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Abstract By using the De Giorgi iteration method we will give a new simple proof of the
recent result of Kotschwar et al. (J Funct Anal 271(9):2604-2630, 2016) and Sesum (Am J
Math 127(6):1315-1324, 2005) on the local boundedness of the Riemannian curvature tensor
of solutions of Ricci flow in terms of its inital value on a given ball and a local uniform bound
on the Ricci curvature.
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1 Introduction

There is a lot of interest on Ricci flow [2,3, 10,13, 14] because it is a very powerful tool in the
study of the geometry of manifolds. Recently Perelman [15,16], by using the the Ricci flow
technique solved the famous Poincare conjecture in geometry. Let (M, g(¢)), 0 <t < T,
be a n-dimensional Riemannian manifold. We say that the metric g(r) = (g;;(¢)) evolves by
the Ricci flow if it satisfies

dgij

ot

on M x (0, T) where R;; is the Ricci curvature of the metric g(f) = (g;;(¢)). Short time
existence of solution of Ricci flow on compact Riemannian manifolds with any initial metric
at t = 0 was proved by Hamilton in [9]. Short time existence of solution of Ricci flow on
complete non-compact manifolds with bounded curvature initial metric at time r = 0 was
proved by Shi in [18,19]. When M is a compact manifold, Hamilton [9] proved that either
the Ricci flow solution exists globally or there exists a maximal existence time 0 < 7 < oo

= —2R;; (1.1)
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for the solution of Ricci flow and

lim |R = 0.
I/T| m|g ()

Hence in order to know whether the solution of Ricci flow can be extended beyond its interval
of existence (0, 7'), it is important to prove boundedness of the Riemannian curvature for the
solution of Ricci flow near the time 7. Uniform boundedness of the Riemannian curvature of
the solution of Ricci flow on a compact manifold when the solution has uniform bounded Ricci
curvature on (0, 7) was proved by Sesum in [17] using a blow-up contradiction argument
and Perelman’s noncollapsing result [15]. Local boundedness of the Riemannian curvature
for k-noncollapsing solutions of Ricci flow in term of its local L7 norm when its local L%
norm is sufficiently small was also proved by Ye in [20,21], using Moser iteration technique
and the point picking technique of Perelman [15]. Similar result was also obtained by Dai et
al. in [5].

Local boundedness of the Riemannian curvature of the solution of Ricci flow in terms of
its inital value on a given ball and a local uniform bound on the Ricci curvature was proved
by Kotschwar et al. using Moser iteration technique and results of Li [12] in [11]. A similar
local Riemannian curvature result was proved recently by Chen [4] using the point picking
technique of Perelman [15], Anderson’s harmonic coordinates [1] and elliptic regularity
results [8]. In this paper we will use the De Giorgi iteration method to give a new simple
proof of this result.

We will assume that (M, g(¢)) is a smooth solution of the Ricci flow (1.1) in [0, T') for
the rest of the paper. Forany xo € M, p > 0and0 <t < T, we let Bg(;)(x0, p) = {x € M :
diStg(t) (-xa XO) < 10}’ on()oa t) = VO]g(l‘) (Bg(()) (X(), IO))’ V)C()(IO) = on(ps O)s |Ric|(x, t) =
|Ric(x,t)|g(r) and |[Rm|(x,t) = |Rm(x,t)|g(). We let dv, be the volume element of the
metric g(¢) and let C > 0 denote a generic constant that may change from line to line. For
any complete Riemannian manifold (M, g), we let B(xo, p) = {x € M : dist; (x, x0) < p},
Vyo (0) = volg (B(xg, p)) and dv be the volume element of the metric g.

Note that by Corollary 13.3 of [9] or Lemma 7.4 of [2],

a
E|Rm|2 < A|Rm|? = 2|VRm|?> + C|Rm|? (1.2)
in (0, T) for some constant C > 0 depending only on n. Since |V|Rm|| < |[VRm]|, by (1.2),
ad 2 .
§|Rm| < A|Rm|+ C|Rm|~ in (0, T). (1.3)
We will prove the following main result in this paper.

Theorem 1.1 (cf. Theorem 1 of [11]) Let g(1), 0 < t < T, be a smooth solution of Ricci flow
on a n-dimensional Riemannian manifold M. Suppose there exists xo € M and constants
K >0, p > 0, such that

2p
|Ric| < K in Bg (xo, —) x [0, T) (1.4)
g(0) «/E
and
Ao = sup |[Rm|(x,0) < oo. (1.5)

2
5o (o )
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Then for any n > 3 and p > ”'{2 there exist constants Co > 0 and C > 0 such that

n+2
2p

itz Clo+1K) 1
|Rm|(x, 1) < Co ; [k + E,007) +1]
K2 Vio (p/«/f) " min(t, p?/K)
%
(1 + 1V (2p/\/E)Ep(r)i) (1.6)

holds for any x € By (o) (xo, p/ﬁ) and 0 <t < T where
E, (1) = CeCKy [Agl’vxo (2p/JE) F K2+ p )y, (p/\/E)]

and forn = 2 and any p > % there exist constants Co > 0 and C > 0 such that

<

p%eC(,o—HK)

[Rm|(x,1) < Co

1 1
5 |:(K + (@4p/NK)P Ep(t)P)t + 1}
K3V, (p/«/ZK) S min(t, p2/K)

x (1 + (4p/VEK),|1Vi, (2,0/\/?)15,,@)%)% (1.7)

holds for any x € By(o) (xo, p/ﬁ) andO <t <T.

Remark 1.2 Note that the bounds for the Riemannian curvature in (1.6) and (1.7) are slightly
different from that of Theorem 1 of [11]. When t — o0, both the right hand side of (1.6),
(1.7), and the bound in Theorem 1 of [11] are approximately equal to e“X? for some constant
C > 0. However, for0 < ¢t < p%/K and ¢t close to zero, the right hand side of (1.6) and (1.7)

are approximately equal to Ct_% and Ct_% respectively for some constant C > 0, while
the bound in Theorem 1 of [11] is approximately equal to Ct~# for some constant > 0.
Since the constant 8 in Theorem 1 of [11] is unknown, Theorem 1.1 is therefore a refinement
of the result in Theorem 1 of [11].

2 The main result

We first recall a result of [11]:

Proposition 2.1 (Proposition 1 of [11]) Let g(¢), 0 <t < T, be a smooth solution of Ricci
Sflow on a n-dimensional Riemannian manifold M. Suppose there exists xo € M and constants
K > 0, p > 0, such that (1.4) holds. Then for any n > 2 and q > 3 there exists a constant
¢ =c(n,q) > 0 such that
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/ |[Rm|(x, 1)? dv,
Beo (30 F )

< cecKt {/ , \ [RmGe, 07 dvo + cK* (1 + p )V, <p/«/E, z)}
oo %)
holds forany0 <t < T.

Proof A proof of this result is given in [11]. For the sake of completeness we will give a
sketch of the proof of this result in this paper. By using (1.2), the inequalities (Chapter 6 of
[2] or Lemma 1 of [11]),
.2 1 .2 2
IVRic|” < E(A — 0)|Ric|” + CK*|Rm]|
O Rl = " (ViVyRjt + V;ViRig + Vi ViRig) — ' (ViV;Rig + ViViRjq + V; V4 Rit),

and a direct computation one can show that there exist constants ¢; > 0 and ¢, > 0 such that
d 1
- (/ |Rm|1’¢2pdvt+—/ |Ric|2|Rm|P—1¢2Pdv,+c1K/ |Rm|P—1¢2Pdv,)
dr \Jmu K Ju M
< CQK/ |Rm|P¢*P dv, +C2K/ [Rm|P~ ¢*P~2 dv,
M M

holds on M x (0, T') for any Lipschitz function ¢ with supportin B (xo, 2—/%) Proposition 2.1
then follows by choosing an appropriate cut-off function ¢ for the set B (xo, ﬁ) and
integrating the above differential inequality over (0,7),0 <7 < T. O

Lemma 2.2 (cf. Theorem 14.3 of [12]) Let (M, g) be a complete Riemannian manifold of
dimension n > 3 with Ricci curvature satisfying

Rij > —(n— ki on B(xo, p)

for some constant k1 > 0. Then there exists constants c; > 0 and ¢y > 0 depending only
on n such that for any function f € Hcl’z(B(xo, p)) with compact support in B(xg, p), f

satisfies
2n n”;z p2€czpm 2
([ i) awvsat<ln [ vstan
B(x0.p) Vo (07" J B(xg.p)

Theorem 2.3 Let g(t), 0 <t < T, be a smooth solution of Ricci flow on a n-dimensional
Riemannian manifold M. Suppose there exists xo € M and constants K > 0, p > 0, such
that (1.4) holds. Then for anyn > 3 and p > "—'{2 there exist constants Co > 0 and C > 0
such that

p%eC(ertK)
[Rm|(x,t) < Co

2
K72V, (p/v/K)"™ min(, p2/K)

n+2

[<<//QO|Rm|2pdvod1>’l’+K)t+1“2,,

n+

X (1 —i—// |Rm|pdv0dt>ﬁ 2.1)
Qo

IS
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holds for any x € By (o) (xo, ,0/«/?) and 0 <t < T where Qo = By () (xo, 2,0/«/?) X
(t/4,1) and for n = 2 and any p > % there exist constants Co > 0 and C > 0 such that

4
pse

2
K3V, (,0/«/21() * min(t, p2/K)

(< G e - )

(1+ 4p // \Rm|P d dt);p 2.2)
X y— m ) .
\/? Qo

holds for any x € Bg(0) (xo, p/«/f) andO <t <T.

Clp+iK)
|Rm|(x, 1) < Co

Proof Case1:n > 3.
Letv =|Rm|,0 <t < Tand p > % We will use a modification of the proof of
Proposition 2.1 of [6] to prove this theorem. By (1.4),

2
e 2Kigii(x,0) < g(x,5) < e*lgii(x,00  Vx € By <xo, i) 0<s<T

v K
2p
= e "Kduy < dvg < "F'dvy Vx € By o) (xo, ——=).0=s=t<T.
=@ = vK) T T
2.3)

Let oy = (p/\/f) (1427 and £y, = (1 —2"1)¢/2 forany m > 0. Then py = 2p//K

and o = t/4. Moreover p,, decreases to p/+/ K and 1, increases to /2 as m — oo. Let
B, = Bg0)(x0, om)>» Om = By, x (tm,t) and Q,, = B, X (ty,s) forany t,, < s < t.
Then

sz/\/fx(t/z‘vt):QOQQlQ"’gQm—l2Qm2"'2Qoo=Bp/\/EX(t/2J)~

We choose a sequence of Lipschitz continuous functions {¢,,} on M x (0, ¢) such that
0<é¢n <lonMx (1), gu(x,s) = 1for (x,s) € Qm+1, Pm(x,s) = 0for (x,s) €
M x (0,1) \ Qn,and satisfying

CVEK2"
IVém| < ———— inQp
/’2 . (2.4)
0<¢m; =< in Q.
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Let £ > 0 be a constant to be determined later and k,, = k(1 — 27™) for any m > 0.
Multiplying (1.3) by (v — km+1)i71¢,%1 and integrating over Q3 , t,, < s <t,

1 d _
;f/ ¢3,5(v—km+l)¢dvzdz+/[ Y — k1)t - [(p = D = kg )2 2GRV — )+
o3 o3,

+200 = ks D V1 dvy dr

<c // P — k) 82 dvy di

1 =
»
=€ (// Uzp dvt dt) <// (U _km+|)$¢,31 dUr dt) .
Qo 0,

Since 4 (dv,) = —Rdv,, by (1.4),
2 3 P td P 42 p
/ ¢m af(v — km+l)+ dv; dt = d— / (v— km+1)+¢m dv; | dt — 2/ } (v — km+l)+¢m¢m,t dv, dt
o, ot i 40 \JB, o,

+f/ W = kns)} ¢2 R dv; dt
o

2m
zf (. 8) = kg 1)} (. 9)? dvg _CT/ @ = ks ) dv; dt
B o

- CK [/ W = kns 1)} 2 dv, dt. (2.6)
o5

(2.5)

Since
52 11 2 £ P 2
[V (ém (v — km+l)+)‘ dv < — GV — km+1)+| dv; + 11 (v— km+1)+|v¢m| dv,
B/’m 10 B/’m Bﬂm
and

2/ Om (v — km+1)£7]V¢m V(@ = kpt1)+ doy
B

Pm

4 p P
= ;/ Gm (v — km—}—l)_%_vd’m V(v — km+l)i dv,
B

Pm
2 —1 L p
> = (2= LIV — ki) P dv + —— | W —kns )| Vml*dv, |,
p\ P s, p—1Js,,
-2
P=D [ 2@ —knsD IV — ki) 4% dvy
Bﬁm
2 [ b=k D)2 T Vb - V(0 — k1) 4 dyy
Bpm

4p —1) 5
> —2/ G2V — kns) 2> dus
p Bﬂm

2 —1 3 p
S LIV — k)P dv + —— [ (= ks )|Vl dv,
p\ p s, p—1Js,,
2(p—=1 {10 2
2P —/ V(@ — k1)L )P dvy — 10/ W — ks D5V dvy
p 11 Bﬂm Bﬂm
2 p 2
- v = k1)L V| duy
p_l B/)m
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20(p — 1)
= piZ/ V(v — kn1+1)i¢m)|2dvt
11p Bﬂm
CK4™ (20(p—1) 2
T2 ( pz + )/ (v = k1) dvy. 2.7
10 p p - 1 Bﬂm

By (2.5), (2.6) and (2.7),

/ v(x,s>P¢m<x,s)2dvs+// |V(<v—km+1>§¢m)|2dvtdr
BPm Q;n

p—1

1
v P
<C (// V2P dv; dt)l (f (v — km_,_l)i dv, dt)
Qo b

K4
+C<K+—+—>// (v = ky1)” dv, d 2.8)

By (2.3) and (2.8),

P
sup /B 0Cx, 5) o (x, )% dug + /[Q V(W = k1) ) oy dvo

tm<s<t J B,
21 2m K4M
< Ce M {AlYmP + (K +—+ T) Ym} 2.9
P
where :
A = (// V2P dvodt>p (2.10)
Qo
and
Yo =/ (v — k)% dvo dt.
Qi’ll
By Lemma 2.2,
5 n-2
5 CVyy(pm)n 4 2 "
_ 2 2 X0 _ 2 e
/Bpm IV((v knl)+¢m)|g(0)dvo = p2 ecpm\/f (/Bpm [(v km)+¢m] 2 de)
n—=2
CK Vi (p/VE)? Lo !
> P / [© = k)3 172 dug
ple By,
2.11)
By the Holder inequality,
Ym+l = // (U - km+1)§. dv() dt
Om+1
< / / (v — kD) ¢, dvo dt
p 2 4nt2 w2 2
=< [(v = k)i ] dvodt | Ep | 152 (2.12)
Om
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where E,,, = {(x,s) € O : v(x,s) > kp+1}. By the Holder inequality and (2.11) (cf. proof
of proposition 3.1 of chapter 1 of [7]),

n+2
/ [(v— k)21 dvgdt
Qm

= f/ [© = k)2 gl [0 = k) ] dvo dt

! ya 2n n";z
5/ </ [(v—kmﬁasm]nzdvo) (/
Im B/’m BP

Cpre (// V(0 — k) ) 2 gy d d)
< — V—Kn m vo dt
KV (oK) o, Fomle@ T

n
. sup /
h=s=<t JB

W — k)i 07 dvo) : (2.13)
By (2.9), (2.12) and (2.13),

Cpn%ec(p“K) =l om K4m s
Vg1 = — 3 {A1Ym” +<K+f+72> Ym}|Em|”+2~ (2.14)
K2 Vi (p/VK)2 S

Now (cf. proof on P.645 of [6]),

W — k) @2, dvo) dt

m

Pm

Y = / 0 (v _km)idvodt > (km1 — k)P |Ep| = WT)[)'E'M
2(m+1)p
= |Enl| < P Y. (2.15)

Hemce by (2.14) and (2.15),

2n 2

Cpnr2 oClo+1K) 2Mmp N\ Wiz 14+.2,-1 om. g4m 1+-2

Yig1 < np 5 < p) {A1m +2’+<K+—+—2)Ym "+2}
K2V (p/K)i2 \ K 1 2

Ci(Ait + Kt + 1)pn2T"zeC<ﬂ+fK>

m 1+o 1+n-2#2
b max (Y, T, Y, Vm >0
kaM Vio (p/\/») =) min(t, p?/K)

(2.16)
2
for some constant C; > 0 where b = 4 - 2$ and o = ﬁ — —~.Then0 < a < m We
now let 8 > 1/« and
n+2
Py 2r n+4
Ci(Ait + Kt + Dpit2eClotiK)pp t 2
k= A T Riy Dpre 1+/ / VP dvo di
K2 Ve (p/V/K ) min(z, p2/K) 4Bk
2.17)
We claim that
_(@p-DId+"H —(4a)] _m
Yn+1 <b 2 @ <1 Vm>2. (2.18)
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In order to prove this claim we observe first that by (2.16) and (2.17),
vi<bf<l. (2.19)
By (2.16), (2.17) and (2.19),

n C(p+tK)
y, < WA KA Do e byt < pl=B=plta) _ (2.20)

kn+2 K11+2 mln([ ,OZ/K)

Repeating the above argument we get,

mo i m i _ @D+ (4] _m
Ym+l < bzi:()l(l+0¢)m i—B Z’_:O(lJra)l —b 2 Y Ym > )

and (2.18) follows. Letting m — oo in (2.18),
lim Y, =0.
m—0Q
Hence v < k in O with k given by (2.17) and A; given by (2.10). Thus (2.1) follows.
Case2:n =2.

Let M = M x R,g(x,1) = g(x, 1)+ dxz,Nand let 1?1;1,7?75, E, be the Riemannian curvature,
Ricci curvature and scalar curvature of (M, g(7)). Then

|Rm|(x, y, 1) = |Rm|(x, 1), [Ric|(x,y,1) = |Ricl(x,1), R(x,y,1)=R(x,1) (221)
forallx e M,y e R,0 <t < T and
a%ij

ot

Let on(r) = volz(0) (Bz0)((x0,0), 7)) for any r > 0 and dvp = dvody be the volume
element of g(0). By case 1,

= —2R; in(0,7).

ey pSeC(p+tK)
[Rm|(x, y,t) < Co

3~ 3 .
K5 V0 (p/ﬁ)“ min(z, p2/K)

[(<//Q 'Rm|2pd%dt>}; +K)t+ 1“
<1+//QO |Rm|pdvodt> -

holds for any (x,y) € Bg() ((xo,O),,o/\/f) and 0 < t < T where éo =
Bg(()) (()C(),O) 2,0/\/>) x (t/4,1). Since By 2(0) ((Xo,O) p/f) D Bg(()) <x0 p/«/2K>
(=p/V2K. p/V2K),

Voo (0/VK) 2 (V20/VK) Vig (0/V2K). (2.23)

since Bo) (0. 0).20/VK) © By (0. 20/v/K) x (=20/v/K.20/v/K ), by 2.21),
(2.22) and (2.23), we get (2.2) and the theorem follows. m]

Remark 2.4 By Proposition 2.1, Theorem 2.3, Holder’s inequality and (2.3), Theorem 1.1
follows.

m‘\l
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