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Abstract

In this paper, it is proved that a connected 3-dimensional Riemannian manifold or a closed
connected semi-Riemannian manifold M" (n > 1) admitting a projective vector field with a
non-linearizable singularity is projectively flat.
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1 Introduction

Let V be a torsion-free affine connection on a manifold M". The projective class [V] for
V consists of the torsion-free affine connections on M having the same unparametrized
geodesics as V. There is an equivalence of categories between projective classes and normal
projective Cartan geometries on M introduced by Kobayashi and Nagano in [1], see Sect. 2.1
for details. We say [V] is flat, if locally around any point x € M, there exists a neighborhood
Uy of x and V' € [V|y,] with V' having zero curvature. The projective structure [V] is
metrizable if there is a Levi-Civita connection, induced by some metric g, contained in it.
Two metrics on M" are projectively equivalent if their Levi-Civita connections are in the
same projective class. It is well known that

VelV] < V=V4+3yId+I1d®n, ne (T*M). (1)

Affine connections are not torsion-free in general, but for any affine connection V, we can
always find a torsion-free connection with the same unparametrized geodesics. The torsion

Tor of V is a section of A2T*M @ TM. Then (V — ETor) is a torsion-free connection
defining the same unparametrized geodesics as V. Hence, there is no loss in generality to
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work only with torsion-free affine connections, whose projective equivalence is characterized
by Eq. (1).

Let X be a vector field on M. Let ¢’ be the flow generated by X. Then X is a projective
vector field for V if ¢’ preserves the unparametrized geodesics defined by V. Denote £V
the Lie derivative of V with respect to X. Then this is equivalent to:

Trace free part(Zx V) = 0.

The projective vector field X is af fine for V if £xV = 0. It is essential if it is not affine
for any connection in [V].

It is a classical topic to study projective structures induced by Levi-Civita connections.
Some classical results have been obtained by mathematicians like Dini, Levi-Civita, Wey],
and Solodovnikov. One can refer to Theorems 7—-10 from [2] for their results. The local
description of projectively equivalent metrics is well understood by Bolsinov and Matveev
in [3,4] in terms of BM structures.

Given a projective structure [V] on some manifold M", how its projective transforma-
tion group or Lie algebra determines the projective structure [V] has been an interesting
topic. For example, we may ask what additional assumption on the projective transformation
group or algebra is necessary to deduce that the projective structure is flat on the mani-
fold or some special subsets. Sometimes it turns out [V] is determined by assumptions less
than expected. Concerning the global theory of projective structures, we have the following
projective Lichnerowicz—Obata conjecture:

Conjecture 1.1 Let G be a connected Lie group acting on a complete connected or closed
connected semi-Riemannian manifold (M", g) by projective transformations. Then either
G acts on M by affine transformations, or (M", g) is Riemannian with positive constant
sectional curvature.

The conjecture above implies non-affine complete projective vector fields cannot exist for
non-flat projective structures induced by closed or complete connected (M", g). The open
cases for this conjecture are when g is an indefinite metric, and D(M", g) is precisely two,
where D(M", g) is the degree of mobility of g on M defined in Definition 2.4. (In addition to
the Riemannian case, this conjecture has also been proved for the case (M, g) being a closed
connected Lorentzian manifold, see [5].) One may refer to the main theorems in [2,5,6] for
details. In the local theory of projective structures, whether there is a result analogous to the
conjecture above for locally defined metrizable projective structures is still open in general.

Let [V] be a metrizable projective structure admitting a projective vector field X with a
non-linearizable singularity x. This means X is not linear in any coordinate system around
x. In this paper, we give proofs to Theorems 1.3 and 1.4, which concern the rigidity of
such projective structures. The assumptions in these theorems arise from the generalization
of results obtained for projective geometries in [7] by Nagano and Ochiai, and analogous
results for conformal geometries by Frances and Melnick in [8,9]. Let X be a vector field on
M. We say X vanishes exactly at order 2 at x € M, denoted by O (X, x) = 2, if X has a zero
1-jet and a non-zero 2-jet at x. In [7], the following theorem is proved.

Theorem 1.1 (Nagano and Ochiai [7]) Let X be a projective vector field for a closed connected
Riemannian manifold (M", g) withn > 3. Suppose there exists x € M such that O(X, x) =
2. Then there exists some constant ¢ > 0 such that (M", cg) is isometric to either S" or RP"
with their respective standard metrics.

One may ask whether a generalization of this theorem will hold for semi-Riemannian
closed connected manifolds, with the weaker assumption that X is non-linearizable at x.

@ Springer



Geometriae Dedicata (2020) 205:147-166 149

Obviously, this generalization of Theorem 1.1 follows from the projective Lichnerowicz—
Obata conjecture.

The dynamics of a projective vector field near its singularity can lead to theorems on the
rigidity of projective structures. For example, if a torsion-free affine connection V defined on
M"™ with n > 2 admits a projective vector field X such that O (X, x) = 2 at some x € M",
then [V] is projectively flat on some open set containing x, see Theorem 3.1 of [10] by Cap
and Melnick .

Suppose that x is a non-linearizable singularity of a projective vector field X. Then on
some special subsets containing x, the flow ¢’ generated by X admits dynamics similar to
the case O (X, x) = 2. This may imply X admits a non-linearizable singularity at x is a good
substitution for the assumption O (X, x) = 2.

Projective and conformal structures are both |1|-graded parabolic geometries in terms of
Cartan geometries. In conformal geometries we have the following result from [9].

Theorem 1.2 (Frances and Melnick [9]) Ler X be a conformal vector field for a semi-
Riemannian manifold (M", g) with n > 3 with a singularity x. If the 1-parameter group
{(D¢§()x . t € R} is bounded, one of the following is true:
— There exists a neighbourhood V of x on which X is complete and generates a bounded
flow. In this case, it is linearizable.
— There is an open set Uy C M, with x € Ug such that g is conformally flat on U.

In terms of the local theory of projective structures, one can expect a statement analogous
to Theorem 1.2 to hold for projective geometries. Let X be a projective vector field for [V]
vanishing at x. The minimal conditions for the projective class [V] being flat near x are still
open.

In this paper, the following theorem on projective geometries induced by Riemannian
metrics is proved.

Theorem 1.3 Let (M", g) with n > 3 be a connected Riemannian manifold admitting a
projective vector field X. Suppose X vanishes at o € M, and X is not linearizable at 0. We
have D(M™", g) is at least 3. When n = 3, this implies g has constant sectional curvature.

For closed and connected manifolds, the following generalization of Theorem 1.1 by Nagano
and Ochiai is proved.

Theorem 1.4 Let (M", g) with n > 1 be a closed connected semi-Riemannian manifold.
Suppose X is a projective vector field for (M, g) vanishing at o € M. If X is not linearizable
at o, then g is Riemannian with constant positive sectional curvature.

After deriving the proof, we discovered that the part of the proof of Theorem 1.4 in Sect. 4.2
is analogous to Section 9.2 of [11].

Note that Theorem 1.4 is just a sub-case of the projective Lichnerowicz Conjecture. We will
show in Proposition 2.1, if X has a non-linearizable singularity, then the flow ¢’ generated
by X acts on (M", g) by non-affine transformations. Thus if the projective Lichnerowicz
Conjecture is true, Theorem 1.4 follows trivially from it.

2 Preliminaries and backgrounds
2.1 General theory for projective structures in the view of Cartan geometries

The definition of a Cartan geometry is given below, since it is important for this paper. Let G
be a Lie group, and G’ is a closed subgroup of G. Denote §, g’ their Lie algebras, respectively.
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The definition of a Cartan geometry modelled on (g, g’) with the structure group G’ is as
follows.

Definition 2.1 A Cartan geometry modelled on (g, g’) with the structure group G’ is a triple
(M, B, w). Here B is a G’ principal bundle over M, and w a Cartan connection, that is a
g-valued 1-form satisfying the following conditions:

— Vb € B, the map wp, : T, B — § is an isomorphism.
- Vge G Riw=Ad (¢ Hw. Here R, is the right translation of the principal G’-bundle
B by g.

d
— Vb e B, Vg € g, we have w (Eh:obexp(tg)) =3.

1
We have k = dw + E[a), w] is the curvature of this Cartan geometry. The Cartan geometry

is flat if « vanishes. Let w, be the Maurer-Cartan form on G (Refer to Page 98 of [12] for
the definition). The triple (G/G, G, wg) defines a flat Cartan geometry. This is a flat model
for (g, g’) with the structure group G'. If (M, B, w) is flat, then it is locally isomorphic to
(G/G’, G, a)é), see Theorem 6.1 of Chapter 3 of [12].

We give the definition of exponential maps in Cartan geometries.

Definition 2.2 Suppose (M, B, w) is a Cartan geometry modelled on (g, g’). Givenany v € §,
we have w1 (v) is a vector field on B. Denote @, the flow generated by w~(v). The
exponential map of w at b € B is defined as exp,(v) = @,(1,b), wherever it is well
defined. Thus exp,, gives a local diffeomorphism between a neighbourhood of 0 of § and a
neighbourhood of b.

The projective classes on M can be described in terms of Cartan geometries by the following.
The group G = PGL(n+ 1, R) acts on RP” transitively. Choose ¢y = [1, 0, ..., 0] € RP",
and let H be its stabilizer. Denote g, h the Lie algebras of G and H, respectively. Then we
have the following identification (see Page 234 of [7]):

sin+ LR =g=9g-1®g0®g 2R"®@GL,R) & R, h=goDg. (2

Note that the standard Euclidean metric gives an identification R” =~ (R")*. The identification
is given by

[ Tr(A) !
u® AV > | NT | esln+1,R). ()
u A———Tr(A)-Id
n+1

The following is the standard chart of RP" near eq:
. X1 Xn
io: [x0,...,Xp] — (—,...,—)
X0 X0

In this chart ig, any & € H is a local diffeomorphism at 0 € R” with 2(0) = 0 . If f isa
local diffeomorphism at 0 € R" with f(0) = 0, let J k¢ f)(0) be its k-jet at the origin. Define
G¥(n) to be the k-jet at 0 of all such functions. Clearly elements in G¥(n) form a group.
Since every h € H is such a diffeomorphism in the standard chart i, define the subgroup
H2(n) of G%(n):

H*(n) = {J*(h)(0) : h € H}.
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The above in fact gives an identification H = H?*(n) = GL(n,R) x R". Since G (n) =
GL(n, R) is induced by invertible linear maps, we can identify G'(n) with the subgroup
GL(n,R) of H*(n). Let F*¥(M) be the kth order frame bundle of M, which is a G*(n)
principal bundle. We have F/ 2(M)isaGx(n) principal bundle. We can take F’ 2(M) as a sub-
bundle of F!(F!(M)). Denote 6 the canonical form on F'(F!(M)), whichis a gl,, (R) @ R”"
valued 1-form. It follows that 6| z2 )y has the following decomposition:

0 =0; + 0%, 6; € I'(Hom(T (F>M),R")), 6 € I"(Hom(T (F*M), g, (R))).

Here 6 = 6; + 9;. is the canonical form on F? (M). One can refer to Page 224 of [1] for a
more precise definition.

A projective Cartan geometry on M is a Cartan geometry (M, B, ) modelled on the
pair (g, h). It is normal if the components of its curvature « satisfy Equation (2) and (3) of
[1]. Under the identification given by Eqgs. (2) and (3), we have by Proposition 3 of [1], on
any H2(n) sub-bundle P of F2(M), there is a unique normal projective Cartan connection
w=w;+ a)’j + o' with w; = 6;, and @', = 9; We call this connection the normal projective
Cartan connection associated to P.

Now we show how the H2(n) and GL, reductions of F2(M) correspond exactly to
projective structures and torsion-free affine connections on M, respectively.

First we give the following way of identifying torsion-free affine connections on M" with
GL, sub-bundles of FZ(M).

Given a torsion-free affine connection V, Vx € M, the exponential map of V at x, denoted
as expy , is a map:

expf:UCTxM—>M,0|—>x

Here U is an open set of T M containing the origin.
We define a bundle inclusion iy : F!(M) — F2(M) as follows. Any p € FY(M) in the
fibre of x can be uniquely identified with a linear map p : R* — T, M. Then we define

iv(p) = J*(expy 0p)(0), ¥p € F'(M).

Let F2(M) = F*(M)/GL,(R), and 7} : F>(M) — F'(M) be the canonical projection.
Then the G!(n) reductions of F2(M) correspond exactly to sections of FIZ(M ). Notice that
every section I” of F' 12(M ) induces a unique natural bundle inclusion:

yr: FY(M) > F*(M), #loyr=id.
1

The identification V + iy in fact gives a 1-1 correspondence between torsion-free affine
connections on M and G L, reductions of F2(M) by the following summary of Proposition
10 and 11 of [1].

Theorem 2.1 (Nagano and Kobayashi [1]) There is a 1-1 correspondence between torsion-
free affine connections on M and reductions from F2(M) to FY(M) given by the mapping
V > iy. Let 0 = 0; + 0’ be the canonical form on F%(M) as usual. For a torsion-free
connection V, the following holds:

— (iv)*0' is the canonical form on F'(M).

- (iv)*G;. is the connection form for V.

The 1-1 correspondence between the projective structures on M and H?(n) reductions of
F?(M) is given by the following: For every torsion-free connection V on M, the map iy gives
a G L, reduction of the G2(n)—principal bundle FZ(M). Since GL,(R) x R" = H?(n) <
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G2(n), itinduces a H2(n) sub-bundle P (V) of F2(M). From Proposition 12 of [1], we have
P(V) = P(V) if and only if V and V are projectively equivalent. Here P(V), along with
its associated normal projective Cartan connection, is called the projective Cartan geometry
associated to [V].

2.2 Dynamics of projective vector fields near singularities

Every projective vector field X on M for V can be uniquely lifted to a vector field X on
P = P(V) such that Z5w = 0.

Definition 2.3 Let (M, B, w) be a Cartan bundle. If Xe x (B) is the lift of some vector field
X on M such that #;@ = 0, then X is called an infinitesimal automorphism of the Cartan
bundle.

For the flat model (RP", G, wg), the infinitesimal automorphisms are just right invariant
vector fields on G.

Given any torsion-free connection V on M", set P = P(V), and let w be the normal
projective Cartan connection associated to P. Denote 7 : P — M the standard projection.
If a projective vector field X vanishes at 0 € M, we have Vp € 7~ o), w(f()(p) € h. We
can prove the following local result:

Proposition 2.1 Let X be a projective vector field for (M, V). Assume X, = 0 for some
0 € M. Then the following are equivalent:

— X is linearizable at o.
— There exist a neighbourhood U of o and a torsion-free affine connection V' € [V|y]
such that X is an affine vector field for V'.

To prove the proposition above, we need the following. Denote w the normal projective Cartan
connection associated to P = P (V) as before. Fix any p in the fibre of 0, and let exp,, be the
exponential map of w at p. Then there is a small neighbourhood U of 0 € g_; ~ R" such
that o, = w oexp, : U — M gives a local coordinate of M at 0. We call such coordinates
the projective normal coordinates of P (V) at o with respect to p. The local section exp ()
gives a GL,, sub-bundle of P over o, (U). Then it induces an affine connection Vy € [V|y]
near 0. By Theorem 2.1, 0, is also a normal coordinate for the affine connection Vy € [V|y]
at o.

Lemma 2.1 Suppose X is a projective vector fieldfor V suchthat X, = 0. Let P = P(V), and
define @ on P as before. Choose any p € 1w~ (0), then in the projective normal coordinate
op of P with respect to p, the form of ¢' in the local coordinate o, is uniquely determined
by the value ofw(f()(p) in the following sense:

For any torsion-free affine connection v admitting a projective vector field Y vanishing at o,
denote @ the associated normal projective Cartan connection ofP(g). If3p € 7= 1(6) such
that a)(f()(p) = ZB(I?)(ﬁ) € b, then the flow ¢>; in the coordinate o5 has the same form as

‘s
@' inop.

Proof Let X be the lift of X to P such that Zzw = 0. Because X, = 0, we have a)(f()(p) =
vy, € h. Define the following identification along fibres over o:

A:H— pH, hw ph.
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It follows that A*a)lﬂfl(o) is the Maurer-Cartan form wgy on H, by Definition 2.1. Let X,
be a right-invariant vector field on G with wg (Xp,)(1) = vy,. Note that wg(X3)|g € b, and
Zx,06 = 0. It follows that A, (Xp) = X|;-1(,).

Denote @ the flow generated by X on P, so ® projects to a flow ¢’ on M fixing 0. We
have @ (t, p) = ph(t), where the function h(t) = exp(tvy). It is evident the function A (r)
depends only on vj. Fixany 7o € Rand v € g—; = R", and define the curve /(s) = exp,, (sv).
Note that 7 o [(s) is a geodesic of [V]. Because £z @ = 0, we have the following:

Ly (s) := @ (10, 1(5)) = XP (1) (SV)-
We also obtain
pPomol=moly,=mo Riy10)-1 © lig-
By the axioms of the Cartan connections, we get

Riy1)-1 0 lig (5) = exp,, (s (Ad (h(10) (v)))).

Define v = Ad(h(tp)(v)), then v’ is totally determined by value of v and A (fy). We define
the curve

f(s) = Ry p)-1 © Lz

Because 7 o [(s) is geodesic of [V], one has w o f(s) is also a geodesic of [V]. Denote le
the g_1 component of v’. One has o f(s) and 7 o exp,, (sv/_l) are geodesics for [V] with
the same initial condition. It follows that on a small interval I containing 0, f(s) : I — P
can be written in the following form:

f(s) =exp,(r(s)v_)g(s), r(s): 1 —R, g(s): 1 — H.
r(0) =0, g0) =1.

Differentiating the equation, we obtain

d
V=0 <£> = Ad(g(s)" N (L)) + wr (g ().

Given a pair of functions {r(s), g(s)}, whether it is a solution to this equation depends only
on v/, independent of the connection w. On the other hand, the definition of the exponential
map implies that the solution {r(s), g(s)} satisfying the condition g(0) = 1 and r(0) = O is
unique. Note that v’ and v” | only depend on v and h(fo). It follows from the uniqueness that
{r(s), g(s)} depends only on v and k(o). In particular, the functions (r) and v' € R" depend
only on the parameters v, vy, to, regardless of the connection w. Given any two projective
connections @ and @’ on the H?(n) bundle P, as long as the parameters v, vy, fo are the
same, we get the same the function (r) and v/ € R". It follows that ¢™ in the projective
normal coordinates of P with respect to p depends only on h(f). Let Y be a projective
vector field for V vanishing at 0 as in Lemma?2.1. Hence, there exists p € 771(0) such that
a)(f()(p) = 5(}7)([3) implies d)i, in 0 has the same form as ¢’ in op. This completes the
proof. O

Suppose X is a projective vector field for (M, V) vanishing at o, and fix any p € 77! (0). As
before, choose some right invariant vector field Y on G such that wG ()7 (1) = a)(f( )(p) €b,
and let Y be the projection of ¥ on RP". Then X in the projective normal coordinates of
P with respect to p has the same form of Y in the projective normal coordinates of the flat
model with respect to 1 € G. Note the algebra of the projective vector fields has maximal

@ Springer



154 Geometriae Dedicata (2020) 205:147-166

dimension on the flat model. Thus by computations on the flat model, we obtain all possible
forms of projective vector fields with a singularity at o in the projective normal coordinates
of P with respect to p.

Lemma 2.2 Let X be a projective vector field for (M, V) with X, = 0. For any p € 7~ (0),
X has the following form in the projective normal coordinates of P (V) with respect to p.

X, =Ax+(w,x)x, AeM,R), weR".

In addition, X is linearizable if and only if w € ImAT .

Proof Let X be a projective vector field for (M, V) such that X, = 0, and choose any
p € 7w~ (o). First we show X has the form: X, = Ax + (w, x)x in the projective normal
coordinates of P(V) with respect to p. By Lemma2.1 and the argument in the previous
paragraph, we only need to show for the flat bundle P = (RP”, G, wg), X is in this form in
the projective normal coordinates with respect to p = 1 € G. In this case, the exponential
map exp,, gives the canonical coordinate i, U of RP" at e defined on Page 5. The projective
vector fields fixing 0 = ep € RP" are induced by linear vector fields in R"*! fixing the line
eo. Projecting these vector fields to RP", we get X has the form X, = Ax + (w, x)x in the
projective normal coordinates with respect to p.

Next we show X in this form is linearizable if and only if w € ImA”. If w ¢ ImAT, we
have w = wy + w’ with wy # 0, where w; € KerA and w’ € ImA”. Denote ¢’ the flow
generated by X as usual. In the projective normal coordinates of P (V) with respect to p, for
some small interval / containing 0, we have

@' (swy) =

wr, se€l,a#0.
1 +tas k s

Note that D¢’ (0)(wi) = wy # 0. Without loss of generality, we can assume a > 0. For

s > 0, we have

— 0 as ¢t — +o0. Then X is not linearizable by Lemma 4.6 of

[8]. Conversely, if w € ImAT, the calculation in Remark 2.1 below shows that one can find
p’ € 171 (0) such that X, = (A p)x in the projective normal coordinates with respect to p’.
Hence it is linearizable. O

Remark 2.1 To simply the calculations later, suppose X vanishes at 0. Note that for any A €
M, (R), we can write R* = Im(AT) P KerA. Then forany p € 7 ~1(0), this decomposition
of R" gives
5 b wlA+w!
Sp=w(X)(p) = [ 0 g F | eshn®).

A=B+b-1d, wp € KerA.

[t —w! o[- wf
Deﬁnec_[o 1d },wehaveCSpC =l B

coordinate 6 : U C R" — M, with 6(0) = o, we can choose some p € 7~ 1(0) such that
the projective normal coordinate o with respect to p of P satisfies:

:| . In other words, given any local

J1@)(0) = T (o5)(0), ((UI;I)*X)X = Ax + (w, x)x, w € KerA.

With the results above, we can prove Proposition2.1.

@ Springer



Geometriae Dedicata (2020) 205:147-166 155

Proof (Proof of Proposition 2.1) By Remark 2.1, we can always choose some p € 7 10)
such that in the projective normal coordinate o, of P(V) with respect to p, X has the
following form:

Xy = Ax +(w, x)x, w € KerA.

If X is linearizable at o, we have w € TmA” by Lemma?2.2. It follows that w = 0, then X
is linear in o, and w(X)(p) € go. According to Theorem 2.1 by Nagano and Kobayashi,
the GL,, sub-bundle P; of FZ(M) induced by the local section exp » (g—1) corresponds to
a connection V’ projectively equivalent to V locally defined near o. Then P; C P(V) is
invariant by the flow of X because w( p)(f( ) € go. We have

)}|P1 c TPy, ffieﬂpl :"(ff(wj'“’l =0.

Hence, X is affine for V' by the last statement of Theorem2.1. The converse is trivial as
affine vector fields of V' vanishing at o are clearly linear in the normal coordinates of V' at
0. ]

Suppose that X is a non-linearizable projective vector field for (M, V) vanishing at 0 € M.
For each a > 0, we can choose a neighbourhood U,, of o such that ¢’ is well defined on U,
fort € I = [—a,a]. One has on U,, V, = ¢LV is projectively equivalent to V for 7 € 1.
If y (s) is a geodesic segment for V contained in ¢ (U,) with ty € I, then ¢ o y(s) is a
geodesic segment on U, for V;,. This leads to the following:

Corollary 2.1 Let X be a projective vector field for (M, V) admitting a non-linearizable
vanishing point o € M. Then for each t # 0, we have

Vi=V+4+nId+1d®n, (), #0.

Proof Suppose that 14, (0) = 0 for some fy 7 0. The connection V induces a G L, sub-bundle
P of P(V). Choose p € 7~ 1(0) N Py. Since X is non-linearizable at o, in the coordinate
op, We may write

Xy =Ax+(w,x)x, 0w ¢ ImAT.

Let V), be the connection induced by the local section exp,,(g—1) at p. Then the type (2,1)-
tensor (V), — V) vanishes at 0. Thus we can assume that V is V, in this proof. In the normal

coordinates of V at o, denote ?"j and Flk j the Christoffel symbols of V and V,, respectively.

It follows that ?"j(o) = Fik | (0) = 0, because of (14,), = 0. By calculations of the proof of
Theorem?2.1 of Nagano and Kobayashi in [1], the exponential maps of V and V,, at o have

the same 2-jet. Denote exp) and epo “ the exponential maps of V and V, at o, respectively.
Note o0, is a normal coordinate of V at o. In the coordinate o), choose wy € KerA with
{(wg, w) # 0. Then in the coordinate o, the curve y (s) = swy is a non-trivial parametrized
geodesic of V. Then There exists some so > 0 such that y0(s) = ¢ 0 0y (s) is well defined
for |s| < so. Note that wy € KerA implies the flow ¢ preserves the unparametrized geodesic
y. Because (w, wi) # 0, we have in 0,:

YO =9 Poy(s) = ; wi, a # 0.
+as
Then near s = 0, we can define the function
= -1 1o = s
fls) = oy®)(s) Tas
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It is a local diffeomorphism fixing 0 € R. The map ¢~/ takes geodesics of V to geodesics
of Vy,, so y’0(s) is a geodesic for V;, such that

r™)'(0) = (1) (0) = wy.

Near s = 0, we have

V,
¥ (s) = expy (swr), ¥™(s) = exp,° (swy).

The exponential maps V and V;, have the same 2-jets at 0, so y (s) and ' (s) have the same
2-jets at s = 0. This implies the function f(s) has a trivial 2-jet at s = 0. But we have

d2

732 s:of(S) = —2a # 0.

Thus we have a contradiction. ]

2.3 BM-structures and degree of mobility

In general, there is an affine bijection between the elements in a given projective class [V]
on the manifold M" and the 1-forms on M". The latter is an infinite dimension vector space,
and is hard to analyse. So our focus is to study the metrizable elements of [V], where V is a
Levi-Civita connection. From now on, let g be a semi-Riemannian metric on M", and denote
V its Levi-Civita connection.

For any metric g on M, the g-strength of g is defined to be the (1,1)-tensor K3 such that

K-!
— _ g )
gu,v) =g <|del(Kg)| u, v) )

We define amap p(g) from the space of metrics on M to the space of non-degenerate g-adjoint
(1,1)-tensors on M as follows:

pr(g)(g) = K.

Clearly p(g) is abijection from the metrics on M to the non-degenerate g-adjoint (1,1)-tensors
on M.

Let f : M" — N" be asmooth embedding. Fix metrics g; on M and g, on N, respectively.
We define the linear map p/ (g1, g2) : TN — TLIM by

0! (g1, 82)(T) = fT o (p(g1)(f*g2)).

Analogous to Fact 2.1 of [11], if gé is a metric on N, we have

o/ (g1, 82)(p(82)(8h) = p(g1)(f*&h).

The map defined above is multiplicative in the following sense: Let f; : Ny — N», and
f> 1 Ny — N3 be smooth embeddings. Fix metrics g; on N;, then we have

P12 (g1, 83) = p7' (g1, 2) 0 7 (22, £3). “)

To proceed, we need the following definitions from Section 2 of [2]:
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Definition 2.4 Suppose g is a metric on M", the space of BM-structures on M for g, denoted
as B(M, g), is the space of g-adjoint (1,1)-tensors on M satisfying the following linear PDE,
Yu,v,we T M, Vx € M:

1
8(VuwKiu, v) = S(drK) g (v, w) +d(trK)()gu, w)). (&)

The degree of mobility of g on M", denoted as D(M", g), is the dimension of the vector
space B(M", g).

According to Equation (7)—(9) of [6], the non-degenerate elements of B(M, g) are exactly
the g-strength of the metrics projectively equivalent to g on M. Equation (5) is finite-type
by Remark 5 of [6], so the solutions on each connected component are uniquely determined
by the k-th jet at a single point for some k € N. Then we always have D(M", g) < co. In
fact, according to Section 3 of [13], [V] defines a linear connection on some vector bundle
VM >~ @2 TM & TM @ C°°(M). By Theorem 3.1 of [13], solutions to Eq.(5) are 1-1
correspondence with parallel sections on V M. Hence, if M" is connected, we have D(M", g)
is at most the rank of V M:
_ (D0 t2)
- 2

We give a brief review of the Splitting Lemma used later in this paper. Given any K €
B(M", g), denote x (¢) its characteristic polynomial in #. We say x (¢) admits an admissible
factorization at x € M, if x (x)(t) = x1(x)(t) - x2(x)(t), where x1(x)(¢) and x2(x)(¢) are
non-constant polynomials in ¢ such that xj(x)(#) = 0 and x2(x)(#) = 0 have no common
root. Since the eigenfunctions of K can be chosen continuously, we have x (#) admits such
an admissible factorization on some neighbourhood Uy of x. Then the following Splitting
Lemma from [4] allows us to write the pair (g, K) in block diagonal forms on Uy.

D(M", g)

Lemma 2.3 (Matveev and Bolsinov [4]) Suppose the characteristic polynomial x(t) of K €
B(M", g) admits an admissible factorization x(t) = x1(t)x2(t) on some neighbourhood
U, of x. Then there are local coordinates (x1, ..., Xy, Y1, .., Yn—r) at x such that the pair
(g, K) can written in the following block diagonal form:

h1x2(K1) 0 Ki 0
= N K = 5
§ [ 0 haxi <1<2)] [ 0 Kz}

where the pairs (hy, K1) and (hy, K2) depend only on the x; and y; coordinates, respectively.
In addition, let E1 and E be distributions spanned by {0x;};_, and {Byj}']’;i, respectively.
Then K; is a BM-structure with the characteristic polynomial x;(t) for h; on each integral

submanifold of E;, respectively.

From now, assume M is connected. Let U be an open subset of M. Then VK € B(M, g),
we have K|y € B(U, g). The following restriction map is injective, since M is connected.

Ry:BWM,g)— BWU,g), K~ Kl|y.

We can view B(M, g) as a linear subspace of B(U, g). Suppose X is a projective vector field
for (M", g), and denote ¢’ the flow generated by X. Further assume that 3a > 0 such that
¢’ (x) is defined for Vx € U, and V¢ € I = [—a, a]. Then the flow ¢’ induces a well defined
1-parameter family of maps L; : B(M, g) — B(U, g) fort € I as follows. Fix any x € U
and r € I. Suppose g is a metric defined on some neighbourhood V; of ¢’ (x) such that g and
g are projectively equivalent on V;. Near x, we have (¢')*g is a metric projectively equivalent
to g. Denote K, the g-strength of (¢")*g, so it is well defined on U. Then near x, the tensor
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p‘pt (g, 8)(Kg) = qbi(Kg) o K, is asolution to Eq. (5). Forany y € M, we can always choose a
neighbourhood U, of y such that B(Uy, g) has a basis consisting of non-degenerate elements.
This implies for each ¢t € I, p¢[ (g, g) defines a linear map L; : B(M,g) — B(U, g) by
Li(K') = p (3. §)(K").

If we further assume that D(U, g) = D(M, g), every K’ € B(U, g) can be uniquely
extended to an element in B(M, g). To simplify the notation, define B = B(M, g). Then
one can take L, asamap L; : B — B foreacht € I. A natural question to ask is whether L,
can be extended to a 1-parameter subgroup of G L(B). This leads to the following lemma.

Lemma 2.4 Let (M", g) be connected with a projective vector field X. Suppose X vanishes
at o € M. Assume that U with D(U, g) = D(M, g) is a connected open set containing o
such that ¢' is defined on U fort € I = [—a, a] for some a > 0. Then the map L; : B — B
defined in the previous paragraph satisfies the following:

— Liyygs=L;oLgfort,s, t+se€l.
— The representation L; : I — GL(B) is continuous in t.

In other words, L, can be extended to a 1-parameter subgroup of G L(B).

Proof Fix any K’ € B = B(M, g).Forany t € I, L;(K’) is the unique element in B(M, g)
such that:

LK)y = ¢.(K") o K; € B(U, ).
Note that given the embedding ¢’ : U — M, we have on U:
LK)y = 0% (g, &)(K").
The embedding ¢° : U — M gives
Ls(Lo(KNlu = p* (3. ) (Le(K)).

Because X vanishes at o, there is some neighbourhood U, of o such that ¢*(U,) C U. Then
we get the following sequence of embeddings:
s 1
u,Hu s m

Because #, 5,1 + 5 € I, by Eq.(4), we have on U,:

Ly(Li(K DIy, = (07 (5.9 0 0 (3.8)) (K. ©)
=" (5. ) (K"), (M)
= Liss(K)lu,- ®)

Since U is connected, any BM-structure on U is uniquely determined by its k-th jet at o for
some k > 0. Then L;4(K’) = Ly o L;(K’) on U, implies L;;(K’) = Ly o L;(K’) on M".

Next we show the representation L; : I — G L(B) is continuous in z. Because L; is linear
for each ¢ and B is a finite dimensional vector space, it is sufficient to show for any fixed
K’ € B, L;(K') is continuous in ¢. Fix a compact neighbourhood V,, C U of o0 and a basis
{K'} for B. Then we can write L,(K') = Y_¢;(t)K', where ¢; : I — R. Since (5) is of finite
type, {K'} are linearly independent over V,,. We have on U D V,, L;(K') = ¢.(K") o K.
Then for any fixed tp € I, ast — 19, we have L,(K’) — L;,(K’) uniformly on V. Then for
each i, ast — t9, we have ¢;(t) — ¢;(fp). This proves the continuity of L; : I — GL(B).
This implies L; can be extended to a continuous map defined on R with L; o Ly = L.
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Hence the image of R2 under the map (L, Id) is aclosed subgroup in GL(B) x R. It follows
that L, can be extended to a 1-parameter subgroup of GL(B). O

The following shows the neighbourhood U in Lemma?2.4 always exists.

Lemma 2.5 Let (M", g) be a connected manifold. Suppose X is a projective vector field for
g vanishing at o € M. Then there exists a connected open set U containing o such that
D(U, g) = D(M", g), and 3a > 0 such that ¢' is well defined on U fort € I = [—a, a].

Proof Define the following sets:

S; = {x € M : ¢'(x) is well defined for t € |:—ll, lli|} .
Without loss of generality, we can assume o € Int(S;) for all i. Let U; be the component of
Int(S;) containing o. Since each U; is open and connected, it is also path connected. Given
any x € Uj, let y, be a curve in U; joining o and x. Then clearly y, C Int(S;+1). It follows
that U; C Uj4. Similarly, given any x € M, we can choose a curve y, in M joining o and x.
Then there exists € > 0 and a neighbourhood U, of y; such that ¢’ is well defined on U, for
t € [—e, €]. It follows that x € U; for some i, hence Uf’il U; = M. We have an increasing
sequence of open sets containing o:

oeUyclUycC---, U =M.

s

L

Because each U; is connected, the restriction map gives a sequence of injective linear maps:
ri 2
B(Ui,8) < B(Uz, g) < ---

We have D(U;, g) = D(M, g), and D(Uj, g) < oo. It follows that there exists some iy
such that r; : B(Uj11,g) — B(Uj;, g) are linear isomorphisms for all j > io. Then any
K € B(Uj,, g) can be uniquely extended to an element in B(U}, g) for all j > iy. Because a
BM-structure on a connected manifold is uniquely determined by its finite jet at some point,
we have K can be extended to an element in B(M, g). Then we get D(U;,, g) = D(M, g).
This completes the proof. O

Let U be constructed by the lemma above. The map L; can be extended to a 1-parameter
subgroup of G L(B), also denoted as L,. By the following, this construction is in fact coherent.

Corollary 2.2 Let X be a projective vector field for (M, g) vanishing at o. Suppose M is
connected. Let U,I, and L; be constructed as above. Given any ty € R, there exists some
neighbourhood Vi, of o such that ¢ is well defined for |t| < |to|, and Ly, (K")| Vi = PO (K)o
Ky, on V.

Proof Without loss of generality, assume 7y > 0. Let U, I be the same as in Lemma 2.4, and
to = nt; witht; € I. Givenany K’ € B >~ B(U, g) and ¢ € I, there is some neighbourhood
V; of o such that ¢’ (V;) C U. In particular, we have L,, (K’)|v,1 = ¢ (K') o K. Assume
there is some neighbourhood V,,,;, C U of o such that ¢*(V,,;,) is defined fors € [—mty, mt;]
such that

Lty (K [V, = ¢ (K") 0 Ky
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We can choose some V(;,11);, such that

0 € Vinyyy C Vi CU, @' Vn+y) C Vingy for t'el.

Then ¢* is well defined on V(y, 41y, fors € [—(m+1)t1, (m+1)t1]. This implies on V{41, :

Lint1yn (KD Vinsyn, = Ly (L (KD V1)1, » 9

= ¢ (L, (K')) 0 K4y, (10)

= ¢ (@ (K) 0 Knyy) © Ky, (11)

=" V(K)o Kty - (12)

By induction, we have on V;; = Vy,, LtO(K’)|v,0 = ¢ (K)o Ky, . O

3 Local results and general theory when D(M, g) is 2

Let (M", g) be a connected manifold with D(M, g) = 2. Let X be a projective vector field
for g with a singularity o. Denote ¢’ the flow generated by X. Suppose X is not linearizable
at 0. Then L, is a 1-parameter subgroup of GL(B) >~ GL;(R). By Corollary 2.2, for any
fixed t € R, on some neighbourhood V; of 0, we have

Lt(K,) = ¢f,<(K/) o K;.

In particular on V;, we have L;(Id) = K;. By Corollary?2.1, for any ¢t # 0, the metrics g; and
g are not affine equivalent on any neighbourhood of o. This implies the eigenfunctions of K;
are not all constant on any neighbourhood of 0. Otherwise by Eq.(5), we get VK; = 0 near
o0, then g; and g are affine equivalent near o. The group L, is elliptic if and only if its action
on P(B) is periodic. Suppose L; is elliptic, then 3ty # O such that K;; = L;,(Id) = rld
with r # 0. Thus L, cannot be an elliptic 1-parameter subgroup of GL(B). We can prove
L, is in fact parabolic:

Theorem 3.1 Let (M", g) be a connected semi-Riemannian manifold with D(M, g) = 2. Let
X be a projective vector field for g vanishing at o. Suppose X is not linearizable at o € M,
then L; is a 1-parameter parabolic subgroup of GL(B).

The idea of the proof of Theorem 3.1 follows from [11] by Zeghib. Before proving the
theorem, we make the following observation. Let U, I, L; be as before. Fix any #y # 0, we
have {L,(Id), Id}is abasis for B. Write K for L, (Id) for simplicity. Analogous to Section
4.2.1 of [11], we can write

Ly(K) =aK + BId, L,(Id) =K. (13)
As in Section 4.2 of [11], define the associated Mobius map
T C>0C 1@=%TF
Z

Now further assume # € I, then we have K |y = K, 1- Thus for x € U, we have
(@K + Bld); = (Lyy(K)), = (¢2(K) 0 Ki)x = (@ (K))x 0 K. (14)
For x € U, we have det(K ,) = det((Ky)x) # 0. This give the following:

(@0 (K))x = (DY) K gio 1y DI = (ald + K ).
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Note the right hand side is (7'(K)).. It follows that K 4,y and (T (K)), have the same
Jordan form. For x € U, we get

T (Spec(K ,)) = Spec (fqbto (X)) . (15)
To prove Theorem 3.1, we also need the following lemma.

Lemma 3.1 Suppose L, is induced by a projective vector field admitting a non-linearizable
vanishing point o € M. Fix any ty # 0, and define K and T as before. Then L, defines a
non-trivial 1-parameter parabolic or hyperbolic subgroup of PGL(B) acting on P(B). Its
fixed set on P(B) is exactly the following:

D, = {[K —rId] : r € Spec((K),) NR}
Moreover, the fixed set of the Mobius map T on Cis exactly Spec(K,).

Proof As we have already noted in the first paragraph of this section L, is either hyperbolic
or parabolic. Then for any 7y # 0, the fixed set of L;, on IP(B) is the fixed set of L; on P(B).
It is clearly non-empty. For any fixed ¢y # 0, by Corollary 2.2, there is a neighbourhood V
of o such that

Liy(KD|y = ¢2(K') 0o Ky, VK" € B.

Then (L (K")), is degenerate if and only if (K'), is degenerate. For K € B, we have
K € D, if and only if K is degenerate at o. This implies L, takes D, C P(B) to itself.
Because D, is a finite discrete subset of P(B), we have L, fixes all elements in D,,.

Suppose that there is some [K — rold] ¢ D, fixed by L,, and we seek a contradiction.
Let K! = K — rold, then L,(Kl) = ¢’ K, for some ¢ € R. Note K! is non-degenerate
near o. Then K defines a metric g k! projectively equivalent to g on some neighbourhood
V, C U of 0. Because L, (Kl)ly = ¢fk(K1) o K, fort € I, we have X is a homothetic vector
field for g 1. This is impossible. Also note that L, does not fix the line [/d], otherwise X is
a homothetic vector field for g. This proves the fixed set of L; on P(B) is exactly D,

@zt '3. Under

For any fixed 79 # 0, the associated Mobius map is of the form 7'(z) =

the basis {K, Id}, L, has the following matrix representation:

o 1
o)
Denote F(T) the fixed set of T on C. Then L,, fixes exactly D, implies F(T) NR is exactly
Spec(fn) NIR. Because L, is non-elliptic, it fixes some line [K —rold] € D,.Itfollows that
B = —ro(o —rg) with ro € R. Then the equation 7% = az+ B has 1 or 2 distinct real root. In
either case, we have F(T) is a subset of R, so F(T) = Spec(K,) N R. In addition, the finite
subsets of C preserved by T are subsets of F(T'). According to Eq. (15), we have Spec((f)o)

is a finite set preserved by 7. It follows that F'(T") = Spec((K),). This completes the proof.
O

Now we can prove Theorem 3.1.

Proof (Proof of Theorem 3.1) The general scheme of this proof is as follows. First, we use
the normal form of X given in Lemma 2.2 to obtain the dynamics of ¢’ on some special
geodesic curve y. Assume L; is hyperbolic and fix some 7y 7# 0. The Splitting Lemma
allows us to write (g, K;,) in block diagonal forms. Using this and the hyperbolicity of T,
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we study the behaviour of the eigenfunctions of K, along y. The dynamics of ¢ along y
and the dynamics of the associated Mobius map T are related by eigenfunctions of K, as in
Eq. (15). We use this to derive a contradiction.

By Lemma 3.1, L; is either hyperbolic or parabolic. Suppose L; is hyperbolic. Choose
0 # to € I, then K is the g-strength of g;, on U. Denote V the Levi-Civita connection for g.
Let P = P(V) be the projective Cartan bundle for V. Then V induces a GL, sub-bundle I
of P.Choose p € I'Nx~!(0). The section given by exp »(g—1) locally defines a torsion-free

affine connection V € [V|y] on some neighbourhood V of 0. Let op be a projective normal
coordinate of P with respect to p. Clearly by Theorem 2.1, o, is a normal coordinate of V
at 0. Because X is not linearizable at o, by Lemma 2.2, (o)), X has the following form:

Xy =Ax+(w,x)x, w¢ Im(AT).

Choose v € KerA such that (w, v) # 0. In the local coordinate o, there exists a # 0 and
€ > 0 such that

y
1 +tay

¢%w0=( >v,y€&%x%tel. (16)

Let y(s) and y(s(y)) be geodesics with initial vector (o,)v for V and V, respectively.
Denote E : T,M — M and E : T,M — M the exponential maps for V and V at o,
respectively. From Theorem 2.1 by Nagano and Kobayashi, we have J2(E)(0) = J2(E)(0),
because p € I' N 7~ !(0). Then we obtain

d?%s
5(0) =0. (17)

dS(O)—l
dy T dy

Note that ¢' preserves the unparametrized geodesic given by y. Then for small s, define a
parametrized family of functions t; with 7;(0) = O for ¢ € I by the following:

@' oy (s) =y (1(s)).

d
Let © = 7, for simplicity. From Eq.(16), we also have d—t(O) = 1. As in Equation (5) of
s
[6], define the function:

1
V(s) = ) log(det(Kyy)) (v (5)).

Then for small s, we have by Equation (2) and (3) of [6]:

dyr 1d dt
— =——log{—) ).
ds 2ds ds
dy 1d3t .
It follows that d—(O) = Eﬁ(o)' According to Lemma 3.1, Spec((K;y)o) = {Au, Ap} C R.
s
Here X,, A, are the unstable and stable fixed point of the associated Mobius map 7T (z) =

az+ B

, respectively. We can apply the Splitting Lemma (Lemma2.3). On some neighbour-

hood V' C V of o, there is a smooth local coordinate in which K, can be written in the
following block-diagonal form:

Ky = I:If)u [?b:l . Spec((Kyw)o) = {Au}, Spec((Kp)o) = {Ap}.
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We may choose V' small enough so that Spec(K, )|y C D,, and Spec(Kp)|y C Dp. Here
D,,, Dy, are 2 disjoint disks in C centered at A, A, respectively. It follows that

1
V(s) = —7 (log(det(Ku))(y (5)) + log(det (Kp))(y ())) - (18)

Define f,(s) = det(K,)(y(s)), and fp(s) = det(Kp)(y (s)). Without loss of generality, let
us assume fga > 0. From Eq. (16), for small s > 0, we have 7(s) < s, and ¢"0(y (s)) — o
as m — +oo. If we choose the eigenfunctions of K, and K, to be continuous on V’, then
it can be shown that the eigenfunctions of K, have to be constant on y (s) for small s > 0.
Suppose this is not the case. Let kN,, be an eigenfunction of K, and write k, (s) = k~u (v (s)).
Then there is some sg > 0 such that ¥ ([0, so]) C V', k,(s0) # Ay.

y([0,50)) C V' CV = ¢" o y([0, 50]) C ¥ ([0, s0]).

The map T is continuous on C. Therefore, T™ o k, : [0, so] — C is a continuous map for
each m. For large m, we have T™ (k,(s9)) € Dp. On the other hand, for any s’ € [0, so] we
have

T" (ky(s")) € Spec ((Ky)(@™" 0 y(s)) C Dy U Dy.

Because T (k, (0)) = A, for all m, we have T™ o k, ([0, so]) is not connected for large m.
This contradicts the continuity.
The above implies f;,(s) is constant for small s > 0. Similarly, we can prove f3(s) is

ay

constant for small s < 0. From Eq. (18), we have d—(O) = 0. It follows that
s

d*t ©0) =0
ds2>
Define the Mobius map ?(y) = L. From Eq.(16), we have near 0:
1 + tyay

Tos(y)=so T(y).

~ > -
By Eq.(17), we have J2(1)(0) = JA(T)(0). This gives ﬁ(T)(O) = 0, which is clearly
y

impossible because foa # 0. We obtain a contradiction. Hence L; can only be a 1-parameter
parabolic subgroup of GL(B). O

4 Global results when (M", g) is closed or Riemannian
4.1 Result for the case g is Riemannian, proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3 stated in the introduction.

Before we prove the theorem, we make the following observations. Let (M", g) with
n > 3 be a connected Riemannian manifold with D(M", g) = 2. Then VK’ € B(M, g),
K’ is real diagonalizable, because it is a self-adjoint operator for the Riemannian metric g.
Let U, I, L; be as before. We know from Theorem 3.1 that L; is a 1-parameter parabolic
subgroup. Fix any 0 # #yp € I, by Lemma 3.1, (Ky,), has only 1 real eigenvalue 1 > 0.
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We have (Ky,), = Ald. Because X is not linearizable at o, by Lemma 2.2, (D¢"), fixes
some non-zero v € T, M. It follows that

1
g, v) = g,(v,v) = mg((Kzo);lv, v).

Then we have A = 1, and (K;,), = Id. By Lemma3.1, the associated Mobius map for L,
2z —1
sT(z) = =~

Z
Now we are ready to prove Theorem 1.3.

Proof (Proof of Theorem 1.3) First we prove D(M", g) > 3. Suppose D(M, g) = 2, and
we try to obtain a contradiction.

Let U, I, L, be constructed as before. Fix some 0 < fy € I. We have (¢')*g(0) = g(0)
for all ¢ € I. This implies (D¢"), is a 1-parameter subgroup of SO(g) at 0. By Remark 2.1,
we can choose p € 7~ !(0) such that in the projective normal coordinate opof P =P(V)
with respect to p, X has the following form:

X, = Ax + (w, x)x, A €so(n), w=—e; € KerA.

Then in this local coordinate o, the flow ¢' of X has the following form:

o' (x) = <e“‘x), X =1, .. . X). (19)

1+ tx;

Choose a convex neighbourhood C of o which lies in the image of the local coordinate o).
By Corollary 3 of [2], for all i € {1,...,n — 1}, the eigenfunctions A; of K, are globally
ordered on C in the following sense:

— Xi(x) < Aj41(y) forallx,y € C.
— If 3x € C such that A;(x) < Xj41(x), then X;(y) < A;j+1(y) for almostall y € C.

At o, we have X;(0) = 1 for all i. Note that » > 3 implies ., = --- = X, = 1 on C.
Indeed it follows that forn > 3, A1(x) < A(x) = 1, and 1, (x) > X,—1(x) = 1 for all
x € C. We can show all eigenfunctions A; have to be constant on C. In the coordinate o,
define the following subsets of C:

Ct={xeC:x1>0}, CT={xeC:x <0}

If3x; € Csuchthati;(x;) < 1,wecanfindxg € C* suchthatA;(xg) < 1,and ¢’ (xg) € CT
for all + > 0. Denote Z the closure of the integral curve of ¢ (x¢) for r > 0, then clearly
2 C C. From Eq.(19), we can see Z is compact and connected. Hence 1 (2) is an interval
I = [d, 1]withd < 1.Theeigenfunctions of K, are all positive on U,sowehave 0 < d < 1

and 0 < A1(x) < 1Vx € 2. Because T(z) = —— s monotonically increasing on RT,
V4
we have T (A1 (x)) = A1 (¢ (x)) for all x € 2. It follows that

T([d, 1) = T((2) = M(9"(2) CM(2) =1[d, 1], 0 <d < L.

This is clearly impossible for the Mobius map 7' (z) = asT(d) <dfor0<d < 1.

Hence A; = 1 on C. Replacing Ct with C~, and T with 7!, respectively, we can show
A = 1 on C. It follows that all eigenfunctions of K, are constant on C.

If all eigenfunctions of K, are constant on C, the metrics g;, and g are affine equivalent
on C. This is clearly impossible by Corollary 2.1. It follows that D(M, g) # 2.
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Since X is a projective vector field for (M", g), according to Section 2.1 of [2], we have
1
K =g ' %g— o 1Tr(g—hgﬂxg) .Id € B(M, g).
n

Then D(M, g) = 1 implies that X is a homothetic vector field for g, which is impossible.

Hence we have D(M, g) > 3.
When n = 3, by Section 1.2 of [14], the maximum degree of mobility of a 3-dimensional
connected Riemannian manifold with non-constant curvature is 2. This completes the proof.
O

Remark 4.1 The conditions n > 3, and g is Riemannian are necessary in the proof. If n = 2,
one may end up with A = 1 on C*, A1 < 1 on C™, together with A = 1on C~, A, > 1
on CT.If g is not Riemannian, (Ky,), may not be the identity matrix. Besides, the global
ordering of eigenfunctions of BM-structures can only be applied for Riemannian metrics

4.2 Global results when (M", g) is closed, proof of Theorem 1.4

In this section, we give the proof of Theorem 1.4 stated at the end of the introduction.

Proof (Proof of Theorem 1.4) Since X is not linearizable at o, we have D(M, g) > 2. First
suppose D(M, g) = 2, then L, is a 1-parameter parabolic subgroup by Theorem 3.1. This is
in fact impossible by the following (We discovered that the argument below is analogous to
part of Section 9.2 of [11]).

Because L, is parabolic, there exists K € B = B(M, g) such that

L,(Id) = e’ (tK + 1d), b € R.

X is complete because M is compact. Just fix t = 1, then L;(Id) = ¢?(K + Id) is the g-
strength of (q,’)1 )*g on M. Because M is closed and connected, according to Theorem 6 of [3],
all non-real eigenfunctions of L1 (Id) are constant. It follows that all non-real eigenfunctions
of K are constant on M. On the other hand, all real eigenfunctions of K are identically zero.
Otherwise, 319 € R such that L, (Id) = Ky, is degenerate. Then all eigenfunctions of K are
constant. This implies g; and g are affine equivalent for all # € R, which is impossible.
From above we have D(M, g) > 3. According to Corollary 5.2 of [15], we have g is
Riemannian with positive constant sectional curvature. O
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