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Abstract

We discuss the fundamental (relative) 3-classes of knots (or hyperbolic links), and provide
diagrammatic descriptions of the push-forwards with respect to link-group representations.
The point is an observation of a bridge between the relative group homology and quandle
homology from the viewpoints of Inoue—Kabaya map (Geom Dedicata 171(1):265-292,
2014). Furthermore, we give an algorithm to algebraically describe the fundamental 3-class
of any hyperbolic knot.
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1 Introduction

In the study of an oriented compact 3-manifold M for which each boundary component is a
torus, for example a link complement, the (relative) fundamental homology 3-class [M, 0 M ]
in H3(M, dM; Z) = 7Z has essential information. The 3-class is analyzed quantitatively by
examining the following situation. We suppose a pair of groups K C G and ahomomorphism
f : m (M) — G, which sends every boundary-element in 771 (M) to some element in K.
Then, for any relative group 3-cocycle 8 € H 3(G, K; A) with local coefficients [see (10)
for the explicit definition], we can consider the following pairing valued in the coinvariant
Ag = Ho(G; A):

(O, f«[M, IM]) € Ag = A/{a — g - a}aea, geG- (€]

These settings appear in topics in low dimensional topology. For example, the volumes and
the Chern—Simons invariants of hyperbolic manifolds can be described as this pairing, where
G = SLy(C) (see [12,23,32]). Furthermore, this pairing includes the triple cup products of
the form 0 = a — b — c¢; see [22,27]. In addition, if G is of finite order, the pairing is called
the Dijkgraaf-Witten invariant [10], as a toy model of TQFT.

However, the pairing defined in the general situation is often considered to be uncom-
putable. Actually, we come up against difficulties: First, it is troublesome to explicitly describe
a (truncated) triangulation in M, which represents the 3-class [M, d M]. Moreover, the 3-class
f«[M, dM] is not always unique, but depends on the choices of 2I™0@M)I decorations (when
several boundary components are present), as mentioned in [32, § 5]. Next, the boundary
condition is important; when dealing with the condition, we mostly need long and verbose
explanations, as in [10,18,21,23,32] (cf. Homotopy quantum field theory [30]). In addition,
since the relative homology is defined from some projective resolution (see Sect. 3), it is
essentially a critical problem to choose an appropriate resolution and to find a presentation
of the 3-cocycle 6. Further, even if we can succeed in doing so on 6, such presentations are
quite intricate.

Nevertheless, this paper develops a diagrammatic computation of the pairing, according
to geometric structures of links. Precisely, let L C S> be an oriented link in the 3-sphere, and
M = E; be the 3-manifold which is obtained from S by removing an open tubular neigh-
borhood of L, ie., E; = § 3\vL. When the fundamental group of E, is malnormal (which
is the case for a broad class of link, e.g. hyperbolic), we compute the pairing (Theorem 2.1).
In the cable cases, additional conditions are needed; see Sect. 7, cf. cabling formula [16]. As
seen in Sect. 5, the result is summarized to that, if we know the presentation of 6 and the JSJ
decomposition of L, we can compute the pairing from a diagram. Here, the point is that the
construction needs no triangulation of Ep .

Let us roughly explain our approach to the theorem. As seen in [8,17,24,26], quandle
theory [19] and homology [8] have advantages to some diagrammatic computation in knot
theory. Thus, inspired by the works [3,17], we will construct a bridge between the quandle
and group homologies using chain maps, in order to reduce the 3-class [M, d M] to a quandle
3-class. However, for technical reasons that arise from the scissors congruence formulas of
[9,23], the bridge between these ideas factors through Hochschild relative homology [15]. It
is expressed as a zigzag sequence [Expression (5) of Sect. 3]. In Theorem 2.3, we show that
the malnormal property is a suitable condition for obtaining a quasi-inverse in the zigzag. In
Sect. 5, this case is computed based upon the work of [3,13,29], which studied malnormal
property of knots. In summary, compositions of chain maps gives the computation of the
pairing.
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In applications, we obtain four advantages from the approaches as follows. First, the above
composite gives an algorithm to describe algebraically the fundamental 3-class [M, dM]
for hyperbolic links; see Sect. 5.2. Next, our results emphasize topological advantages of
the quandle cocycle invariant [8]. Especially, for malnormal pairs (G, K), we will give a
method to produce many quandle cocycles, and obtain a simple formulation of computing
the pairing (see Theorem 2.3). The third is a result of determining the third homology of the
link quandle Q;, where L is a knot or a hyperbolic link. This quandle Q; which is defined
in [19] is analogous to the fundamental group of S3\L. It plays a key role in the proof of
the main theorems; details appear in “Appendix A”. The fourth one is that our theorem is a
generalization and application of the work [17]. To be precise, while the paper [17] showed
the same theorem for only G = SL,(C) and hyperbolic links, our theorem points out the
generalization applicable to groups K C G with malnormality.

This paper is organized as follows. Section2 states the theorems. Section 3 introduces
relative group homology, and Sect.4 reviews the quandle homology [8] and Inoue—Kabaya
chain map [17]. Section 5 explains the algorithm to describe [M, d M], and gives an example
from the figure eight knot. Section 6 proves the main theorem, and Sect.7 discusses cable
knots. “Appendix A” computes the third homology of the link quandles Q; for some links.

2 Statements; the main results

This section states the main results. For this, we fix terminology throughout this paper.
Conventional notation and assumption throughout this paper.

e By a link, L, we mean a C*°-embedding of solid tori into the 3-sphere $> or into the
solid torus D? x S'. We suppose an orientation of L, and denote 7o(L) by #L € Z.

e For short, the fundamentals group 71 (S3\ L) is abbreviated to 77, and the complement,
S3\L, is often denoted E.

e Foreach ¢ < #L, we fix a meridian-longitude pair (my, ;) € 71, and denote by P, the
subgroup generated by (my, [¢) € my, which is called a peripheral group.

e We fix a group G and subgroups K, with £ < #L, and suppose a homomorphism
f:m(S3\L) = G such that f(Py) C Kp.

e By A we mean a left Z[G]-module. The coinvariant A/{a — g - a}sea,gec is denoted by
Ag.

In this situation, although it seems easy to define a pushforward of the 3-class
f«({Er, dEL]) in the relative group homology H3(G, Ky, ..., Kgr; Z), it is known (see
[32, §5] or [3, §10]) that a canonical definition of such pushforwards depends on the choice
of “f-decorations”. However, if E; is decomposed as a union of complete hyperbolic 3-
manifolds, the 3-class fi([EL, dEr]) is known to be well-defined (see [32, §5]). Therefore,
similarly to (1), we can consider the pairing between this 3-class and a 3-cocycle of G relative
to (Ke¢)o<#L.

2.1 The first statement
We will set up some terminology and state Theorem 2.1. Let D denote a diagram of the link

L. Its sets of arcs Arcp and regions Redp are defined as usual. Given a map ¢:Regp x
Arcp x Arcp — A, let us consider a weight sum of the form
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\y:\ Zr <T /
. i

Fig. 1 Positive and negative crossings with labeled regions and labeled arc

Wy(D) :=) € $(xe, Yo, 20) € A 2

running over all the crossings T of D, where x;, y;, and z; are the region and the arcs shown
in Fig. 1, and €; € {#£ 1} is the sign of 7. Then, the main statement is as follows:

Theorem 2.1 (See Sect. 6 for the proof) Assume that L is either a prime knot which is not cable
Yor a hyperbolic link. Then, for any relative group 3-cocycle 6 € H>(G; Ky, ..., Kgr: A),
there is a map

¢ : Regp x Arcp x Arcp — A,
Sfor which the following equality holds in the coinvariant Ag:

(0, fulEL, OEL]) = Wy, (D) € Ag. 3

The right hand side gives a method for computing the pairing that does not depend upon
a triangulation. Here, it is important to express ¢ concretely; in Sects. 5 and 6, we give
a concrete expression of ¢y for such links, where the expression is based on the proof of
the theorem. However, the presentation essentially depends on the link type of L, and is not
always simple. In fact, even for the figure eight knot L, the map ¢g forms a sum of many
terms; see Sect. 5.2.

Section 7 discusses the cable cases, and includes a similar statement (Theorem 7.1). Here,
we see that the statement essentially should be considered modulo some integers, and that
the pairing has no more information than the homology of cyclic groups.

2.2 The second statement from malnormality and transfer

In contrast, we will consider some conditions to get the map ¢ and the diagrammatic descrip-
tion in a concrete way. Here, the subgroups K1, ..., Kgr C G are said to be malnormal (in
G), if they satisfy

(x) Forany (i, j) € {1,...,#L}*andany g € G with g ¢ K, the intersection g~'K;gNK
equals {1g}.

The papers [13,14] give such examples, as in Gromov hyperbolic groups. Furthermore, as in
[1,31], the malnormality plays a key role in studying the virtual Haken conjecture and “‘the
Malnormal Special Quotient Theorem”.

We will give a relatively simple description of the pairing, by using quandle theory. For
this, we now review a quandle and colorings. A quandle [19] is a set, X, with a binary
operation < : X x X — X such that

1 A knot K is cable, if there is a solid torus V embedded in $3 such that V contains K as the (p, g)-torus
knot for some p,q € Z. Furthermore, a knot L is prime, if it cannot be written as the knot sum of two
non-trivial knots. Incidentally, the assumption in the theorems is inspired by Theorem 3.10 of [13] and the JSJ
decomposition; see Sect. 5.
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Fig.2 The coloring conditions at each crossing T and around each arcs

(I) The identity a<la = a holds for any a € X.
(I) The map (e<ia) : X — X that sends x to x<la is bijective, for any a € X.
(III) The distributive identity (a<ib)<ic = (a<lc)<1(b<ic) holds for any a, b, c € X.

Let X be a quandle. An X-coloring of D isamap C : Arcp — X such that C(a;) <C(B;) =
C(yr) ateach crossings 7 of D illustrated as Fig. 2. Further, for xo € X, a shadow coloring is
a pair of an X-coloring C and a map A : Regy, — X such that the unbounded exterior region
is assigned by x¢, and if two regions R and R’ are separated by an arc § as shown in the
right of Fig. 2, then A(R) <1 C(8) = A(R’). Here, notice that the assignment of every region
is that of the unbounded region, by definition. Thus, from arbitrary xo € X and X-coloring,
we obtain uniquely a shadow coloring such that the unbounded region is labeled by x.
This paper mainly deals with the following class of quandles.

Example 2.2 ([19]) This example is due to Joyce [19]. Under the above settings (f, G, Ky),
let X be the union of the left quotients (K¢\G), that is,

X = U (K\G).

Let k; = f(my) € Ky. Assume that k, commutes with all the elements of the subgroup K.
Then, the union X is made into a quandle under the operation

[Kex] < [Keyl =K, ey kel 4

for any x, y € G. In what follows, we will write the triple (G, K) for this quandle.

Furthermore, as is known (see [26, Appendix] for the details), the homomorphism f
admits uniquely an X-coloring C with C(my) = k, via Wirtinger presentation, where C(y)
is defined to be f(y) ™'k f (y) if y lies in the ¢-the component of L. Recall the above color
Xo in the unbounded region. Hence, by applying xo to k1, we have the associated shadow
coloring S : Regp, x Colp — X.

Then, the main theorem in this subsection is stated as follows:

Theorem 2.3 Suppose that ky commutes with any elements of Ky, and that L is a hyperbolic
link or a prime knot which is neither a cable knot nor a torus knot, as in Theorem 2.1.
Furthermore, assume one of the following two: (i) (G, Ky, ..., Kgr) is malnormal. (ii)
K1, ..., Ky are of finite order and and that each of the orders |K;| is invertible in the
coefficient group A.

Then, any relative group 3-cocycle of (G, K1, . .., Kgr) is represented asamap 0 : X4 —
A such that, the fundamental 3-class (0, f.[Er, 0EL]) is equal to the sum

> e(0k. ar. be.co) — O(ki, ar Vb br,cr) — Ok ar < cr.br < crcr)

T

+0(ky, (a; < by) <, be < C‘[’Cl'))'

running over the all crossings t. Here, for the assignment (x;, y;, z;) around t as in Fig. 1,
we define (ar, br, cr) € X3 by setting (S(x), S(yr), S(z7)).
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3 Relative group homology

First, we outline the proof of the theorems. The key step is to introduce three chain groups,
and two chain maps (see Sects. 3, 4). These chain maps will be summarized to

cRx)y 25 Cc2(X: Z) @zasix) Z «<— CE(G, K: 7). )

Roughly speaking, the right hand side denominates relative groups cocycles (see Sect. 3.1),
and the left one can be diagrammatically described (see Sect. 4). Thus, if we construct a chain
map from the middle term to the right hand side, we can obtain diagrammatic computations
as in the theorems. However, as seen in Sect. 4, the existence of such a chain map depends on
some properties of knot type. Thus, in the proof, we need careful verifications to deal with
the chain maps.

To accomplish the outline in details we first introduce relative group homology in the
family version; see Sect. 3.1. After that, we will give a key Proposition 3.7, and define the
chain map «.

Throughout this section, we fix a group G and subgroups Ky, ..., Kg C G as above.
Furthermore, we denote the index set {1, ..., #L} by I, and denote (K1, ..., Ky1) by K, for
short.

3.1 Preliminaries; Two versions of group relative homology

The relative group homology is usually defined from a group pair K C G; see, e.g., [3, §3]
or [32]. However, this paper generalizes the relative homology into the family version so as
to deal with links.

Consider the union of the left quotients, L;<; (K;\G), and set up the module of the form

CeUG. D) == {(ar.....as.) € ZIG"' " | 3 a; =0}, (©)
iel
Then, letting n = 0, we canonically have a right G-module homomorphism

Pr: CFUG. I) — Z[Uic (K\G)].

We define the relative group homology of (G, K) to be the torsion Tor%[GJ (Coker(Pr), M),
where M is aleft Z[G]-module. Precisely, taking the augmentation map ¢ : Z[Coker(P;)] —
Z with a choice of a projective resolution

3’[ n 0
Pyt oo p O p N Coker(P) <5 7 (exact),

as right Z[G]-modules, the relative homology is defined to be
Hy(G,K; M) := H,,(Px Qzign] M, 04).

Dually, we can define the cohomology as Extz[G](Ker(s), M). For enough projectivity, we
now cite an example of P,.

Example 3.1 (Mapping cone) For any set B, we define the map anA : Z[B"t1] — Z[B"] by
setting

00, x) = Y (=D (X0, X1 Xig 1 o0 Xn) € Z[B". (7

i: 0<i<n

@ Springer



Geometriae Dedicata (2020) 204:1-24 7

According to [32, §2], for n > 1, consider the following free G-module:
Ci'(G. Kp) = ((ZIG" ®zi6) 2) @ (ZI(K)"] ®2z1k,1 Z)) ®7 ZIG].

Furthermore, when n = 1, we define Clgr(G, K) = C1(G) = Z[G?]. Then, we can easily see
that the following assignments define a differential on these modules: 91 := 81A and when
n>1,

(2, ke) := (32 + (=1)"te(ke), 32 (kp))

for any (g, ié[) e GMtl x K. Here i, is the inclusion Ky < G. From the definition in (6),
it is sensible to consider a canonical inclusion

PV G ) — P TG k). ®)

Ji1<j<n

Then, we denote the cokernel of Pn(l) by the pair (CE'(G, K), 35). Thus, we define
HE (G, K; M) to be the homology of the complex (CE(G, K) ®zic1 M, 94).

Proposition 3.2 Then, the pair (CE(G,K), dy) gives a free resolution of Coker(Py).

Proof Since the statement with |7| = 0, 1 is known (see [32, Theorem 2.1]), we may assume
[I] > 1. Then, we have two sequences with commutativity:

@)™ @)™

G ) —— (G ) — - ——— G0 D) a7 (exact)
1[’&” 1’7’5“1 1
> D CEG K) —> DCF (G, Kj) ——> - ——> @ Coker(P(j}) ——> 7 (exact)

Here, the exactness is ensured by the cases with |/| < 1. The cokernel of the vertical map is
exactly the complex (C fr (G, K), 9,) from definitions. Hence, by the five lemma, the cokernel
gives a free resolution of Coker(Py). O

Then, a standard discussion of mapping cones deduces the long exact sequence with n > 2:

% D))«
oo HE (G K M) 25 @ HE (K s M) —2 HE(G: M) —> HE(G,K; M) — - .

)
Example 3.3 As an example, let us describe 3-cocycles in the non-homogenous cochain

Coker(P;). Specifically, a 3-cocycle of G relative to K is represented by m maps 0 : G> —
M and n¢ : (K¢)? — M satisfying the two equations

81+ 00(82, 83, 84) — 0e(g182, g3, g4) + 00(81, 8283, 84) — 0 (g1, g2, 8384)
+0e(g1, 82,83) =0, (10)
Op(k1, ko, k3) = ki - ne(ka, k3) — ne(kika, k3) + ne(ky, kok3) — ne(ky, k2),  (11)

forany g; e Gandk; € Kp,and 1 < ¢ <#L.

Remark 3.4 Here, we mention a topological meaning of the relative homology H,, (G, K; M).
Let K(Kj, 1) and K(G, 1) be the Eilenberg-MacLane spaces of type (K, 1) and of type
(G, 1), respectively. Let (1), : K(K;, 1) - K(G, 1) be the map induced from the inclu-
sions. Then, similarly to [32, §2 and §5], we can see that H, (G, K; M) is isomorphic to the
homology of the mapping cone of Li;¢; : LU;K(K;, 1) — K(G, 1) with local coefficients
M.

@ Springer
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In another way, we will introduce the relative homology of Li; <y (K; \G), which s originally
defined by Hochschild [15]. Let Y be the union U;¢;(K;\G), and let CP™(Y) be the free
Z-module generated by (n + 1)-tuples (yo, y1, ..., ya) € Y"TL. Consider the differential
homomorphism defined by B*A as above. As is known (see [3,4,32]), the chain complex
(C*A(Y), B*A) is acyclic. From the natural action ¥ ~ G, let us equip CP™(Y) with the
diagonal action. Furthermore, as a parallel to (6), from the definition of C ,rfd(G, 1), we can
similarly consider a Z[G]-homomorphism Q,, : C,rf’d(G, I — CP).

Definition 3.5 We define the chain complex (C*A(Y), B*A) to be the cokernel Coker(P,),
which is diagonally acted on by G.

Furthermore, H*A(Y; M) denotes the homology of the quotient complex Coker (Py,) ®7(c]
M. Namely, H*A(Y; M) = H.(Coker(Q,) ®zig) M).

This chain complex (Coker(Qy), B*A) is acyclic and is not always projective, evenif |I| = 1.
However, the projectivity of P, admits, uniquely up to homotopy, a chain Z[G]-map
o (Py, ) —> (C2(Y), 9). (12)

Example 3.6 When P, is the complex C £(G,K) in Example 3.1, we will give an example
of «. Consider the normalized complex of Coker(Q,,) subject to the submodule

Z{(yo, ..., yn) € Y" | y; = y;iy for somei ),

and denote it by Cf"r(Y). As usual in normalization, we note H*A(Y; M) = Hf"r(Y; M).
Then, for 1 < j < #L, consider the correspondence

o G (K ) — CRE(K\G); (805 -+ 8nokos -+ k1) —> (K g0, K g1 ..., Kjgn)-

Here letus regard P, = C &'(G, K) as the cokernel Coker( P,l(l)); see (8). Subject to the image
of C*4(G, I), the direct sum of a?re yields a chain map C§ (G, K) — CNT(Y).

3.2 A key proposition from malnormality, and some examples

Whereas this « is not always a quasi-isomorphism (see [3, §3.2] for counter-examples), we
give a criterion which is a key in this paper.

Proposition 3.7 (A modification of [3, Proposition 3.23]) The set Y = U;i<x1 (K;\G) is
assumed to be of infinite order. Furthermore, the subgroups K1, ..., Ky C G are malnor-
mal.

Then, the chain map « induces an isomorphism H*A(Y; M) = H.(G, K; M) for any
coefficient M.

Proof The proof is essentially due to [3]. Consider the submodule

CT(Y) == Z{[(Jo. ... yn)] € Coker(Q,) | If s # 1, then y, # y,. }. 13)

Since Y is of infinite order, this Cf (Y) is an acyclic subcomplex of Coker(Q,), and the
injection is quasi-isomorphic; see [3, Proposition 3.20] for the details. Furthermore, we can
easily check that, if o - g = o with g € Gand o := (yo, ..., ) € CZ&(Y), the malnormal
assumption implies g = 1 € G. That is, the action is free; therefore, C,Zé (Y) is a free
Z[G]-module. Since the above « factors through C, Z&(Y), we have the conclusion. O
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We end this section by giving three examples satisfying the assumptions.

Example 3.8 (Hyperbolic 3-manifolds) Let N be a compact hyperbolic 3-manifold with torus
boundary ON = Ty U --- U T,,. Apply G to m1(N) and K; to m1(7;) with a choice of base
point. As is well-known as “algebraic atoroidality” in hyperbolic geometry (see [2]), the
boundary group 71 (7;) injects 1 (N), and the malnormal condition holds. Since N is also a
K (G, 1)-space by hyperbolicity, we thus have the isomorphisms

H2(Y;Z) = HE(G,K; Z) = Hy(N,dN; Z).

Example 3.9 (Knots) Furthermore, given a non-trivial knot L in the 3-sphere S3, we replace
G by 71 (S>\L) and K by a peripheral subgroup 71 (d(S3\L)) = Z?, which is generated
by a meridian-longitude pair (m, [). By the loop theorem of 3-manifolds, K injects G.
Furthermore, S3\ L is basically known to be a K (G, 1)-space.

Moreover, we mention a theorem to detect the malnormality of the knot group.

Theorem 3.10 ([13,29]) Let K| C G be as above. The pair (K, G) is malnormal if and only
if the knot L is none of the following three cases: torus knots, cable knots, and composite
knots.

In particular, in the case, the isomorphism o : H*A(Y; 7) = Hy(Ep,0E; Z) holds.

Example 3.11 (Link quandles) More generally, let us consider a link L C S and the link
group G = m; = m(S3\L). Let K, with I < £ < #L be the abelian subgroup generated
by a meridian-longitude pair (mg, [y) with respect to the £th link component, that is, K, is a
peripheral group generated by (my, [;). We denote Ll Ky by dmry, hereafter.

However, there are many links satisfying non-malnormality on (77, d77), as in the Hopf
link. More generally, malnormality for non-splittable links is completely characterized in
[13, Corollary 4].

Incidentally, the union Ui; (K j\7rz ) with the binary operation (4) is called the link quandle
[19]. We denote the link quandle by Q7 , since we later use it in many times.

4 Review; quandle homology and Inoue-Kabaya map

Next, regarding the middle term in the zigzag sequence (5), this section reviews the quandle
homology [7] and Inoue—Kabaya chain map [17]. As seen in [8,17,24,26], quandle theory is
useful for reducing some 3-dimensional discussions to diagrammatic objects.

We briefly explain the rack and quandle (co)homology groups [7,8]. Let X be a quandle,
and C,f (X) be the free right Z-module generated by X”. Namely, C,f (X) := Z[X"]. Define
aboundary 9% : CR(X) — CR | (X) by

. 4
ORGer, . x) = Y (=D (o< X <UL X1 )

1<i<n
= (XL ey X1 XigLs ey X))

Since Bf_l 0dR = 0as usual, we can define the homology HX (X) and call it the rack homol-
ogy. Furthermore, let C” (X) be the submodule of CX (X) generated by n-tuples (x1, . . ., x,)
with x; = x;41 forsome i € {1,...,n — 1}. One can easily see that this C,?(X) is a sub-
complex of C,f (X). Then, the quandle homology, HnQ (X), is defined to be the homology of
the quotient complex CR(X)/CP (X). In general, it is not easy to compute these homology
groups.
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In addition, we will review the Inoue—Kabaya map whose codomain is the Hochschild
complex in Definition 3.5. For this, we need some notation. A map f : X — X’ between
quandles is a quandle homomorphism, if f(a<ib) = f(a)<f(b) for any a, b € X. Given a
quandle X, the associated group AS(X) is given via the presentation

As(X) :=(ex (x € X) | ex_<11y -ey_l cex-ey (x,y€X) ).

We call As(X) the associated group. There is a right action of AS(X) on X defined by
X -ey :=x <y, where x, y € X. Let O(X) be the orbit set of X \~ As(X). With respect
toi € O(X), we fix x; € X in the orbit. As in Example 2.2, denoting Stab(x;) C As(X) by
K, we can consider the setting

X=Y= LJ,'eo(X)(Ki\G) with G = As(X).
Furthermore, we set up the following set consisting of some maps:
Jo={0:{2,3,...,n) — {0, 1} },

which is of order 2"~!. Moreover, given a tuple (xq,...,x,) € X" and each ¢ € J,, we
define x (¢, i) € X by the formula

x(t, i) = x;j - (eﬁé’:l) . "eif,"))
Then, with a choice of an element p € X, we define a homomorphism
on : CR(X) — CI°(X) ®z1as001 Z
by setting
On(X1, .., xp) = Z(—l)‘(2)+‘(3)+'"+‘(”)(x(L, D.....x(@t n),p).
ey

Here are the descriptions of ¢, of lower degree:

¢2(a,b) = (a,b, p) — (a<b,b, p),
»3(a,b,c) = (a,b,c,p) —(a<b,b,c,p) —(a<c,b<c,c,p)+ ((a<b)<c,b<c,c,p).

Then, it is shown [17, §4] that this ¢, is a chain map, i.e., BnA oYy = Pu_1 0 a,{*, and that
if n < 3, the image of the subcomplex CP (X) is nullhomotopic. Hence, the map ¢3 with
n = 3 induces a homomorphism

(@3)s 1 HE(X) — HA (X, 2).

We refer the reader to several studies on the chain map; see [17,18,24-26].
Next, we review the quandle cocycle invariant. Given a shadow coloring S of a link
diagram D, the fundamental 3-class of S, denoted by [S], is defined to be the sum

[S]:= Y e (Axo), Cyo). Clzr)) € CE(X)
T
running over all the crossings t, where the triple (x;, y;, z;) are the three assignments
around t illustrated in Fig. 1, and €; € {£ 1} is the sign of t. Then, we can easily see that
[S] is a quandle 3-cycle in C3Q (X); see [8]. If we have a quandle 3-cocycle ¢ : X3 — A, the
pairing (¢, [S]) € A is called the quandle cocycle invariant of S. Here, amap ¢ : X 354
is a quandle 3-cocycle, if the followings hold by definition:
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¢(-xssz)_¢(~xqyssz)_¢(x7y5w)+¢(-x<lz5y<zsw)
:¢(xququvzqw)_d)(xvyvz)v
¢(x,x,y)=¢(y,z,2) =1, forany x,y,z,w € X.

For calculating the invariant (¢, [S]), it is important to find explicit formulas of quandle
3-cocycles ¢, although it is difficult in general.

Example 4.1 Let X be the link quandle Q; of a link; see Example 3.11. Consider the identity
my — mp, which induces idgp, : Q; — Qp . Then, we obtain from Example 2.2 the Q-
coloring Sig oL together with the associated 3-class [Siq,, ]. This homology 3-class plays a
key role later.

do,

Example 4.2 In the hyperbolic case, Inoue and Kabaya obtained a 3-cocycle from the
chain map ¢, with a relation to the Chern—Simons invariant. Let X be the quotient set
C2\{(0, 0)}/ ~ subject to the relation (a, b) ~ (—a, —b). Equip X with a quandle operation

(@ v)ate ay=(a n("F5 )

One can easily verify that X is isomorphic to the triple (G, K, ko) as in Example 2.2, where
G is PSL,(C) and K is the unipotent subgroup of the form {(1 4 )’ a € (C}, and kg =

0 1
1 1
(o 1)
Although this (G, K) is not malnormal, the paper [3, §4] showed that the chain map « in
(12) is a quasi-isomorphism, which ensures a quasi-inverse . Furthermore, Neumann [23]

and Zickert [32] described the Chern—Simons 3-class as a relative group 3-cocycle
CS € C3(PSLy(C), K; C/n°Z), (14)

together with a cocycle presentation (see [32] for the detail). As a consequence, we concretely
get a quandle 3-cocycle ¢* o B*(CS).

Furthermore, let us consider a hyperbolic link L and explain (15) below. From the view-
point of Example 2.2, the associated holonomy representation p : 7y — PSL2(C) is
regarded as a shadow X-coloring S,,. Then, Inoue and Kabaya [17, Theorem 7.3] showed
the equality

(p*(CS), [EL, DEL]) = (B0 ¢3)*(CS), [S,]) € C/n"Z. 15)

Notice that, the right hand side is a quandle cocycle invariant, by definition. As a result, we
can compute the Chern—Simons invariant without triangulation; see [17] for examples.

5 Algebraic representation of the fundamental homology 3-class

In this section, we give a method to algebraically represent the fundamental 3-class
[Er,dEL], where L is either a hyperbolic link or a prime non-cable knot.
To describe this, the following plays a key viewpoint (see Sect, 6 for the proof).

Theorem 5.1 Assume that a prime knot L is neither a cable knot nor a torus knot, as in

Theorem 3.10. Then, the Inoue—Kabaya chain map @3 induces an isomorphism H3Q(Q L) —
H3A(QL; Z), which is identified with idy, : Z — 7.
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Theorem A.1 says that H3Q(Q L) is generated by some fundamental 3-class [Siq,,, |. Hence,
if we can explicitly formulate a quasi-inverse f : C*A(QL)HL — C¥ @y, 0mp: 7Z) in (17),
then we obtain an algebraic presentation of the fundamental 3-class [Ef, 0 EL].

We will explain the reason why we focus on only hyperbolic links in Sect. 5.2. The key
is the JSJ-decomposition of a knot (or the geometrization theorem). Precisely, as seen in [5,
Theorem 4.18] or [2,13], there exist opensets Vi C Vo, C --- C V,, C s3 satisfying the
followings:

1. The set V; for any i < n is an open solid torus in $3, and V; contains the knot L.
2. Forany i € Zx, the difference V; — V;_; is homeomorphic to one of a composite knot
or a hyperbolic knot or an (n;, m;)-torus knot in the solid torus for some (n;, m;) € 72,

Here we denote the knot L by Vj.

As is known, the decomposition is unique in some sense. Here, remark (see [5, Corollary
4.19]) that L is a cable knot if and only if a difference Vi — V; is an (1, m)-torus knot in the
solid torus; see Fig. 5.

Following the JSJ-decomposition, let us further examine the pairing (1). Denote the inclu-
sion V; —Vi_y € 3 — L by ¢, and the torus-boundary V;_; N Vi by B;. Then, given
f :mp — G and 0 as before, we have f o ()4 : (Vi — Vi—1) — G.Let K; C G be the
image of 1 (B;) via f o (i;)«, where we appropriately choose a base point. Then, we can
regard the pullback i o f*(6) as a relative group 3-cocycle of (G, K;, K;1). Therefore, the
excision axiom on ¢;’s ensures the equality

(f*©O), [EL,0EL]) = Y (o f*O), [Vi = Vi1, d(Vi = ViiD]).  (16)

i:l<i<n

To conclude, it is reasonable to deal with the fundamental 3-classes piecewise, according to
the JSJ-decompositions of knots.

5.1 The fundamental relative 3-class of hyperbolic links

This subsection gives an explicit algorithm for describing the fundamental relative 3-class
of hyperbolic links. Here, the description is done in truncated terms (Theorem 5.3).

We begin by reviewing the truncated complex, which is defined by Zickert [32, §3]. Fix a
group G, and subgroups K1, ..., Kzr.Forn > 1, consider the free abelian group Z[G"2+"],
and denote the (ij)-th generator g € G by g;; withi # j. Define C, (G, K) by the submodule

of Z[G"2+”] which is generated by g;; satisfying

e for any i € {0,...,n}, there exists m; € {1,...,#L} such that the classes of the n
elements gjo, ..., &ii, - - -, 8in in the coset K,,,,\G are equal.

Then, right multiplication endows C,(G, K) with a Z[G]-module structure, and the usual
simplicial boundary map gives rise to a boundary map 3, on C,(G, K). The complex
(C4(G, K), 8,) is called the truncated complex of (G, K). As was similarly shown [32,
Remark 3.2 and Proposition 3.7], we can easily verify that this complex is a free resolution
of Coker(Py) (Fig. 3).

In addition, let us examine the case where G¢ is PSL,(C) and every K¢ ¢ is conjugate to
the unipotent subgroup such that K¢ s N K¢ ; = {lg.} fors # t. Then, we have the quandle
X, from Example 4.2, as the union of the quandles L, K¢ (\Gc = L*E(C?\{0, 0})/ ~.
We will describe a quasi-inverse 8 mentioned in Proposition 3.7. For this, consider the
following subcomplex of CnA (Xc; Z):
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l‘\
920 f— 921

g Goz ; S
go1 g1o

Fig.3 A geometric description of generators of the truncated 2-, 3-simplexes with G-labels

Cr* (Xc) = Z( (a0, bo), - - -, (an, bp)] € C2(Xc: Z) | aib; # ajb; forany i, j withi # j ).

Then, this complex is known to be an acyclic Z[Gc]-free complex. Consider the correspon-
dence

gij: (X" — Gi ((ao, bo). (a1, by), ..., (an, by))

ai b;
aj/(aibj —ajb;) bj/(aibj —ajb;) )"
This gives rise to a homomorphism
h _
B: Ci7 (Xc) — Cu(Ge, Ko).

Then, Zickert [32, §3] (see also [3, Corollary 9.6]) showed that this 8 is a chain map and
a Z[G]-homomorphism. To summarize, this B gives a quasi-inverse of the chain map « :
Cii (Ge, K) — Ca(Xo).

We return to the discussion of a hyperbolic link L, and state Theorem 5.3 below. Fix a
diagram D of L. Then, we have the holonomy representation p : 7; — PSLy(C). As is
well-known, p is injective. Thus, it is more reasonable to use matrices in P.SL,(C), than to
use (Wirtinger) group presentations of 7. Here, we should mention the following lemma
obtained from hyperbolicity.

Lemma5.2 (see [32, §5] or [17, Lemma 7.2]) Let 0 € C3A(X(c; 7Z) be a 3-cycle which
represents the fundamental 3-class p«(Er, 0EL) of a hyperbolic link L. Then, this 3-cycle
o lies in the subcomplex Cgl#(X(c) in (13).

In summary, we obtain the conclusion:

Theorem 5.3 Let L be a hyperbolic link with the holonomy representation p : wy —
PSLy(C). Let G be the image p(rr), and K be the subgroups p(dmy). Choose a diagram
D, and take the quandle 3-class [S,]; see Sect. 4. Then, the following 3-cycle represents the
fundamental 3-class in Hy(Er, dEr; Z) = HS (r, 715 Z) = Z.

res(B) o ¢3([S,]) € C3(G, K; Z).
5.2 Example; the figure eight knot

As the simplest case, we let L be the figure eight knot as in Fig. 4. By the Wirtinger presen-
tation, we have

m(S\L) = (g, h | h ' gh = g7 'h ' ghg ' hg),
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D a C(ay) :==(1,0)
Clag) == (0,w)
Q Qg Clag) :==(1,w—1)
ay Clay) = (v, —w)

Fig.4 The holonomy representation of 41 as an X-coloring. Here w = (—1 + +/—3)/2

where g and & are meridians derived from the arcs o] and o, respectively. We denote the two
classes in Qy of g and i € 7y, by a and b, respectively. Then, by definition, the fundamental
3-class [SidQL] is given by

—(b<a,a,b)—(b<a,b,a)+((b<a)<1b,a,a<1b)+(b,b,b<1a)€C3Q(QL;Z).

Notice that the first term is sent to zero by ¢,. Then, ¢, [SidQL] is computed as

—(<a,a,b,p)+ (b<a)<a,a,b,p)+ (b<a)<b,a<1b,b, p)
—(((b<a)<a)<tb,a<1b,b, p)
—(b<a,b,a,p)+((b<ta)<b,b,a, p)+ ((b<a)<a,b<a,a,p)
—((b<a)<b)<a,b<a,a,p)+ (b<a)<ib,a,a<b, p)
—(((b<a)<b)<a,a,a<b,p)
—(((b<ga)<b)y<(a<b),a<(a<1b),a<b,p)
+((((b<a)<b)<a)<(a<b),a<t(a<1b),a<b,p).

Thus, following Theorem 5.3, we consider the well-known holonomy representation p :
w;, — PSLy(Z[w]), where w is (—1 + J?3)/2. This is represented by the X¢-coloring C
in Fig. 4. Accordingly, if we replace a by (1, 0) and b by (0, w), the 3-cycle ¢«[Sig,, ] above
is reduced to

— (o, ), (1,0), 0, »), p) + ((—20, ), (1,0), (0, »), p)

+((—w, 0+ 1), (1,0 — 1), (0,0), p)

— (2w, 0+2), (1,0 — 1), (0, ), p)

— (o, »), (0, w), (1,0, p) + ((—w, 0 + 1), (0, w), (1,0), p)

+ (20, 0), (0, w), (1,0), p)

— (20— L,w+1), (~o,),(1,0), p)

+ (o, 1+ w), 0.0), (1,0 —1), p) — (0,2 + ), 0.0), (1,0 — 1), p)

— (20— 1,4), (—0, 1+ w), (1,0 — 1), p)

+((—20—2,6 —w), (—0, 1 + o), (1,0 — 1), p).
Hence, for example, if p = (0, 1) and we apply the homomorphism § to this cycle, we can
describe explicitly the fundamental 3-class by Theorem 5.3. However, the description forms

long; we omit writing it.
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6 Proofs of the main theorems

We will prove the theorems in Sect. 2. If L is the trivial knot, the theorems are obvious. Thus,
we may assume that L is non-trivial in what follows. We begin by proving Theorem 2.1.

6.1 Proofs of Theorems 2.1 and 5.1

Proof of Theorems 2.1 Recall the complexes in Sects. 3 and 4. Since they are functorial by
construction, we obtain a commutative diagram:
Px
CRQL:Z) —————= C2 QL 2) <——— Cf (p. Om1; 7)
v
e J/ S l B e

crx:z) — A X Z) <~ C¥(G. K D).

a7

Since L is either a prime non-cable knot or a hyperbolic link by assumption, the right 8
comes from the quasi-isomorphism « in Examples 3.8 and 3.9.

We will explain (18) below. Recall the quandle 3-class [SidQL] from Example 4.1. Then,
denoting by [7, d7rp] a generator of H3gr(7rL, dryp) = Z, the diagram (17) admits some
Ny € Z such that

Bo¢3((Sidg, 1) = Nelmp, dn] € H{(Qr; Z) = Z.
Then, for every group relative 3-cocycle 8, setting ¢ = (Sop3)™ o f*(0) yields the equalities

(@0, [Sidg, 1) = (f7(0), Bo@3(Sidg, D) = NL{f*(0), [mr,97L]) € Ag. (18)

Hence, it is enough to show N; = =+ 1. Actually, if Ny = £ 1, we canonically obtain a
map ¢y : Regp x (Arc p)? — A from the definition of [SidQL], which justifies the desired
equality (3).

If L is a hyperbolic link, and f is the associated holonomy r;, — PSL,(C) with6 = CS,
we immediately have Ny, = 4 1 by (15).

It remains to work in the case where L is a knot which is neither hyperbolic nor cable.
Then, thanks to the JSJ-decomposition (16) above, there is a solid torus V| C § 3 such that
V) contains the link L and Vi\L is either hyperbolic or reducible.

In the former case, when Vi \ L is hyperbolic, we now give a diagram (19) below. Regard-
ing V1\L as a hyperbolic link, L', in the 3-sphere, we denote by K, another subgroup of
7r1(S3\L’) arising from d (V7). Then, the link quandle Q- is bijective to K1\ U Kp\mp-
by definition. We consider the homogenous quandle of the form K\m; Ll K>\, and denote
it by Qw. Then, the inclusion j : S?\L’ < S3\L defines a quandle map j, : Q1 — Ow,
and we take a canonical injection i : Q7 < Qw. In summary, we have the commutative
diagram on the third homology groups:

i2 i2
H2(01:2) ————~ H2(Qw; 2) ~—L—— HZ(0.1; 7) (19)
‘P*\L <ﬂ*i (ﬂ*l
HNQL Z) —— "~ HAQwi 2~ HAQ: 7).
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Here, i*Q and j*Q are the induced maps on the third quandle homology from i and j, respec-
tively. In the appendix (Lemma A.3), we later show the isomorphisms H3Q(QW; 7) =

H3Q(QLr; 7)) = 72, such that the matrixes of i*Q and j*Q are given by (1, 0) and (} }),
respectively. Hence, since the right ¢, is surjective by the former discussion, the commuta-
tivity with (16) implies Ny, = % 1 as desired.

Finally, we discuss the case where V1\L is reducible. For this, take a hyperbolic link L¢
inV = D? x S!, and attach it to Vi\L. Then, the situation is reduced to the above case.

Hence, the proof completes. O

Proof of Theorem 5.1 Since L is neither composite nor cable, the above discussion readily
implies the bijectivity of ¢3. O

Remark 6.1 We mention the assumption of hyperbolicity. As a counter example, consider the
Hopf link L. Since 71 (S3\L) = Z? and the boundary inclusions induce isomorphisms on
71, the link quandle Q7 consists of two points. Hence, the chain map ¢, is zero by definition.
However, the pairing (0, fi«[Er, 0EL]) is not always trivial. In summary, it is seemingly
hard to generalize the Theorem 2.1 in every link case.

6.2 Proof of Theorem 2.3; malnormality and transfer

Next, turning to malnormality and transfer, we will complete the proof of Theorem 2.3. For
this, we shall mention a key proposition obtained from transfer.

Proposition 6.2 (cf. Transfer; see [4, §II1.10]) Let K1, . . ., KgL. be finite subgroups of G, and
let Y be L;(K;\G) on which G has a right action. Assume that each order |K;| is invertible
in the coefficient group A. Then, the chain map

@ (Py®z A, 0,) —> (CE(Y) ®z A, 3y)
with coefficients A is a quasi-isomorphism.
Proof According to the same discussion on the transfer; see [4, § I11.9-10]. O

Proof of Theorem 2.3 First examine the case (i), thatis, each K; C K is a malnormal subgroup
in G. Then, Proposition 3.7 again ensures a quasi-inverse 8 : C*A X)g — C¥(G,K),
where X = U;¢; K;\G as in Example 2.2. Then, for any group 3-cocycle 6, we set ¢y =
(B o fx o p3)*(0) € A as a quandle 3-cocycle, and the group 3-cocycle 6 is represented by
amap X 45 A

We will show the equality below. Let L be a hyperbolic link or a prime non-cable knot,
which ensures the 3-class [y, 07t ] by the malnormal property of L. Compute the pairing

(¢, [Sy]) as

(@0, [Sf1) = ("o (B)'(O), (@3)[Sf1) = (f* 0 (B)(0), (@)slmr, dL])
= (a0 fFo (BN (O), [mL, dnL]) = (f*(O), 7L, dmL]). (20)

Here, the second equality is obtained by (18) and Proposition 3.7, and the others are done
by functoriality. From the definition of [Sy] and ¢y, this equality (20) is equivalent to the
desired statement.

Finally, we turn to the assumption (ii). By Proposition 6.2, we can similarly get a quasi-
inverse S of « in the coefficient group A. Thus, the required equality is done by the same
discussion as (20); hence, the desired statement also holds in (ii). ]
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6.3 Examples of 3-cocycles
Finally, we will point out that, in some cases, such group 3-cocycles 8 have much simpler
expressions in terms of quandle cocycles. We end this section by giving two examples.

Example 6.3 (cf. [24]) First, we will observe some triple Massey products. This example is
essentially due to [24, §4.2]. Regard the finite field F, as the abelian group (Z/p)™, where
g = p™ and p # 2. Consider the (nilpotent) group on the set

G:=Z/2xFy; x (Fy Az Fy),
with operation
(n,a,k)-(m,b,v) = (@m+m, (=)"a+b, k +v+[(—=1)"a®Db]). 2D

Letting the subgroup K be Z/2 x {0} x {0} C G and xg € K be (1, 0, 0), we have the quandle
of the form X =F, x (F, Az F,).

The cohomology H3(G; ) is complicated. In fact, the cohomology has 3-cocycles 6r,
which are derived from triple Massey products (see [24, Proposition 4.8]). However, the
author [24, Lemma 4.7] showed that the pullback ¢36r : X 3 I, is formulated as

@360 ((x, @), (v, B), (2.7)) = (x — y)T(y — )P T8,

with some prime powers q1, g2, g3, g4 € Z. Since this formula is relatively simple, we can
compute the relative fundamental 3-class in an easier way than the group-theoretic method;
see [24, §5] for a computation.

Example 6.4 Next, we focus on the quandles given in the paper [24] and show Proposition 6.7
below. The result will be useful to show theorems in [27].

Let L be a prime knot or a hyperbolic link, and O, be the set {g~'mg} geny - Fix, the
inclusion from the link quandle Q7 into I_I?i 1O¢ which sends K, g to ¢~ 'myg. Given aright
Z[wr]-module M, we have the semi-direct product G := M x 7. Fix by, ba, ..., by € M.
Then, for £ < #L, we fix by € M, and consider the subgroup

Ko o= {(be(1 —mily), mil)) e M x 7| 5,1 € Z* ).

There is a quandle X = U;<#7 K¢\(M x mp) that is in bijective correspondence with M X
I_I*zi 1O¢, and the quandle structure is equivalent to

(a,8) < (b,h) = ((a—b)h+b,h"" gh)
fora,be Mand g, h € ufil(?g. We notice two lemmas:
Lemma 6.5 If the pair (wy, 0my) is malnormal, so is the family Ky, ..., Ky C M X .

Lemma 6.6 Take a my-invariant multi-linear map  : M" — A, where my trivially acts
on A. Let X be the quandle on the union I_I#;ilKg\G. Then, the following map from the
normalized complex (see Example 3.6) is an n-cocycle.

W CNT(X)asx) —> As (a0, 80) - -+ (an, gn)) > Y(ap — ar, a1 — @z, ..., ay—1 — ).

Next we consider the pullbacks of ¢ and « in the diagram (17) for the case n = 3. Then, as
in [25, Theorem 5.2], we can see that the pullback of the IK map ¢ is formulated by

P3(W) (a1, 21). (@2, 22), (a3, 23)) = ¥ ((a1 — a2)(1 — 22), a2 — a3, a3 — azz3 V).
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Fig.5 The torus knot Sy, 5 in the solid torus, and the link diagram on R2.

Moreover, consider another pullback by «, where we use the expression of « in Example 3.6.
Notice that the projection M x w;, — M x Oy is represented by the map which takes (m, g)
to (yeg +m, g~'myg). Then, in terms of the non-homogenous complex in Example 3.3, the
pullback, a* (W), is represented by

6c = ((a1, 81), (a2, 82), (a3, 83)) > ¥ ((@1+ye—ye-81)8283, (aa+ye—ye-82)-83, a3+be—by-g3),
(22)

and ¢ = 0. By Theorems 2.1 and 7.1, we accordingly have the following:

Proposition 6.7 As in Theorem 2.1, let L be either a hyperbolic link or a prime knot which
is neither a cable knot nor a torus knot. Then, the pairing of the 3-cocycle a* (V) in (22) and
[YL,0YL]is equal to the quandle cocycle invariant (3 (¥), [S]).

Furthermore, if K is the (n, m)-torus knot, the same equality holds modulo nm.

7 Theorem for cable knots

While Theorems 2.1 and 2.3 assumed non-cabling knots, this section focuses on cable knots.
To simplify the study, consider a solid torus V C S such that V\ L is the (., n)-torus knot.
By the formula (16) from the JSJ-decomposition, it is sensible to consider either the torus knot
Ty, in S2 or the solid one in V. We denote the latter by S, ,; Regarding S3\(L U (S*\V))
as a link complement, the knot S, ,, admits a link-diagram in R?; see Fig. 5.

As in the Theorems 2.1 and 2.3, we get similar results modulo some integer. Precisely,

Theorem 7.1 (cf. Theorems 2.1 and 2.3. See Sect. 7.2 for the proof) Assume that L is either
the torus knot Ty, , C S3 or Smn CV.Let N =nifLis Sy, andlet N =mn if L is T, .
Then, for any relative group 3-cocycle 6 € H3(G,K; A), there is a map ¢g
Regp x Arcp x Arcp — A for which the following equality holds in the coinvariant

Ag = Hy(G; A),:

(0, f«lEL, 0EL]) = (¢, [Sr]) € A¢ modulo the integer N. (23)

Furthermore, if the pair (G, K) is malnormal, then there are a quandle 3-cocycle ¢g and
an X-coloring Sy such that (0, fi«[Er, 0EL]) = {(¢s, [Sy]) modulo the integer N.

In conclusion, we have a diagrammatic computation for cable knots, although the statement
is considered modulo some integer. In addition, we later see that the discussion to show (23)
is reduced to the homology of cyclic groups; hence, the pairing modulo N does not have
more information than cyclic groups.
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7.1 Observations on the torus knots

Before going to the proof, we show two lemmas, and observe an essential reason why the
statement is considered modulo N.

Consider the (n, m)-torus knot L in the 3-sphere $3. Let G be m; (S3\L), and let K be the
peripheral subgroup. Fix (a, b, n, m) € Z* with an 4+ bm = 1. According to [14, § 2],

nl(S3\];1,m) g <.X, y’ |xn — ym ) B (Xayb, (xayb)—nmxn> — K
Then, Theorem 3.10 says that the pair (G, K) is not malnormal. However, regarding the
center Z = (x") C G, the quotients G/Z and K/Z are isomorphic to the free product

Z/n % Z/m and Z, respectively. Then, it is known [14, §2] that the pair of the quotients
(G/Z, K/Z) is malnormal. We will show the following:

Lemma 7.2 For x > 2, there are isomorphisms

HA(K\G;Z) = HA(K/Z2)\(G/Z); 7) = HE(G/Z, K | Z; 7))

Z, if x=2,
=1 Z/nm, if x isodd, and *x > 3,
0, otherwise.

Proof The firstisomorphism is obtained by the set-theoretic equality K\G = (K /Z)\(G/Z).
The second isomorphism follows from the malnormality. We explain the last one: by a Mayer-
Vietoris argument, the homology of Z/n x Z/m is that of the pointed sum L:° v L>°, where
L° is the infinite dimensional lens space with fundamental group Z/m. Hence, the long
exact sequence (9) readily leads to the conclusion. O

In summary, since the proofs in this paper often employ the Hochschild homology
H2(K\G), it is reasonable to consider the pairing modulo nm.

In addition, we similarly observe another knot S, ,, in the solid torus, in details. Fix four
integers (n, m, a, b) € Z* with an + bm = 1. Consider the following subspace

1 1
Zw) eC? | 1ZP+wfr=1, |"+w"| < .zl < =1
[ w) | 1z + wl | | <l <5
We can easily check that the space is homeomorphic to the (n, m)-torus knot V\T,, ,,. Since
the space is regarded as a restriction of a Milnor fibration over S', it is an Eilenberg—MacLane

space. Furthermore, as in the usual computation of w1 (S 3\T,17m), set up the two subsets

Ur={G@w eV\Tin| l2?<1/2}, Uyi={(Gw eV\Tn|lz*>1/2}

Since Uy ~ Stand U, ~ §! x S1, a van-Kampen argument (see [6, §15]) can conclude

T (V\Tum) = (x, 72 | X7 =2/x™).
Here, the longitude [ is represented by m~"""x", as before. In summary, we can easily obtain
the following:

Lemma7.3 (i) The center of w1 (V\T,. ) is generated by x™ and is isomorphic to 7Z.
(ii) The quotient group of w1 (V\T,. ) subject to the center is isomorphic to Z/m % Z.
(iii) The subgroup generated by the meridian [m] is malnormal, and is isomorphic to Z.

Since S, is embedded in S3, we have the link quandle Qy. As a result, we similarly have

Z, if k=2,
HYQv:Z) = HAN(K\G: Z) = HY (Z/m * L, 2, Z; Z) = { Z/m, if x* isodd, and x > 3.
0, otherwise.
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Finally, we mention that the inclusion j : V\T,, <> S°\T, , induces H{(Qy) —
H3A (KC\G) as an injection Z/m — Z/mn.

7.2 Proof of Theorem 7.1
We will give the proof of Theorem 7.1, based on the discussion in Sect. 7.1.

Proof 1In this proof, we always deal with homology in torsion coefficients Z/N. Since the
latter part from malnormality can be proven in a similar way to Theorem 2.1, we will only
show the former statement.

By the above computations of homologies, the chain map o modulo N yields an iso-
morphism on H,(e; Z/N), which gives a quasi-inverse f : C*A(QV) — Cfr(ﬂv, amy).
Furthermore, we suppose a quandle homomorphism f : Q7, , — X with X = H\G.

Similarly to (17), we have the following commutative diagram by functoriality.

HF(Qv; Z/N) —— = HA(Qy; Z/N)gy <~ HE (ny, 075 Z/N)
lj* lj* \T/ lj*

HF(Q1,, Z/N) —— = HAO7,,: T/ N7y < HY (n,,,,. 377, Z/N)
lf* lf* \T/ lf*

Px
HR(X:Z/N) ——————= HA(X: Z/N)g

HY(G,K;Z/N).

(24)
Here, by the above discussion, the middle j, is reduced to the injection Z/m — Z/nm.
Hence, if we show that all the left ¢,’s are surjective, then the rest of the proof runs as in the
proof of Theorems 2.1 and 2.3.

To show the surjectivity, we now set up appropriate X and f. Although there are many
choices of such X and f for the proof, this paper relies on some results in [24] as follows: Take
arbitrary prime p which divides m. Choose the minimal k € N such that n is not relatively
prime to 1+ p*. We set up the semi-direct product G = (Z/ p)¥ xZ/(1+ p*) and the subgroup
K = Z/(1+4 p*). Then, we can easily construct a group homomorphism f : Z/m«Z/n — G
that sends the subgroup Z to K, and induces the injection f, : H3(Z/m x Z/n; Z/p) —
H3(G; Z/ p) on homology. Thus, it is enough for the surjectivity of the left ¢,’s to show
that the left bottom map ¢, : H3R (X;Z/N) — H3A (X;Z/N)g is injective. However, by
noticing that the binary operation on X = (Z/p)* = Forisx 9y = w(x —y) + y for some
welF p+\{0, 1} the injectivity of X is already shown in the previous paper [24, Lemmas 4.5-
4.6], which studies the chain map ¢, for the quandle operation.

As a parallel discussion, when we choose any prime p which divides n, the same injectivity
can be shown. To summarize, since such a p is arbitrary, we have shown the surjectivity of
the left ¢,’s. Hence, we complete the proof. ]

o

Finally, we give a corollary:

Corollary 7.4 Let L be the (m, n)-torus knot, and let Ej be the complement space. Let K
be a malnormal subgroup of G. Then, for any relative 3-cocycle 0, the {-torsion part of the
pairing (0, filEL, 0EL]) is zero. Here U is either the prime number coprime to nm or
£ =0.
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In fact, as seen in the above proof, the fundamental 3-class of the torus knot must factor
through HSA(QV; 7) = Z/mn. As a result, for example, if 6 is the Chern—Simon 3-class in
(14), the free (volume) part of the pairing turns out to be zero.
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A Appendix: The third quandle homology of some link quandles

The purpose of this appendix is to determine the third quandle homology of some link
quandles (Theorems A.1, A.2). In what follows, we assume the terminology in Sect. 4, and
we deal with only integral homology (so we often omit writing Z)

For the purpose, we adopt an approach on the basis of [26, § 8]. Thus, we shall review rack
spaces from a quandle X. Consider the orbit decomposition X = U;co(x)X; from the action
of As(X) on X. For each orbiti € Oy, we fix x; € X;. Let Y be either X; or the single point
with their discrete topology. Then, let us consider a disjoint union | |, o (Y x ([0, 1] x X)"),
with the following two relations:

Ot X1, e s Xj—1, 0, X, Ejty oo By X)) ™~ (05 B0, X1, e B 1 X1y Bt D Xt ds - oo Ty X))
ot X1 ey 1 X1 L X g1, X1 e v By X))
~ (Y LX X<y 1, X <X E s XD e s By X))

Then, the rack space B(X,Y) is defined to be the quotient space, which is path connected.
When Y is a single point, we denote it by BX for short.

We will list some properties on the space from [11]. By observing the cellular complexes,
the following isomorphisms are known:

HR(X) = H,(BX; ), HE () = @ HFBX. X)) ). (25)

€Oy
Furthermore, concerning fundamental groups, we mention the following isomorphisms [11]:
m1(BX) = As(X), m1(B(X, X;)) = Stab(x;) C As(X). (26)

It is shown [11, Proposition 5.2] that the action of 71 (BX) on m(BX) is trivial, and the
projection p : B(X, X;) — BX is acovering. Therefore, we have functorially the Postnikov
tower written in

Hj(Stab(x;)) —— m(B(X, X;)) —> Hy(B(X, X;)) — Hj (Stab(x;)) ——= 0 (exact)

P+ l P= l = Px \L Px l
H3(m(BX)) —— m(BX) ————— Hy(BX) —— H5 (11 (BX)) —= 0 (exact).
27

Furthermore, we mention [20, Theorem 7], which claims the isomorphisms

HRX) = HZ(X) @220, HR(X) = HZ(X) @ HEZ(X) @ 7900* 0% (28)
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Using the above results, we will show the following theorem:
Theorem A.1 Let Q1 be the link quandle of a non-trivial knot L. Then,
HR Q) ZZ®ZoZ HE(Q) =T

Furthermore, the quandle homology H3Q (QL) = Z is generated by the fundamental 3-class
[SidQL] (recall Example 4.1 for the definition).

Proof Note O(X) = 1.Then, 1 (B(X, X)) = Stab(xg) is the peripheral group = Z?.Hence,
Hfr(Stab(xi)) ~ H,(S! x S!;Z). Furthermore, 7> (BX) = 72 is known [11]. Hence,
the above sequence deduces H3R( o) = 73 as desired. Furthermore, since HZR( o) =
Hi(B(Qr, Q1)) = H{'(Stab(x;)) = Z? (which is already known [11,28]), we have
H2Q(QL) = 7Z by (26). Hence, we obviously obtain H3Q(QL) = Z from (28).

We complete the remaining proof on the generator. Consider a chain map g : Cf (X) —
CYﬁI (X) induced by (x1, ..., x) — (x2, ..., x,). We can easily check that the map on the
homology level coincides with the above p, : H,(BX) — H,_1(BX). Here note the fact
[11,28] that H,?(Qy) = Z is generated by the 2-class g.[Sia,, ]. Hence, H?(Q,) must be
generated by the 3-class [SidQL ]. O

Next, we will deal with the link case. As seen in Remark 6.1 or Seifert pieces, it is complicated
to deal with H3Q(Q 1) of every links. Let us assume a property:

The centralizer subgroup of each peripheral group P; C my is equal to P;. ).
For example, if L is hyperbolic or if the subgroups P; are malnormal, the property holds.

Theorem A.2 Let L C S3 be a non-splitting link with the property (+). Then,
H{(Qr) =2 H HP(0) =2,

Proof First, we show H2R (Qr) = Z*L. By (1), we can easily verify Stab(x;) = 72 and
|0(Q1)| = #L.Hence, it follows from (25) that HF¥ (Q1) = ®icox) HY (Stab(x;)) = Z*#L
as desired.

Next, we show m(BX) = Z*L*! Since L is non-splitting, S3\L is an Eilenberg-
MacLane space of type (7r, 1); see, e.g., [2]. Accordingly, HE(As(Qp)) = H*(S3\L).
Thus, HY (As(Q1)) = 0 and HS' (As(Q1)) = Z*~1. By (27) and Hy(BQy) = Z*#L, we
obviously have w2 (BQp) = Z#+1,

Next, we will complete the proof. Since 72 (B(X, X;) = Z*L+! and Stab(x;) = Z2, we
have H>(B(X, X;)) = Z*L+2 by (27). Hence, we have HR(Q) = Z#L#L+2) by (25) with
n = 2. Furthermore, regarding H3Q(Q L), the proof is readily due to (28). ]

Finally, we prove Lemma A.3 which is used in Sect. 6. In what follows, we use the notation
in Sect. 6. More precisely, we should recall the associated quandles Q and Q;  of links L
and L', respectively, and employ the homogenous quandle of the form Qw = (K\7y) U
(K»\mp), together with the injections i, : Q1 — Qw and j, : O — Qw; see Sect. 6 for
the details. Furthermore, we assume L C L’ and the hyperbolicity of S3\L \ (S3\L’).

Lemma A.3 Assume that L' is a hyperbolic link. Then, H3Q(QW) & 72. Furthermore, the
induced maps on the third homology level

i2:HZ(Q1) — HE(Qw), and j2:HL(Q1) — HZ(Ow)

are given by (1, 0) and (i }), respectively.
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Proof By the form of Q, we can easily show As(Qw) = (S3\L). Further, notice the
amalgamation

L =11 (S \V1) s, a5\ vyyy T (VIAL).

Since Vi\ L is hyperbolic, and S3\V1 is a knot, the centralizer of 7 (8(53\\/1 )) in 7y, is itself
isomorphic to Z?. Thus, Stab(x;) = Z? and |0 (X)| = 2. Therefore, the isomorphism (25)
readily implies H2R (Qw) = Z*. Then, by the same discussion of Theorem A.2, we can show
HE(Qw) =7

Furthermore, by the above proofs, we already know the basis of second quandle homolo-
gies, as the stabilizer subgroups. Thus, by functoriality from boundary inclusions, we can
check the matrix presentations. O
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