' W) =gopiloft W =goptan =]V

iel
and each V; is both open and connected

v IVI Vi
2D © = f|u op 7 foralli e I andg " as well as f|u opwft are

homeomosphims; therefore, foralli € I R p;l;f/' is an homeomorphism. Finally, V is evenly

covered by p>. The result follows. O

Furthermore, p

Definition 3.10 (Complete spread, spread completion) Let X L Ybea spread. For y €
p(X), consider the set X, of maps

x - {U C Y open and connected neighborhood of y} — {V C X open connected}

increasing for the inclusion and such that x (/) is a connected component of p~ Y U) for all

U. The spread X Zoyis complete if for all y € p(X) and all x € X,, the intersection of
x (U) for U going through all open, connected neighborhood of y is nonempty.

A completion of a spread X L Yisa spread X' Ly together with a spread morphism
(Idy, 1)

X—X
\Lp \Lp,
Y ——=Y

such that ¢ is an embedding, X’ is complete and the image of ¢ is portly.

Recall that a functor T is fully faithful if the induced function Hom(X,Y) —
Hom(7T (X), T(Y)) is bijective.
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Theorem 1 [27, 36] Every spread admits a unique completion up to isomorphism; further-
more, the completion of spread is a fully faithful functor from Spr to itself.

LetX 5 Ybea spread and let b € Y. LetU be a connected neighborhood basis of b. For
U e U, let X4 be the space of connected components of p~! () endowed with the discrete
topology. Define bonding maps Xy Iuy, Xy by setting for i/ C V the image mysy ) of
Ue Xy to be the unique Ve Xy such thati{ C V. For x € p~Y(b) and U € U, denote by
xy the connected component of x in p~! (/). We have a natural continuous map

—1 .

p~' () — lim Xy
Uel

X — (xtueu

Proposition 3.11 [36] Let X L Ybea spread and let b € Y. Let U be a connected neigh-
borhood basis of b.
Then, the natural map p~'(b) — l(iI_nUEM Xy is injective and open. Furthermore, it is a

homeomorphism if and only if the spread X Lyis complete.

Proof Denote by ¢ the natural map p~'(b) g 1(1Ln Xy For every x € p~!(b), since p is a

spread, a neighborhood basis of x is given by the connected components of x in each p~! (/)
for U € U. If two elements x1, x» € X have the same image by ¢ then x1, x> € ¢ (x1)y for
all 4 € U. Hence, x1, xo have a common neighborhood basis. The space X so x; = x2; we
deduce that ¢ is injective.

Notice that for alli/ € U and all V € Xy,

pVNp~ b)) =, (V)

with 1, the natural map lim Xy — Xy On the one hand, such 7, ! (V) form a basis

<—WwWel
of the topology of 11m Xy4. On the other hand, since p is a spread, such V N p~1 (V) form a

basis for the topology of p~1(b). Therefore, ¢ is open.

Let U = (u yeu € hm ; Xi- The intersection ﬂueuu contains at most a point
€

X€Ep —1(b) and for such an x, we have d(x) = u. Reciprocally, if Ue 4)(;)’1 (b)) then
¢~ @U) € Ny U-

Therefore, ¢ is surjective if and only if VI € l(gl Xu, U # . Which is merely a

e
pedantic way to write that the spread X Lyis complete. O

Corollary 3.12 [36] Let X L Ybea spread, then the fibers of p are totally discontinuous.

3.2 Primer on branched coverings

The object of this section is to recall fundamentals on branched coverings from definition
to path-lifting characterization, essential properties, and composition. We end this section
with the existence and uniqueness of universal branched covering with constrained branching
locus. This will be the basis for further analysis.

As before, unless explicitly stated otherwise, all topological spaces are Hausdorff, locally
path-connected and first countable. In the present section, as well as the following, we will
make intensive use of the following Lemmata, which, for brevity’s sake, we will not refer to
systematically.
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Lemma 3.13 Let X be a connected first countable, locally path-connected, Hausdorff topo-
logical space and let U C X be a portly subset. For all a € U and all b € X, there exists a
pathy : [0, 1] - X from a to b such that y ([0, 1[) C U.

Proof Let (a,b) € U x X and let (V) en be a decreasing base of open connected neighbor-
hood of b. Since U is portly, in particular ¢/ is dense and there exists a sequence (b, ),eN such
that Vn € N, b, € V,, NU. Since U is portly and X is connected, then I/ is connected, and we
can choose a path yg in U from a to by. Then forn € N, b,, and b,, | are both in &/ NV, and
since U is portly and V), open connected, I/ NV, is open connected (hence path-connected)
and we can choose a path y;,4+1 ini4 NV, from b, to b, 1. The concatenation of the sequence
of path (y,)nen is a path y : [0, 1[— U such that lim;- y = b. The result follows. O

Lemma 3.14 Let X be a connected first countable, locally path-connected Hausdorff topo-
logical space and let X1 a subset containing a portly subset. Then, X1 is first countable,
locally path connect and Hausdorff.

Proof To begin with, X inherits Hausdorff and first countable properties from X as any
subspace. It remains to show local path-connectedness. Take &/ C X1, some portly subset of
X.Letx € X and let V; be an open neighborhood of x in X;. Choose some connected open
V of X such that x € V, :=V N X C V. It suffices to show that V) is path-connected, so
we choose some a, b € V. Since U is portly in X, the intersection &/ NV is portly in V. Take
any ¢ € U NV and apply Lemma 3.13 to construct paths y; from ¢ to a and y, from ¢ to b
such that y; ([0, I[) Cc U NV C V, fori € {1, 2}. Concatenating the reverse of the former
with the latter, we obtain a path from a to b contained in V. O

Definition 3.15 (Branched covering) A branched covering is a complete surjective spread
X — Y, with X and Y connected, whose ordinary locii in X and Y are portly subsets of X
and Y respectively. We call Y the base space, X the total space, and the inverse image of a
point a of Y is called the fiber above a.

We say that X — Y is branched over Y\Ord(Y). The latter is the branching locus of
X — Y,and for § C Y, we say that X — Y is possibly branched over S if S contains its
branching locus.

Remark 3.16 The branching loci of a branched covering are skeletal and thus closed with an
empty interior.

Remark 3.17 The ordinary part Ord(X) — Ord(Y) of a branched covering X — Y is a
covering. Indeed, X is open connected and Ord(X) is portly so Ord(X) = Ord(X) N X is
connected.

Lemma3.18 If X L Y is a branched covering, then the preimage of a portly subset of Y is
portly in X.

Proof Let U be a portly subset of Y. The map Ord,(X) LS Ord,(Y) is a local homeo-
morphism and Ord, (Y) is portly in Y thus p’1 (Y N Ord,(Y)) is portly in Ord, (X). Since
Ord, (X) is portly in X, then p~lrn Ord, (Y)) is portly in X. The subset p~l(Y)C Xis
open and contains a portly subset of X; it is thus also portly. O

We begin with a branched covering version of the lifting property for complete spreads
(“Corollary of the extension Theorem” in Fox [27]).
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Lemma3.19 Let X > Y bea spread with X connected, which induces a covering X1 — Y
Sforsome X1 and Y| portly subsets of X and Y respectively. Then the following are equivalent:

(1) X — Y is a branched covering;
(i) X — Y is a complete spread
(iii) for every Hausdorf{f locally connected topological space Q and every homotopy H :
0 x [0, 1] = Y such that H(Q x [0, 1[) C Y1, every partial lift A : 0 x[0,1[— X,
of H extends continuously to some lift Q x [0, 1] — X of H;
(iv) foreverypathy : [0, 1] — Y suchthaty ([0, 1[) C Y1, everypartiallifty : [0, 1[— X
extends continuously to some lift [0, 1] — X of y.

Proof To begin with, by Lemma 3.6 we have X; C Ord(X) and ¥; C Ord(Y) so both
Ord(X) and Ord(Y) are portly.

One has (i) = (ii) by definition, (ii) = (iii) is a direct consequence of the corollary of
Fox mentioned above, and (iii) = (iv) is trivial (it suffices to take Q a singleton). Assume
(iv) and consider some yp € Yj. Since Y] is portly in Y, for every y € Y by Lemma 3.13
there exists a path y : yo ~» y such that y ([0, 1[) C Y;. Since X| — Y| is a covering, y|[0,1[
lifts to some y : [0, 1[— X;. By assumption, y admits a limit x at 1 and by continuity,
p(x) = y. Therefore, p is surjective. Consider X — Y the completion of X — Y; without
loss of generality, we may assume that X C X and also denote by p the map X — Y. Notice
that since X1 is portly in X and X is portly in X, then X is portly in X. Let x € X and let
$o be some lift of yo in X;. Let  be some path from 3 to x in X such that 7 ([0, 1[) C X;.
Since Pjjo,11 is a lift in X of the path p o Pjjo,1; C Y1, assuming (iv) we deduce that 0,1
has limit at 1 in X. Therefore x = P (1) = lim;- Pyj0,1; € X. Finally, X C X hence X = X
and X — Y is complete. O

Lemma 3.20 [36] Let X LY be a branched covering, let U be some open connected subset
of Y and let V be a connected component of p~' (U). Then V L U is a branched covering.

Proof To begin with, sing U/, V are open, the restriction p|‘5 is a spread. Since Ord(X) is
dense, we can choose some X € Ord(X) NV; define x := p(X). Since Y is locally pathwise
connected and since Ord(Y) is portly, then Ord(Y) N U/ is path-connected. We then can and
do consider a path y : [0, 1] — Ord(Y) NU from x to some y € Ord(Y) NU. Consider the
unique lift P of y in Ord(X) such that 7 (0) = £. On the one hand, 7 ([0, 1]) C p~!(U/); onthe
other end, 7 ([0, 1]) is connected. Therefore, y is actually a path in V and y ([0, 1]) C p(V).
The path y is arbitrary, so p(Ord(X) N'V) = Ord(Y) NU and

ord(X) NV -2 ord(Y) nu

is a covering.
Since X 5 Y is a branched covering, it satisfies item (iv) of Lemma 3.19. Since X, Y

are locally path-connected, this item is clearly satisfied by V 2 ou Finally, V — U is a
branched covering O

Corollary 3.21 Ler X LY be a branched covering. Then p is open, furthermore for every

connected open U C Y and every connected component V of p~'(U) the map V L ouis
surjective.

Proof Surjectivity is part of the definition of branched coverings and thus follows from
Lemma 3.20. For all such ¢/, V we thus have p(V) = U. Since p is a spread, such V is a basis
of the topology of X; hence p is open. O
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Corollary 3.22 Let X LY be a branched covering, let U be some portly subset of Y then
—1 P . .
p~(U) = U is a branched covering.

Proof From Lemma. 3.18 the subset p~!(2/) is portly in X and since X is connected so is
p_1 (U). The result then follows from Lemma 3.20. ]

Lemma3.23 Let X 2 Y be a branched covering, let Y1 C Y containing a portly subset of
Y then p’l Yy AN Y1 is a branched covering.

Proof Denote X := p~!(Y1) and g := pl‘?l. Take some ¢/ C Yj portly in Y.

— By Lemma 3.18, the subset I/ := p~ ') c Xy is portly in X.

— By Lemma 3.14, X1, Y are first countable, Hausdorff, locally path-connected.

— Let V an open subset of X and x € V. Consider V; open subset of X such that V =
V1 N X. Since p is a spread, there exists some open subset /; C Y and some connected
component W; of p*l(ul) such that x € W; C V). Since Uc X is portly in X, the
subset W N U is connected and dense in Wi N X 1. It follows that W, := W N X is
connected and thus a connected component of ¢~ (i) N Y1). Moreover, W is open in

X1 and x € W, C V. Therefore, X 4, Y| is a spread.
— Define r := p“g By Corollary 3.22, Z{ > U/ is a branched covering, in particular
Ord, (LA{) LA Ord, (i) is a covering. Furthermore Ord, (ﬁ) is portly in U which is portly

in X1, so Ord, (Z1) is portly in X;. The same way, Ord, (/) is portly in Y7.
— Lety : [0, 1] — Y such that y ([0, 1[) C Ord, () and let y : [0, 1[— Ord, (/) be alift

of y. Since X 2 ¥ is a branched covering, y extends continuously at 1 and
poy(l)=limpoy =limy =y(1) € Y;.
1- 1-

Consequently, p(1) € p~'(¥]) = X|.

We checked the assumptions of Lemma 3.19 as well as point (iv) of the equivalence. We

thus conclude that X Ly 1 is a branched covering. O

Proposition 3.24 Let X Ly L Z be two branched coverings. Then the following are
equivalent:

1) X 2°P 7 is a branched covering,
(it) q(Y\Ord,(Y)) is skeletal in Z.

Proof To begin with, the composition of spread is a spread, so g o p is a spread.

— (i) = (ii). LetU C Ordy.,(Z) be a connected open evenly covered subset and define

Gop)y e = |th: Viel. Vi=pWh)
iel
respectively the connected component decomposition of the preimage of U and their
image by p. For all i € I, on the one hand V; is open connected by Corollary 3.21, on
the other hand (g o p)lg_ is injective, furthermore ¢ is open and ¢ (V;) = U. Therefore,

qll]lfi is bijective open thus an homeomorphism.

Denote by V; the connected component of g~ ! (/) containing V;. If V; # V; we may
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find some j € [ such that f/i = f/j and such that V; N V; # @; as well as some
yeWV\V)ny i An argumentation like the one of Lemma 3.6 yields a contradiction

showing that in fact Vi € I, V; = V;. We conclude that () 4 Uandforalli eI ,

p~tV) LA V; are coverings; with the preimages being a disjoint union of connected
components among the V; and U; respectively. As a consequence

Ordgop(X) & p(Ordge, (X)) = g~ (Ordgep(Z2)) - Ordyop(2)
is a composition of coverings. Therefore:
q(Y\Ord,(Y)) C q(Y\g ™" (Ordyop(Z))) = Z\Ordge,(Z)

The latter is skeletal; thus, so is the former.
— (ii) = (@). Consider Yy := Ord,(Y) N Ord, (Y), and consider Z; := Z\q(Y\Yp). We
note that

Zy = Z\(g(Y\Ord,(Y)) U g(¥Y\Ordy (Y)) = Ordy (Z)\q(Y\Ord,(Y))

Since Ord, (Z) is portly and ¢ (Y \Ord, (Y)) is skeletal, Z; is portly. Since g is a covering,
it is a surjective local homeomorphism, so Y1 := ¢~!(Z;) is portly in Y. Furthermore,

. __ 101dy(2) . . . L 1Zi _ 1Zy
Y1 C Yp.Sincer := 4\0rd, (V) is acovering, then its (co)restriction is also dQy, =721z
. o Th v . . ith X e (0D -1 Y1) and X
is a covering. The same way, py, is a covering wi 1= Piora, (x) (Y1) and X

is portly. Therefore, (g o p)})z(‘1 is a composition of covering hence a covering.

Applying Lemma 3.19, we see that item (iv) is stable by composition of branched
coverings. Therefore, g o p is a branched covering.

[m}

Lemma3.25 Let X 2> Y be a branched covering andU C Y some portly subset. The spread
X — Y is isomorphic to the completion of p~'(U) — Y.

Proof X — Y isacompletion of the spread p~! (1/) — Y which is unique up to isomorphism
by Theorem 1. O

Recall that a connected, locally path-connected Hausdorff topological space X is semi-
locally simply connected if every x € X admits a neighborhood ¢/ such that every loop y
in X of base point x is trivial in X. By standard results [15], it is a necessary and sufficient
condition for such a topological space X to admit a universal covering.

Proposition 3.26 Let Y be a connected, locally path-connected, Hausdorfftopological space.
Let S be a skeletal subset of Y. _

If Y\S is semi-locally simply connected, then there exists a covering YS of Y possibly
branched over S, which is maximal among such branched coverings. Furthermore, YS is

unique up to isomorphism and universal in the sense that for any covering X Ly possibly
branched over S, there exists a covering Y5 — X possibly branched over p~1($).

Remark 3.27 One could sum up the proof below by saying Fox’s completion induces a cate-

gory equivalence between the category of covering of Y\ S and the category of covering of
Y possibly branched over S.
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Proof Assume Y\S is semi- locally simply connected. Then define YS the completion of
spread Y \S — Y with Y \S the universal covering of Y'\S. For any branched covering

xSy possibly branched over S, since ¥\ S € Ord(Y) is portly, p~!(Y\S) is portly (hence
connected) and p~! (¥Y\S) — Y\S is a covering. Hence, there exists a covering morphism
Y\S — p~L(Y\S). Since the completion of p~1 (Y\S) — ¥ and Y\ S — Y are respectively
X and Y5, by Theorem 1 we obtain a morphism of branched covering YS — X, which is
itself a branched covering, and its ordinary locus in X contains p~!(Y\S). Finally, Y$S > x
is possibly branched over p~'(S).

If X — Y is a maximal covering possibly branched over S, then the induced cover-
ing p~1(Y\S) — Y\S is maximal among covering of ¥\S hence its universal covering.
Therefore, X is isomorphic to Ys. O

Remark 3.28 Considering the maximal covering YS of some Y possibly branched over some
subset S, there is an ambiguity: the branching locus of Ys might be smaller than S. One can
consider the example where ¥ = S? the 2-dimensional sphere and S is a singleton; since the
complement of a point is simply connected, the maximal covering of S? possibly branched
above S is trivial and the branching locus is empty.

Example 3.29 Toillustrate Proposition 3.24, follows an instance of a composition of branched
coverings that fails to be a covering.

Taking notions from Example 2.25, Consider Z =D, Y = Dy, with Y 4, 7 the quotient
map which is a branched covering. Consider Yy = {(r, 0) | 6 €]0, 1[} and choose (r;,, 6,)nez
a countable dense family in Yy. Consider S := (r,,, 6,, + n),cz. We see that § is skeletal and

that Y\ S is semi-locally simply connected. We thus consider X := ¥S 2 ¥ the maximal
covering possibly branched over S.

Notice that g(¥\Ord,(Y)) = ¢(S) is dense in Z and hence not skeletal; therefore, the
composition ¢ o p is not a branched covering.

3.3 Paths and maximal branched covering

The abstract description of Fox’s completion of a spread, though very general, may benefit
from a path point of view. This section is devoted to a path description of the maximal covering
possibly branched above some locus akin to the path description (as a set of homotopy classes
of paths) of the universal covering of a Hausdorff, connected, locally path-connected, semi-
locally simply connected topological space.

To begin with, we introduce some notations as well as a refinement of the homotopy
equivalence relation so that we can keep track of the branched locus of a branched covering.
Considering some connected Hausdorff, locally path-connected topological space X, some
connected open subset I/ and some x,y € U we denote by 2y (x, y,U) the set of path
y : [0, 1] — X such that y(0) = x,y(1) = y and y(]O, 1[) C U. The index X is dropped
whenever clear from the context. This set will always be endowed with its compact-open
topology and two paths yy, 2 of £2(x, y, U) are homotopic with respect to ¢/ if they are in
the same connected component of §2(x, y, i) or, equivalently, if there exists a homotopy
H : [0,1]* — X with fixed ends such that H(0,-) = y1, H(1,-) = y, and such that
H ([0, 1]1x]0, 1[) C U. The composition of paths is denoted * so that y; * y» represents any
parameterization of the concatenation of y; then y,. We also use the notation y~! : t >
y(1 —1).

The homotopic relation is not suitable for our purpose as this section, as well as the
following, will make clear; we thus introduce a weaker equivalence relation.
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Definition 3.30 (Almost trivial loop) Let X be a Hausdorff, locally path-connected topolog-
ical space, let i/ C X be an open subset and let x € .

Aloop y € §2(x, x,U) is almost trivial with respect to I if its connected component in
£2(x, x,U) intersects 2 (x, x, V NU) for all neighborhood V of x.

Example 3.31 Consider Y = R3 with carthesian coordinates x, v, z and its usual Euclidean
distance; let S| = {y = z = 0} and

S ={y=sin(l/x): xe R }U{x =2z=0,|y| <1}
denote O = (0, 0, 0) the origin. We make the following claims.

— The fundamental group of Y'\S; is isomorphic to Z for both i = 1 and i = 2. The
isomorphism is given by “the number of turns” around ;.

Every loop y € £2(0, O, Y\S)) is homotopically trivial hence almost trivial.

Every loop y € £2(0, O, Y\S$>) is almost trivial.

There exists non homotopically trivial loops y € §2(0, O, Y\S»).

Proof The first two claims are left to the reader. Let us prove the last two.

— Consider any ball B = B(O, r) centered at O, we may choose some 71, > such that
y ([0, t1]), y ([2, 1]) C B. By compactness y ([t1, 2]) there exists ¢ € [0, r[ such that
Y|[11.1»] Stays at distance at least 2¢ of S>. Since Y \E(Sz, &) is homeomorphic to Y\ §1, we
see that y ([t1, 12]) is homotopic in Y\ S> with fixed extreminites to a path in B\ B(S2, €).
Finally, y is homotopic in £2(0, O, Y\S$,) to a path in £2(0, O, B\$>).

— Consider some y € £2(0, O, Y\S,) such that

vi<1/4, y(®)=1(0,0,1), y(1-1)=(0,0,-1)
and assume by contradiction that y is homotopically trivial. Let H be a homotopy from
y to O in £2(0, O, Y\$,) and let ¢ : [0, 11> — [0, 1]? such that for all s, c(s, -) is
piecewise affine with
¢(s,0) = (0,0) (s, 1/5) = (0.1/2 = 5/2)
c(s,2/5) =(s,1/2—5/2) c(s,3/5) =(s,1/2+5/2)
c(s,4/5) = (0,1/2+5/2) (s, 1) = (0, 1).
We see that H' = H o c is still a homotopy from y to O in £2(0, O, Y\S,) with the
additional property that
Vs € [0,1], Ay >0, Vr<1/5,
H'(s,t) = (0, As2,0) H'(s, 1 —1) = (0, —Ast, 0).

Denoting H (s, t) = H'(s, %) and I (X, Y) the mod 2 intersection numbers of X and
Y [31], this property implies that

Vs €[0,11, I(H"(s,),{z =0} = 1.

Let Y = B(O, 1/2) be the ball of center 0 and radius 1/2 and let > 0 such that for
s >1—mn, H'(s,-) CU. We notice that i/ N {z = 0}\ S, is disconnected, we denote by
C the set of its connected components (which are all closed submanifolds of dimension
2 of {z = 0}\ S2) and define

|C— z)2z
ﬂcHume
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which is well defined and does not depend on s > 1 — 5 since the intersection number is
a homotopic invariant and has finite support by compactness of H” (s, [0, 1]) N {z = 0}.
On the one hand,

SO =I(H(s. ). {z =0} = 1.

CceC

On the other hand, VC € C, O ¢ C thus forall C € C, there exists w > 0 such that for all
s > 1 —w,wehave H(s,-)NC = . In other word, VC € C, f(C) = 0. Contradiction.

[}

Definition 3.32 (Almost homotopic paths) Let X be a Hausdorff, locally path-connected
topological space, let I/ C X be an open subset, and let (x, y) € U x U.

Two paths y1, y» € £2(x, y, U) are almost homotopic with respect to ¢/ if the loop ()/2)_1 *
y) is almost trivial with respect to U.

Remark 3.33 Implicitely, two almost homotopic paths y1, y» always satisfy y1(1) = y»(1)
and y1(0) = »2(0).

Lemma3.34 Let X be a Hausdorff, first countable, connected, locally path-connected topo-
logical space, let U C X be an open subset, and let x € U.
Fory € 2(x,x,U), the following are equivalent:

(1) v is almost trivial with respect to U;

(i) forall open neighborhoodV of x and for all ty, t; €]0, 1[ such thatty < t; and y ([0, to]U
[t1, 1]) C V, there exists a path w : y (ty) ~ y(t1) in V NU such that y is homotopic to
YI0,19] * @ * V|[11,10] in SZ(x, X, L{).

Proof (ii) trivially implies (i), we thus assume that y is almost trivial with respect to U.
Let V be an open neighborhood of x and let #y < #; such that y ([0, ro] U [#1, 1]) C V. Let
H :[0,1] x [0,1] — X be a homotopy from y to some path yy € £2(x, x, V) such that
Vs € [0, 1], H(s, -) € £2(x, x,U). Consider the following closed connected subset B of the
boundary of [0, 1] x [0, 1]:

B := {0} x [0, %] U [0,1] x {0} U {1} x [0,1] U [0, 1] x {1} U {0} x [r1, 1].

Since H(B) C V, there exists a connected open neighborhood W of B in [0, 1] x [0, 1]
such that H(W) C V. Take some path 1 : [fg, #1] — W such that n(tp) = (0, 1), n(t1) =
(0, t1) and n(Jtp, t1[) CJO, 1[x]0, 1[ and define w := H o n. With n(-) = (1(-), n2(-)), the
homotopy

[0,1] x[0,1] — X
s €[0,1],¢t € [0, 9] —> H(O, 1)
s €[0,1],1 € [to, 1] > H (s - n1 (1), (1 — )t +5 - n2(2))
sel0,1],t e[t,1] —> H(,1)

is such that J(0, ) = y and J(1, -) = ¥j[0,59] * @ * V1,191, Moreover for all s € [0, 1], we
have J (s, ) € £2(x, x,U). The result follows. ]

Lemma 3.35 Let X be a Hausdorff, first countable, connected, locglly path-connected topo-
logical space, let U C X be an open subset, and let (x,y) € U x U.
Then, the “almost homotopic” relation is an equivalence relation in 2(x, y, U).
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Proof The relation is clearly reflexive and symmetric; we shall then prove that it is also
transitive. Let y1, y2, ¥3 € £2(x, y, ") such that y;, y» are almost homotopic with respect to
U and such that y», y3 are almost homotopic with respect to (. Let V be an open neighborhood
of x and let # €]0, 1[? such that Vi € {1, 2, 3}, yi([t;, 1]) C V. By Lemma 3.34, there exists
a path wp (resp. wp) in V NU from y(#1) to y2(t2) (resp. from y»(22) to y3(t3)) such that
yfl * 2 is homotopic to (yl‘[,l,l])_l * W1 * Y2|[n,1] (resp. such that y{l * 1 is homotopic
to (y2|[,2,1])_] * W) * V3|[13,1] ). Then (y1|[0,;,])_] *2|[0,10] * a)l_l is homotopically trivial and
the loop yf' * 3 is homotopic to

RO ((V1|[0,11])_1 * V2|[0,r2] * wfl) * w1 % (M0.6) " * V3

which is thus homotopic to (Vll[t],l])_] * ] * (V2|[0,zz[)_] * 3. The same way, the loop
V210,001 * V310,51 * @5 ! is homotopically trivial and yfl * y3 is then homotopic to
()/1\[:0,1])_1 * W] * W3 * Y3|[13,1] € £2(x, x,V NU). Finally, y]_l * 3 is almost trivial with
respect to U and y; is almost homotopic to y3. O

Lemma3.36 Let Y5 5 Y be a maximal covering possibly branched above some S, let
(x,y) € (Y\S) x Y and let £ € p~'(x). Let y1,y» € 2(x,y,Y\S) and let Py, P be the
respective lifts of y1 and y» such that y1(0) = 7,(0) = x.

Then, p1(1) = y2(1) if and only if y and y, are almost homotopic.

Proof Assume y; and y; are almost homotopic. For I/ some standard neighborhood of y;(1).
By Corollary 3.21, p(l{) is a connected open neighborhood of y, and since y; and y» are
almost homotopic, y; is homotopic to a path y{ of the form yaj0,1,] * @ * yi|5,,1] With
t;1 €]0, 1[ such that y; ([t;, 1]) C pU) fori € {1,2} and w € 2(y2(t2), y1(t1), Y\S). Since
y1 and y| are homotopic and p~1(y) is totally disconnected, then y;(1) = y;(1). Since
 * Y1)[1,1] C pU), the lift n of w * y1)[,,17 such that n(0) = y2(2) stays in U.In partlcular
71(1) = n(1) € U. Therefore, y1 (1) is in the closure of all neighborhood of 7, (1), since YS
is Hausdorff we conclude that 71 (1) = 7»(1).

Assume p1(1) = p»(1). LetUd C YS be some standard neighborhood of y; (1), let#1, 1, €
10, 1[ such that p; ([t;, 1) C U fori € {1, 2} and let w € 2(P1(11), 72 (t2), U N p~L(Y\S)).
Since p~H(Y\S) is simply connected, the loop yijj0,1] * @ * ()?2\[0,,2])’1 is homotopically
trivial. Therefore, > is homotopic to Pijo,s,] * @ * P21, 1], hence y2 is homotopic to yijo,;,] *
(pow)*y2(1,,17- Finally, the loop ()/1)_1 *y» is homotopic to ()/1)_1 *Y11[0,6 1% (POW) ¥V2|(12.1]
which is homotopic to ()/lllzl,lj)_l * (p o w) * V21,11 C U. The loop ()/1)‘1 * o is thus
almost trivial and y; is almost homotopic to y». O

Theorem 2 Let Y be a first countable connected locally path-connected Hausdorff topo-
logical space and let S C Y be a skeletal subset. Let yo € Y\S and let 2 =
Uyey 2(vo, x, Y\S). Define X as the set of almost homotopy classes of §2 with respect
to Y\S and define the map ¢ : 2 — Y,y — y(1).

Then, ¢ induces a branched covering X 2y isomorphic to vs 2y,

Proof Let 5 be some lift of yo in Y. Consider the function y : 2 — Y'S which associate to
y € £ the point p (1) where 7 is the unique lift of ¥ in ¥ such that 7 (0) = 3. By Lemma
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3.36, ¢ induces an injective function ¥ : X — YS, the following diagram commutes

v

X ——=7Y$
Y Y

and it suffices to prove that v is an homeomorphism.

— Since ¥'$ is first countable and p~1(Y\S) is portly, for all x € YS there exists a path
7 € 20, x, p~1(Y\S)) and, for such a path, ¥ (p o 7) = p(1) = x. The map v is
thus surjective, hence bijective.

— Let U be a neighborhood of some x € YS, since p is a spread and by Corollary 3.21

without loss of generality, we may assume I/ is a connected component of p~'(p(U))
and consider some y € §2 such that ¥ (y) = x. Recall that p(l{) is also open.
Take some 79 €]0, 1 such that y([tp, 1]) C p(U). Since Y'\S is semi-locally simply
connected, for all ¢ € [0, 7p] there exists some path-connected open neighborhood V C
Y\S of y(¢) such that all loop in V are homotopically trivial in Y\ S. By compactness,
we can choose finitely many such neighborhoods (V;);¢1,,) as well as an increasing
sequence « € [0, 111971 guch that: g = 0, a,, = t and Vi € [1, n], y(lai—1,@i]) C
V;. Define V,+1 := U and W; the connected component of y(¢;) in V; N V4 for
i € [1,n] and define

Vi e [[1, n], n([ati—1, ;1) C Vi)
O:=3ne 2 |Viell,nl, nle;) e W;
n(l7, 1) C p¥f)

O is an open neighborhood of y for the compact-open topology of §2. Let n € O, forall
i € [[1, n], choose a path w; € 2(y(«;), n(a;), W;). We also define wq as the constant
path at yo. We notice that foralli € [1, n, 1|, the 100p ¥|a;_,ci1%@i * (e _y.01) ™ *@i—1
is homotopically trivial. Therefore, 7 is homotopic to the 100p 1’ := 0,4, * @n * N|1o.1]-
Consider the lifts 7 and 7’ of y and n’ respectively, both starting at 3. They are equal
on [0, 7p]; since y and 1 both stay in p(U{), the paths 7 and 7’ stay in the same connected
component of p~1(p(U)), hence they both stay in/. We then deduce that /() = /(1) €
U thus ¥ (©) C U. Finally, ¥ is continuous, and so is .

— Let!d C Y openand K C [0, 1] compact, define O := {y € §2 | y(K) C U}. Four cases
can occur:

1. If 0 € K and yy ¢ U, then ¥ (O) = 0,
2. If0 ¢ K oryy € U,
(a) If 1 ¢ K, then ¥(O) = Y5,
(b) If 1 € K # [0, 1], then ¥ (O) = p~ ' U);
(¢) If K = [0, 1] then ¥ (O) is the connected component of Yy in p_1 ).

Case (1) is trivial. In case (2.a), consider x € ?S, y € £2 such that ¢ (y) = x. Take
some to €]0, 1[ such that [7p, 1] N K = @ and consider the path n(z) = yo if t < t9 and
I ’0) if t € [y, 1]. We indeed have ¥ (n) = ¥ (y) = x. A similar argument

shows case (2 b). Then, in case (2.c), we have yp € U and the connected componentu of
$o in p~' (U) is path-connected. For x € 21, there thus exists some path 7 € £2(§o, x, U)
and, for such a path, ¥ (p o ) = x. Furthermore p oy C U thus p oy € O. Therefore,
U C ¥ (0). Certainly, ¥ (0) C p~'(U) and since y is connected and 7 (0) = Jo € U,
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then ¥ (O) C u. Finally, ¥ (O) = U, the connected component of 3o in p~ ' @).
We deduce from the previous analysis that i is open; hence, ¥ is open.

Together, the points above show that ¥ is a homeomorphism. O

We end this section with two corollaries of Proposition 3.11, the proofs of which are left
to the reader, and two examples illustrating possible behaviors of the fiber above a branching
point.

Definition3.37 Let X & Y be a covering branched over S C Y. Given two paths yi, y»
with fixed start point a € Y\ S and free endpoint in an open connected subset U/ C Y\ S; y;
and y, are p-homotopic if their lifts, from the same start point, end in the same connected
component of p~! (/).

Proposition 3.38 Let X L Ybea covering branched over S C Y. Let a € Y\S and let
U C Y be open and connected. Define wi(a, p,U) the set of paths with fixed start at a and
free end in U up to p-homotopy.

Then, for all b € Y and all connected neighborhood basis U of b we have

p~(b) = lim 7y (a, p,U)
Ue

where the projective system is given by the natural maps my(a, p,U) — mi(a, p,V) for
ucv.

Proposition 3.39 Let Y be a first countable connected locally path-connected Hausdorff
topological space and let S C Y skeletal such that Y\S is semi-locally simply connected.

Leta € Y\S and letUd C Y be open and connected. Denote YS & Y the maximal cover of
Y possibly branched over S. Define wy(a,U) the set of paths with fixed start at a and free
end in U up to homotopy.

Then, for all b € Y and all connected neighborhood basis U of b we have

p~ () = lim 7y (a,U)
Ueld

where the projective system is given by the natural maps wy(a,UU) — mi(a, V) forUd C V.

Example 3.40 Consider Y = RZand S = {(%, 0) : n € N* U {oo}}. The fiber above (0, 0)

in YS is homeomorphic to ZN endowed with the weak topology; hence, it is not locally
compact. This answers positively Problem 10.8 of [36].

Proof Consider the neighborhood basis given by the discs D,, centered at (0, 0) of radius
n%l/zforn € N*.Leta = (2,0)andb := (0, 0), forn € N*, the natural map 1 (@, Dy 1) —
71 (a, Dy) has an infinite fiber above every point. The result then follows from Proposition

3.39. O

3.4 Galoisian branched coverings

The usual notion of Galoisian covering can be extended naturally to branched coverings via
the group of automorphisms of a branched covering. Although, as we shall see, the completion
of a Galoisian covering need not be Galoisian. The main result of this section is a topological
criterion akin to semi-local simple connectedness, which ensures maximal branched cover-
ings are Galoisian, see Proposition 3.52. It allows the state a Galoisian correspondence for
branched covering stated in Theorem 3.
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Definition 3.41 (Automorphisms of a spread) Let X L Ybea spread, an automorphisms
of p is an homeomorphism ¢ of X such that p o ¢ = p. Denote by I'(X/Y) the group of
spread automorphisms of X above Y. We also denote by I'y the stabilizer of x if x € X and
by I3, the set-wise stabilizer of U if U is a subset of X.

Note that a spread automorphism is just an automorphism in the category Spr.

Definition 3.42 A branched covering X Ly is Galoisian if the group I'(X/Y) of auto-
morphism of p acts transitively on the fibers of p. It is called quasi-Galoisian if p is the
completion of a Galoisian covering.

Remark 3.43 1f a branched covering X LY is Galoisian then p induces an homeomorphism
I'(X/Y)\X — Y.

Lemma3.44 Let X 5 Y be abranched covering, the group of automorphisms of p is exactly
the group of automorphisms of the induced branched covering p~"(U) — U for anyU portly
inY:

rX/y)=rep'emum.

Proof An automorphism ¢ of X — Y lifts the identity thus for any U/ subset of Y, the
automorphism ¢ preserves p~!(Uf). In particular, for any ¢/ portly subset of ¥, such a ¢
induces an automorphism of p~'(@f) — Y. Furthermore, with I/ portly in Y, by functo-
riality of the spread completion and since the completion of p~'(f) — Y is X — Y, an
automorphism of p~! (1) — U extends uniquely to a automorphism of X — Y. Therefore,
rX/Y)=rep='uu). D

Corollary 3.45 Let X LY be a branched covering, then
[(X/Y) = ['(0rd(X)/0rd(Y)).

The maximal covering branched over some locus need not be Galoisian. Indeed, one
can consider Y = R% and S := {(1/n,0) : n € N*} U {(0,0)}. On the one hand, the
automorphisms group of Y'S is countable (itis the fundamental group of Y\ S, thus a free group
generated by countably infinitely many generators). On the other hand, there are uncountably
infinitely many homotopy classes in of path from (2, 0) to (0, 0) and none of these classes
are equivalent in the sense of Theorem 2; hence the fibre above (0, 0) is uncountable. The
action of I"(X/Y) is then not transitive on the fiber above 0, and YS - Y is not Galoisian.

Definition 3.46 (semi-locally simple connectedness)Let X be aHausdorff, connected, locally
path-connected topological space. We say that an open subset ¢/ is semi-locally simply
connected at x € I{ if there exists a connected open neighborhood V of x such that every
loop y of §2(x, x, YV NU) seen as an element of £2(x, x, I/) is almost trivial.

U is then semi-locally simply connected in X if ¢/ is dense and semi-locally simply
connected at every point of X

Remark 3.47 The definition of semi-locally simply connected is coherent with the usual
definition of semi-locally simply connected. Indeed, a topological space X is semi-locally
simply connected if and only if it is semi-locally simply connected in itself.

Remark 3.48 Using the same notations as in the definition above, there are generic situations
in which dense open subsets are semi-locally simply connected at every point of the whole
space.
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— If X is a manifold and X\ is a submanifold of codimension at least 2, more generally
if X is a simplicial complex and X \I/ is a union of facets (such that ¢/ is still dense and
locally connected);

— or if X admits a basis of neighborhoods such that for each V of said basis, V N U is
semi-locally simply connected in V;

then I/ is locally simply connected at every point of X.

Lemma3.49 LetX 2 Y be a quasi-galoisian branched covering. Leta € Y anda € p~'(a),
the orbit I' (X /Y)a is dense in p~'(a).

Proof We use the same notation as in Proposition 3.11. Since the branched covering p is
quasi-Galoisian, for every Y € U, I'(X/Y) acts transitively on X;,. Furthermore, I"(X/Y)
acts by homeomorphisms on X, hence preserves connected components; its action thus
commutes with the bonding maps of the projective system (Xzs)y/cr¢- Finally, the action of
I’'(X/Y) on each Xy, lifts to an action on 1(ir_nu X4 whose orbits are dense. O

Proposition 3.50 Let X L Ybea quasi-Galoisian branched covering possibly branched
over S C Y.
For all b € Y and all connected neighborhood basis (U;)icy of b we have

p~l(b) = lim I'(X/Y)/ Iy,

iel

where U; is the connected component of bin Uy fori e I

Proof Since X 5 Y is quasi-Galoisian, I"(X/Y) acts transitively on the connected compo-
nents of p~!(U) for every open U C Y. The group I} is by definition the stabilizer of V
for V a connected of p~! () for some open &/ C Y. The discrete spaces I'(X/Y)/ I, and
Xy are thus homeomorphic (using the same notations as Proposition 3.11). The result then
follows from Proposition 3.11. O

Lemma3.51 Let X 2 Y be a quasi-Galoisian branched covering possibly branched over
SCYandletbeY.
Assume that I'(X/Y) is countable, then the following are equivalent:

Q) p~Y(b) is discrete;
(i) p~'(b) is countable;
(iii) I"(X/Y) acts transitively on p~' ().

Proof Consider a neighborhood basis (Uy,),en of b in Y indexed over N such that U, C U,
whenever n > m. Denote by X,, the discrete space of connected components of p~'(14,)
and (pn,m)n>m : Xn — X the bonding maps which associated a connected component V
of p~1(U,) its connected component in p~Y(Uy). For n € N, define N,, := #pn_llm (x) for
some x € X,. Since the action of I"(X/Y) is transitively on each X,, and commutes with the
bonding maps, N,, does not depend on the choice of x and N, < Ry.

— If N, > 1 for infinitely many n € N, then the projective limit l(gln X, is uncountable,
hence the action of I"(X/Y) is not transitive. Furthermore, a basis of the topology is given
by the inverse image of subsets of the X, by the natural projection py, : 1<i£1n Xn— X
None of these preimages is reduced to a point; hence, the topology of 1<i£1n X, is not
discrete.
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— If N, > 1 only for finitely many n € N, then the projective limit 11m X, is stationnary.
Then l(in X, >~ X, for some m € N big enough. In particular hm X is discrete and,
by Lemma 3.49, the action of I"(X/Y) on it is transitive, since I” (X /Y) is countable
then so is l(gln Xn.

m}

Proposition 3.52 Let Y be a connected, locally path-connected, second countable, Hausdorff
topological space and let S C Y skeletal such that Y\S is semi-locally simply connected.

Let YS 2 Y be the maximal covering of Y possibly branched above S. The following are
equivalent:

) Y$S L yis Galoisian;
(i1) Y\S is semi-locally simply connected in Y ;

Proof We write I' = F(I?S/Y) and X = Y5. By Lemma 3.51, we can replace (i) by the
equivalent statement that the fibers of p are discrete.

— (i1) = (i). Assume that Ord(Y) is semi-locally simply connected at every point of ¥
and consider some y € ¥, we show that p~!(y) is discrete.

If y € Ord(Y), it follows from the standard theory of (unbranched) covering; henceforth
we assume y ¢ Ord(Y) and consider some connected open neighborhood U/ of y such
that for every loop y € £2(y, Ord(if)), the constant loop at y is in the adherence of the
connected component of y in §2(y, Ord(Y)). We choose a connected component V of
p~1(U) and consider x1, xo € p~!(y) NV. Consider a path € £2(x1, x2, Ord(X) N V).
Such a path exists since V is connected and Ord(X) portly; hence Ord(X) NV is open
dense in V and path-connected.

For any open neighborhood W of y, by hypothesis we can choose some y; € £2(y, W)
in the connected component of g = p o 7 in £2(y, Ord(Y). Let H : [0, 1] x [0, 1] —
Y be a homotopy from yp to y; in £2(y, Ord(Y)) the ordinary part of H defined on
10, 1[x[0, 1] — Y lifts to Ord(X) and, by Lemma 3.19, this lift extends continuously to
a lift H : [0, 1] x [0, 1] — X of H. Since the fibers of p are totally disconnected and
Vs € [0, 1], H(0,s) = H(1,s) = y, then H(0, -) and H(1, -) are constant. In particular,
x1 and x, are in the same connected component in p’1 (W). We deduce that x; = x by
Proposition 3.11. Finally, V N p~!(y) is a singleton.

— (i) = (ii). Assume the fibers of p are discrete and consider some neighborhood V of
some x € X such thatVﬁp’1 (p(x)) = {x};denote by U := p(V). Since p is a branched
covering, by Corollary 3.21 we may choose V connected and such that V is a connected
component of p~ ).

Consider some path y € £2(y, ) and some lift y : [0, 1] — V. Since y(0) = y(1) = y
both 7(0) and P (1) are in p~!(y) NV and are thus equal to x ie 7 € 2(x, V).

Let W be some neighborhood of y, choose some 7y, n €]0, 1[ such that y(]0, tp]) C
W and y([t1, 1[) C W. The connected component W of x in p_l(W) contains both
v ([r1, 1)) and y (10, #9]); moreover wn Ord(X) is path-connected; there thus exists a
path  : P(t1) ~ P(to) in W. Since Ord(X) is the universal covering of Ord(Y), it
is simply connected and the loop yi.1] * @ is trivial. Therefore, p is homotopic to
Pt 1 w1 x 710,101 Hence, y is homotopic in £2 (x, Ord(X)) to aloop in £2(x, OrdOV).
Finally, y is homotopic in £2(y, Ord(Y)) to a loop in £2(x, Ord(W)). The open subset
W is arbitrary, then Ord(Y) is semi-locally simply connected at y.
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The following Theorem is then a direct consequence of Propositions 3.52 and 3.26.

Theorem 3 (Galois correspondance) Let Y be a connected, locally path-connected Hausdorff
topological space and let S C Y skeletal. Assume Y\S is semi-locally simply connected in
Y.

Then, the maximal covering ys possibly branched over S is Galoisian.

Furthermore, every covering X of Y possibly branched over S is isomorphic to the quotient
of YS by a subgroup of I' (Y /Y). Finally, this subgroup is normal ifand only if X is Galoisian.

Example 3.53 In the following situations, Y\ S is semi-locally simply connected in ¥

1. Y is a n-manifold with n > 2 and S is a finite subset;
2. Y is a 3-manifold and S is a tame knot.
3. Y is a simplicial complex of dimension n and § is a (n — 2)-skeleton.

Example 3.54 Consider Y = R% and § = {(%, 0) : n € N*U {oo}} and denote by I" the
absolute Galois group I” (YS/Y). We see that Y\ S is not semi-locally simply connected in
Y.Let I, := (I"[yn]21" : n € N) where y, is a simple loop around (1/n, 0). Consider Y,
the completion of the spread I’ Z\Ord(f;s ) — Y. The fiber above (0, 0) in Y5 is a Cantor set.
This answers positively Problem 10.7 of [36].

Example 3.55 If S is a wild Cantor [9] embedded into ¥ = S3, then ¥\ S is not semi-locally
simply connected in Y.

4 Singular (G, X)-manifolds (Il): tame and wild

In this section, we utilize elements laid out on branched coverings to construct singular
equivalents to tools of the standard theory of (G, X)-manifolds. A fundamental property
of regular (G, X)-manifolds is the developement Theorem: let M be a connected (G, X)-
manifold and let M be its universal covering, there exists a couple (D, p) with p : m{ (M) —
GandD: M —> X a p-equivariant (G, X)-morphism; furthermore the couple is unique up
to the action of G.

One of the goals is to allow for efficient proof of uniformization results. For instance, if
D is injective M naturally identifies set-wise to a domain in X and we may identify set-wise
M to ,o\D(M ). As will become apparent in the examples given in the last section of the
present work, topology is a core difficulty. We may define a developing map as merely an
a.e. (G, X)-morphism from Mt X ; this leads to tamely singular (G, X)-manifolds.

Example4.1 Let n € N and € R:\{27} and M = E}™ so that Sing(M) = {r =

0} in cylindrical coordinates. We observe that Eg” = MS"EM) can be identified with
iusp(R) x R". In cylindrical coordinates (r, 6, z1, ..., z,) € Ry x R x R”, the covering
EZ” can be endowed with the singular Euclidean metric dr? + r2d6% + e dzi2 and we

can define the developing map

mn+2 n+2
: Ky E . .
(r,0,z1,...,24) /> (rcos@,rsin(9), z1, ..., 2n)

However, the following example shows that many interesting examples are not tamely
singular.

@ Springer



43 Page32o0f51 Geometriae Dedicata (2024) 218:43

Example 4.2 Using notation from 2.25, the extreme BTZ-like whitehole model has a maximal
branched covering but no developing map. Indeed, one can observe that the developing map

Reg((Cg)) S RS2

1.92
D: 6 ! TTZEO
T,t, — | — | x| = 1:+§r9 —r

2w y ~

does not extends continuously at v = 0. For instance, the sequence (z,, t;, 6,,)n+ With

1
VneN* 1,=0, v,=—, 6,=n
n

n——+4oo

is such that (z,, t,, 0,) —— (0,0, 0) in (Cg,) but D(z,,, t,, 6,) is unbounded.

Aiming at a uniformization for this last example leads to a notion of virtually tame singular
(G, X)-manifolds by relaxing the continuity assumption on the developing map. In this
context, we are able to construct uniformization results.

Of course, a natural definition of a developing map (even discontinuous) is not guaranteed
in general, as the following example shows.

Example 4.3 Let M = S? and N € M endowed with a singular (Isom™ (Ez), Ez)—structure
induced by a stereographic projection S?\{N} - Ez. On the one hand, M is a singular
Euclidean manifold with Sing(M) = {N} and MS"¢M) — pf On the other hand, the

developing map D : Reg(M) — E? given by the stereographic projection cannot be extended

. + . .
continuously and no sequence x, 177 N with Vi e N, x, € Reg(M) is such that

(D(x,))neN converges.

The present section lays out distinctions between singularities in (G, X)-manifolds based
on the existence or absence of developing maps. We thus introduce notions of tame and
virtually tame singular (G, X)-manifolds; the section revolves around the localization of
these notions. Localization achieved in Theorems 4 and 5.

In the whole section, we need a guarantee that we are allowed to consider the maximal
covering possibly branched over any skeletal subset of any open subset. We thus make an
extra assumption on X.

Definition 4.4 A topological space X is locally unloopable if it is locally path-connected and
if for all x € X and all neighborhood U of x, there exists an open neighborhood V C U of x
which is semi-locally simply connected.

Lemma 4.5 Let (G, X) be an analytical structure with X locally unloopable. Then every
connected singular (G, X)-manifold M admits a maximal covering possibly branched over
some given skeletal subset S as long as S D Sing(M).

Proof Since S O Sing(M), we have M\S = Reg(M)\S. Since X is locally unloopable
and since Reg(M)\S is locally homeomorphic to X, in particular, Reg(M)\S is locally

unloopable. Since M is connected and Reg(M)\ S portly, then Reg(M)\ S is connected and
thus unloopable. O

In the whole section (G, X) is an analytical structure with X locally unloopable.
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4.1 Ramified coverings, group actions

In this section, we prove natural technical properties one expects to hold for the theory to
work smoothly.

Proposition 4.6 Let M be a singular (G, X)-manifold and let N L M be a branched
covering.

N has a unique a.e. (G, X)-structure for which w is an a.e. (G, X)-morphism. and
Reg(mr) D Reg(N) N Ord(m).

Furthermore, the Galois group I’ (/\71 S/M) acts by a.e. (G, X)-morphisms.

Proof By Lemma 2.16 there exists a unique a.e. (G, X)-structure on N such that 77 is an a.e.
(G, X)-morphism. Lemma 2.15 implies that

Reg(mr) = Reg(N) N {x | f local homeo. at x} D Reg(N) N Ord(rx)

The Galois group I'(N/M) acts by homeomorphisms on M5, and 7 is an a.e. local
homeomorphism. Denoting A, B the a.e. (G, X)-atlases of N, M respectively, we may thus
apply Proposition 2.16

VA=y*n*B=(roy)'B=n"B=A.
In other words, y is an a.e. (G, X)-morphism. ]

Corollary 4.7 Let M be a singular (G, X)-manifold and let S be a skeletal subset of M
containing Sing(M). Then MS admits a unique a.e. (G, X)-structure such that the natural
projection MS = M isana.e. (G, X)-morphism.

Furthermore, the Galois group F(A7IS/M) acts by a.e. (G, X)-morphisms.

4.2 Developing map and tameness

In this section, M, N will denote connectedNSingular (G, X)-manifolds. For brevity’s sake,
whenever it makes sense, we will denote by M the maximal covering of M possibly branched
over Sing(M), which can also be denoted by MS2(M) ip the notation of the previous section.

4.2.1 Developing maps

Definition 4.8 (developing map) Let N £ M be a branched covering of singular (G, X)-
manifold. A developing map D of N — M is any a.e. (G, X)-morphism N — X.

We say that M admits a developing map if there exists a branched covering M- M
possibly branched above Sing(M) and a developing map of M—>M

For simplicity’s sake, whenever it makes sense, a developing map of M — Mis simply
called a developing map of M.

Up to reduction to portly subset, the proofs of the following three Lemmas are identical
to the usual proof in the regular context and are thus skipped.
Lemma4.9 Let N ﬂ) X be a.e. (G, X)-morphisms, then there exists a unique g € G
such that f1 = gf>.
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Lemma4.10 Let M be a singular (G, X)-manifold and I" be a group acting on N by a.e.
(G, X)-morphisms.

For any a.e. (G, X)-morphism M 1> X there exists a unique morphism p : I' — G such
that f is p-equivariant.

Definition 4.11 Let N 2> M be a quasi-Galoisian branched covering of singular (G, X)-
manifold admitting a developing map D. The holonomy of N — M (associated to D) is the
morphism p of Lemma 4.10.

Remark 4.12 A developing map D of a quasi-Galoisian covering M — N sends points to
some fixed point of their stabilizer: D(x) € Fix(p(I'y)).

Remark 4.13 Let M be a singular (G, X)-manifold. The holonomy of M — M is indeed the
holonomy of Reg(M) in the usual sense.

Lemma4.14 Let N > M be a quasi-Galoisian branched covering of singular (G, X)-
manifold. If it admits a couple (D, p) of developing map and holonomy, then all other
such couples are obtained via conjugation, ie: if (D', p) is another couple developing map
and holonomy, then there exists a unique § € G such that (D', p') = (g o D, p8) with

ps iy > gp(y)g!

Lemma4.15 Let M 5 N be a quasi-Galoisian branched covering of singular (G, X)-
manifolds. Then, the following are equivalent:

(i) there exists an a.e. (G, X)-morphism M — X and the holonomy of M — N is trivial,
(i) there exists an a.e. (G, X)-morphism N — X.

Proof Assume (i) and consider some a.e. (G, X)-morphism M g X as well as the equiva-
lence relation x ~ y if p(x) = p(y) for x, y € M. By Lemma 3.49, the action of I"(M/N)
has a dense orbit in the fiber of p then the equivalence classes of ~ are the closure of orbits
of I'(M/N). Furthermore, since p = 1 then D is constant on the orbit of I"(M /N) and con-
tinuous, hence constant on the equivalence classes of ~. Therefore, D induces a continuous
map ~ \M — X. Moreover, p induces a continuous map ~ \M — N which is open by
Corollary 3.21, injective by definition and surjective since p is surjective; hence ~ \M — N
is a homeomorphism. We thus constructed a continuous map D : N — X. Notice that D is
a (G, X)-morphism on Ord(N) by usual results on (G, X)-manifolds. Finally, D is an a.e.
(G, X)-morphism.

D Do
Assume (ii) and consider some N 2) X, the map M % X is thus an a.e. (G, X)-
morphism and

Vy e '(M/N), Doy =Dopoy=Dop=D
so p = 1 ie the holonomy of M — N is trivial. O

Lemma 4.16 Let f : M — N be a morphism ofsmgular (G X)- mamfolds and let M and
N be branched coverings of M and N respectively. If f M — Nisa lift of f, then f isa
morphism of singular (G, X)-manifolds.

Proof One can restrict to portly subsets to reduce the Lemma to the case where M, N are
regular, M, N are unbranched coverings, and f is a (G, X)-morphism. Standard results apply.
O
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Proposition 4.17 Let M be a singular (G, X)-manifold. The following are equivalent:
(1) there exists an a.e. (G, X)-morphism M— X ,

(ii) there exists a branched covering of N L M which admits a developing map.

Proof Clearly, (i) = (ii). Assume (ii) and consider some branched covering N Zom
and a developing map N L X. Denote by § := M\Ord,(M) and S the lift of S to
M := MS"UD Since S C S U Sing(M), by Proposition 3.26, the map N I X ifes
to an a.e. (G, X)-morphism M o= pSUSine 0D P x The developing map of Reg(M)

is a (G, X)-morphism Reg(M) —> X thus a (G, X)- morphlsm M —> X were M’ is
the universal covering of Reg(M )\S which embeds naturally in M since it is the universal
covering of Reg(M)\S. By Lemma 4.15, the holonomy

I = I'(M Reg(M)) = ['(M /M) —2— G
of M/ — /REE(M) is trivial. Futhermore, there exists ¢ € G such that g o ﬁl = ﬁo;

~ . ~ D . . ~ S
therefore Dy extends continuously to M —> X. Since the action of I" on Dy, is trivial

and since M’ is dense in M, the action of I”" on Dy is trivial. We can thus apply Lemma 4.15
again to obtain a continuous extension of Dy to M. O

4.2.2 Tame singularities

Following the discussion of the previous sections, we introduce the notion of time singular
(G, X)-manifolds.

Definition 4.18 A singular (G, X)-manifold M is tame if it admits a developing map.

Since the notion of developing map is global, we need to localize tameness to ease the
manipulation of this property.

Lemma4.19 Let M, N be singular (G, X)-manifolds and let M — N be an a.e. (G, X)-
morphism. If N is tame, then M is tame.

Proof The morphism M — N lifts to a morphism M — N.We can compose the latter by
the developing map N — X of N to obtain a developing map of M. O

Corollary 4.20 A branched covering of a tame singular (G, X)-manifold is tame.
Corollary 4.21 Open subsets of tame singular (G, X)-manifolds are tame.

Theorem 4 Let M be a singular (G, X)-manifold the following are equivalent:

1. M is tamely singular
2. M locally tamely singular.

Proof Denote by M 5 M the maximal covering of M ramified above Sing(M).

Assume M tamely singular, for any x € M and any neighborhood ¢/ of x, by local
connectivity, there exists an connected open neighborhood V C U of x. Take any connected
component W of p~!(V) so that W — V is a branched covering, by universality there
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exists a branched covering VL W. Take a developing map D of M, the map Dy o g is a
developing map of V hence V is tamely singular. _
Assume M locally tamely singular. Let X¥ € M and let I be an open, connected neigh-

borhood of x := p(X) admitting a developing map. Define Ul 5 U the natural branched
covering. The natural injection U % M lifts to an a.e. (G, X)-morphism u —T> M. Let
Reg(i\?) 31‘3 X be a (G, X)-morphism, the map Reg(Z:i) M X is a (G, X)-morphism
and extends continuously to an a.e. (G, X)-morphism u % X. Let U be the connected
component of Wy in p~' W), by Lemma 3.20, 7 5 U is a branched covering, by Proposi-
tion 3.26 there thus exists a map u i) u such that po n' = 7. Since U /U is quasi-Galoisian,
this map is unique up to the action of I" (U /U). Since p oT = m, we conclude that 7’ =To y
forsomey € I’ (1\71 / M ). In particular, 7 is a branched covering.

Using the same argumentation as in the proof of Proposition 4.17, we show that Dy,
descends to an a.e. (G, X)-morphism ¢/ — X which extends continuously D), ;. Finally,

Dy extends continuously at X and, since X is arbitrary, to the whole M. ]

The following remark, though trivial, is important.

Remark 4.22 Let M be a tamely singular (G, X)-manifold. If M admits an injective devel-

oping map N 2. X for some branched covering N of M then M is isomorphic to
I'(N/M)\D(N) where

— I'(N/M) acts on X via the holonomy of D;
— D(N) is endowed with the topology making D an homeomorphism.

The specification of the topology is important as the developing map D, though continuous,
may not be open in neighborhoods of singular points.

Example 4.23 Take X the closed unit disc in R? and identify the open disc with the pointcaré
disc H. Take G, the group of isometries of the Poincaré disc. Note that G acts by home-
omorphisms on X. Consider M a genus g surface and S C M a finite subset such that
2g — 2+ s > 0. Endow M\ S with a finite volume complete hyperbolic metric. On the one

hand, M is a tamely singular (G, X)-manifold with injective developing map M KA X.On
the other hand, an open neighborhood ¢/ of a singular point x of M is homeomorphic to a
domain {r < ro} in the “infinite angle disc” D, introduced in Example 2.25. We may choose
U so that D(U) is a horodisc centered at D(x). Such a domain is not open for the topology
of X.

4.3 Singular models
In common settings, singularities are not arbitrary: they are assumed to be isomorphic to

some model such as (E§)9>0 for singular locally Euclidean surfaces or (Eé’z)a>o for flat
3-spacetimes with massive particles.

4.3.1 Analytic family
Definition 4.24 Let M be a singular (G, X)-manifold. The automorphisms group of M

denoted Aut(M) is the group of isomorphisms of singular (G, X)-manifolds from M to
itself.
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Definition 4.25 A family (X4)qea of singular (G, X)-manifolds each endowed with a non-
empty subset S, C Sing(X,) is an analytic family of model spaces if for all a1, oy € A and
all a.e. (G, X)-isomorphism U LA Uy where U, Uy are connected open subsets of X, and
X, respectively we have:

UNSy #0=0a1=ay and 3¢ € Aut(Xq,), ¢ = 7.

Definition 4.26 (X 4-atlas) Let (X4)aca be an analytic family of model spaces and let M be
a singular (G, X)-manifold.
For « € A, an Xy-chart around x € Sing(M) is a triplet (U, V, ¢) with x € U C

M,¢(x) € Sy, V C Xy open and connected; and U f) V an isomorphism. If such a chart
exists, we say that x has type «.

An X g-chart is an X,-chart for some o € A. An X 4-atlas is a collection of X 4-charts
covering M.

Definition 4.27 Let (Xy)xc4 be an analytic family of model spaces and let M be a singular
(G, X)-manifold.
A X 4-manifold is a singular (G, X)-manifold M admitting a X 4-atlas

Remark 4.28 A singular point x € Sing(M) of a X 4-manifold M has exactly one type.
Indeed, let U; N V; C Xq be isomorphisms with ¢4, V; open for i € {I,2} and with
X € Uy NU,. Restricting ¢1, ¢ if necessary, we may assume U = U, connected so that

—1
P209, . . . . . .
Vi ——— )V is an isomorphism, Moreover, V| contains the singular point ¢ (x) € Sy, so

by analyticity o1 = a3.
Remark 4.29 By Theorem 4, a X 4-manifold is tame if and only if all models are tame.
Example 4.30 1t follows from Proposition 1.3 of [17] that the family (Eg)'z)gzo is analytic.

Counter-Example 4.31 Start from X a singular S*-manifold homeomorphic to a sphere with
s > 3 conical singularities of respective angles (6;);cy1,s]. We know from Troyanov [49] that
one can construct such a surface for arbitrary (6;)ic[1,s] as long as

N
0< Z(e,- —27) + 47 <min(47, 6; ;i € [1,s]).
i=1

Apply the Thurston suspension method described in Sect. 2.4.2, the constructed manifold M
is a singular (SO(4), S*)-manifold (we may either apply by Proposition 2.32 or check that
directly). We call O its center.

An automorphism of M has to fix O since the singular locus is homeomorphic to a line
except at O; furthermore, it preserves distances and geodesics. By considering the sphere of
some radius ¢ > 0 centered at O, we see that the natural map Aut(X) — Aut(M) is a group
isomorphism. As a consequence, except for very particular X, Aut(M) is trivial. For instance,
if all the 6; are different then Aut(M) = {1d}. These remarks hold for all neighborhoods of
0.

For a generic X, since locally we may construct a rotation around any of the axes, and
since those cannot be extended as an automorphism of M, we conclude that for S C Sing(M),
(M, S) is analytic if and only if S = {O}.
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4.3.2 A motivational example: the BTZ model space

The BTZ model space E(l)’z is defined as R? endowed with the singular E'2-structure induced
by the flat Lorentzian metric ds?> = —2drdr + dv?> + r2dé in cylindrical coordinates. The
singular locus of By * is then Sing(Ey®) = {v = 0} and the regular locus is Reg(E} %) := {t >
0}. Following example 2.25, from which we reuse notations, we denote the maximal covering
of E(l)‘z possibly branched over Sing(IEé’z) by IE(I)’Z. Since IE(])’2 is simply R? and Sing(IEé’z)
is a simply a line, IE(I)’Z is homeomorphic to the maximal covering of R3 branched over a line

denoted by (Cg,) and parameterize using cylindrical coordinates (7,t,0) € R x Ry x R. A
natural candidate for a developing map is given by

]E(l),Z ]EI,Z

(+557)
T,t, — | —>
D : 2

(7,0,) —>

T+ %t@z
=|t+ %t@z -t
—t6

S A A==~

which can be checked to be a E1'2—m0rphism on Reg(E(l)’z) = {v > 0} but is discontinuous
at every points of Sing(IE(l)’z) = {v = 0}. Furthermore, one may check that for all x =
(z,0,0) € Sing(Ey?) we have

[ DReg@)) = {(x, %,0) : 1> 1}
Usx

so that there is no way to extend D continusouly to {v = 0} keeping the standard topologies
of By and E1-2,

Consider the topology 7 of IE(I)’Z generated by the standard topology 7y and the sets of
the form

Uy = [(f,r,e) e B)? | w2 <x], »eRE.

Then D : (E2%, 7) — E!2? is continuous and element of Aut(fl*i(l)’z) are 7 -continuous,
furthermore the quotient topology induced on IE(I)’Z is the usual topology. Finally, we note
that Reg(Eé’z) is 7 -portly.

4.3.3 Virtually tame models

Some model spaces of interest, such as the BTZ model space, are not tame but are almost
tame in the sense that we may extend the developing map in a unique fashion, allowing us
to construct a developing map on X 4-manifolds.

Definition 4.32 A singular (G, X)-manifold M is virtually tame if there exists a first count-
able locally path connected (strong) topology 7 on M thinner than the natural (weak) topology
such that:

(A) The quotient topology induced by 7 on M is the natural one.
(B) the developing map D : Reg(M) — X admits a 7 -continuous extension;
(C) elements I"(M /M) are T -continuous;
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(D) the lift of Reg(M) to M is 7T -portly in M.

We call such a 7 a tamifying topology.

Definition 4.33 A singular (G, X)-manifold M is locally Galoisian if for every 4 C M
open, Reg(i/) is semi-locally simply connected in ¢/.

The goal of this section is to prove the following localization property.

Theorem 5 Let (Xy)aea be an analytical family of locally Galoisian model spaces. If for
every a € A, there exists a tamifying topology Ty such that the group Aut(Xy) acts Ty-
continuously, then every X s-manifold is virtually tame.

To this end, we will need technical results on branched coverings involving two topologies
on the same underlying space. In every instance, we shall refer to the strong and weak
topologies, the former being the thinner of the two.

Definition 4.34 Let (M, Ty), (N, 7Ty) be topological spaces and Let M 2 N be a continu-
ous map. For any topology 7 on N define p*7 the topology of M generated by 7); and the
Ty -connected components of p’1 (O)forO e T.

Lemma 4.35 Let M be a first countable, connected locally path connected Hausdorff topo-
logical space. Let S C M be a skeletal subset such that M\ S is semi-locally simply connected
in M; consider a sub-covering S5 NS M.

Let T be a (strong) thinner first countable and locally path-connected topology on N for
which elements of I'(N /M) are continuous. Consider the induced strong topology p*T on
MS. Assume, in addition, there exists some R C Ord p(N) strongly portly in N on which
strong and weak topologies agree.

Then, we have the following

(a) MS is strongly first countable connected locally path connected;
(b) strong and weak topologies agree on p~' (R);

(¢) p~Y(R) is strongly portly;

(d) elements of I (M S /M) are strongly continuous;

(e) M5 5 N is a branched covering for the strong topologies.

Remark 4.36 Intuitively, if (M, Ty) L (N, 7Ty) is a spread and 7 is thinner than 7y, then
the strong topology p*7 is the coarsest topology on M such that (M, p*7) K (N,T)
is a spread. However, the definition does not guarantee that 7js-connected components are
p*T -connected components. Point (e) above is thus non-trivial.

Proof To begin with, we define R = p~(R) and note that by definition of the ordinary
loci, R L Risa covering for the weak topologies. Then, it is not difficult to see that
(p:%)*ﬂyg = (p*7)r so that point () is clear. We also note that it follows from the
definitions that p is continuous for the strong topologies.

To show point (d), c0n51der some y € F(MS/M) and take some ¥ € I'(N /M) such that
poy =7y op.For O a weak connected component of some p~!(©) with O strong open,
since y is a weak homemorphism y -1 (O) is a weak connected component of (po y) L) =
(¥ o p)~1(0). Since ¥ is strongly continuous, 7~ (O) is strongly open so that O'is strongly
open since it is a weak connected component of p~! (7~ 1(0)).
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Claim: For all strong open O C M5 that is a weak connected component p~!(O) for
some strong open O C N then O NR # ¥; Furthermore, for all § € M5 and for all strong
neighborhood O’ 3 3, there exists O 5 § such that © C O and such that forall £ € ONR,
there exists a a weakly continuous path 7 : £ ~ $ with 7 ([0, 1[) C R N O. All such paths
are strongly continuous. We may assume that O N R is connected.

Indeed, take O, O as above and take ye O and y = p(9). Without loss of generality, we
may assume O is strongly connected. Since N is strongly first countable connected locally
path connected, since O is strongly connected and R strongly portly, O N R # ¢ so we
may choose x € O N'R # {J and by Lemma 3.13 there exists a strongly continuous path
y :x ~» y such that y ([0, 1[) C R. By Proposition 3.52, MS — M is Galoisian and thus
sois M5 — N. There thus exists some weakly continuous lift y of y such that y (1) = y.
Therefore, y = (1) and y (0) are in the same weak connected component of p’1 (O) hence
70)eONRegONR 0.

Choose § € MS and O > § and define y := p($), since M5 — N is Galoisian, there
exists some weak open neighborhood ¢/ > y such that the connected component of p~! ()
has exactly one preimage of y in each weak connected componen. Hence, choosing O and
O with the additional property that O C I we have O N p~'(y) = {3}. Then, for£ € ONR
arbitrary and x := p(x) we may consider the same y : x ~» y as before and then its
weakly continuous lift y such that y(O) = X. Therefore, y (1) is in the same weak connected
component of p~1(©) as % so in O and thus y(1) = 3. Smce weak and strong topologies
agree on R, 7 is strongly continuous on [0, 1[. Take any open 055 being a weak connected
component of p~!(©’) for some strong open '. Since y is strongly continuous, for some
e > 0, we have y([1 — &, 1)) C O so that p([1 — &, 1]) € p~1(©’). Therefore for all
t e[l —e 1, p@) and p(1) = § are in the same weak connected component of p~1(0")
thus p([1 — &, 1]) € O'. The pathp : X ~ y is thus strongly continuous.

Finally, if we consider in addition some Z € ONRandz := = p(2).Since x,z7 € ONR
which is path connected, we may choose a path y : x ~» z which lifts to a path X ~ Z in
R N O hence O N R is connected.

We now continue the proof of the Lemma.

— The first part of the claim shows that Ris strongly dense.

— Lety € MS and y = p(9). Take a countable basis of neighborhood ((9 )ies of y. A basis
of neighborhood of 3 is provided by weak connected components O; of $ in p~1(O))
fori € I. Hence, M" is strongly first countable.

- Lety € M5 and ly = p(y) Take O > ¥ such that the second part of the claim is
satisfied (say for O =M ). The statement implies that { yHu (’) NR is path connected.
Take any Z € @] and choose 01 C O such that {£} U O; N R is path connected. Since
0 # (91 NRcCONRwe may find a strongly continuous path y from y to Z via some
arbitrary point x € O N'R. Hence, M* is strongly locally path connected.

— Since every point of M admits a strongly connected neighborhood, since R is weakly
connected (thus strongly connected by point (b)) and Ris strongly dense, M5 is strongly
connected

- Ris strongly open as the only weak connected component of p~! (R). Itis also dense.
Let WV be a strongly connected open subset of M5, let £, JeWwnRandletyy: £~ 9
be a strongly continuous path. For all # € [0, 1], there exists a strong neighborhood O, of
7 (¢) statisfying the second part of the claim (with 0 = W). Choose a family of such open
sets, by the compactness of [0, 1] there exists sequences fp =0 < t; < --- < t, = 1
and 7 € [0, 1]10-7=11 gych that for all i € [[0 n— 11, p(t, ti+1]) C Or, For each
i €[1,n— 1], we choose some X; € Or, | HOT NR and define o = x and x,, = y. We
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can construct a strongly continuous path y’ : Xy ~ X, by choosing foreachi € [0, n—1]|
a strongly continuous path X; ~» X4 taklng its parameter in [#, t;+1] and its values i in
(9 NR. The path 7’ takes its values in WN R and j joins X to y, we conclude that WN R
is path connected.

Finally, Ris strongly portly.

— Consider the topology 7"’ on MS generated by strong connected components of preimage
of strong open of N. Since for any strong open U the strong, connected components are
included in a weak connected component, the topology 7" is thinner than the strong
topology on MS5. On the other hand, the strong topology on M5 is locally connected, so
any connected generator of 7" is a strong open. We conclude that p is a spread for the
strong topologies.

— Apply Lemma 3.19 with X = MS, Y=N, X = 7’5, Y1 = R for the strong topologies;
to show that p is a branched covering for the strong topologies, it suffices to prove that
forany path y : x ~~ y suchthat y ([0, 1[) C R, any partially lifts y|[0,1[ extends strongly
continuously at 1.

Since p is a branched covering for the weak topologies, o, 1; admits a weak limit at 1,
we denote y its weak continuous extension so [0, 1]. The claim ensures that y is actually
strongly continuous. We conclude that p is a branched covering.

[m}

Proof of Theorem 5 Assume that for every o € A, there exists a tamifying topology 7y such
that the group Aut(Xa) acts 7, -continuously. Let M be a X 4-manifold. Denote by M5 M

the maximal covering of M poss1b1y _branched over Sing(M). For each a € A, we give
ourselves a tamifying topology 7, on X, and a 7,-continuous developing map D, given by

hypothesis (b). We choose a developing map Reg(]\? ) Z x.

Let (U, V, ¢) be a X g4-chart with V C X, let )’Z; 4, X the maximal branched covering
and let U/ be a connected component of p’1 (U). Take any connected component ) of ¢ “T).
By Lemma 3.20, U5 tandV % V are branched coverings. Define P L Vand@l 5 U the

natural maximal coverings and lift ¢ to an homemorphism u 24, Y. Consider the topology
r*T, defined in Lemma 4.35 on V, we pull it back to u by 5 to get (r o (Z)*’Z; and then
consider the quotient topology on u. Using the universality of maximal branched covering,
one may check this topology does not depend on r qb or £. We call 74,y,¢ the topology
constructed this way on p~'(U). We define the topology 7 on M generated by the topology
of Reg(M ) and the elements of 74y, 4 on each for (U, V), ¢) going through all X 4-charts.

==
ol
X =< Reg(M)—— M U Ve > X, —2s X
ll’ \LP lq lq
My =2y o X
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Since X is locally Galoisian, the branched coverings Vo, V >V U—>UU—>U
and X, — X, are all Galoisian. Lemma 4.35 5 applies to V>V->vy taking R = vn

g ' (Reg(Xy)). Indeed, R is strongly portly in y by assumption (D) and since V := PSingV)
we have

R:=VNq '(Reg(Xy)) = g~ (Reg(V)) C Ord, (V).
— The topology T4y, on i does not depend on (V, ¢)

-1
If we consider two X, -charts (Z/{ Vi, ¢1) and (U, V>, ¢2) then Vy m V; is an
isomorphism. By analyticity, ¢1 o ¢ is the restriction of an automorphism of X, Wthh
hfts to an automorphism of X,,. Therefore, there exists w € Aut(X ) such that 1//(V1) =
Vz. By hypothesis, 1 is 7,-continuous so (Vl, Ty) = (Vz, Ty) then Ty vy 0 = Tu vy ¢
— The strong topology on M is first countable and locally path connected:
By Lemma 4.35, the strong topology on a given U is first countable and locally path

connected. Since I A U is Galoisian, ¢ is open for the strong topologies, so the strong
topology on U/ is first countable and locally path connected.

(A) The quotient topology induced by 7z, on U/ is by construction the pull back by ¢ of
the quotient topology induced by r*7 on V. Since Y 5 Vs a branched covering
for the strong topology, the quotient topology of »*7; on Vis 7T which induces the
natural topology on V.

We deduce that the quotient topology induced by the strong topology on M is the
natural topology M.
®B) -r (T)\/ V) is the set of the restriction of the elements of I” ()N(a /X ) stabilizing y
setwise, these acts strongly continuously by hypothesis (C) on Xg. By Lemma
4.35, the Galois group I’ V/V) acts strongly continuously on V.
— Denote Dy := Dyorog whichis strorlgly cc/)\ntlnuous and note that DLHReg(Q) E a
(G, X)-morphism. The holonomy of i/ — U istrivialhence forally € I"(U/U),

(Du © V)iReg(@) = Putireg@- N
By the previous point and strong density of Reg({/) we deduce that

Yy € T(U/U), Dyoy =Dy.

— Since i — U is Galoisian, I" o /17) acts transitively on the fibers of £. We can

thus descend Dy, to an a.e. (G, X)-morphism u M X with I endowed
with the strong topology.
Since Dipeoi7y = 8DPuyreg@r) for some 8 € G, the developing map D g7
extends to a strongly continuous map on I{. Finally, D g.,(j7) extends to an a.e.
(G, X)-morphism for the strong topology on M.
(C) Lety e I (M /M), for every X 4-chart (U, V), ¢), it sends connected component u
of p~1(U) to connected component so the local model of such a p(ﬁ) is the same as
p oy (). The topology 74 on y (i) can then be constructed choosing the maximal

branched covering u —0l> y@). As a consequence, the strong topology on y @) is
the image by y of the strong topology on . Therefore, V- ~1 is strongly continuous.
We deduce that I” (M /M) acts strongly continuously on M.

(D) Recall that we applied Lemma 4.35 with R = q’l (Reg(V)) so that

r~1(R) C Ordyor (V) NReg(V) = Ord,,,5(V) NReg(V)
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and then its image by ¢ 05 isasubsetof p~! (Regf)) C U. Since r ! (R) is strongly
portly, its image by the strongly open surjective map £ o & is also strongly portly.
Since p~!' (Reg(4)) N Uis weakly open thus strongly open, and since it contains £ o
g(r_1 (R)); then p‘1 (Reg(U)) N is strongly portly in U. Therefore, p‘1 (Reg(M))
is locally strongly portly, hence strongly portly.

[m}

Remark 4.37 Hypothesis (C) for the model spaces is necessary for the proof. Take 6 <
R4+ \{0, 27t} and consider Eé’z as a singular model. We may choose as tamifying topology

either the natural one or the tamifying topology 7 we defined on IE(])’Z. Indeed, properties
(A),(C) and (D) are purely topological and E(l)’z — IE(I)‘2 is isomorphic to Iﬁé‘z — Eé’z in
Spr. Property (B) is certainly satisfied since IE;’Z is tame. We may thus construct a messed

up tamifying topology on ]Eé’z by taking the topology 7 generated by the natural one and
the restriction of 7 to {t > 0}. Since the Galois group acts by 'rotation’ around the ’axis’
{r = 0}, it preserves 7'. However, the automorphism group also contains translations along
the ¢-axis, which send points from r < Oto t > 0.

The proof above thus fails at the first step since the induced topology 74,y ¢ for Sing(U) #
) depends on whether V C {t > 0} or V C {t > 0} or any other intermediary cases with
0,0,0) e V.

That being said, the author ignores whether one could remove this hypothesis by showing
that from a given tamifying topology, the coarsest topology that makes the developing map
and the automorphisms continuous would still satisfy (A) and (D).

Finally, the following remark, though trivial, is important.

Remark 4.38 Let M be a virtually tamely singular (G, X)-manifold. If M admits an injective

developing map N 2. X for some branched covering N — M possibly branched above
Sing(M) then M is isomorphic to I"'(N/M)\D(N) where

— I'(N/M) acts on X via the holonomy of D;
— N is endowed with the quotient of a tamifying topology 7 ;
— D(N) is endowed with the topology generated by that of X and the images by D of 7.

5 An application: uniformization of E;’z-manifolds

In this section, we present an ’application’ of the theory developed. Our aim is to present
a uniformization result for E(l)’z—manifolds eg singular (Isom(E"?), E!-2)-manifolds with

singularities modeled on IE(I)’z. Those manifolds are not tame, but we will show they are
virtually tame. We can thus define F(M /M)-equivariant developing maps on any ]Eé’z-

manifold, and we wish to apply Remark 4.38 to some reasonable class of E(l)’z—manifolds.
We begin with a short introduction to the geometry of Minkowski space is necessary.

5.1 Geometry of Minkowski space

We choose X = E!'2, the affine space R? endowed with cartesian coordinates (7, x, y)
and a quadratic form Q(z, x, y) = —t> + x> + y? of signature (1, 2); together with G =
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0p(1,2; R) x R3, the identity component of its group of affine isometry. We will denote
(EY2, 0g(1, 2; R) x R?)-manifolds by E!2-manifolds for simplicity sake.
We choose the point O = (0,0, 0) € E!2 and call it the origin of E!2 we have a natural

projection Og(1, 2; R) x R3xE £> Op(1, 2; R) we will refer to as linear part. Og(1, 2; R)
acts naturally on the paraboloid model of the hyperbolic plane H := {(z, x, y) € EM? | ¢ >
0, Q(t,x,y) = —1}and Og(1,2; R) >~ PSL(2; R). We say that ¢ € Og(1,2; R) x R3 is
parabolic (resp. elliptic, resp. hyperbolic) if the action of its linear part L(¢) on H is parabolic
(resp. elliptic, resp. hyperbolic). A useful characterization is that ¢ is

— parabolic if ¢ stabilizes set-wise exactly one lightlike line,
— elliptic if ¢ stabilizes set-wise exactly one timelike line,
— hyperbolic if ¢ stabilises set-wise two lightlike lines.

5.2 Causality of Minkowski space

Minkowski space E'"? is naturally endowed with two partial order relations induced by strict
orders defined as follows: for any p := (¢, x, y),q := (t',x’, y’) we say that p < g (resp.
p K q)if Q(q — p) <0 (resp. Q(q — p) < 0)and ¢’ > r. A non-trivial vector u is lightlike
if Q(u) = 0, causal if Q(u) < 0, timelike if Q(u#) < 0 and spacelike if Q(u) > 0. A line
is lightlike (resp. spacelike, resp. timelike) if its direction is lightlike (resp. spacelike, resp.
timelike). The relation < is the causal order, while < is the chronological order. A curve is
future causal (resp. chronological) if it is increasing of the order < (resp. <).

One can check that the group G acts by non-decreasing homeomorphisms for both orders,

e.g.
Vp,qg e B2 Vo e Oo(1,2;R), p <q= ép < dq.
Vp,qg e B2 Vo e 0p(1,2R), p<Kq= ¢p < ¢q.

5.3 Locally Minkowski manifolds and Mess-Bonsante-Barbot theorem

Every E!'? -manifold is naturally endowed with two sheaves of pre-order relations inherited
from the order relations of E'2. Future causal or chronological curves are curves that are
locally increasing for respective pre-orders (or equivalently, that are increasing in charts).

Properties of these sheaves of pre-order provide a hierarchy of E!2-manifolds [44]. Let
M be a E'2-manifold.

— M is causal if its induced pre-order < is an order.

— M is globally hyperbolic if there exists a surface ¥ C M such that every future causal
curves intersect X' exactly once. Such a surface is called a Cauchy surface of M.

— M is globally hyperbolic Cauchy-compact if it admits a compact Cauchy-surface

M is globally hyperbolic Cauchy-complete if it admits a smooth Cauchy-surface on

which the semi-Riemannian metric of M induces a complete Riemannian metric.

Following notations of [42], for M a E!2-manifold and p € M, we denote

JHp)={geM|p=<q} J (p):={geM|p=q}
IT(p):={geM|p<Kq} I (p):={qeM|p>q}

A classical result of Geroch [28, 44] implies that a E!-2-manifolds M is globally hyperbolic
if and only if M is causal and if J*(p) N J~(g) is compact for all p,g € M. Another
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classical result of Choquet-Bruhat and Geroch [18, 45] shows that any globally hyperbolic
E!-2-manifolds M embeds naturally into a Cauchy-maximal globally hyperbolic extension.
The precise definition of Cauchy-maximality is not relevant for the following except as a
hypothesis; we therefore omit to develop it further.

Following the work of Mess [40], Bendetti and Bonsante [4, 12] and Barbot [2], a uni-
formization of globally hyperbolic Cauchy-maximal Cauchy-complete E!-2-manifolds is
known. Let M be such a manifold of Cauchy surface X'. For simplicity’s sake, we restrict
ourselves to X of finite type with genus g and s punctures such that 2g —2 + s > 0. In
this case, there exists a representation j(X) AN 0o(1,2; R) x R? whose linear part is
discrete and faithful as well as a p-invariant convex domain £2 C E-2 such that M ~ p\2
and M =~ Q. Furthermore, up to reversing the causal order, there exists a p-invariant family
(Aj)ier of lightlike lines such that

Q= ﬂ 17(A).

iel

Note that for each i € I, the set 17 (A;) is an open halfspace of ELZ,

5.4 Some complements on the BTZ model

Recall that we introduced the developing map

E(l),Z El,Z

( 9)
T,t, — | —>
D : 2

(r,0,:) —

T+ %t@z
=|7+ %t@z -t
—tb

O A A= = o~

is continuous for the topology 757z generated by the natural topology of Eé’z and open sets
of the form

U ={@ w0 eBy? [w? <2}, reRry.

The image of this map is the causal future of a lightlike line A ie D(INE(IJ’z) = J1T(A). More
precisely, A is the line directed by % = (1,1, 0) through the origin of Minkowski space,
D(]E(l)’z) is then the union of A with the open half space of E!'2 above the plane directed
by %+ through the origin. The Galois group I" := I’ (]E(l)’2 /]E(l)’z) is isomorphic to Z and
stabilizes point-wise the singular locus; taking y a generator of I” (Eé’z / E(l)’z), the holonomy
p sends y to ¢ := p(y) which thus stabilizes point-wise the image of Sing(Eé:io) ie A.
Since A is lightlike, ¢ is parabolic.

We did not quite prove that E(l)’z is virtually tame, let us correct this.

Proposition 5.1 The IE(I)’Z model space is virtually tame.
Proof From the motivational example given in Sect. 4.3.2, the only missing property is that
the induced quotient topology on Eé’z is indeed the natural one.

For any A > 0, the image of I/ in I[C(l)’2 contains {(7:, t,0) |t < } and is thus open.

A
472
Therefore, the quotient topology on IE(I)’Z is the natural topology. O
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Proposition 5.2 All Eé’z-mamfolds are virtually tame.

Proof By Proposition 5.1, the model space E(l)’z is virtually tame. From the motivational
example given in Sect. 4.3.2 we have that Aut(IE(l)’z) acts strongly continuously. Topologically,

Eg)’z is homeomorphic to R? and Sing(IEé’z) is a line. Therefore Eé’z is locally Galoisian.
Theorem 5 thus applies. O

We now identify the right topology to put on IE(l)’z. To begin with the holonomy is faithful
and that D is injective, therefore the developing map induces a bijective map

D:Ey — M\JH(A).

using the tamifying topology of E(l)’z we deduce that D is continuous.

However, the map D is not open thus not a homeomorphism if the righthand side is
endowed with the quotient topology of the usual topology of J T (A). Actually, I'\J 1 (A) is
not even Hausdorff. The situation is very similar to that of cuspidal singularities viewed as
point on the unit circle in the closure of the disc model of H embedded into R2. To see that, con-
sider the sequence (7, t, O;)neN in El’z witht, = —1,v, = 1/nand 6, = /2n. Observe

n—+o00 n—+o00o

that D(z,, t,, 0,) —— (0,0, 0) but that (z,, t,,8,) —— (—1, 0, 0). Furthermore,

choose some sequence (k; ), <N such that 6, —k,, is bounded so that D(z,, t,, 6, —k,) ot

(—1,0,0).Since (t,, t, 6,) and (z,, t,,, 6, —k,) are I"-conjugate forall alln € N they induce
. 1,2 . — R ..
the same sequence in E;~. Its image by D thus has two distincts limits.
To force this map to be a homeomorphism, one has to add to the topology of J T(A) the
image by D of neighborhood basis of points in {v = 0} C IE(I)’Z which leads to the following
definition.

Definition 5.3 (BTZ topology) Let A be a lightlike line in E!:2. The BTZ topology on J ¥ (A)
is the topology generated by the one induced by the natural topology of E!-? and open subsets
of the form It (p)U]p, +ool for p € A where ]p, +oo[ denote the relatively open future
half-ray from p.

With this definition we have the following.

Proposition 5.4 If J7(A) is endowed with the BTZ topology, then the map D : IE(I)’Z
I'\Jt(A) is an isomorphism of singular E'-2-manifold.
This last remark will be useful.

Remark 5.5 The tamifying topology 7pr7 is generated by 7prz-open diamond eg the sets
of the form Intz,,, (J~(p) N JT(q)) for p,q € IE L2

5.5 The maximal branched covering of ]E;’z-manifolds

Consider M a ]E(l)’z-manifold, ie a singular E!-2-manifold whose singular locus is locally
modelled on E(l)’z. As notice above, the E(l]’z is locally Galoisian so M — M is Galoisian.
And by Proposition 5.2, M is virtually tame

We may add that the singular locus being a 1-submanifold of non trivial holonomy, M is
exactly branched over Sing(M). We summarize this as follow.

Proposition 5.6 Let M be a El’z-manifold then M admits a Galoisian maximal covering
exactly branched above Sing(M) and admzts a developing map continuous for the tamifying
topology Tptz. Furthermore, Misa IE —mamfold
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For simplicity sake, in the rest of the section, “Developing map” of some Eé‘z-manifold M
will always refer to the one for the 757 z-topology.

The goal of this section is to show, similarly to Cauchy-complete Cauchy-maximal
E"2-manifolds, that Cauchy-complete Cauchy-maximal E(l)’z—manifolds can be realized as
quotients of convex domains of Minkowski space.

Causal notions introduced in the Sect. 5.3 above extend naturally to IE(I)’Z—manifolds and
Eé’z-manifolds. Although, most of the proofs of elementary causal properties for Lorentzian
manifold extend mutatis mutandis to such manifolds, a cautious reader will have to re-
prove most properties from scratch. A proper framework for general topological spacetimes
applying our manifolds of interests can be found in [16] and the author aims at publishing
them.

Definition 5.7 A K, *-manifold M is future distinguishing if the map x > I*(x) defined
on M is injective.

Definition 5.8 A singular E!2-manifold M endowed with some causal pre-order < extending
the one on Reg(M) is causally connected if for all x, y € M such that x < y, there exists a
future causal path from x to y.

The proof of the following two Lemmas are omitted as they fall in the elementary causal
property mentionned above and proving them (though logically necessary) is not particularly
useful for our current exposition.

Lemma 5.9 Globally hyperbolic E(l)’z-manifolds and Eé’z-mamfolds are future distinguish-
ing.

Lemma 5.10 E(l]’z-mamfolds and Eé’z-manifolds are causally connected.

Lemma5.11 Let M be a E(l)’z—manifold andletD : M — E'2 be a developing map. Then
D is increasing on M eg

Vx,ye M, x <y= D) <D(y).

Proof The restriction of such a map to a chart neighborhood is the restriction of a developing
map of the local model space. Since the developing maps of each model spaces are increasing,
D is locally increasing. Furthermore, since M is connected, it is causally connected therefore
D is increasing. O

Definition 5.12 A IE(I)’z-manifold M is future complete if for all x € M
DU *(x)) =JT (D)) and DUIT(x)) = IT(D(x)).
Proposition 5.13 Globally hyperbolic Cauchy-complete ]E(l)’z-manifolds are future complete.

Proof From Theorem 3 of [17] the regular par of M is globally hyperbolic and Cauchy-
complete. Barbot uniformization Theorem [2] then implies future completeness of the regular
part. Finally Lemma 2.4 of [17] implies that the singular locus contains full future BTZ rays.

O

Definition 5.14 A E}>-manifold M is future distinguishing if the map x > I (x) defined
on M is injective.
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Lemma 5.15 Let M be a Globally hyperbolic IE -mamfolds. Its maximal branched covering
M is future distinguishing.

Although, one has to re-prove most causal properties from scratch, the proof of this Lemma
it not different from the proof of the similar statement for Lorentzian manifolds.

Theorem 6 Let M be a globally hyperbolic Cauchy-complete Cauchy-maximal E
manifold, let M its maximal covering branched over Sing(M), of developing map and
holonomy (D, p). We note I' := F(M/M) ~ 11 (Reg(M)) its Galois group. Then, up
to time reversal of M :

— D is injective

— p is faithful, discrete and torsion-free;

— there exists a I -invariant family of relatively open future complete lightlike rays (A;)icr
and a I'-invariant family of lightlike planes (I1;) jcj such that

D(M) = ()T (A u () 1HUT))

iel jel

— endowing D(/VI) with the BTZ topology in the neighborhood of the lightlike rays (A;)ier,
the developing map induces an isomorphism

M2 p\D(M)

Proof From Theorem 3 of [17], the regular part of M is globally hyperbolic, Cauchy-maximal
and Cauchy-complete; therefore, by general result of Barbot [2], the restriction D g, j7) is
injective, p is faithful, discrete and without torsion and

2 :=DReg(M)) = ()1 (1))
jel

for some I'-invariant family (17;) je, of lightlike planes. Furthermore, I" acts totally discon-
tinuously and freely on £2. Notice that £2 is future complete ie for all x € 2, JT(x) C 2.

Note that from Lemma 5.11, D is increasing. Let x € Sing(]\71 ), its stabilizer I'y is
isomorphic to Z and for y € I'y\{1}, p(y) is parabolic. Therefore, the set of fix points of I'y
in B2 is a lightlike line A. The restriction of D to the connected component Sy of Sing(#)
containing x is increasing with image A, := D(S,) C A. Since Sy is a totally ordered
relatively open future half line, so is its image D(A,) C A.

Since I" does not act freely on Sy, it does not acts freely via p on A, therefore A does not
intersects §2. Since D is 77 z-continuous D(A, ) lie in the closure of £2 hence D(A,) C 052.
Finally, since J T (D(A,)) = IT(D(A,)) UD(A,) and since M is future complete,

2 D> DUT(Sy)) = IT(D(Sy))

SO D(/VI ) has t}Le wanted form.
Let x, y € M such that D(x) = D(y). Since M is future complete, we have

DUF(x)) = IT(D(x) = IT(D(y)) = DU () C 2

and since /T (x) and 17 (y) are subsets of Reg(M) and D“I?eg(M) is a bijection we deduce

that I (x) = I (y). Since M is globally hyperbolic, it is future distinguishing and x = y.
Finally, D : M — E!'2is injective.
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The map D g, j7) Is open since itis alocal homeomorphism. The image of a neighborhood

basis of a singular point x € Sing([VI ) is obtains by considering sets of the form I, ; :=
Int(J T (p) N J~(g)) with p € J~(x) and ¢ € I (x). By taking p, g sufficiently close to x,
such a neighborhood can be chosen in a causally convex in M chart neighborhood ¢/ of x.
This way Int(J " (p) N J~(q)) = Int(JZj (p) NJy; (¢)) and the image by D of such a domain
is the exactly (I (D(p)) UD(p, +ool) N I~ (D(q)) with | p, +-o0[ the future half BTZ ray
from p in M. Therefore, the i image of such D(/p,q) together with the topology induced by
"2 generates the BTZ topology on D(M).

For the BTZ topology on D(M), the map D : M — D(M) is then a I'-invariant homeo-
morphism and induces a isomorphism of singular IE‘ 2_manifolds F\M ~ p\D(M ). Since
M — M is Galoisian, M ~ I"\M and M =~ p\D(M) O
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