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Abstract

We apply the existence and special properties of Gauduchon metrics to give several appli-
cations. The first one is concerned with the implications of algebro-geometric nature under
the existence of a Hermitian metric with nonnegative holomorphic sectional curvature. The
second one is to show the non-existence of holomorphic sections on Hermitian vector bun-
dles under certain conditions. The third one is to give a restriction on the dd-closedness of
some real (n—1, n—1)-forms on compact complex manifolds.
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1 Introduction and main results

Throughout this article denote by (M", w) a compact connected complex manifold of
complex dimension n>?2 endowed with a Hermitian metric whose associated positive (1,
1)-form is w. By abuse of notation, w itself is also called the Hermitian metric. Denote by

{w} = {"w|lu € C®(M;R)}

the set of the conformal class of w.

The Hermitian metric w is called Kéhler, balanced or Gauduchon if dw=0, do"'=0
or 90" = 0 respectively. On general compact complex manifolds with n>?2 the for-
mer two metrics may not exist. For example, Calabi-Eckmann manifolds S%+! x §2¢+!
(»p+g=1) carry no Kéhler or balanced metrics [19, Section 4]. Nevertheless, a classical
result of Gauduchon [10] states that every Hermitian metric is conformal to a Gauduchon
metric, which is unique up to rescaling when n>2.

The aim of this article is to discuss some applications related to this existence result and
some special properties of Gauduchon metrics. In what follows we shall describe our main
results.
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A compact complex manifold is called uniruled if it can be covered by rational
curves. When M is projective, this notion is equivalent to the existence of a dominant
rational map N X P! = M, where N is a complex projective variety of dimension n — 1
[9, Remark 4.2 (3)]. Let K, be the canonical line bundle of M. If H*(M;mK,,) # 0 for
some positive integer m, the Kodaira dimension of M is defined to be

log dime H®(M:mK
k(M) :=1lim sup £ c ( M) e {0,1,...,n}.
M40 log m

Otherwise we call M has negative Kodaira dimension and denote by k(M) < 0.

The existence of a dominant rational map N x P! — M easily implies that M has neg-
ative Kodaira dimension. One major open problem in the classification theory of projec-
tive manifolds is that the converse also should be true [5, Conjecture 0.1].

The notions of uniruledness and Kodaira dimension are of algebro-geometric nature
and so it is natural to find differential-geometric criterions to characterize them. In the
two influential problem lists, S.-T. Yau asked that [27, Problem 47, 28, Problem 67], if
a compact complex manifold admits a Kdhler metric with positive holomorphic sec-
tional curvature (“HSC” for short), whether or not it is rationally connected or uniruled.
Recently this was affirmatively confirmed by X.-K. Yang [24], and further extended to
the quasi-positivity case for projective manifolds by Matsumura [17, 18]. The next natu-
ral question is whether this remains true for (non-Kéhler) Hermitian metrics. Building
on ideas of Balas [3, 4] Yang treated this question in an earlier article [23] by show-
ing that the quasi-positivity of holomorphic sectional curvature of a Hermitian metric
implies negative Kodaira dimension [23, Thm 1.2].

Our first main result is the following Theorem 1.1, which extends [23, Thm 1.2] to
the nonnegative version.

Theorem 1.1 Let (M",®) be a compact Hermitian manifold with HSC(w) > 0. Then
the Kodaira dimension k(M) < 0, where the equality k(M) =0 occurs if and only if
HSC(w) = 0, w is conformally balanced, and K,, is a holomorphic torsion, i.e., mK,; = Oy,
for somem € Z,,

When n=2 or 3, some results in Theorem 1.1 were also obtained in [4, Thm 1.2].
Theorem 1.1 immediately yields

Corollary 1.2 .

1) Ifx(M) > 1, M cannot carry a Hermitian metric with nonnegative HSC.
2) Ifx(M) > 0, the HSC of any Hermitian metric which is not conformally balanced cannot
be nonnegative.

Recall that a compact complex manifold is called Moishezon (resp. in Fujiki’s class
C) if it is bimeromorphic to a projective (resp. compact Kéhler) manifold. Combining
the proof in Theorem 1.1 with a recent result in [7], Yau’s aforementioned question
indeed holds true for some special compact (non-Kéhler) Hermitian manifolds.
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Theorem 1.3 Suppose that M is either an n-dimensional Moishezon manifold or a
3-dimensional compact complex manifold in Fujiki’s class C. Then M is uniruled provided
one of the following two conditions can be satisfied.

(1) M admits a Hermitian metric o with quasi-positive HSC(w).
(2) M admits a non-conformally balanced metric with nonnegative HSC(w).

Our second main result is motivated by the recent work in [2] on the so-called Chern-
Einstein problems and can be stated as follows.

Theorem 1.4 Let w be a Hermitian metric on M" and f € C®(M;R).

(1) Assume that 90 (fa)"‘l) = 0. Then this f has constant sign. If moreover f is not identi-
cally zero, then f is a constant if and only if w is a Gauduchon metric.
2) Ifd(fw) =0, then f has constant sign. Namely, either f = 0 or +fw is a Kdhler metric.

The Chern-Ricci form Ric(w) of (M", w) is defined to be

Ric(w) := —V/—10ddlogdet(w"),
which is a closed real (1, 1)-form and represents the first Bott-Chern class up to a factor 2x:
[Ric(w)] = 2z (M).

The following example, which is exactly [2, Thm A], illustrates an interesting applica-
tion of this result.

Example 1.5 If the Hermitian metric w satisfies the Einstein-type equation
Ric(w) = Aw, A€ C(M;R), (1.1)

the closedness of Ric(w) and Theorem 1.4 imply that either A = 0 or +4Aw is a Kihler met-
ric. This in particular yields that cfc(M ) is definite. So when the factor 4 is not identically
zero, the solution in (1.1) is necessarily reduced to the classical Kéhler-Einstein case. This
is exactly [2, Thm A].

In a classical work [26] Yau showed that the existence of a Kihler metric with positive
total scalar curvature on M implies k(M) < 0, and on a compact complex surface is equiva-
lent to the uniruledness. Gauduchon proved, in another classical work [11], that the exist-
ence of a Gauduchon metric with positive total Chern scalar curvature implies k(M) < 0
and thus improved Yau'’s result. Using Boucksom, Demailly, Paun and Peternell’s criterion
for uniruled projective manifolds [5], Heier and Wong observed that [13] a projective man-
ifold equipped with a Kéhler metric with positive total scalar curvature is uniruled. Chiose,
Rasdeaconu and Suvaina obtained in [7] that a compact Moishezon manifold is uniruled
if and only if it admits a Gauduchon metric with positive total Chern scalar curvature.
Very recently Yang systematically investigated in [25] the relations among total Chern sca-
lar curvature of Gauduchon metrics, Kodaira dimension and the pseudo-effectiveness of
canonical line bundles.

Our third main result is to extend Gauduchon’s aforementioned result to the vector bun-
dle version, which is related to a claim in Kobayashi’s book [14, p. 57, Thm 1.30]. Before
stating the result, let us fix some more notation.
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Let (E", h) be a Hermitian holomorphic vector bundle of rank r on (M", ). The starting
point in [14, Chapter 3] entitled “Vanishing Theorems” is that the quasi-negativity of the
mean curvature form K of (E”, h) (details on K can be found in Sect. 2) implies the nonex-
istence of nontrivial holomorphic sections on E [14, p. 52]. Let

y(x) := the greatest eigenvalue of K at x, x € M. (1.2)

This y is in general a continuous function and may not be smooth.

The following result states that, if the underlying metric is Gauduchon and the function
y is smooth, the condition of K being quasi-negative can be relaxed to the negativity of the
total y on M.

Theorem 1.6 Let (E, h) be a Hermitian holomorphic vector bundle over (M", wo) and y
as in (1.2). If wy is Gauduchon, y smooth and

1
£y~w0<0, (1.3)
then E admits no nontrivial holomorphic sections.

When applying Theorem 1.6 to the line bundle mK,, with the induced metric it turns out
thaty = —mS,, (see Example 2.2), where §,, is the Chern scalar curvature of . Therefore
we have the following consequence due to Gauduchon [11, p. 134].

Corollary 1.7 (Gauduchon). If M is endowed with a Gauduchon metric with positive
total Chern scalar curvature, then k(M) < 0.

Remark 1.8 Theorem 1.6 and Corollary 1.7 were claimed in [14, p. 57, Thm (1.30), Coro.
(1.33)] without the condition of the metric being Gauduchon. Note also that there is a
typo where the symbol “<” in [14, Coro. (1.33)] should be “>". If they were true for any
Hermitian metric, then the positivity of the total Chern scalar curvature of any Hermitian
metric would imply the negative Kodaira dimension, which is clearly false. Indeed, using
Székelyhidi-Tosatti-Weinkove’s recent solution to the Gauduchon conjecture on compact
complex manifolds [20], Yang showed in [25, Thm 1.7] that any compact complex mani-
fold admits a Hermitian metric with positive total Chern scalar curvature. The mistake in
the proof of [14, Thm (1.30)] lies in the claim in [14, p. 57, (1.32)], which would be clear
after the proof in Theorem 1.6 (see Remark 6.1).

The rest of this article is organized as follows. After collecting some preliminaries in
Sect. 2, we recall in Sect. 3 some basic facts on Gauduchon metrics and prove two impor-
tant lemmas related to them (Lemmas 3.2 and 3.5). The proofs of Theorems 1.1, 1.3, 1.4
and 1.6 are presented respectively in Sects. 4, 5 and 6.

2 Preliminary materials
We briefly collect in this section some basic facts on Hermitian holomorphic vector bun-

dles and Hermitian manifolds in the form we shall use them in this article. A thorough
treatment can be found in [14].
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Let (E", h) be a Hermitian holomorphic vector bundle of rank r on (M", @) with Chern
connection V and curvature tensor

R:=V?elA""T"MQE*Q®E).

Under a local frame field {sl, e, s,} of E and local coordinates {z‘, e, z"} on M, the
curvature tensor R and the Hermitian metrics & and w can be written locally as

R=R. A/ ANdZ ®s: ® sy,
ija a

ij
h= (hyg) 2= (h(sa5p)), @n
w= \/—_lgijfdzi AdZ.

Here and in what follows we always adopt the Einstein summation convention.
Let a Hermitian matrix K be

il i 71
K= (Kep) i= (g R ) ((67) 3= () )
which defines a Hermitian form on the smooth sections of E by
K&, n) 1=K, &%", & =&, n=1's,.

This K is independent of the choices of {sa} and {zi} and called the mean curvature
form of E in the notation of [14].
For a conformal change of the metric A:

h=e"h, ue C°WM;R),

direct calculations [14, p. 57] show that the mean curvature form K = (f(al;) of h trans-
forms in the following manner

(Ka) = €"[(Kap) + (Do) (hag)]- 2.2)

Here A_,(+) is the complex Laplacian acting on smooth functions defined by

:= —tr, V/—100u = —g1 -2 2.3)

6 ’6z1
Let (M", w) be a compact Hermitian manifold with
= \/—_1 g,-;dzi A dZ
under the local coordinates {zl, ,zn}. Following the notation in (2.1), the components

of the curvature tensor R of the Chern connection on the holomorphic tangent bundle
(T"°M, w) are given by

2, T
Rjq 1= gk, =~ J 8y o 7842 %8l
v P 0707 97 07

For p€M and v=v= o € T1 OM, the holomorphic sectional curvature H of @
(HSC(w) for short) at the point p and the direction v is defined by
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Hp(v) =R, v,v, 17)|p = R,‘]kﬂp VPV, (2.4)

H is called nonnegative if H,(v) > 0 for any pair (p, v). H is called quasi-positive if it is
nonnegative and H,(v) > 0 for some pair (p, v).
The Chern scalar curvature S, of @ is defined by

S, :=8"¢" Ry, 2.5)
and similarly we define another scalar function S, by
8, 1= "¢ Ry, 2.6)

It is well-known that S, = §, when w is Kihler, which is (half of) the Riemann scalar
curvature. But for general Hermitian metrics they may be different.
We end this section with two related examples, which shall be used in the sequel.

Example 2.1 The behavior of Chern scalar curvatures under a conformal change is as
follows.

S, = e_”(nAC,wu + Sw), @ =¢c"w. 2.7
Proof.
S5 =tr;Ric(@) = —g10,0:log(@")
=— e‘”gijdi&j [nu + log(a)”)]
=" (nA  u+S,).

Example 2.2 Given (M", ) and consider the line bundle mK,, with the induced metric. By
the definition of y in (1.2) we have
y = —mgﬁR}i =-mS,,

ij @

from which, together with Theorem 1.6, Corollary 1.7 follows. Applying a Weitzenbock’s
formula [14, p. 51, Prop. (1.8)] to this situation yields

_Ac,w(|o-|§)) = |V¢7|Z} + mSw|0'|(20, Vo € HO(M;mKM), (2.8)

where | - |, is the point wise norm on mK,, induced from w and V the Chern connection on
mK,,.

3 Some properties of Gauduchon metrics

The torsion 1-form 6 of a Hermitian metric @ on M" is characterized by
do"™ ' ="' A O

as the following map is an isomorphism:
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@A) 1 QY M) — Q¥ (M),

Clearly w is balanced if and only if & = 0. It also turns out that the condition of w being
Gauduchon can be rephrased as d’ 6 = 0. Namely, @ is Gauduchon if and only if  is co-
closed with respect to w.

The usual Riemann Laplacian A, is defined by

A,¢) i=did() : C°(M;R) —» C*(M;R).
The two Laplacians A, , and A, are related by the following
24, u= A ut <du, 0>,,Yu € C*(M;R), (3.1

where < -, - > is the pointwise inner product with respect to w. The equality (3.1) is due
to Gauduchon [12, p. 502], and a detailed proof can be found in [1, Appendix A] or [21,
Lemma 3.2].

The original treatment of Gauduchon metrics by Gauduchon is in terms of the kernels
of A, and its formal adjoint A7  with respect to w. We summarize several related basic
properties in the following proposition. More details can be found in [10, 11, Sect. 8], and
[16, p. 224].

Proposition 3.1 (Gauduchon). Suppose that (M",®) is a compact Hermitian manifold
withn>2. Then

1. dimRKer<Ajw> =landany f € Ker(Ajw> has constant sign. This implies that there

exists a unique positive smooth function f, = fy(w) € Ker(Af_w) such that
Az,w( 0) =0
[ foo" = [ o". (32)
M M

The metric w is Gauduchon if and only if f)(w) = 1
.
2. For every Hermitian metric w, the metric fo"" -w is Gauduchon. Moreover,
Jo(hw) = fy(w) for any A € R, and thus every conformal class contains a unique
Gauduchon metric up to rescaling.

An immediate consequence of (3.1) is that the two Laplacians are the same if and only
if 8 =0, i.e., @ is balanced. So for general Gauduchon metrics they may be different. The
following lemma, which is a key ingredient in the proof of Theorem 1.6, says that for
Gauduchon metrics A, (+) still behaves like A .

c,0

Lemma 3.2 (Gauduchon).

1. For a Hermitian metric w on M, we have
o is Gauduchon & [(A., wwo" =0, Yu € C*(M;R). (3.3)

2. Let wy be a Gauduchon metric on M ana given f € C®(M;R). The equation
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Aot =f (34)
has a solution u € C*(M;R) if and only if [ fay; = 0. Moreover, in this case the solution u
is unique up to an additive constant. Y
Proof By integrating over M on both sides of (3.1) we see that
2 /(A Wo" = [ <u,d 0>0",Vu,
M M o
from which (3.3) follows.

For part (2), the necessarity follows from (3.3). For the sufficiency, Hodge theory says that
we have for each

C=(MiR) = Im(4,,,) @ Ker(4?, ). (3.5)
In our case the metric w,, is Gauduchon and so Proposition 3.1 implies that Ker(Ajm0 > =R.
Thus (3.5) reduces to
C®M;R) =Im(A,,, ) ®R.

This yields the sufficient part.
For the uniqueness of u, we only note that A, ,u = 0 implies the constancy of u due to the
maximum principle.

Remark 3.3 Although this lemma is not explicitly stated in [10], the materials for the proof
are all contained there, as we have seen. A sketchy proof of this result in the more generally
almost-complex case is outlined in [8, Thm 2.2].

Definition 3.4 Let w, be the Gauduchon metric in {w}. The sign of the total Chern scalar
curvature of @), / Swowg, is called the Gauduchon sign of {w}. Due to the uniqueness of
M

Gaucuchon metrics up to rescaling the Gauduchon sign is well-defined.

With this notion understood, Lemma 3.2 yields the following

Lemma 3.5 In every conformal class {w}, there always exists a Hermitian metric &
whose Chern scalar curvature S; has constant sign, which is necessarily the same as the
Gauduchon sign of {w}.

Proof Let w, be the Gauduchon metric in {w} and

. Sa’o /MSwowg
f =—-—4 —
n n [y @

Note that
wh = 0.
PR (3.6)

So Lemma 3.2 implies that there exists au € C*(M;R) such that A, u = f.
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Take @ := e*w,. By (2.7) we have
Sp =e"(nl, u+S,)
=e~"(nf +S,,)
S
Ju g
which is the desired Hermitian metric. .

For the necessarity, note that if S, has constant sign and o, := O”T‘ w is Gauduchon,
then we have (cf. (4.2))

e, (by (3.6))

f Sa)(,wg = ffOSaan’
M M
which has the same sign as that of S,,.

Remark 3.6 When the Gauduchon sign is positive, Lemma 3.5 was treated in [25, Thm
1.3]. When the Gauduchon sign is negative, the metric @ in Lemma 3.5 can even be chosen
so that S is a (negative) constant, which is the main result in [1, Thm 4.1]. Note that when
the Gauduchon sign is zero, [1, Thm 3.1] is included in Lemma 3.5. It is conjectured there
that this remains true when the Gauduchon sign is positive. These results as well as the

conjecture can be viewed as the complex analogue of the classical Yamabe problem.

4 Proofs of Theorems 1.1 and 1.3
Let (M", w) be a compact Hermitian manifold, and choose for each p € M a unitary basis

{el, ,en} of T;*OM . The proof of Theorem 1.1 as well as Theorem 1.3 depends on the
following two lemmas.

Lemma 4.1 The nonnegativity (resp. quasi-positivity) of HSC(w) implies that of S, + S'w.
Proof We apply a classical trick usually attributed to Berger to average HSC(w) of unit

lengths at p, which was first used to show that the sign of HSC of a Kdhler metric deter-
mines that of scalar curvature.

/ Hp(v)de(v) (dO(v) : spherical measure on s>h
veTy "M, |v|=1

= R(e; e, ¢, WIVHdOG) (v = viei)
./ver,ivOM,|v|=1 Pt Z

4.1)
06 + 6,164

= R(e,-,e_j, ek,e_l) . D . V01(§2n—])
= M . 2n—1
= g VST, (by25), 2.6)

where the second equality is due to the classical identity
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- — 8;:6; + 6,6
_ [ ViAo = e
Vol(Sz"‘l) S n(n+1)

Lemma 4.2 The nonnegativity (resp. quasi-positivity) of S, + Sm implies that of the
Gauduchon sign of w.

1
Proof Let w, := f,' w be the Gauduchon metric in {@} and 6, its torsion 1-form. The two
total scalar curvatures S, and S( 4 of @, and w are related by [3, (1.7)]

é r;_ ff()S "
J Sl = ffOS o 4-2)
M
and moreover [12, p. 501, Coro. 2]
A 1
[ Sa, = Su)of = 5 [ 16w, (4.3)
Therefore
S @ =1 S, L S Yol
Ma,a) EM( )a)+§ Sy = Sug)¥%
4.4)

/fO(S +Sm)a) + = /|90|2w (by (4.2),(4.3))

from which as well as the positivity of f, Lemma 4.2 follows.
We are now ready to prove Theorem 1.1.

Proof Still denote by w,, the Gauduchon metric in {w}. Let @ € {w} be the chosen metric

as in Lemma 3.5 so that the Chern scalar curvature S; has constant sign, which is the same

as that of [ Sw0 wj. The assumption HSC(w) > 0 in Theorem 1.1 implies from Lemmas 4.1
M

and 4.2 that
f S, @y 2 0.

@
Case 1: | S, ap > 0.
M
S, is positive everywhere on M. Apply this @ to (2.8) we deduce from the maximum
principle of the complex Laplacian A_; that mK,, has no nontrivial holomorphic sec-
tions when m is positive. Namely, the Kodaira dimension k(M) < 0. This in fact gives a
direct proof of Corollary 1.7.
Case2: [ S, wy=0.
M

S; = 0. In this case (2.8) yields that any holomorphic section ¢ on mK,, is V-parallel.
So either o =0 or the zero set zero(o) = @. If for some m there exists a holomorphic
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section o, on mK,, with zero(o-o) = @, then for any holomorphic section o on mK,, the
ratio 65 is a well-defined holomorphic function on M, thus a constant. This means
0

dimCHO(M;mKM) <1, Vm,

and so k(M) < 0.
We now characterize k(M) = 0. From the proof above the case k(M) = 0 occurs if and

only if
S Swoa)g =0,
M 4.5)
H° (M;mKM) #+ 0 for some m.

By (4.4) f S%wg = 0 is equivalent to w is balanced, i.e., w is conformally balanced, and
M

S +8,=0.By(4.1)S,+8, = 0is in turn equivalent to HSC(w) = 0.

It suffices to show that the condition of H° (M :mK M) # 0 for some m under our situation
implies that K, is a holomorphic torsion. Indeed, k(M) = O rules out the existence of a
conformal class with positive Gauduchon sign due to Case 1. Combining this with

/S, @" =0 implies that the first Bott-Chern class ch(M) =0 [25, Thm 1.1]. This,
b

@70
together with the fact H°(M;mK,,) # 0 for some m, yields that K,, is a holomorphic tor-
sion [22, Thm 1.4].

In summary, in our situation the conditions (4.5) are equivalent to HSC(w) =0, o
is conformally balanced, and K, is a holomorphic torsion. This completes the proof of
Theorem 1.1.

Next we shall explain that why the proof above leads to Theorem 1.3. In fact by (4.4)
any of the two conditions in Theorem 1.3 implies that the Gauduchon sign of {w} is posi-
tive, which for the manifolds under consideration is equivalent to the uniruledness [7, Thm
D].

Note that [7, Thm D] is based on some deep results in birational geometry. Neverthe-
less, for our purpose only the direction “positive Gauduchon sign = uniruled” is needed,
whose proof is a direct application of some classical results. So we sketch the proof here
for the reader’s convenience as well as for completeness.

Indeed, for any compact complex manifold M the existence of a conformal class with
positive Gauduchon sign is equivalent to the non-pseudo-effectiveness of K, [15, Thm 1.2,
25, Thm 2.3]. Thus it suffices to show that the latter condition implies uniruledness for
manifolds in question. Since both uniruledness and pseudo-effectiveness are bimeromor-
phic invariants. So we may assume that M is either a projective n-manifold or a Kéhler
3-manifold. Then the conclusion follows from the celebrated works of [5, Coro. 3] and [6,
Coro. 1.2] respectively.

5 Proof of Theorem 1.4
Since

A () = —tr, V=103f =< —\/=133f, 0>,

where <> is the pointwise inner product with respect to @, we have
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A% () == V=100 (o)
= VT (=g -0 5,) (= 5, 0 5, ) (F0) (5.1)
V=1

—__y - 3 n—1

iy *, 66(f(0 ),
where *, is the Hodge-star operator w.r.t. @ and the last equality is due to the facts that
%2 = —1on (2n — 1)-forms and

1 wn—l
n—1)!

*, (@) =

So the condition of dd (fa)”‘l) =0 in Theorem 1.4 is equivalent to A:’f’w(f) =0, which,
together with Proposition 3.1, yields the proof of the first part in Theorem 1.4.

Since fw is a (1, 1)-form, d(fw) = 0 implies d(fw) = 0 and then 90(f"'w"") = 0.
Thus the proof above implies that f"~! has constant sign and so is f.

6 Proof of Theorem 1.6

The idea of the proof is to conformally change / to a new metric / such that the mean cur-
vature form K of this new metric 4 is negative-definite and so Theorem 1.6 follows from

[14, p. 52].
Set
e Ju J’wg
=y - —.
0 Ty @
The assumptions in Theorem 1.6 imply that
Jo € C¥(M;R),
v <for 6.1)
éfo of = 0.

Then Lemma 3.2 tells us that there exists a u, € C*(M;R) such that
Ac,wﬂ(uo) = _f()' (62)
The mean curvature form K of the new metric i := e*h is exactly

() =€ [(Kp) + (A g 1)1 )](by(2.2)
=¢[(K5) = fy(hap)]. (by(6.2))

which is negative-definite due to the facts that y be the greatest eigenvalue of (Kaﬂ-) with
respect to (ha/i) and y < fo.

Remark 6.1 The mistake in the proof of [14, p. 57, Thm 1.30] is now clear. The author

claimed the existence of i as in (6.2) [14, p. 57, (1.32)] for any Hermitian metric w under
the condition of
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[ foo" =0,
M

which is false due to the fact (3.3).
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