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Abstract

In the theory of cluster algebras, a mutation loop induces discrete dynamical systems via its
actions on the cluster .A- and X-varieties. In this paper, we introduce a property of mutation
loops, called the sign stability, with a focus on the asymptotic behavior of the iteration of the
tropical X'-transformation. The sign stability can be thought of as a cluster algebraic analogue
of the pseudo-Anosov property of a mapping class on a surface. A sign-stable mutation loop
has a numerical invariant which we call the cluster stretch factor, in analogy with the stretch
factor of a pseudo-Anosov mapping class on a marked surface. We compute the algebraic
entropies of the cluster .A- and X'-transformations induced by a sign-stable mutation loop, and
conclude that these two coincide with the logarithm of the cluster stretch factor. This gives
a cluster algebraic analogue of the classical theorem which relates the topological entropy of
a pseudo-Anosov mapping class with its stretch factor.
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1 Introduction
1.1 Cluster transformations and their algebraic entropy

The cluster algebras are at the center of research field initiated by Fomin—Zelevinsky [16]
and Fock—Goncharov [8] independently. It has been developed with fruitful connections with
other areas of mathematics such as discrete integrable systems [12,19], Teichmiiller theory
[7,14], and so on. The central objects of study are seeds and their mutations. A seed consists
of two tuples of commutative variables called the A-variables and X'-variables, and a matrix
called the exchange matrix. A mutation produces a new seed from a given one, transforming
the variables according to the rule determined by the exchange matrix, and changing the
exchange matrix to another one at the same time. We call the transformation of .A-variables
(resp. X-variables) the cluster A-transformation (resp. cluster X-transformation). Both are
birational transformations.

A mutation sequence is a finite sequence of seed mutations and permutations of indices.
It is called a mutation loop if it preserves the exchange matrix. A mutation loop defines an
autonomous discrete dynamical system, as the composition of cluster transformations and
permutations of coordinates. The mutation loops form a group called the cluster modular
group, and this group acts on some geometric objects called the cluster A- and X -varieties,
and their tropicalizations by a semifield. Thus the discrete dynamical system induced by a
mutation loop takes place in these spaces. It is known that many interesting discrete dynamical
systems emerge in this way, and in some special cases a geometric construction ensures
integrability [12,19].

As ameasure of the deviation from discrete integrability, Bellon and Viallet [3] introduced
the notion of algebraic entropy of a birational map. It is defined as the growth rate of the
degree of the reduced rational expression of the iteration of a given map. It is widely believed
that Liouville-Arnold integrability corresponds to vanishing of algebraic entropy. Indeed, in
[1], Bellon indicated that the vanishing of entropy should be a necessary condition for the
integrability in the Liouville-Arnold sense. For more details, see [22] and references loc.
cit. The algebraic entropy of the cluster .A- and X-transformations induced by a mutation
loop has been studied by several authors [10,21,22]. In [10,22], the authors computed the
algebraic entropies of mutation loops of length one, which have been classified by Fordy—
Marsh [13]. They determined the mutation loops with vanishing entropy among the Fordy—
Marsh construction. Moreover explicit first integrals are constructed in each of these cases
in [10], showing that the Liouville-Arnold integrability is indeed achieved.

1.2 Sign stability and the main theorem

As opposed to the integrable mutation loops discussed above, the Teichmiiller—Thurston the-
ory provides a rich source of “non-integrable” mutation loops. The mapping class group
of an oriented marked surface X is the group of isotopy classes (mapping classes) of
orientation-perserving homeomorphisms of X. The Nielsen—Thurston classification theory
[11,32] classifies the mapping classes into three types: periodic, reducible (i.e., fixes a simple
closed curve on X'), and pseudo-Anosov. The last one is of generic type, and interesting for
us. A pseudo-Anosov mapping class is characterized by the existence of a pair of invariant
foliations on X, and it is known that the topological entropy of a pseudo-Anosov mapping
class is positive. Indeed, these invariant foliations are equipped with a transverse measure
which is unique up to positive rescalings. The pseudo-Anosov mapping class rescales these
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measures by a reciprocal factor called the stretch factor, and the topological entropy is given
by the logarithm of the stretch factor. See, for instance, [11, Section 10.4]. In this case, the
value of the topological entropy itself is an important numerical invariant of a mapping class.

A deep connection between the Teichmiiller—Thurston theory and the cluster algebra has
been known. From an ideal triangulation of X' we can form a seed, whose mutation class only
depends on the topology of X' [7,14,28]. The mapping class group can be embedded into the
corresponding cluster modular group, and the manifold of positive real points of the cluster
A- (resp. X'-)variety can be identified with the decorated (resp. enhanced) Teichmiiller space
of X' [7,28]. The piecewise-linear manifold of real tropical points of the cluster .A- (resp.
X-)variety can be identified with the space of decorated (resp. enhanced) measured foliations
on X [7,31].

Based on this correspondence, the first author gave an analogue of the Nielsen—Thurston
classification for a general cluster modular group in [23], which classifies the mutation loops
into three types: periodic, cluster-reducible and cluster-pseudo-Anosov. However there exists
a slight discrepancy between pseudo-Anosov and cluster-pseudo-Anosov even for a mutation
loop given by a mapping class: a pseudo-Anosov mapping class provides a cluster-pseudo-
Anosov mutation loop, but the converse is not true. Therefore, the search for generalized
“pseudo-Anosov” properties of mutation loops continues.

As mentioned above, a pseudo-Anosov mapping class has a pair of invariant foliations.
A combinatorial model of a measured foliation, called a train track is commonly used to
study the action of a mapping class on measured foliations. The action can be described
by a sequence of splittings of the corresponding train tracks. See, for instance, [29]. Our
observation is that train track splittings can be translated into tropical cluster transformations.
More precisely, some variants of train track splittings and their reverse operations can be
unified to “signed” mutations [25], which is obtained by generalizing the usual seed mutation
by introducing a sign in the formula. Based on these observations we introduce a property
of mutation loops called the sign stability, which is more closely related to being pseudo-
Anosov. An intuitive (but not exact) definition of the sign stability is a stabilization property
of the presentation matrix of the piecewise-linear map obtained as the tropicalization of the
cluster X-tranformation. More precisely, given a mutation sequence and a point of X' (R"P),
we define a sequence of signs indicating which presentation matrices (among three choices
at each step of mutation) are applied to that point. A mutation loop is said to be sign-stable if
the sign of each orbit stabilizes to a common one. To a sign-stable mutation loop, associated
is a numerical invariant which we call the cluster stretch factor, which is a positive number
greater or equal to 1. Now our main theorem is the following. Let 84“) (resp. &) denote the
algebraic entropy (Definition 4.1) of the cluster A- (resp. X'-)transformation induced by the
mutation loop ¢. For a matrix A, let p(A) denote its spectral radius.

Theorem 1.1 Let ¢ = [y]s be a mutation loop with a representation path y : ty — t which
is sign-stable (Definition 3.6) on the set Q(Ctzl)l Then we have
i (0) a (10)

Ing(E¢ ) < 5¢ <log R¢ ,

log p(Ey") < € < log RYY.
Here Rg(’) = max{,o(EgO)), ,0(1;"4(;0))}, where Eg(’) is the stable presentation matrix (Defi-
nition 3.15) and Ey := (Ey™)T)~".
Corollary 1.2 Moreover if Conjecture 3.13 holds true, then we get

a __ ox _ (t0)
&y =&y =logh,”.

@ Springer



82 Geometriae Dedicata (2021) 214:79-118

Fig.1 Train track splitting

Here Ag()) > 1 is the cluster stretch factor (Definition 3.15).

This corollary gives a cluster algebraic analogue of the fact that the topological entropy of
a pseudo-Anosov mapping class coincides with the logarithm of the stretch factor. Note that
the vanishing of the algebraic entropy corresponds to the equality Ag‘)) =1

Moreover we give several methods for checking the sign stability of a given mutation
loop, and demonstrate them in concrete examples. See Sect. 5. We show that one of them can
be effectively applied to certain mutation loops of length one arising from the Fordy—Marsh
classification mentioned above. As a byproduct, we obtain a partial confirmation of [10,
Conjecture 3.1] for these mutation loops.

1.3 Related topics and future works

Surface case As mentioned earlier, the sign stability is introduced as a generalization of the
pseudo-Anosov property. In fact, it is defined by mimicking the convergence property of the
RLS word of train track splittings [30]. It would be possible to obtain a direct relation in the
surface case. The tasks are:

1. to show that the mutation loop obtained by a pseudo-Anosov mapping class is indeed
sign-stable,

2. to give adirect relation between the sign of a mutation sequence given by a pseudo-Anosov
mapping class and the RLS word of the splitting sequence of the corresponding invariant
train track.

The task (1) is established in [24]. As a consequence of (1), the algebraic entropy of the muta-
tion loop obtained by a pseudo-Anosov mapping class would coincide with the topological
entropy.

Invariance of sign stability and relations with other pseudo-Anosov properties Strictly
speaking, the sequence of signs is not an invariant of a mutation loop. Indeed, it highly
depends on the choice of mutation sequence which represents a given mutation loop. For
example, an elimination or addition of a repeated mutations at the same index does not
change the mutation loop but changes (even the size of) the sign sequence. Nevertheless, a
large number of experiments indicates that the sign stability is invariant under the change of
representation sequence of a mutation loop. Thus we have the following conjecture:

Conjecture 1.3 Lety; : f; — t/ (i = 1, 2) be two edge paths in T; which represent the same
mutation loop ¢ := [y1]s = [y2]s. Then y; is sign-stable if and only if y; is.
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A partial confirmation of this conjecture will be worked out elsewhere. Moreover we will
work on the relations between the sign stability and other properties, such as cluster-pseudo-
Anosov property and the asymptotic sign coherence property introduced in [20].

Relation with the categorical entropy A quiver with a non-degenerate potential gives a
3-dimensional Calabi—Yau category as a full subcategory of the derived category of a cer-
tain dg algebra. We can consider it as a categorification of a seed data. When there exists
a non-degenerate potential for a given quiver, a quiver mutation can be lifted to a derived
equivalence. However this lifting has an ambiguity on the choice of signs of derived equiva-
lences associated to mutations (see [26]), which corresponds to our signs of mutations. When
a mutation loop is sign-stable, the stable sign determines a canonical lifting. It will be inter-
esting to compare the algebraic entropy of a sign-stable mutation loop and the categorical
entropy [5] of its canonical lift.

1.4 Organization of the paper

In Sect.2, basic notions in cluster algebra are recollected, basically following the conventions
in [8,18]. In Sect.3, we introduce the sign stablity of mutation loops and state some basic
properties. In Sect.4, we recall the definition of algebraic entropy following [3] and give
a proof of Theorem 1.1. In Sect.5, several methods for checking the sign stability for a
given mutation loop are proposed. Some concrete examples of sign-stable mutation loops
and given, and their cluster stretch factors and algebraic entropies are computed.

2 Cluster ensembles

In this section, we recall basic notions in cluster algebra. Basically we follow the conventions
in [8,18]. As a technical issue, the distinction between a mutation loop (an element of the
cluster modular group [8]) and its representative path is emphasized.

2.1 Seed patterns

We fix a finite index set I = {1, 2, ..., N} and a regular tree T; of valency |I| = N, whose
edges are labeled by / so that the set of edges incident to a fixed vertex has distinct labels.
To each vertex ¢ of T;, we assign the following data:

— Alattice NV = @, Zel.(’) with a basis (ei(t))[ep
— An integral skew-symmetric matrix B(*) = (bi(]t.)),-, jel-

We call such a pair (N®, B®) of data a Fock—-Goncharov seed or simply a seed. Let M) :=
Hom(N®, Z) be the dual lattice of N, and let (f"));c; be the dual basis of (e\");c;.
We call the matrix BY) the exchange matrix. We define a skew-symmetric bilinear form
{(—, =} NO x NO  Z by {el@, ey)} = bl.(;). It induces a linear map p* : N — M ®,

n +— {n, —} called the ensemble map. Each triple (NO (=, =}, (ei(t))ie]) is called a seed in

[8].

Remark 2.1 1. For simplicity, we only consider seeds with skew-symmetric exchange matrix
without frozen indices. See [8,18] for a more general definition.
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2. For exchange matrices we use the notation B rather than €, since we want to reserve the
latter for signs € € {+, 0, —}. Our exchange matrix is related to the one BYZ — (biFjZ) ijel

used in [17,27] by the transposition biFjZ =bj;.
We call such an assignment s : t — (N®, BO) a Fock-Goncharov seed pattern (or

simply a seed pattern) if for each edge ¢ k4 of T, labeled by k € I, the exchange
matrices BY) = (b;;) and BY) = (b, ;) are related by the matrix mutation:

ro_ —b,‘j ifi=k0rj=k,
Y bij + [bir)y[bkjly — [=bik]+[—byjly  otherwise.
Here [a]+ := max{a, 0} for a € R, throughout this paper. As a relation between the lattices

assigned to 7 and ¢/, we consider two linear isomorphisms (fig)* : N @ =5 N® which
depend on a sign € € {4, —} and is given by

, —ey ifi =k,
e — .
ei + [ebixlyer ifi #k.

’ ~
Here we write ¢; := el.(t) and ¢} := el.(t ). Tt induces a linear isomorphism O : M) =

M® (denoted by the same symbol) which sends f{ to the dual basis of (1if)*(e;). Explicitly,
it is given by

> —Ji +Zje][_€bkj]+fj ifi =k,
l fi ifi # k.
We call each map (fif)* the signed seed mutation atk € I.

One can check the following lemma by a direct calculation:

Lemma 2.2 The signed mutations are compatible with matrix mutations. Namely, for any
k € I and € € {4, =}, we have

()" (€)), (H*(€)) = by

Remark 2.3 The map (ﬁ;)* corresponds to the seed mutation introduced in [8]. However
we treat it as a linear isomorphism between two lattices, rather than a base change on a fixed
lattice.

For later discussions, we collect here some properties of the presentation matrices of the
signed seed mutation and its dual, with respect to the seed bases. For an edge ¢ K¢ of T,
and a sign € € {+, —}, let us consider the matrices Ev,?)e = (E",-j),-,jel and E,E’)E = (Eij)i,jel
given as follows:

1 ifi =j #k,

-1 ifi =j=k,
[—eb))y ifi=kand j #k,
0 otherwise,

e

1 ifi =j #k,
-1 ifi =j =k,

Eij = O e .
leb; 1+ if j =kandi #k,
0 otherwise.
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Then the transpose of the matrix E . gives the presentation matrix of (if)* : N ") 5 NO

with repsect to the seed bases (e(l )) and (e(t))

6 * (f) Z(E(l))l/ (7)

jel

Similarly the transpose of the matrix E; () . gives the presentation matrix of (o DM MO =
M® with respect to the bases ( fi(’/)) and ( fi(t)).

Remark 2.4 These matrices look like

1 0 10 %00
. 100 140
Elgl)e = * * —1 % * and E]g)é = 0-10
: 001 : 0 % 1
0 i 0 0 %0 1

The following are basic properties, which can be checked by a direct computation.

Lemma 2.5 For any edge t Xt ande e {+, =}, we have the following equations:
(l)) 1 _ E]E (E([)) 1 _ E([)
(E(l)) 1 E(t) (E(t)) 1 E(T)
k—e’
(l))T (E(f)) 1_
O _ ) pa
B(’)Ek,e =E/..B").

A W N~

Notation 2.6 In the sequel, we use the notation A= (AT)~! for an invertible matrix A. !

2.2 Seed tori

We are going to associate several geometric objects to a seed pattern s : ¢ — (N, B®),
Let G, := Spec Z[z, z~ '] be the multiplicative group. A reader unfamilier with this notation
can recognize it as G, (k) = k* by substituting a field k. We repeatedly use the following:

Lemma 2.7 We have an equivalence of categories
Lattices — Tori; L+ Ty := Hom(L", Gy,).

Here the former is the category of finite rank lattices and the latter is the category of split
algebraic tori; LV := Hom(L, Z) denotes the dual lattice of L.

Indeed, the inverse functor is given by T +— X, (T) := Hom(G,,, T'). We have a natural
duality X, (T) = (X*(T))", where X*(T) := Hom(T, G,,). On the other hand, for a lattice
N, we have a natural isomorphism N 50X *(Tnv) given by n +— ch,, where ch,(¢) :=
¢ (n). Taking the dual of both sides and letting N = LY, we get L = (X*(T1))Y = X.(TL).
The character ch,, on Tyv used here is called the character associated withn € N.

1 Note that this is consistent with the notation E,(< )E, thanks to Lemma 2.5 (3). When one considers a skew-

symmetrizable exchange matrix, it should be replaced with A= DA"H D
diagonal matrix D = diag(dy, ..., day).

with a positive integral
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For each t € T, we have a pair of tori X(y) := Ty;00, Aw) := Tyw. They are called the
seed X- and A-tori, respectively. The characters X 0 ._ ch (;) and A( ) .—ch f(r) are called

the cluster X'- and A-coordinates, respectively. The ensemble map induces a monomial map
Py An = Xy, P(;)(Xi(t)) = l_[,,-GI(AY))"’L

2.3 Cluster transformations and cluster varieties

Consider an edge ¢ Kt of Ty,
Notation 2.8 Whenever only one edge ¢ * o T 1 is concerned, we denote the cluster
coordinates by X; := Xft), A; = A,@, X,/' = X,‘(t) and A; = Al(t ).

Note that the signed mutation induces monomial isomorphisms 7if : X 5 Xy and
IS - Ay — Ay are given by
X]:l ifi =k, {A 1_[]5] A[ €byjlt ifi =k,

X, = . i
(Mk) i {XiX][:hlkh lfl 7+_ k’ ( k) Ai if i # k.

Pre-composing the birational automorphisms ,uz‘e given by
() Xi = Xi (L4 XD™ and )" A 1= A1+ (P X)W,
we get the cluster transformations (. := Jig o pcz'é. Explicitly, they are given by

e 1XE ifi =k,
Medi = X: (1 +Xk_5gn(bik))—hik ifi #k

and
[bril [—bij] o
LA = AL (r[]E,A YL A it =k,
A if i # k,

which do not depend on the sign €. When we stress the distinction between the X'- and
A-transformations, we write u; and uy instead of jik.

Remark 2.9 The triple ((BMYFZ, (Alm)ie], (Xi(l))iel) forms a seed in the sense of [16]. The

variables AE’) and X i(t) are called x-variable and y-variable respectively, in the terminology
of Fomin—Zelevinsky.

Definition 2.10 The cluster varieties Xy and A associated with a seed pattern s : ¢ +—
(N®, BO) is defined by gluing the corresponding tori by cluster transformations:

Xy = U Xy, Ag = U .A(t).

teT; teTy

From the definition, each X/ is an open subvariety of Xy. The pair (X, (X i(t)),-E 1) of the

torus X{;) and the set of characters (X i(t))ie 1 is called the cluster X-chart associated with
t € T;. Similarly we have the notion of cluster A-charts.

Proposition 2.11 ([8, Proposition 2.2]) The ensemble maps py : Awy — X fort € Ty
commute with cluster transformations. In particular they induces a morphism p : A; — AXj.

We call the triple (Ag, X5, p) the cluster ensemble associated to the seed pattern s.
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2.4 Horizontal mutation loops

In this section, we give a definition of a special class of mutation loops. In brief, general
mutation loops are represented by sequences of indices in / and permutations of /, but here,
we consider the mutation loops which can be represented without permutations. We will
refer to mutation loops of this type as horizontal mutation loops. It suffices to consider only
such mutation loops for the computation of algebraic entropy (see 4.1). We give a concrete
definition below.

Fix aseed patterns : t — (N, B®). We say that two verticest, t' € T are s-equivalent
(and write t ~g t’) if both vertices are assigned the same matrix: B®W = B, Then, the
following linear isomorphism gives a seed isomorphism:

iyt (NOLBO) 5 (NO, BOY; o) s o).

Namely, it is an isomorphism of lattices with skew-symmetric bilinear forms. The s-
equivalence class containing ¢ is denoted by [#]s.

An edge path y from ¢ to ¢’ in T is denoted by y : t — t’. For such an edge path, we
define the birational map puj, : Z¢) — Z(v) to be the composition of the birational maps
associated to the edges it traverses for (z, Z2) = (a, A), (x, X).

Remark 2.12 The map ,uf/ only depends on the endpoints ¢ and ¢/, thanks to the fact that each
cluster transformation is involutive.

Let y, : 1, — ¢, be a path in T; such that ¢, ~ ¢, for v = 1, 2. We say that y; and y, are
s-equivalent if the following diagram commutes:

i
1.1

Z(r;) — Zu)

| Jwi 2.1)
Zap 7 2w
th.1p
forpaths § : t{ — tp and 8’ : ti — té. Here (z, Z) = (a, A), (x, X) and the horizontal maps
are induced by the seed isomorphisms i " for v = 1, 2. Note that the commutativity of the

diagram does not depend on the choice of paths § and §’. The s-equivalence class containing
an edge path y is denoted by [y ];.

Definition 2.13 A horizontal mutation loop is the s-equivalence class of an edge path y :
t — t' such that t ~¢ ¢'. For a horizontal mutation loop ¢ = [y]s, the path y is called a
representation path of ¢.

Action on the cluster varieties. For a horizontal mutation loop ¢, take a representation path
y : t — t'. Then we have the following composite of birational isomorphisms:
z . y i
¢(t) 2 —> 24y —> 2 2.2)

for (z, Z2) = (a, A), (x, X).Itinduces an automorphism on the cluster variety Z, as follows:

“Zy itZ’J
2@ — 2y — 2@

! ! !

2y == 2 — 2.
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Here the vertical maps are coordinate embeddings given by definition of the cluster variety.
If y, : t, — t} for v = 1, 2 are two representation paths of ¢, then the following diagram
commutes:

Mil i;ijl
2wy — 2y — 2m)

Iz 1 Jwi 2.3)
20) 7 2w T Zw)
72 5.1

where § : 11 — 1 and 8’ : 1{ — 1} are arbitrary paths. Indeed, the left square commutes
by Remark 2.12 and the right square commutes by (2.1). Thus the birational actions on Z
induced by different representation paths are compatible with each other, and hence we get
a well-defined action of ¢ on Z;. We call the birational map (2.2) the coordinate expression
of ¢ at the vertex fy € T, which only depends on the mutation loop ¢ and the vertex #.
Later we will use the following notations: for an edge path y : 7o Ko H LIS th,

— k := (ko, ..., kn—1) and write the path as y : 1y L th.
— h(y) := h, which is referred to as the length of y.

Kk k k . . .
- y"it9 > t, = --- — ty, for an integer n > 1. Note that if y represents a horizontal
mutation loop ¢, then y” represents a horizontal mutation loop v such that w(zto) =
(dbfm))”. Therefore we write ¢" := .

Remark 2.14 Changes of representation paths of a mutation loop are divided into the follow-
ing two types:

(a) A change with the initial vertex fixed, the path ¢ in (2.3) being constant. For example,
an elimination or addition of a round trip ¢ * ¢ % tonan edge preserves the
s-equivalence class from Remark 2.12. Likewise, one can eliminate or add a path &’
corresponding to one of the (4 + 2)-gon relations [8].

(b) A change of the initial vertex, the paths § : 1 LY ryand &’ : 1] X, t5 in (2.3) being related
as k = K. In this case, the birational maps qbftl) and ¢’(Zzz) are related by the conjugation
of the map y5.

Remark 2.15 The origin of the name “horizontal” is clarified in our paper [24]. A general
mutation loop can be formulated as an equivalence class of an edge path on a graph E7, which
is an enhancement of T; by the Cayley graph of the symmetric group &;. We will call an
edge of E; coming from T (resp. the Cayley graph of &) a horizontal edge (resp. vertical
edge), in analogy with the terminology used for the mapping class groupoid [28, Section
5]. As we mentioned at the beginning of this subsection, a horizontal mutation loop can be
seen as a particular element of the cluster modular group. The notation ¢" agrees with the
composition law in the cluster modular group.

2.5 Separation formulae and the ¢, g, f-vectors

Fix to € T;. Then we assign the C-matrix Cf;to = (Ci(j'))i,jel to each vertex ¢ € T; by the
following rule:

1 Ci =1d,

@ Springer



Geometriae Dedicata (2021) 214:79-118 89

2. Foreach t —X— ¢/ of T}, the matrices C' and Cts/;’0 are related by

—cjj i=k
. =1 Y ’ (2.4)
T i + b Telek s — [0 Vs [—cxjle i # k.

Here we write ¢;j := C;;') and c; ES cl.({/) . Itsrow vectors ci(t) = (cx.)) jer arecalled c-vectors?.
The following theorem was firstly conjectured in [17], proved in [6] for skew-symmetric case,
and in [18] for skew-symmetrizable case.

Theorem 2.16 (Sign-coherence theorem for c-vectors) Foranyt € Ty andi € I, ci(t) € leo
orc? e zL,
Following [27], we define the tropical sign ei(’) to be + in the former case, and — in the latter
case.

Using the identity [eb]+c + b[—ecl+ = [b]+[c]l+ — [—Db]l4+[—c]+ for real numbers b, ¢
and a sign € € {4, —}, we get

cf; = cij + [ebf 1ycxj + biy [—€cyl 4

for i # k. Substituting € = e,ﬁl), we get ¢, ;=cij+ [e,&')bf,? 14+cxj. Equivalently, we get the

following:

csto — g® csh, 2.5)

t (>t
k€,

where E/Et) « 1s defined in Sect. 2.1.
J€x

Similarly, we assign the G-matrix Gf;to = (gi(;)) i,jer toeachvertex t € T;. The G-matrix

is originally defined as a grading vector of cluster .A-variables. See [17, Section 6]. Since it
involves a bit complicated recurrence relation, we adopt here the simplified recursion given
in [27] as the definition of G-matrices:

1. Gi=Id,
2. Foreacht X ¢ of T}, the matrices G and Gf,;to are related by

GS — EO GSito, (2.6)

t @)t
k€,

We refer to the row vectors gl@ of G§'" as g-vectors. The tropical duality
Gy = ¢l 2.7)

is a consequence of Lemma 2.5 (3), (2.5) and (2.6).

In [17, Section 3], they introduce the F-polynomials as the special values of cluster
A-variables (called “x-variables” in loc. cit.) with principal coefficients. In this paper, we
adopt the recurrence relation discussed in [17, Section 5] as the definition of F-polynomial.
Fix a vertex 7o € Ty and N indeterminates yi, ..., yn. We assign the i-th F-polynomials
Fl.(t)(yl, ..., YN) € Z[y1,...,yn]fori € I to each vertex t € T;:

1. F = 1foralli € I,

2 Note that, due to the conventional difference explained in Remark 2.1(2), our C-matrices are transpose of
those used in [17,27]
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2. Foreacht —X— ¢’ of Ty, the polynomials (Fi(t))iel and (Fi(t/))ig are related by

(1) e

Fi ® 0] ek

[egi 1+ ONIZ [—cpi 1+ (O [—p®
F.(l/) — l_[jel Yj ! HIEI(FI )[ e +l_[jel Yj ! H!eI(FI )[ s
1
(1)
Fy

ifi =k.

Though it is not clear that Fi(t) (y1, ..., yn) are polynomials from the above definition, one

can check it by following the discussions in [17]; it is one of the consequences of the Laurent
phenomenon of cluster A-variables [17, Proposition 3.6].

Using these concepts, we can separate the rational expression of A- and X'-variables in
initial variables into its monomial part and polynomial part. The following formulae are
called the separation formulae:

Theorem 2.17 ([17, Proposition 3.13, Corollary 6.3]) Fix a vertex ty € T; and write A; :=
AE'O) and X; = Xi(tO) fori € 1. Then for each t € Ty, the variables Al@ and Xi(t) can be
written as follows:

N 0
8
Al(t) = 1_[ A Fi(t)(P*Xl, o PRXN), (2.8)
=1
O T v oo b
Xi :HX./ Fj (X1,..., XN)ii. 2.9
=1

The following lemma will be used to give an estimate of the algebraic entropy of the X’-
transformation from below:

Lemma 2.18 ([17, Proposition 5.2]) Each of the F -polynomials Fl.(l) (y1, ..., YN) is not divis-
ible by any y;.

Fujiwara and Gyoda introduce the F-matrices as a linearization of F-polynomials in [15].

Definition 2.19 Fix a vertex #p € T;. Foreachi € I andr € T, let fi({), R f,(t/v) denote

the maximal degrees of yi, ..., yy in the i-th F-polynomial Fl.(t)(yl, ..., yn). Then fl.(t) =

(fi(lt), e fl(tN)) is called the f-vectorand "0 := (fiy))i,jel is called the F-matrix assigned
atr.

Later we use some of the mutation formulae for F-matrices derived in [15]. For a seed
pattern s, let —s denote the seed pattern ¢ — (N, —B®).

Theorem 2.20 ([15, Theorem 2.8]) Let s be a seed pattern and fix ty € T;. Then for each
t € Ty, we have the following equations:

="+ BOF™,

Gt—s;to — G}Y;IO 4 FZS:IOBOO),
—S8;1 NI

F00 = R0,
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Theorem 2.21 ([15, Proposition 2.16]) For any edge t £t in Ty, we have

Fi0 = BV B 4 1) Cr e
€k

Here for an N x N matrix A,

k
[A]*® := diag(0,...,0,1,0,...,0)- A

and [A]+ is the matrix obtained by applying [—]+ to each entries.

2.6 Tropicalizations of the cluster ensemble

LetP = (IP, @, -) be a semifield. For a torus 77, with finite rank lattice L, we define 77 (P) :=
L ®z P*. Here P* := (PP, -) denotes the multiplicative group. A positive rational map
f + Tr — Ty naturally induces a map f(P) : T (P) — T/ (P). For a more detailed (and
generalized) correspondence, see [18].

Recall the character chyv € X*(TL) associated with a point £¥ € LY. It induces a group
homomorphism chyv (P) : Tp(P) — Pby ¥ ® p — (¥, chyv)p. One can verify that it
coincides with the evaluation map L ®7 P — P; A ® p — £Y(A) p. Applying them to seed
tori Xy and A(y), we get Xy (P) = M @ Pand Ay = N® ® P equipped with functions

x" = ch o (P): Xy (P) > P, a :=ch ;0 (®) s Ag () > P

which we call the tropical cluster X- and A-coordinates. Since cluster transformations are
positive rational maps, they induce maps between these sets.

Definition 2.22 We define the set of IP-valued points as X (P) := | |, T, X (P)/ ~, where
for each edge ¢ K¢ two points x € X (P) and x" € X (P) are identified if x" =
wir(P)(x). Similarly we define A (P).

We are mainly interested in the case P = Z"° or R"P, These semifields are defined to be
the sets Z and R equipped with min-plus operations a @ b := min{a, b}, a -b :=a + b. In
these cases, the tropicalized cluster transformations associated with an edge ¢ k¢ of T I
are given by

_ ifi =k
O ! : 2.10
(/’Lk( )) i !xi — bix min{O, —Sgn(bik)xk} if i 75 k. ( )
and
Bl = —ay + min [Zjel[bkj]+aj’ Zjel[_bkj]+aj} ifi =k, @.11)
a ifi #k.

Here we abbreviate Notation 2.8 for tropical coordinates. In particular, X;(R"P) and
Ag (R'P) are piecewise linear (PL for short) manifold. The ensemble map p() : A¢y = Xp
induces a linear map p(P) : Ay (P) — X (P), which is given by (p)(P))*xx =
Y ier buiai.
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3 Sign stability of mutation loops

In this section, we introduce the sign stability of (horizontal) mutation loops and state some
basic properties.

3.1 Definition of the sign stability

In what follows, we mainly deal with the R"P or Z"P-valued points of cluster varieties.
Therefore we omit the symbol R™P or Z"°P from the tropicalizations of positive maps, for
notational simplicity. Moreover we omit the symbol “a” and “x” from the superscript when
no confusion can occur.

In order to obtain the presentation matrices of the tropical cluster X-transformation in
the case P = R"P, first we rewrite the formula (2.10). For a real number a € R, let sgn(a)

denote its sign:

+ ifa >0,
sgn(a) :=430 ifa=0,
— ifa <O.

Lemma 3.1 Fix a point w € X(t)(Rtmp). Then the tropical cluster X -transformation (2.10)
can be written as follows:

/ _ —)Ck(w) lfl = k,
)= )+ Isgn e w)bidoxe(w) i # k. G-D

Proof Using the formula a[sgn(a)b]+ = b[sgn(b)a]y for real numbers a, b, we get

—bjx min{0, —sgn(b;;)xx(w)} = bix[sgn(bix)xx (w)]4 = xx(w)[sgn(xx (w))bix]+.

With this lemma in mind, we consider the half-spaces
HED = (w € Ay R™P) | ex” (w) = 0)

forkel,e e {+,—}andt € T;.

Let ¥ : V — W be a PL map between two vector spaces with fixed bases. If ¥ is
differentiable at x € V, then the presentation matrix of ¥ at x is the presentation matrix of the
tangent map d vy : Ty V — Ty )W with respect to the given bases. When V = X{;) (R"°P)

and W = X(tr)(]Rt“’P) for some ¢, € Tj, we always consider the bases (fi(t))ig and
( fi(ﬂ)) ie] respectively, unless otherwise specified.

Then we have the following immediate corollary of Lemma 3.1.
Corollary 3.2 For € € {+, —}, the tropical cluster X-transformation py : Xy (R™P) —
X1y (R"P) is differentiable at any point in int H;{C:g), and its presentation matrix is given by
E,il)é there. 3

3 Note that this is the presentation matrix of the signed mutation mp* + M ) M®_ 1t should be
understood as the transpose of the signed mutation (/7;)* - N = N® in view of Lemma 2.5 (1) and (3)
with a notice that the lattice N gives functions on Xy (R™OP) = M O @R.
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We are going to define the sign of a path in T;. In the sequel, we use the following notation.

Notation 3.3

1. Foranedgepathy : 1 ko h LIS tandi = 1,...,h,lety<; 1 to Rl

be the sub-path of y from #( to #;, and let y<( be the constant path at ¢.
2. Fixing the initial vertex 7y € T in the sequel, we simply denote the coordinate expression
of ¢ at fo by ¢ := Py 1 Xitg) R™P) — X1y (R"P). For a point w € X{y,) (R™P), let

Eg()) (w) denote the presentation matrix of ¢ at w.

Definition 3.4 (sign of a path) Let the notation as above, and fix a point w € () (R"™P).
Then the sign of y at w is the sequence €, (w) = (€, ...,€4-1) € {+,0, —}" of signs
defined by

€ = sgn(x,g")(uyg,- (w)))
fori =0,...,h—1.

Next lemma expresses the heart of Definition 3.4.

Lemma3.5 Let€ = (e, ..., €n—1) be the sign of a path y at w € Xy (R"P). If it is strict,
namely € € {4+, —}", then the cluster X-transformation Wy is differentiable at w, and the

(th—1) E(tl) E(to)

; e of € .
presentation matrix is given by EV = Ekh—laéh—l By e B

Using the concept of the sign of a mutation sequence, now we define the sign stability.

Definition 3.6 (sign stability) Let y be a path as above which represents a mutation loop
¢ := [yls- Let 2 C X, (R™P) be a subset which is invariant under the rescaling action of
R-o. Then we say that y is sign-stable on §2 if there exists a sequence esyt_ag € {4+, =} of

strict signs such that for each w € £2 \ {0}, there exists an integer no € N satisfying
€, (9" (w)) = €%
for all n > ng. We call e?}ig the stable sign of y on £2.

For example, if ¢ has an invariant ray R>ow such that the sign €,, (w) is strict, then y is sign-
stable on £2 := Rx>ow. More interesting choices of £2 would be the set R~ - Xz (Z"P) of
integral points (cf. [20]) or the union Q(Ct?)r)‘ of the positive and negative cones which will be
introduced below. See Sect. 5 for concrete examples. As a simple non-example, if ¢ has an
invariant ray R>ow such that the sign €, (w) is non-strict (i.e., contains 0), then it cannot be
sign-stable on any set £2 which contains R>ow.

Sign stability in particular implies that the presentation matrix of ¢ at each point w € £2
stabilizes:

Corollary 3.7 Suppose y is a path as above which represents a mutation loop ¢ = [y s, and
which is sign-stable on §2. Then there exists an integral N x N-matrix Egog)z € GLN(Z)

such that for each w € 2, there exists an integer ng > 0 such that E;’O) @"(w)) = E;’%
forall n > ny.

We will discuss a Perron—Frobenius property of the stable presentation matrix E gOS)Q in
Sect.3.2.

Next lemma shows that the tropical sign for c-vectors can be regarded as a special case of
the sign of a path y in T;.
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Lemma 3.8 When the coordinates of w € Xy (R"P) are positive, the sign €, (w) coincides
with the sequence of tropical signs

trOP ( (to) ]ith—l))
e € )

Moreover, the PL action of ¢ is differentiable at any point in the interior of the non-negative
cone

C+

by = {w e X ®P) | V@) = 0fori =1, V],

and its presentation matrix there coincides with the C-matrix C ,sh:' 0

trop

dles =Ey =),

troy

P
€ S 1
Moreover, we have E,) = G)°.

Proof For t € Ty, l(jf)
(£1,..., DT Here x(y := (x{”, ..., x\)T. Then I

(to)
Ct .. We claim that

€ X (R"™P) be the unique point determined by x (l(jf)) =

belongs to the interior of the cone

(10)"
Xy (=il ) =Cpi° -, DT (3.2)

holds fori =0, ..., h — 1. Itclearly holds for i = 0. Fori > 0, from Corollary 3.2 we have

Xy (=i () = EL0 e xi (i1 ()
E(tt 1) . SIO (1 l)T,

1 1,€i—1 tl 1
where €;_1 : sgn(x(l’ ')(l(to))) =sgn(} ;¢ ﬁ’kl')l) = e(i:') by the induction assumption
and the definition of the tropical sign. Comparmg with the mutation rule (2.5), we see that
(3.2) holds. ]

We have the following “negative” version of Lemma 3.5:

Corollary 3.9 The PL action of ¢ is differentiable at any point in the interior of the non-
positive cone

o

G = {w € X ®™) |5 w) < 0fori =1,..., N},

and its presentation matrix there coincides with the C-matrix Cy, S0 for the opposite seed
pattern —s : t — (NO, —B®O) = (N B, Namely, we have

—St
¢>Ic 0.

If we denote the sign of ¢ at any point in int %) by ?;mp, we have

—trop .

_trop
—8; 1 € —8; 1 €
C,""=E) and G, =E)
Y th Y

Ih
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Proof Let us write X(—) := Ty;-n so that X_g = U,eT, X(—r). Then one can easily see that
the monomial isomorphisms ¢y : X{y) = X(~r) given by L(t ( D= (X(t)) ! for each
t € T; commute with cluster transformations, and hence combme to give an isomorphism
L X 5 X_s. See [9, Lemma 2.1 (b)]. Moreover for two vertices ¢, ¢’ € T, we have t ~ t/
if and only if  ~_g t’. Hence the s-equivalence class of a path in T is a (—s)-equivalence

class, and vice versa. The monomial isomorphism ¢ : Xy — X_g is equivariant for the action
of each mutation loop.

The tropicalized map (™ : X, (R"P) 5> x_(R'°P) is represented as —Id on each chart,
and hence sends the non-positive cone C(_to) to the non-negative cone C(J:,O). Therefore from
Lemma 3.5, we get

$w-) = (PP W) = (1) 7', O (Idyw- = ¢, w_
for all w_ € int C(_to ) The remaining assertions follows from the tropical duality (2.7). O
In particular, we have:

Proposition 3. 10 Let y : ty — t be a path which represents a mutation loop Then for any
point w € intC (to (resp w € int C(t )) the path y is sign-stable on int C(t ) (resp. int C(to)) if
and only if it is sign-stable on the ray R>ow.

Remark 3.11 We can define a similar sign sequence for tropical .A-transformations as follows.
Fix a point v € A (R"™P). Then the tropical cluster .A-transformation (2.11) can be written
as follows:

—ar(v) + 3 e [—sgn(xi(p(W))byjleaj(v) if i =k,
a;(v) ifi # k.

Indeed, it follows from 3/ [bijl+a; — 3 ;o l=brjlra; = 3y bijaj = (p™P)*xk.
Consider the half-spaces

ai (i (v) = (3.3)

HEY = (v € A (R™) | exi(p(w)) > 0)

fork € I,e € {+,—} and ¢t € T;. Then for an edge ¢ K t’, the tropical cluster A-
transformation gy : Ay (R™P) — A (R"°P) is differentiable at any point in int Hk ‘™ and

its presentatlon matrix there is E([)

3.2 Perron-Frobenius property

k=(ko,....kn—1)
_ 5

We say that a path y : #o t in Ty is fully-mutating if

{ko, ..., kn_1}=1.

The following is a fundamental result on the stable presentation matrix of a sign-stable
mutation loop:

Theorem 3.12 (Perron—Frobenius property) Suppose y is a path as above which represents

a mutation loop ¢ = [y]s, and which is sign-stable on §2. Then the spectral radius of E ¢ 0)
is attained by a positive eigenvalue A;%, and we have )L((ﬁ‘)}z > 1. Moreover lfelther y
is fully-mutating or }\;toh)q > 1, then one of the corresponding eigenvectors is given by the

coordinate vector x(wg. @) € R’ for some Wy 2 € Cf}ab \ {0}.
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The proof will be given in Sect. 3.3. We have checked that the following conjecture holds true
for a large number of examples, by using a computer. We do not know any counterexamples.

Conjecture 3.13 For any point w € X(,)(R"P) and a path y which represents a mutation
loop, the characteristic polynomials of the matrices E,, <) and E, 257" are the same up to an

overall sign #. In particular, the spectral radii of these matrices are the same.

Note that for an N x N-matrix E with det E = =£1, the characteristic polynomials of the
matrices E and E are the same up to an overall sign if and only if the characteristic polynomial
Pg(v) of E is (anti-)palindromic: Pe(wvH =+ "N Pp(v).

Proposition 3.14 Suppose y : t — t' is a path which represents a mutation loop. If the
exchange matrix B" is regular, then the characteristic polynomials of E ; and E}‘, are the

same for any sign € € {+, —Y"")_ In particular, Conjecture 3.13 is true.

Proof Let € € {+, —}"). Using Lemma 2.5 (4) repeatedly , we obtain
O pe — peg®
B Ey = EVB .
The assertion follows from this equation. O

can

It turns out that the sign stability on the set Q(m) = int C([ U int C(to) plays a crucial role
in the sequel, and the corresponding eigenvalue Lo o, _Qm is a canonical numerical invariant of

the mutation loop ¢.

Definition 3.15 (Cluster stretch factor) Suppose ¢ = [y ], is a mutation loop, and the path

y is sign-stable on the set .Q(Cta‘)‘. Then we denote the stable presentation matrix (Corollary

3.7 by E, to) . gl . and we call the spectral radius )\(IO) AU0) o the cluster stretch

é, Q(fo é, Q(fo
factor of ¢.

Note that from the definition, the cluster stretch factor is an algebraic integer of degree at
most N.

Remark 3.16 If moreover the path y as above is fully-mutating or kfﬁog > 1, then the cluster

(to)
Ay

stretch factor only depends on the mutation loop ¢. Indeed, if ¢ also admits a represen-

can

tation path y’ : j — ¢’ which is sign-stable on Q( e then choosing a path § : fo — 7, we
0

get the relation
(D)) swy © (ds)w = (d1ts) gy w) © ([dPg))w (3.4

for any point w € X (R™P). When w = wy o with 2 = £§, then we have

D) (Wp.2) = AgO) .wg. ¢ and in particular the points wy o and ¢, (wy, ) have the same

sign for any path 6. Denote the common presentation matrix of the PL map s at these points
by M. Then (3.4) implies that
(1) (t0) 3 r—1
E P =ME P M,

hence the spectral radii )Lg‘)) and AgO) are the same. In this case, we simply write L4 = Ag‘)).

4 The conjecture of this form is based on a suggestion by Yuma Mizuno.
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3.3 Proof of Theorem 3.12

. . . . k . .
Fix a mutation loop ¢ € Iy and its representation path y : fo — t with h(y) = h. For a sign
€ € {+, —}"" we define the cone C)‘, as

€8 1= rel.cl{w € X (R™P) | €, (w) = €} C X (R"™P),

where rel.cl denotes the relative closure.
Proposition 3.17 The sign cone C;, is polyhedral and convex.

Proof Let

yztok_otlk_l...kh_flzh_ (3.5)

By definition, one can verify that
h—1
¢y = (ml 04l (3.6)
i=0

where (<o := id. We will prove the claim by induction on the length of the path y.

(70)

In the case h(y) = 1, the cone Cf,o is nothing but the half space Hko @

polyhedral and convex.
In the case h(y) = h > 1, we put € := (eo, ..., €4—2), ¥' := y<n—1, ¥” := y<n—z and
H; = H{"_fori =0,....h— 1. Then,

so it is clearly

¢y = Cpy Npy! (Ha-1)
= 1y (€5 N g, (H-)
= 1) (o (C5) M Hp2 O gt (1)),
Here, the last equation follows from
1y (CE) =ty (Ho) N payr ()] (HD)Y O -+ - N Hy .

Since p1,, is linear on the cone C;l, , which is convex and polyhedral by the induction hypoth-
esis, the image .~ (CJ‘/,,) is also convex and polyhedral. Since the bent locus of the boundary

of “k:,]_z (Hp—1) is contained in the boundary of Hj,_5, the intersection Hy_ N Ml;;,l_z (Hn—-1)
is the same as the intersection of two half-spaces, so it is also convex and polyhedral.
. . ’ —_ .
Thus the intersection i, (C;,) NHp—2 N @ kh{ 5 (Hp—1) is a convex polyhedral cone, and
so is the cone C5, since it is the inverse image under the linear map fii, ;| - |

In order to prove Theorem 3.12, we recall the notion of dual cones.

Definition 3.18 (Dual cone) Let C be a convex cone in a finite dimensional vector space V.

1. The dimension dim C of C is the dimension of the smallest subspace of V containing C.
2. The dual cone CY of C is a cone in the dual space V*, defined by

¢V :={neV*|(n,v)>0forallveC}.

The following lemma is well-known.
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Lemma 3.19

1. A convex cone C C V is strictly convex if and only if dimCY = dim V.
2. For two convex cones C1,Cy C V, (C1NC)Y =CY +C5.

Proposition 3.20 The sign cone C}‘, is strictly convex if y is fully-mutating.
Proof Let y be asin (3.5). Foreachi =0, 1,...,h — 1, we have
Wk () = (uyh (') | w' € X R™P), (e - e, w') > 0}
= {w € X (R™P) | (€; - "), 1y, (w)) > 0}
= {w € X (R™P) | (e, - ¢ “') LEyS - w) = 0)
= {w € X (R™P) | (¢; - (E;;f)T cef w) > 0},
where e<; = (€, ..., €_1). Since (el(/.t"))j is the basis of N, ¢; 1= (E;Z)T - e (t’ is the
k;-th row vector of E,f’ Thus,

h—1

€)=y (My<, M )) (by (3.6) and Lemma 3.19(2))
i=0

h—1
= ZRzofz‘ - ¢
i=0

Now we claim that

spanR{cv}‘{zo = spang{e (tO)}

v=0
holds for 0 < j < h — 1. Indeed, with a notice that the matrices E,E’ E) are row operator
matrices (except for the —1 at the (k, k)-entry), one can easily see that the inclusion “C”

holds. To prove the converse inclusion “2”, we proceed by induction on j. For j = 0, it is
(to)

obvious since €, = Co- Assume the j-th step of the induction. If k| € {ko, ..., k;}, then
the claim is also obvious. If k11 ¢ {ko, ..., k;}, then the matrix E},jill does not include

the row operation on the k4 {-th row, and hence its kj41-th column vector is still the basis
vector. Hence

(10)

Cjt1 — ¢, € spang{e; 0)}

J
v=0 — SpanR{cU}uzO

by the fact that ¢4 € spanR{e,(;O)}’ +0 which we have confirmed and the induction hypoth-

esis. Thus the claim is proved. Hence dlm((C;) ) = N by the fully-mutating condition,
which implies the assertion by Lemma 3.19 (1). O
Proof of Theorem 3.12 Let us first consider the case where the path y is fully-mutating. In

stab
this case, by Proposition 3.20 the sign cone C,”  is strictly convex, and so is the cone

Cstab ﬂ C

n>1

bldb))l

which is also Eg-stable by definition. Here, (¢51°)" := (€3*°, .. ., €3*"). Then by [2, Chapter
—

n
€t ab

1, Theorem 3.2], the spectral radius ,o(E (tO)) is an eigenvalue and the cone Cy contains
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a corresponding eigenvector wg, 2. Since det Eg‘)) = =1, we have ,o(EgO) ) > 1 and the
assertion is proved.

Let us consider the case where the spectral radius ,o(Eg“)) > 1, and y is not necessarily
fully-mutating. Write y asin (3.5). Let I(y) := {ko, ..., kn—1} C I, ands be the seed pattern
with the seed

(N(t0)|l(y) — @ ZeEtO), B(t0)|1(y) — (bx'))i,jel(y))
iel(y)

at the initial vertex #p. Then y can be regarded as an edge path in T;(,), which is fully-

mutating and represents a mutation loop ¢ := [yls. From the form of the matrices E 2’2
(recall Remark 2.4), we have the block-decomposition '

(to)
w _ (E5 O
Ey” =1\ (o
X501

with respect to the direct sum decomposition X;,)(R™P) = R/ = R/ @ R/ ) for some
: (10) p . (t0) .
[I\I(y)| x |I(y)|-matrix X é and the stable presentation matrix E$ of the mutation loop

¢. In particular, ,o(EgO)) = ,o(EgO)). Then by applying the argument above to Eg(’) , We see

that ,o(EgO)) is an eigenvalue of Eg‘)), hence of Eg"). One of the corresponding eigenvector
of the latter is given by

(1)
(. X wsg
We.2 =\ W5 2" ) ’

0 -1

where 2 C A5(RYP) is the image of §2 under the projection 7 : Xy (R™P) — A5(RYP)
determined by 7 * X i(tO) =X l.(t(’) fori € I(y). Thus the theorem is proved. O

stabyn
Remark 3.21 From the proof, the statements in Theorem 3.12 still holds if the cone Cyny
is strictly convex for some n > 1. This generalization is useful when we deal with a general
mutation loop including permutations of indices. See Remark 5.9.

4 Algebraic entropy of cluster transformations

Let us first recall the definition of the algebraic entropy following [3].

For arational function f (uy, ..., uy)overQon N variables, writeitas f(u) = g(u)/h(u)
for two polynomials g and /4 without common factors. Then the degree of f, denoted by
deg f, is defined to be the maximum of the degrees of the constituent polynomials g and 4.
For a homomorphism ¢* : Q(u1,...,uy) = Q(uy, ..., uy) between the field of rational
functions on N variables, let ¢; := ¢*(u;) fori = 1,..., N. Since Q(u1, ..., uy) is the
field of rational functions on the algebraic torus Gn’\{ equipped with coordinate functions
ui, ..., uy, the homomorphism ¢* can be regarded as the pull-back action via a rational
map ¢ : GN — G between algebraic tori. We define the degree of ¢ to be the maximum
of the degrees deg ¢1, ..., deg ¢y and denote it by deg(¢p).
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Definition 4.1 (Bellon—Viallet[3]) The algebraic entropy £, of arationalmap ¢ : Gnl\; — G,I:l’
is defined as

1
&y = lim sup — log(deg(¢™)).

n—oo N
Since deg(¢") < deg(p)”", the algebraic entropy is always finite. Here are basic properties:

— For any rational map ¢ : G,l:,] — (Gf,‘f and an integer m > 0, we have

Epm =m&y. 4.1
— The algebraic entropy is conjugation-invariant. Namely, we have

Sf(ﬂf_l = S(p (42)

for a rational map ¢ : GY — G and a birational map f : GY — GV .

Our aim is to compute the algebraic entropies of cluster transformations induced by a
sign-stable mutation loop. For a mutation loop ¢, let us write S‘; = &yz for z = a, x. Here
is our main theorem:

Theorem 4.2 Let ¢ = [y s be a mutation loop with a representation path y : to — t, which
is sign-stable on the set Q(Ct*(‘)‘)‘. Then we have
log p(E4Y) < £ < log R},

logp(EgO)) <& <log Rg(’).
Here R} := max{p(E§"), p(ES™)).

Note that if Conjecture 3.13 holds true, then we get Rg") = p(ég‘))) = p(Eé’O)) = kgO). In
particular we obtain Corollary 1.2.
Before proceeding to the proof, let us prepare some notations. Recall that for a representa-
. Kk . K K Kk
tion path y : fo — t;, of the mutation loop ¢, the path y" : to — t, — ... — t,;, represents
the mutation loop ¢”. We denote the data attached to the vertex #,; with a superscript (n).
For instance, AE") = AEl”h), Xl.(") = Xl.('””), and so on. We simply write Ey := Eg") and
. (10)
Ry = R¢0 .

4.1 Estimate of the entropy from below
Foran N x N-matrix M = (m;;); j=1,..,N, et ||M|lmax := max; j—1, .. n{|m;;|} denote the

uniform norm. On the other hand, since any two norms on R are equivalent, there exists a
universal constant K > O such that K| - [lso < || - l1 < K| - loo on RV,

.....

Lemma4.3 Forany n > 0, we have deg((¢*)") = K~ C™ || max.

Proof Recall the separation formula (2.9). With the help of Lemma 2.18, we get

0 ) _
deg(X[") > deg(X\" ... X3") = e 1 = K" fle" loo-
Hence we have

deg(@")") = max deg(X(") 2 K~ max [ oo = K~ IC mar

..... i=l,...,
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Let 6(”) (resp. E(n)) denote the C-matrix (resp. G-matrix) associated to the seed pattern
—s it (NO, —BO),

Lemma4.4 For anyn > 0, we have deg((¢*)") > ||6(n) |l max /2-

Proof Here note that the separation formula (2.8) itself does not give a reduced expression
for the rational function Al@. Fort € T; andi € I, we have

FO= 3

meMl.m

where the set M; @) consists of integer vectors m = (my, ..., my) with non-negative coor-
dinates such that 0 < m; < f(t) for all j € I. Note that f(t) € M(t) Using 8(’) =

max{[— Y, mkbkj I+ |me Mi(t)}, the reduced expression of Fi( )(p*Xl, el p*XN) can
be written as

5 i) 180
) % * ZmeMm l_[ A j
Fo(p™ Xy, ..., p"XN) = S0
I, 47
Then the expression
(1), 50
[gi] 1+ L mebyj +5;
40 _ A ZmeMim [1; 4]
i _l_[ E 5(’) 7
ij L
I A [T, 4;
which is obtained from (2.8), may fail to be a reduced expression only for the reason that
5" ®
] . . 8
the numerator []; j A i may have a common factor with the denominator [ A’ . For

each j € I, let deg A denote the degree as a rational function of A, other variables being
regarded as coefficients.

2
The case 8 0 _ = 0: In this case, the monomial A &ij has no common factors with other terms.

When gl.]. >0,

degA (A(t)) > g(t) + Zf;(kt)b(t) —

<9 00|
+ Z ik by

When g(t) <0,

degy, (Af") = max{lgf) Zf“’ a

ST izf,s:W) ;

() ()4, (1)
g,] +th bkj ’
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The case 81.(;) > 0: When g;; < 0, still there cannot be a cancellation, and hence

l
)= 1

degy (A“>>max[|g<f> 501, \Z FOBE 150

o+ Z 050,

When g;; > 0, areduction can occur but still we have

max{|g(t) 5l'(l')|» Zk i(kl)bl(cl‘) +‘Si(,;')} lfg(l) 51(;) =0
(0 () (1) 1 (1) () (f) ()
§(|gij =81+ ’Zf byj +38;; > Z K bij |

By summarizing above inequalities and applying to the case t = 1,5, we get

(n) ()
E b, ’|.
kj

deg,, (A{")

v

deg,  (A{") z =

Thus we have

deg((¢")") = max deg(A\"”) > max[deg, (A\™)}
iel ! ijel jN

max max’

1 1,—
= 16+ FOs |, = 16"
2 2
Here the last equation follows from the second equation given in Theorem 2.20. O

Remark 4.5 A similar estimate of deg((¢“)") using D-matrices (which have d-vectors as
column vectors) might be easier. However we do not know if the linear independence of
d-vectors holds in general, which we would need in the proof of Proposition 4.7 below.

Lemma 4.6 Suppose that the representation path y of ¢ is sign-stable on Q;t‘“)‘ Then there
exists an integer ng > 0 such that

(n+1) _ =)

c"th) = g,c™, C E,C

G+ — E¢G(n), 6("+1) _ E¢6(n)

forall n > ny.

Proof From Lemma 3.8, the C-matrix C assigned to the endpoint of the n-th iterated path

lrop
tr . . L .
y" is given by the matrix E,, N . Moreover, the sequence eygp of tropical signs coincides with

the sign at any point w in int C(t - In particular, we have the recurrence relation coth =

E;y @" (w))C(”) for all n > 0. Since y is assumed to be sign-stable on int C(t ) there exists an

integer n; > 0 such that €, (¢" (w)) = e?}ab for all n > ny. Thus we have C*+tD = E¢C(”)

foralln > ny.

~(n+1) € (@" (w-))

=E, C" forany w_ € intC .
Since ¢ is also sign-stable on int C(m), there exists an integer n, > 0 such that €, (¢" (w_)) =

Stab and "1V

Similarly from Corollary 3.9, we get C ™

E¢f(n) for n > nj. Putting ng := max{ny, no}, we get the desired

@ Springer



Geometriae Dedicata (2021) 214:79-118 103

assertion for C-matrices. The proof of the assertions for G-matrices follows from the same
line of arguments. O

Combining Lemmas 4.3 and 4.6, we get an estimate of the algebraic entropies S;f and 5;
from below:

Proposition 4.7 We have Sg > log p(Ey) and £ > log,o(l:?qg).

Proof From Lemma 4.6, there exists ng > 0 such that C™ = Eg_”OC (0)  Combining with
the first estimate in Lemma 4.3, we get

1
& = limsup — logdeg(¢™)"
n—oo N
> lim sup 1 log|c™ |  + ! log K~
il e 00 n max n

= lim sup 1 log|| E;anC(”U) I
n—oo N

max
— AE:I) (C(Vto)).

Here A, (CT0) := max;—;, .y Ag, @) with C" = @, ... &), and Ag,(-)

,,,,,

denotes the Lyapunov exponent. See “Appendix A.2”. Since C"0 is invertible, the column

vectors €/ are linearly independent. Hence the maximum of their Lyapunov exponents

attains the logarithm of the spectral radius p(Ey) from Corollary A.3. Thus we get 5; >
log p(Eg). The proof of the second estimate follows from the same line of arguments. O

4.2 Estimate of the entropy from above

Lemma4.8 Let K' := KN max; j |bji| > K > 0. Then for any n > 0, we have

deg((4)") < K'(1C™ llmax + 1 F™ llmax)
deg((¢)") < K'(1G™ lmax + 1 F™ llmax)-
Proof From the separation formula (2.9), we get
o o N
deg X[ < deg(X{" -+ X V) + Y |bjil deg(F{")
j=1

N
< llef" ll + max by - 3 17" 1
j=1

N
< Klle” oo + max [big| - Y~ K" oo
j=1

<K' max [ oo+ K max [
j=1,..N j=1,..N

= K'UC™ llmax + I1F™ I max)-

Similarly from the separation formula (2.8), we get

(n) (n)
deg A" < deg(A}" -+ AYY) + deg(F") deg(pi,)
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< ligg"”ll + 161 max ) [by|

J
< Klg™ oo + K'1E" 1o
< K'(1G™ |lmax + 1 F™ llmax)-

Thus we get the desired assertion. O
Now we only need to give an estimate for the growth of || F )| 5 from above.

Lemma 4.9 Suppose that the representation path y of ¢ is sign-stable on Q(Cti‘;; Then there
exists an integer ng > 0 such that

h—1
. v v —(n)
FotD E¢F(") + (§ En---Enm-€hm1Dy ., En-ma-- E_]) cV

m=0
foralln > ngy. Here

- k= (ko, ..., kn-1),

- e?}ab = (€1, ..., €p) is the stable sign,

- E = E,Ei”z") and E, = E,g”ij’)forr =0,....h—1,
- E_ =E,:=1d, and

k
— Ay :=diag(,...,0,1,0,...,0).

Proof This is a consequence of an iterated application of Theorem 2.21. Here note that the
sign stability on the set th"g‘; implies that the two sign sequences €, (¢" (w)) and €, (¢" (w_))
forw € int C(JIFO) and w_ € int Cao) stabilize to the same stable sign e‘]‘}ab for large n. Since the

former one is the tropical sign and the latter is the sign of the row vectors of C,; **' (cf. the
definition of the tropical sign), we see that the second term of the equation given in Theorem
2.21 becomes (C, $:0yke in the stable range. With a notice that

—s;to _ . =S5l
CtnIH»hfm—l - Eh7m72 EOE?I Ctnh ’
the assertion follows from a direct computation. O

A “rotated” uniform norm is suited for our computation in the sequel. For a real invertible
matrix E € GLy(R), consider its real Jordan normal form: S~ ES = J(v;,m) & --- &
J (v, m;) for some real invertible matrix S € GLy(R). See Appendix A.1. Letey,..., ey
be the corresponding real Jordan basis. Then for a vector v = x1e; +--- +xyey € RV, we
define ||v||fo = maxk=1,.n |Xk|. Then clearly || - ||fo defines a norm on RY, which has the
following nice property:

.....

Lemma4.10 Supposedet E = %1. Then for anyv € RN, we have the inequalities | Ev ||§o <
o (E)|vI|IE and || Ev||E < p(E)|v||E. Here recall Notation 2.6.

Proof The first statement follows from the inequality || J (v, m)|lco < max(|v]|, 1) for a real

Jord%n blocvk J(v,m), and thev fact that p(E )v > 1. The second statement follows from
STTES=J(wi.m) @ @& J(v,m) and | J (v, m)|lco = [[J (v, m)]|co. o
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For a matrix M = (m,,) _; with column vectors m; := (m,,)l 1> let ||M||flax =

N llm; ||oo We also use the operator norm

.....

IMvll%
IMlgy = sup ——==
verM\(0) IVll5

We are going to use these norms for E = E.
Lemma 4.11 Let the notations as in Lemma 4.9. Let
> > E
K" :=h max lH Ep- - Ep-m - €n-m-18k_p_; * En-m-2-- E-1]

Ey
de

and K" = K"p(Eg)"0~ IHC(nO) | Let ($;)n>n, be the sequence such that s, =

sp+ K" and s,, = p(Eg)™"0 || F o) H iﬁ . Then we have

|F™ ) < s,RE

max

foralln > ny.

Proof The initial condition for the sequence (s,) is chosen so that the assertion is true for
n = ngp. Let us proceed by induction on n > ng. Since the sign stabilizes for n > ng, we have

|70

EF |

max — max

+ZHEh'“Ehw'thmflAkh_m_l'Ehfmfz ECY

< plig) [FO )55, + K[|

max

(Lemma 4.10)

max

< sup(Ep) Ry + K'p(Ep)' " | CEY |0
=sup(Eg)R) + K" p(Eg)""!
< (sp + KW)R(’;Jrl = anR;H.

Thus the assertion is proved. O

Combining Lemmas 4.8 and 4.11, we get an estimate of the algebraic entropies 5;; and 5(‘;
from above:

Proposition 4.12 We have S;f <log Ry and 6(‘; <logRg.
Proof Note that
. 1 . 1 . 1
lim sup —log(A, + B,) = max {limsup —log A,, lim sup — log B,
n—oo N n—oo N n—oo N

for sequences (A,), (B,) of positive numbers. From Lemma 4.8, we get

5¢ = hm sup log deg(¢p™)"

slimsup( log(||c<">||max+||F<">||max>+ ~log K )

n—oo

n—oo n—oo

1 1
= max {hm sup 10 |C™ | max, lim sup log ||F(”)||max} .

@ Springer



106 Geometriae Dedicata (2021) 214:79-118

The first term gives Ag, (Cr0)y =1log p (Ey) by the proof of Proposition 4.7. On the second

E
¢ and compute

term, we replace the uniform norm with the rotated norm || . | nax

Ey

1 1
lim sup — log || F(”) lmax = lim sup — log ” F(n) ”max
n—oo N n—oo N

1 1
< lim sup (; log Ry + - log sn>

n—oo

= Ry.

Here we used Lemma 4.11 and the fact that the sequence (s,) is an arithmetic sequence. The
proof of the second statement follows from the same line of arguments. O

Combining Propositions 4.7 and 4.12, we get a proof of Theorem 4.2.

4.3 Two-sided sign stability

Let us consider the case where a path y : o — ¢ which represents a mutation loop ¢ = [y s
is not sign-stable on Q(Ct?)l; = int Ca'o) UintC,, but is sign-stable on each of int C(";O) and

int C(;O). When it satisfies a suitable condition, we can still compute the algebraic entropy of
the cluster transformations induced by such a mutation loop.

Definition 4.13 Let y : 1y — t be a path which represents a mutation loop ¢ = [y]s. The
path y is said to be two-sided sign-stable if it is sign-stable on each of int C(’:O) and int C(_to)

with stable signs e;' and €, respectively, and satisfies the following conditions:

_ et = —€~
€, = ey,and

. €F €
— the spectral radii of E,” and E,” are the same.

When y is two-sided sign-stable, we denote the spectral radii A, ;,, = Ag int Co by

A1) and still call it the cluster stretch factor of the mutation loop ¢.

We will give an example of a two-sided sign-stable mutation loop in Example 5.10.

Corollary 4.14 Let ¢ = [yls be a mutation loop with a representation path y which is
two-sided sign-stable. Assuming that Conjecture 3.13 holds true, we have

a __ ox _ (t0)
&y =&y =logh,”.

Proof Observe that all the statements in Sects.4.1 and 4.2 still hold, except for Lemma 4.9.
Indeed, they only depends on the sign stability on each of the cones int C(";O) and intC (_to)‘ The
replacement of Lemma 4.9 is rather simpler than the original one:

Lemma 4.15 Suppose that the representation path y : to — t of ¢ is two-sided sign-stable.
Then there exists an integer no > 0 such that

FotD E((blo)F(n)
forall n > ny.

Proof By definition of the two-sided sign stability, the stable sign e;," on int C(To) is the minus

of the stable sign €, on int C(jo): e;' = —€,. The former sign is the sequence of tropical
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signs by Lemma 3.8, and the latter gives the signs of row vectors of the matrices C; *" by
Corollary 3.9. Hence the second term in the right-hand side of Theorem 2.21 vanishes at
vertex t,, along the path y, for sufficiently large integer m. O

Now Corollary 4.14 can be proved by following the same line as the proof of Theorem 4.2,
where the statements derived from Lemma 4.9 are replaced with simpler ones corresponding
to Lemma 4.15. O

5 Check methods and examples

In this section we give several methods for checking sign stability and demonstrate them in
concrete examples. We denote by SX(,) (R"°P) the quotient of X{;,)(R"P) by the rescaling
R. ¢-action, and sometimes we identify it with the sphere {xl2 +-- -+x12v =1} C Xy, (R™P).
When we deal with concrete examples, it is useful to represent a skew-symmetric matrix
B = (bij)i, jer by aquiver Q. It has vertices parametrized by the set I and |b;;| arrows from
ito j (resp. j toi)if b;j > O (resp. bj; > 0). Note that that the quiver Q has no loops and
2-cycles, and the matrix B can be reconstructed from such a quiver.

5.1 Aninductive check method
Here we give a method for checking sign stability, assuming one uses a computer. First of
all, we fix a mutation loop ¢ = [y]s with h(y) = h.

1. For n > 1, examine the following inductive process:

(A;) Decompose Xy, (R"P) into the cones C;” fore € {+, —}".
(B,,) For each cone C;,, such that dim Cf/n = N, check whether it satisfies ¢" (C;n) C

intC¢,.

14
If such a cone is found, then the process terminates. Note that in this case, the sign
sequence € has the form (e, ..., €9) € {+, —}h”. Otherwise, proceed to the step
(Ap+1)-

If this process terminates at n = ng, then proceed to the next process (2). (If it does not
terminate, then this method is not effective for checking if ¢ is sign-stable or not.)

2. Chase the orbits of the points l(ito) € £2(;) under the action of ¢. If each of them goes to

the interior of a common cone C;n among those found in (1), then this mutation loop is
sign-stable with the stable sign €p € {+, —}", where € = (e, ..., €0) € {+, —}"0 by
Proposition 3.10.

Obviously this method can misses a sign-stable mutation loop, but it detects many exam-
ples. We demonstrate these steps below:

Example 5.1 (Markov quiver) Here, we demonstrate the inductive check method for a con-
crete example. Let / = {1,2,3} and s : f —> (N(’), B(’)) be a seed pattern such that

0 2 -2
B™W=1-20 2
2 20

for a vertex #9 € T. The quiver corresponding to this matrix is called Markov quiver Fig. 2.
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Fig.2 Markov quiver 1

Q.
Y
v

+
Clio)

Fig.3 Cones in X(,O)(]Rtmp) associated to signs and C(ito)
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Let us consider the horizontal mutation loop ¢ represented by an edge path

1 2 3 1 2 3
yitg—t —— b —— 13—ty —— 15 — s,

which is fully-mutating. Then X (R"°P) is decomposed into 17 full-dimensional cones.
Figure 3 shows the image of the intersection of SX;,) (R"P) and the following objects under
the stereographic projection from [(1, 1, 1)] € SX(,) (R"P):

— boundary of the cones associated to sign sequences (black lines),

— the fixed point
1 5 —1 5
Py = {(1 - +2f, ;I)} € Xy (R™)

with the stretch factor Ay =9 + 45 (red point),
— the cones 6(70) and C(J;O) (blue regions),
— the cone associated to the sign sequence (4, —, +, —, 4+, —) (yellow region).

The cone C)(,+’_’+’_’+’_) satisfies the condition in (B,,) with n = 1 and the conditions in (2).
Therefore, we conclude that ¢ is sign-stable with stable sign (4, —, +, —, +, —). Its stable

presentation matrices E;f") and E;’O) are given by

9 6 4 ) -7 -4 12
EP =|-12-7-4|, E{”=|-12 -7 20
4 2 1 20 —12 33

Their characteristic polynomials are the same:
wv—1)->=18v+1).

Hence, Conjecture 3.13 holds true for this example, so the algebraic entropies of the cluster
transformations induced by ¢ are

€4 = €5 = log(9 + 4v/5) = 2.88727095035762 ...

Remark 5.2 In fact, the matrix B“) in Example 5.1 arises from a triangulation of a once
punctured torus. Moreover, the horizontal mutation loop ¢ in Example 5.1 is actually the
third power of the mutation loop ¢ r corresponding to the mapping class called the “L R-
transformation” which gives the smallest stretch factor among the mapping classes on a
once punctured torus. This mutation loop ¢y r is represented by two mutations (1, 2) and a
permutation 1 — 2 — 3 +— 1. We can regard the stable sign sequence (+, —, +, —, +, —)
as ((+, —), (+, —), (+, —)), where each sign sequence (4, —) is the stable sign sequence
for the mutation loop ¢ g.

5.2 A heuristic check method

Fix a mutation loop ¢ with 2(y) = h. As we mentioned above, the process (1) of the inductive
check method may not terminate in finitely many steps. As an alternative method, when the
mutation loop ¢ is simple enough, it is well worth trying to find the cone satisfying the
conditions in (B,) with n = 1 by inspection. Here is our second method:

1. Decompose Xy, (R"™P) into the cones Cf, for € € {+, —}".
2. Find a cone C C X(y,) (R"™P) such that
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Fig.4 Kronecker quiver 1 Y/ 2
O+———O
Table 1 Domains of linearity
€ (& E}
21 ¢
(+. ) (120, bx) +x220) IR
-1 0
+. ) {x1 20, £x; +x2 <0} _t 1
-1 ¢
(=4 {x1 =0, x2 > 0} ( _1>
-1 0
(=) (x1 20, x2 <0) (0 _1)

- dimC =N,
— C C C;” for a sign sequence € € {+, -,
- ¢(C) C Cand ¢"(C\ {0}) C intC for some ng > 1.

3. Chase the orbit of the points / 27_0) € £2,) under the action of ¢. If each of them goes to the

interior of the cone C found in (2), then this mutation loop is sign-stable with the stable
sign €( by Proposition 3.10.

We will refer to the cone C as an invariant cone of ¢. Clearly, the choice of an invariant cone
is not unique: for example, we don’t need to take the maximal one.

Example 5.3 (Kronecker quiver) Let I := {1,2},and s : t — (N®, B®) be a seed pattern

such that
) _ (0 —¢
w=(75)

for a vertex 7o € T and an integer £ > 2. The quiver corresponding to this matrix is called
Kronecker quiver Fig.4. Let us consider the horizontal mutation loop ¢ represented by an
edge path

1 2
yitp — 1 — 1o,

which is fully-mutating. The tropical cluster X-variety X(;,)(R"™P) is decomposed into the
following four domains of linearity C;, for ¢ with the presentation matrix E7, fore € {+, -

See Fig.5. In this case, the process (1) in the inductive check method does not terminate.
However, we can take an invariant cone C as

C={x1 20, x;+x>0}ccit.
Indeed, for each point (x1, x2) € C, putting (x{, x5) = ¢ (x1, x2) we have
x) = (0% = Dx; + x> (> =€ — Dx; >0,
X xb = =€ —x; + (€ —Dxy > (02 —20)x; > 0.

Hence we have ¢ (C) C C. One can also see from the above computation that ¢ (C \ {0}) C
int C. Furthermore, by a direct calculation, one can check that

(+=)y — (=) (=+) (=)
gty =ciP, gl uet ) cc.
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Fig.5 Domains of linearity and
an invariant cone (yellow region)

Cgaﬂ

C,(y+’+)

P+

C§+,*) p—

Hence we can conclude that ¢ is sign stable. The stable presentation matrices E4 and E¢,
have the same characteristic polynomial

V2 (= 4+ 2+ 1.

Hence Conjecture 3.13 holds true in this case, so the algebraic entropies of the cluster trans-
formations induced by ¢ are obtained as

Sx—é’;:log<€2_2+g 62—2>.
2

b =

Remark 5.4 The mutation loop in Example 5.3 is so simple that we can describe the
entire dynamics on X, (R"P). First, the action of ¢ has only two fixed points pi, p_
in SX(,) (R"P) with stretch factors A4, A_, respectively:

/24 02 —240/02-2
p:t: lsf 7)\'ﬂ:: 2 .

Moreover we have p+ € SC™ ) (see Fig. 5). Let we consider the following two cones:

—t—JZ—4
Cf’Jr) = !xl >0, x; + fxz > O] ,

—0— 2 -4
C(_+’+) = :le + x>0, x1 + fxz < 0} .
so that C,(,+’+) \ p- = Cf’” uct . By a direct calculation, one can see that each point
in SCf’J’) converges to p4 and that each point in Sc™ P leaves this region and travels

SC,(,J“*), SC,(f’Jr), and SC,(f’*) in this order, and finally converges to p. Namely, the action
of ¢ has the north-south dynamics on SX(;;) (R"P) with the attracting (resp. repelling) point

p+ (resp. p—). Therefore Cf’“ is the maximal invariant cone.
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5.3 Mutation loops of length one

Here we give a family of examples for which the heuristic check method can be effectively

applied. Let 7 := {1, ..., N}, and consider a seed pattern s : t > (N®, B®). Fix a vertex
to € T; and put B := B0, Let us consider an edge path y : o L t; and a permutation o
on I whichis givenby o (i) ;=i — 1 mod N fori =1, ..., N. The following classification

theorem is due to Fordy—Marsh:

Theorem 5.5 (Fordy—Marsh [13]) The condition

o.B" =B (5.1
holds if and only if there exists an integer vector a = (ay, ...,an—1) such thataj = ay_;
for j=1,..., N — 1 and the skew-symmetric matrix B = (b;;); jes Satisfies the following
conditions:

bij+1 =aj, biy1 j+1 =bij +ail—a;jly —ajl—ail+ (5.2)

foralli,je{l,...,N —1}.

The condition (5.1) can be paraphrased that the mutation sequence given by the edge path
y followed by the permutation ¢ defines a mutation loop ¢. Although it is not a horizontal
mutation loop and slightly sticks out our scope in this paper, the N-th power ¢¥ is a horizontal
mutation loop represented by the fully-mutating edge path

N . 1 2 3 N
yVoitg — ) ——th —— ... ——ty.

Sign stability can be naturally generalized to this situation as follows. The sign of y at
w € X4 (R"™P) is defined to be €, (w) := sgn(xYO) (w)). The presentation matrix of ¢ at w
is given by E; = PGEY,(;), where € := €, (w) and Py := (8; 6(j))i,jer is the presentation
matrix of o. For a scaling invariant subset £2 C X(;,)(R"P), ¢ is said to be sign-stable if
there exists a strict sign 6?}“’ € {4+, —} such that for each w € £2 \ {0}, there exists an integer
no € N such that €, (¢" (w)) = e;‘ab for n > ng. If ¢ is sign-stable, then so is ¢" . See [24]
for a general framework. Since the sign-stability for ¢ is easier to check than that for ¢% , we
are going to work with ¢. Explicitly, the presentation matrix Ef, is given as follows:

01 _1 [ear]l+ 1
01 leail+ 1 leax]+ 01
Ep=| leazl 1 - i o
0 1 . . [GdN—1]+ '.. 1
1 0/ \lean—11+ 1 —1 0

Then we can find an invariant cone as follows:

Lemma 5.6
1. The cone
Ci41:=1{x1 =0, [gi-1]l4x1 +x; = 0fori =2,..., N}
satisfies ¢ (C4+]) C Ci4) if and only if a1 > 2. Moreover in this case, we have ¢N(C[+] \
{0}) C intCpy).
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2. The cone
C—1={x1 20, [—ai—1]4x1 +x; <0fori=2,..., N}

satisfies ¢ (C—)) C C[— ifand only if ay < —2. Moreover in this case, we have oN Cr—\
{0}) C int C[,].

Proof First suppose a; > 2. For a point w € Cp4p, let w’ := ¢ (w). Let x = (x1, ..., xy),
x' = (x{, ..., x)) be the coordinate vectors defined by x; := xl.(m)(w) and x/ := xl.(l")(w’)
fori =1,..., N. Then from (x’)T = E;_XT, we get

x| =aix; +x2 > 0,

[ai—1]4x) + x] = [ai—1]+(a1x1 + x2) + ([a;]4x1 + Xi41) > 0,

[aN,1]+xi +x§v =ai(aix; +x3) —x1 = (al2 —Dx; +x2 > a1x; +x2>0.
Herei =2,..., N—1.Thuswehave ¢ (Cj4]) C C[+].Furthermore,let<1>1+ = C4N{x1 =0}

and d51.+ = C4) N{lai—1]4x1 +x; =0} fori =2, ..., N be facets of the cone C[4;. Then
the above computation shows that ¢ (C[+]) C Cj4+] \ @5,

¢ ¢ ¢
Cr\ Py - Cn\ Py oy - o 7 G\ @5,
v 14 Y
and ¢ (Ci41 \ @) C intCy. Thus we have ¢V (C[4+]) C intCf4). On the other hand, when
a < 1,x = (2,-1,0,...,0) € C4 satisfies X' ¢ C[4]. The second assertion can be
similarly proved. o

Corollary 5.7 Let € € {+, —} be a sign. If ea; > 2 and €a; > O fori = 2,...,N — 1
holds, then ¢ is sign-stable on the set Q(Ct‘:)r)‘ with the stable sign €. Moreover Conjecture
3.13 holds true in this case. The cluster stretch factor is the positive solution of the equation
vV — ZlN:_ll €a;vV7 + 1 = 0 which is largest among the solutions in absolute value.

Proof 1t is enough to consider the case € = +. We need to check that the cones C(J;O) and
Cpy) are send into the cone C[4) by an iterated action of ¢. It is clear from the definition of

Cr4) that we already have C(J;O) C Cp4). Forapointw_ € C, . let x; := xi(m) (w-) < Obeits

coordinates fori = 1, ..., N. Since the action of ¢ is presented by the matrix
01
001
E ; = 0
0 o1
-1 0

as

X1 X2 X3 —X1
X2 - X3 - X4 - - —x3
Ey Ey . Ey Ey
XN—1 XN —X1 —XN-1
XN —X1 —X2 —XN
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Hence ¢V Cy) = cj,o) C C[+). Combining with Lemma 5.6, we get ¢>V (A {op
int Cj4j. Thus ¢ is sign-stable on the set £2(75 with the stable sign (+).

The characteristic polynomial of E}'," is given by P;'(v) =N — Zl]\:ll a4+ 1,
which is palindromic. Hence Conjecture 3.13 holds true in this case. The case € = — is
similarly proved. o

Corollary 5.7 gives a partial confirmation of [10, Conjecture 3.1].

Remark 5.8 The mutation loop considered in Example 5.3 is obtained as the square of the
mutation loop for the vector a = (—£). In the case £ = 1, we get the seed pattern of type
A; and hence ¢ is periodic. In particular it has no invariant cone other than {0}, and not
sign-stable. This example indicates a reason why we need the condition |a;| > 2 in Lemma
5.6 and Corollary 5.7.

Remark 5.9 Since the path yV is fully-mutating, by Theorem 3.12 and Remark 3.21, an
eigenvector corresponding to the cluster stretch factor can be found in the stable cone C;‘ab.
Hence by Remark 3.16, the cluster stretch factor is intrinsic to the mutation loop ¢.

Finally, we give an example of two-sided sign-stable mutation loop. See Definition 4.13.

Example 5.10 ([10, Example 3.7]) Let I = {1,2,3,4,5,6}and s : t = (N®, B®) be the
seed pattern with the initial exchange matrix

022 4 2 =2
2 0 -6-60 2
-2 6 0 —6-6 4
-4 6 6 0 —6 2
-2 0 6 6 0 =2
2 -2-4-212 0

B0 —

This seed pattern satisfies the condition (5.2) in Theorem 5.5, and hence the edge path
y it —L_ 4 followed by the permutation o : i +— i — 1 mod 6 gives a mutation loop ¢.
Let E )jf denote the presentation matrix of ¢ on the cone {£x; > 0}:

010000 210000
201000 001000
Et — 400100 E- — 000100
14 200010} 77 000010
000001 200001
—-100000 —-100000

Lemma 5.11 Let C4 and C|—| be the cones defined by

Crur e x1>0, x2>0, 2x1+x3>0, 4x;1+x2+x4>0,
P 0 6001 4 4o 4 203 + x5 > 0, 161 + 6x2 +4x3 +2x4 +x6 > 0 [

o X1 <0, x14+x =<0, 2x1+x2+x3 <0, 4x;+2x +x3+x4 <0,
F1Z ) 8xp +4xn +2x3 4+ x4 +x5 <0, 16x] +8x2 +4x3 +2x4 + x5 +x6 <0 [

Then for each € € {+, —} we have ¢ (Cl¢]) = E; (Cre1) C Crey- Moreover, for any point
X € C(GI()) there exist an integer ng > 0 such that ¢" (x) € Cl¢] for all n > ny.
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Fig.6 The quiver corresponding 1
to B(0) in Example 5.10

Proof Let us first consider the case ¢ = +. For a point w € Cj4], let w’ := ¢(w). Let
X = (x1,...,%),X = (x], ..., xg) be the coordinate vectors defined by x; := xi(t())(w) and
x/ = x" (') fori =1,...,6. Then,

xp=x2>0,
xé =2x1 +x3 >0,
2x) + x5 =4x; +x2 4+ x4 > 0,
dx] + xj + x4 = 6x1 + 4xp + 2x3 + x5 > 0,
6x] + 4x5 + 2x3 + x5 = 16x1 + 6x2 + 4x3 + 2x4 + x6 > 0,
16x] + 6x5 + 4x5 + 2x) + xg = 31x1 + 16x2 + 6x3 + 4x4 + 2x5
= 2(6x1 + 4x2 4+ 2x3 + x5) + 2(2x1 + x3) + 15x1 + 8x2 > 0.

Thatis, ¢ (C[+]) C C[+]. The case ¢ = — can be proved by a similar computation. The second
statement can be checked by chasing the orbit of (the minus of) the standard basis vectors of
X(lo) (Rtrop). O

Thus the mutation loop ¢ is sign-stable on each of the cones Ca'o ) and C, (_to)' The characteristic
polynomial of the presentation matrix E ; is given by

(v2+ev+1)-(v4—v3—2v2—v+1)

for € € {+, —}, which is palindromic. In particular Conjecture 3.13 holds true on each cone
C(elo). The spectral radii of the matrices E;r and E are the same, which is the largest solution
Amax = 2.0810189966245 . .. to the equation v* — v3 — 2V — v + 1 = 0. Therefore the
mutation loop ¢ is two-sided sign-stable, so the algebraic entropies of the induced cluster
transformations are given by

€4 = €} = log Amax = 0.73285767597364 ...
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A Terminology from discrete linear dynamical systems

We recollect here some basic terminology concerning discrete dynamical systems on RV
obtained as the iteration of a real N x N-matrix E. We refer the reader to [4] for proofs.

A.1 Real Jordan normal form of a real matrix

First we recall the real Jordan normal form of a real matrix. The real Jordan block J (v, m)
of algebraic multiplicity m with eigenvalue v € C is defined to be

v 1
J(v,m) =
1
v
if v is real, and
E-nl O
né&01
§—n
né
J(v,m) =
E—-nl1 O
n&01
§—n
n &

if v is non-real. Here we write v = £ +in and n > 0. Note that the size of the matrix J (v, m)
is 2m if v is non-real.

Recall that if a complex number v is an eigenvalue of a real matrix E, then so is its complex
conjugate v. Therefore we can pick the one with positive imaginary part.

Theorem A.1 ([4, Theorem 1.2.3]) For any real matrix E, let vy, ..., v, be its eigenval-
ues whose imaginary part is non-negative. Then there exists an invertible real matrix
S € GLy(R) such that STYES = J(vi,m) & --- & J(v,, m;), where each my, is the
algebraic multiplicity of the eigenvalue vi. We call the right-hand side the real Jordan nor-
mal form of E. We call the column vectors of S the real Jordan basis vectors.

We have the corresponding real generalized eigenspace decomposition

RN:VV]@"'@VUr~

@ Springer



Geometriae Dedicata (2021) 214:79-118 17

Here
Vi, = (R() | v € ker(EC — vp)™} + {S() | v € ker(EC — vp)™*}

for an eigenvalue vy of algebraic multiplicity my, where we let E act on the complex vector
space CV. Note that an eigenvector of E with real eigenvalue vy is real. Hence V,, =
ker(E — vi)™* in this case, which recovers the usual generalized eigenspace.

A.2 Lyapunov spaces and Lyapunov exponents

Let E be areal N x N-matrix. Let vy, ..., v, be the eigenvalues of E whose imaginary part
is non-negative. Denote the distinct modulus |vg| of eigenvalues v; by A ;, and order them
as Ap > --- > Ay with 1 <[ < r. Namely, we have {|vi], ..., |v:|} = {A1,..., A;}. The
largest modulus is denoted by p(E) := A1, and called the spectral radius of E. We define
the Lyapunov space of A to be

Loy = P V.

ki |vel=A;

Then we have the direct sum gecomposition RV =L@ - - D LOy).Letl < p <rbe
the largest integer such that V; , C L(A1). Namely, p(E) = [vi| = - = [vp| > [vp11] =
R 1B

For an invertible real matrix £ € GLy(R) and a point v € RY \ {0}, the Lyapunov
exponent of the orbit {E" (v)},>0 is defined to be

1
Ag(v) := limsup —log | E" (v) |,
n—oo N
where || - || is any norm on R¥ and the result does not depend on this choice.
The Lyapunov exponents can be computed in terms of the eigenvalues.

Theorem A.2 ([4, Theorem 1.5.6]) For a non-zero vector v = cjv! + - - + vt € L(A) @
-+- @ L(Ag), the Lyapunov exponent of the orbit { E" (v)},>0 is expressed as

Ap(v) = max logAh;.
Jicj#0 B

As a special case, we have the following:

Corollary A.3 Suppose that vectors vy, ..., vy € V form a basis of V. Then we have

‘ r?aXNAE(Ui) =log p(E).

=1...,
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