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Abstract The curvature measures of a set X with singularities are measures concentrated
on the normal bundle of X, which describe the local geometry of the set X. For given finitely
many convex bodies or, more generally, sets with positive reach, the translative integral
formula for curvature measures relates the integral mean of the curvature measures of the
intersections of the given sets, one fixed and the others translated, to the mixed curvature
measures of the given sets. In the case of two sets of positive reach, a representation of these
mixed measures in terms of generalized curvatures, defined on the normal bundles of the
sets, is known. For more than two sets, a description of mixed curvature measures in terms of
rectifiable currents has been derived previously. Here we provide a representation of mixed
curvature measures of sets with positive reach based on generalized curvatures. The special
case of convex polyhedra is treated in detail.

Keywords Convex body - Set of positive reach - Convex polyhedron - Curvature measure -
Translative integral geometry - Mixed functionals and measures - Geometric measure theory

Mathematics Subject Classification (2010) 53C65 - 52A20

The research has been supported by the DFG Project HU 1874/4-2 (D. Hug) and the Czech Science
Foundation, Project P201/15-08218S (J. Rataj).

B Daniel Hug
daniel.hug@kit.edu

Jan Rataj
rataj @karlin.mff.cuni.cz

Department of Mathematics, Karlsruhe Institute of Technology (KIT), 76128 Karlsruhe, Germany

Faculty of Mathematics and Physics, Charles University, Sokolovskd 83, 186 75 Praha 8,
Czech Republic

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10711-017-0278-1&domain=pdf
http://orcid.org/0000-0002-4039-5217
http://orcid.org/0000-0002-8832-2092

102 Geom Dedicata (2018) 195:101-120

1 Introduction

The reach of a set X C R, denoted reach X, is the supremum of all » > 0 such that for
each point z € RY with dist(X, z) < r there is a unique nearest point /7y (z) in X. Sets
with positive reach were studied by Federer [1] who showed that they satisfy a local Steiner
formula, that is, for any 0 < r < reach X and any Borel set B C R¢,

d
H(X, N T (B) =) kair'*Cr(X, B), €))
k=0

where X, = {z € R? : dist(z, X) < r}, Kj o= n%/[‘(l + %) and H? denotes the
d-dimensional Hausdorff measure. The coefficients Ci (X, -) are signed Radon measures,
called curvature measures of order k of X if 0 < k < d — 1, and Cg(X, ") = HY (X N ).
The curvature measures possess the usual properties of curvature measures of sets with C2
smooth boundaries and of convex sets, in particular, they satisfy the Gauss-Bonnet formula
and the Principal Kinematic Formula (see [1]). Sets with positive reach constitute a common
generalization of smooth submanifolds and convex sets. Although they have been studied for
quite some time now, a complete structural understanding of sets with positive reach is still
missing; see [11] for recent work on sets with positive reach and further references.

The main difference to the smooth case is that the Gauss map is not defined uniquely on
the boundary of a set X with positive reach. Therefore, the unit normal bundle

nor X := {(x,u) € RYx S i xeX ue Nor(X, x)}

is used instead [here Nor(X, x) is the normal cone of X at x € X, defined as the dual convex
cone to the tangent cone Tan(X, x)], and the role of the Gauss map from the smooth case
is played by the projection (x, u) — u to the second component. Thus, in generalization of
the curvature measures C(X, -) on R4, it is convenient to consider curvature measures as
measures on RY x $9~! which are supported by the unit normal bundle of X. Such measures
are determined by the refined local Steiner formula which states that, forany 0 < r < reach X
and any bounded Borel set A C RY x §4-1,

d—1
HUXN\ X NECN(A) =) kawr? T Cr(X; A), (©)
k=0
where
) z—1IIx(2)
Ex iz (Hx(z), 7”2 — HX(Z)H) , forze X, \X.

The coefficients Cx(X; -) are signed Radon measures on R x $9-1 their first component
projections agree with the curvature measures from (1) and they are called generalized curva-
ture measures [17], support measures [14] or curvature-direction measures. In the following,
we shall also use the short name curvature measures for the measures in (2).

One starting point of the present work are kinematic formulas of integral geometry for
sets X, Y C R of positive reach. Let G, denote the Euclidean motion group of R and let
a denote the suitably normalized Haar measure on G,4. For bounded Borel sets «, 8 C R?
and k € {0, ..., d}, the principal kinematic formula for curvature measures states that

fG Ci(XNgY.angp)padg)= Y cld i, )Ci(X,a)C;j(Y, B),
d 0<i,j<d
i+_j=]d+k
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where c(d, i, j) are explicitly known constants (see [8, 14]). In many applications in stochastic
geometry it is, however, necessary to consider integration with respect to translations only.
In particular, this is crucial for the investigation of stationary random sets which are not
isotropic (see [14]). The basic formula of translative integral geometry thus deals with the
integrals

/de(Xﬂ(Y—i-z),aﬂ(,B-i-z))dz,
R

which are expressed as a sum of mixed curvature measures depending on both sets X and
Y. More generally, using the generalized curvature measures and an arbitrary nonnegative,
Borel measurable function 2 : R2? x §9=1 — [0, co] with compact support (allowing to
include directional information), we are interested in the translative integrals

/d /h(x,x —z,u)Cr (XN (Y +2);d(x,u))dz,
R

fork € {0, ..., d—1}, which again can be expressed in terms of integrals of mixed curvatures
measures of X and Y. The iterated version of such a relation works with a finite number ¢ of
sets, ¢ — 1 of them being shifted independently. For ¢ > 2 and given subsets X1, ..., X, of
R4 with positive reach, the iterated translative integral formula involves the mixed curvature
measures

(Xl,...,Xq;-),

..... rq

forry,...,rg €{0,...,d}with (g — 1)d <ry+---+r; < qd — 1, which are signed Borel
measures on R4 x S9! and reads

/ f /h(x,x—zz,...,x—zq,u)Ck(X(g);d(x,u))dzq...dZ2
R? R?

= E fh(xl7--~»xq’u)cr1 ..... rg (X1, Xgrd(xy, .o xg, w), ()
0<ry,..., rq=<d
ri+etrg=(q—1)d+k

wherek € {0,...,d — 1}, X(2) :== XiN(X2+22) NN (Xg+24),and b : RI x §7-1 —
[0, oo] is an arbitrary nonnegative, Borel measurable function with compact support.

This iterated integral formula was first proved in the setting of convex geometry by Schnei-
der and Weil [13] for ¢ = 2 and by Weil [15] for ¢ > 2 in a less general form, namely for
a function £ which is independent of the direction vector u. Subsequently, formula (3) was
established in [8] for ¢ = 2, and in [7] for general g, in the setting of sets with positive reach.
An extension to relative curvature measures, that is, curvature measures defined with respect
to a non-Euclidean metric, has been obtained in [6, Section 3].

For the mixed curvature measures of arbitrary sets with positive reach and g > 3, up to
now only a representation was available which involves the notion of a rectifiable current
(see [7]). In the special case of mixed curvature measures of two sets of positive reach
(that is, for ¢ = 2) an integral representation based on generalized curvature functions,
defined on the normal bundles of the sets, has already been proved in [8,9], while the case of
convex bodies and general ¢ is covered in [6, Section 4]. In the present paper, we extend all
these results by treating the case of a finite sequence of sets with positive reach. For convex
polyhedra we obtain a simple description of the mixed curvature measures which has an
intuitive geometric interpretation (see also [6, Section 4]) and extends the important special
case considered in [16].
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In Sect. 2 we introduce the notions and notation required in the following and provide two
auxiliary results, one from multilinear algebra and the other from measure theory. In Sect. 3
we formulate our main result (Theorem 2) and provide sufficient conditions for the validity
of its assumption. We also deal with some important particular cases such as that of convex
polyhedra. The last section (Sect. 4) contains the proof of the main result.

2 Preliminaries

The basic setting for this paper will be the d-dimensional Euclidean space R?, d > 2,
with scalar product x - y and norm |x| = /x-x, x,y € R?. The same notation will be
adopted in any Euclidean space which will be considered, independent of its dimension. In
particular, we shall investigate cartesian products such as RY x ... x R4, with k factors, for
which we also write R¥?. In this case, we endow each factor with the same scalar product,
and the cartesian product will carry the natural scalar product which is derived from its
components by summation. Let H*, for s > 0, denote the s-dimensional Hausdorff measure.
The Euclidean spaces where Hausdorff measures will be considered, will always be clear
from the context. We write w, := 27"/2/I" (n/2) for the (n — 1)-dimensional Hausdorff
measure of the (n — 1)-dimensional unit sphere S"~! in R”.

We shall use the standard notation of multilinear algebra as introduced in [2]. In particular,
for k € {0, ..., d} we denote by /\k V and /\k V the spaces of k-vectors and k-covectors,
respectively, of a vector space V, and («, ¢) stands for the bilinear pairing, where @ € /\; V
and ¢ € /\k V. We denote by 29 = €} A+ - -Ael; the volume d-form in R4, where {ef,....e}}
is the basis which is dual to the canonical orthonormal basis {ey, ..., es} of RY. The scalar
product in R? induces a natural linear isomorphism v > v’ from R to the dual space /\1 R4
which in turn induces a natural linear isomorphism o + & from /\; R? to its dual /\k R4,
By means of this correspondence, the mapping o + *a from /\, R to JAVEN R is defined
(cf. [2]) by

xae=(e1 A---ANeg)La,

where - L - denotes the standard inner multiplication (see [2, §1.5.1 and §1.7.8]). It follows
from the definition that

(o A sa, 2% = |a)?. 4)

Let p be a natural number and let p multivectors a, ..., «) in R? be given such that the

sum of their multiplicities equals (p — 1)d. Then we define the p-product of ay, ..., ) as

[or, . oo@p] = () Ao A Grarp), 29). )

Note that this definition is consistent with that given in [7]. Moreover, if «; is a unit simple

multivector and L; is the linear subspace corresponding to «;, fori = 1,..., p, then the

p-product [a, ..., ap] coincides, up to sign, with the subspace determinant [Ly, ..., L]

defined in [15] (see also [14, §14.1]).

Letg > 1,d >2andry,...,ry €{0,...,d} be given with

@-Dd=<r+---+ry,<qgd—-1

Weset Ry :=r1, Ry i=r1+r2, ..., Ry =11+ -+ 71y, 7g11 = qd — 1 — R, and
k=ri+---+rg—(q—-1d €{0,...,d—1};henceryy1 =d—1—k.LetSh(ry, ..., rg41)
denote the set of all permutations of {1, ..., gd — 1} which are increasing on each of the sets
{L...,RiL (R +1,....R}, .., {R;+1,...,qd — 1}.
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We write ¢,

.....

qd—1

1 q+1
</\(al-,...,al. ),go,l ,,,,, rq(x1,‘..,xq,u)>
i=1

1
— (_1)cl(d,r1,...,rq) Z Sgn(o')

w—
d—k oeSh(ry,..., rq+1)
Ry gd—1
/\“a(zw /\ “a<z>’~-~’ /\ ow /\ “a(z) J
i=Ri+1 i=Ry—1+1 i=R;+1

where a; e RY fori e {1,...,g+1}and j € {1, ..., gd — 1}, is arbitrarily chosen and

ci(d,ri,....rg) = d2r1+dzlrl+ Z rirj.

1<i<j<gq
Since @, ry (x1,...,x4,u) depends only on the last vector component, we shall write
briefly ¢r,,....r, ().
In particular, forg = 1,r; =:r € {0,...,d —1},r, =d — 1 —r; and k = r|, we have

(=@ = 1 and ¢, is the kth Lipschitz—Killing curvature form on R?¢ involved in the

definition of the kth curvature measure (see [8,17] for an alternative representation of this

differential form). The sign determined by c|(d, r1, ..., ry) differs from that given in [7],

see the proof of Lemma 1 below for a correction of the last step of the proof of [7, Lemma 2].
Let G;, 7 be the projections defined on (R4)4+! by

Gi(x1,...,xg,u) :=x1 —X;, (X1, ..., Xg,u) = (x1,u),
i=2,...,q.
Lemma 1 ([7, Lemma 2]) Forany g > 2 and 0 <k <d — 1, we have

G A AGEQ ATty = > @
0=<ry,....,rg=<d
ritetrg=(g—Dd+k

Proof This result was shown in [7, Lemma 2]. In the last but one line of the proof, the sign
was still correct and given by (—1)¢! with

q
=(k—1)(g—Dd+) (d—r)k —(i—2d-1),
i=2

with k;, = R; — (i — 1)d. Using the symbol m ~ n whenever two integers m, n differ by an
even number, we have

ci(d,ry,....1q)

q
~(q—DdRy+ Y (d—r)(Ri —d —1)
i=1

q q q
~(q—1DdR;+dY R+ riRi+@d—=1 r

i=1 i=1 i=1
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q q
~(@-DdRg+dY (g+1—iri+ Y. rrj+Wd—DY r

i=1 1<i<j<q i=1

q q
~(g=Dd+dq+D+1+d—1)Y ri+dY i+ Y rr

i=1 i=1 I<i<j<q
q q
Neri—i—dZiri—i— Z rirj,
i=1 i=1 I<i<j<gq
which agrees with the value given in the definition above. O

Let X C R have positive reach, and let nor X be its unit normal bundle, as defined in
the introduction (cf. [1]). Then nor X is locally (d — 1)-rectifiable, and for H4—!-almost all
(x,u) € nor X, the tangent cone of nor X at (x, u) is the linear subspace spanned by the
vectors

1
(i (x, u), ki (x, wa; (x,uw)), i=1,....d—1, (6)
V1+ki(x, u)?
where ky(x, u), ..., kg—1(x,u) € (—o0, oo] are the (generalized) principal curvatures and
where aj(x, u), ..., aq—1(x, u) are the corresponding principal directions at (x, u) (cf. [17]).

- ©
o7 — Vand 75 =
1. The unit normal bundle is oriented by a unit simple (d — 1)-vector field ay (x, u) which
can be given as the wedge product of the vectors from (6) which are oriented in such a way

that

In the case of infinite principal curvatures, we use the conventions

(ar(x,u) N+ Nag—1(x,u) Au, .Qd) =1.
Then the normal cycle of X is the integer rectifiable current
Nx = (Hd_1 Lnor X) A ay
and the kth curvature measure of X, for k € {0, ...,d — 1}, can be represented as
Cre(X; A) = (Nx L 14)(pp0),
where A is a bounded Borel subset of R x S¢~1.

2.1 Mixed curvature measures and the translative integral formula

Let g,d > 2, and let Xy,..., X, C R? be sets with positive reach. For unit vectors
Ui, ...,ug € S9-1 we set

q q
conef{ui, ..., ug} = Z}»iui 2hi > 0fori = 17---76],2)»,-2 >0¢.
i=1 i=1

Note that cone{uy, ..., ug} contains a line if and only if it contains the origin, or if and only
if o € conv{uy, ..., uy} (the origin is contained in the convex hull of uy, ..., u,). If one of
these equivalent conditions is violated, then cone{uy, ..., uy} is a proper convex cone. Next

we introduce the joint unit normal bundle

nor (X1, ..., Xg) == {(x1,..., x4, 1) eR x 541y e cone{uy, ..., uy} for some

(xj,uj)enorX;, i =1,...,q, o ¢ cone{uy, ..., uy}};
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compare [7]. Note that the open cone was used in [7]. However, in order that [7, Lemma 3]
and further results hold, the definition of the cone given here should be applied. Further, we
define the Borel sets
R = {(x1,u1,...,xq4,uq) € R? x §97 14 : o ¢ conefur, ..., ugl},
N(X) := (nor X1 x --- x nor X4) N R°

and

ST =, . 1) €S9 s = 0fori =1,..., q).
The map

T:NX) x ST = nor (X1,..., X,)
is defined by
q
tiu
T(xp,up,...,xg,ug,t) :={x1,...,x M
|Z, ]tlu|

Itis easy to see that T is well-defined, locally Lipschitz and onto. Although 7 is not injective,
the following lemma (proved for the case g = 2 in [18]) is sufficient for our purposes.
Lemma 2 For H99-almost all elements of im(T), the pre-image under T is a single point.

Proof We write

q
Ag —1) = {(rl,...,tq) €0.119:) 1 = 1]
i=1
for the (¢ — 1)-dimensional simplex embedded in RY. Clearly, to prove the lemma it is
sufficient to show that the map

G:N(X) x A(g —1) > RI4 x g4=1

q
D i lilki
i= 1 1%
(Xp,up, .o, Xg, Ug, b, e, 1g) B> <x2—x1,-~-,xq—X1,X1, )

|Z tlul

has a unique pre-image for 94~ !-almost all elements of im(G). Excluding a set of 49 ~!
measure zero from im(7"), we see that it is sufficient to consider the restriction G of G to
the subset N'(X) x A(g — 1) with A(g — 1) = A(g — 1)\ {(0,...,0, 1)}.

For the proof we proceed by induction. The case g = 2 has been established in [18]. Now
we assume that the assertion has already been proved for g — 1 convex bodies. Set

={(V1,-.., Yg-1,U,y,V) € R@—Dd o gd=1  Rd » gd-1 ., ¢ cone{u, v}}.
To establish the assertion for g sets X1, ..., X, with positive reach, g > 3, we introduce the
maps
(R xR 5 R RY, - -
@q: s (X1 e xg ) > (0 — Xp, L., Xg — XL X 1),

Gy : N(X) x Alg —1)
— ([pg—1(nor (X1, ..., X4—1)) x nor X,1N R¢) x (0, 00),
(X, up, .o, Xg, ug, e, tg)

q—

i= lt,u,  xg U tq >’
|Z, 1 t,u | Z, 1 tlul

> <Xz—x1,...,xq_1 — X1, X1,
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and
G : ([pg—1(or (X1, ..., X4—1)) x nor X4]1 N R°) x [0, 00)
— @gmor (X1, ..., Xq)),
( ) < v—i—suq)
225 e s 2g—1, X1, 0, Xg, Ug, §) > | 22, .0, Zg—15Xg — X1, X1, — | ;
q q>7q q q |v+suq|

hence, G = G o Go. By the inductive hypothesis and since (g — 1)d — 1 +d = qd — 1, it
follows that, for 29~ !-almost all elements of im(G>), the map G, has a unique pre-image.
Thus, since G is locally Lipschitz, the image under G of the set of all elements of im(G>)
for which the pre-image under G, is not uniquely determined has (¢gd — 1)-dimensional
Hausdorff measure zero.

Furthermore, for H7¢~!-almost all

(22,45 Zg—1, X1, V, Xg, Ug, §)
€ ([gg—1(mor (X1, ..., Xg—1)) x nor (X,)1N R¢) x (0, 00)

we have
(x1,v) €nor (X1 N (X2 —z2) N---N(Xyg—1 — 24-1)),

and therefore the result in [18] shows that 99~ -almost all elements of G (im(G>)) have a
unique pre-image under G. In fact, here we use that

1 s

v—l—suq _ s+lv+s+luf1
- 1 s

vt sugl Igv+ syul

and that [0, c0) — [0, 1),s — (1 +s)_1s, is locally bi-Lipschitz. Thus the assertion follows.
[m}

We recall now the description of the mixed curvature measures from [7]. Since T is locally
Lipschitz, nor (X1, ..., Xy) is countably (gd — 1)-rectifiable. We equip nor (X, ..., Xy)
with the orientation given by the unit simple tangent (¢d — 1) vector field ax, , .. x, associated
with nor (X1, ..., X;) and fulfilling

(ax,...x,» Ye)) >0 (N

for sufficiently small ¢ > 0, where

d—1—rj——
Ye(u) = E g4 n rq‘Prl ..... rq(“)-
0=<ry,....,r¢=<d
(g=Dd=ri+-+rg<qd—1

,,,,,

It follows from the proof of Theorem 2 below that condition (7) is satisfied if ¢ > 0 is small
enough.

LetO <ry,...,ry <d—1beintegers with (g —1)d < ri+---+r,. The mixed curvature
measureof Xy, ..., X, oforderry, ..., r,isasigned Radon measure on R4 x §9-1 defined
by

Cr1 ..... rq(Xl,...,Xq;A)
= [ (097 Cnor (X1, X)) Aaxix, | gy, @®)
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where A C R9¢ x §9~! is a Borel measurable set, provided that the integral on the right-
hand side is well defined. Note that since T is only locally Lipschitz, it may happen that
nor (Xi, ..., Xy) has not locally finite H49-1 measure. Therefore, in order that the mixed
curvature measures are well defined as Radon measures, we shall assume that the total
variation measure [|C||,, ..., rg X1y oo Xg3 ) corresponding to (8) is locally finite [Eq. (9)].

The mixed curvature measures are symmetric in the sense that for any permutation o of
{1,...,q}, we have

Crotytroig Xa(ys s Xo(g)s Aa(l) X =+ X Ag(q) X B)
=Cy,.., ,q(Xl,...,Xq;Al X -+ X Ay X B)
(see [7, Proposition 1 (¢)]). The definition of mixed curvature measures is extended to arbitrary
indices 0 < r; < d by setting
Cd ..... d,rm+|,...,rq(le~-~an; )
=HILXD® - ® (HIL X)) @ Crprory Xt -0 Xgi )
form € {1,...,g—1}andry1, ...,y < d—1,providedthatr,1+---+ry > (g—m—1)d,
and by applying the symmetry. Consequently, the mixed curvature measures are defined for
all integers 0 < ry,...,ry <dwith(g—1)d <ri+---+r, <qgd — 1.
As already mentioned, we will assume that
IC ..., rq(Xl, ..., Xg; ) is locally finite forall 0 < ry,...,ry <d
with(g—1)d <ri+---+ry <gd—1. ()]

Due to the definition, this is equivalent to

||C||r,.1 _____ riy (Xiy» - -+ Xiy,5 ) is locally finite whenever 2 <m < g,
I<ij<- - <in=<q,0<ry,....1;, <d—1landr; +---+r, > (m—1)d.
(10)
Condition (10) can be also written in the form
/ LA [{ax;, o Xip s Priy oot dH™ ! < 00
nor (Xi; v Xiy)
for all bounded Borel sets A € R x §9~Vand all i1, ..., i, iy, ..., i, asin (10). From

Theorem 2 below we obtain, in particular, a more explicit description of these total variation
measures [see Remark 1(a)].

In the case ¢ = 2, this condition has been considered in [10]; see also [9]. In Remark 1(b)
below we explain why (9) is satisfied whenever X1, ..., X, are convex sets. Moreover, for
sets X1,..., Xy C R4 of positive reach, it is proved in Proposition 1 that (9) holds for
X1, 02X2, ..., pg X4 for almost all rotations p, ..., p; € SO(d).

We say that the sets X1, ..., X, of positive reach osculate if there exist (x, u;) € nor X;,
i=1,...,q,suchthato € cone{uy, ..., uy} (equivalently, o € conv{uy, ..., ug4}).

As already mentioned in the Introduction, the mixed curvature measures appear in the
translative integral formula for curvature measures of intersections.

Theorem 1 ([7, Theorem 1]) Let X1, ..., X, be sets with positive reach in R? (forq > 2)
which satisfy (9) and are such that
HID (20, ..., 29) : X1, X2 + 22, ..., Xy + 24 0sculate}) = 0. (11)

Then, for any k € {0, 1, ..., d — 1}, the translative formula (3) holds.
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For conditions sufficient for (11), see [7] and [8]. In particular, (11) is satisfied if all sets
are convex, or if all sets are sufficiently smooth, or for arbitrary sets with positive reach
in case d = 2. Moreover, if X1, ..., X, are arbitrary sets with positive reach in RY, then
X1, 02 X2, ..., pg Xy satisty (11) for (vg)?-almost all rotations p3, ..., p; € SO(d) (see [9,
Remark 3.2]). Here, v; denotes the normalized invariant measure on the group SO(d) of
proper rotations of RY.

In any case, it should be emphasized that condition (11) is not required for the definition
of the mixed curvature measures and hence it is also not needed for the present study.

3 An integral representation of mixed curvature measures

In this section we derive a representation of mixed curvature measures as integrals over the
product of unit normal bundles of the sets involved.
Letg > 2andlet X1, ..., X, be sets with positive reach. The principal curvatures and the

principal directions of curvature of X ; at (x;, u;) € nor X ; will be denoted by kl.(j ) (xj,uj)
)

anda;”’ (xj, uj),respectively, fori = 1, ..., d—1.Inthe following, we use the short notation

. d—1 -
K(j)(st uj) = l—[ \/1 + (kl(f)(xj, uj))27

i=1

arguments of the curvature functions will often be omitted if these will be clear from the
context. We shall also shortly write x := (x1, ..., x4) and

(v, u) == (x1,up, ..., Xq, ug) € N(X).

For (x,u) € R°,s e R?andt € Sf{__l, we set

q q
s tiug
u(s) := Zsiui and u(t) := #.
P | 25 tiil
Further, givenr = (r1,...,rg) withO <ry,...,ry <d—-1,r1 +---+7ry > (g — 1)d and

aBorel set A C R x §9=1 wesetk :=r  +-- + rq — (g — 1)d and define

1 il _
el )= —— [ Laxwo) [T a4 e an,
wd—k Jsi™! Pl

if uy,...,uy € S§9-1 are linearly independent (and hence o ¢ conefuy, ..., uy}), and
otherwise we define u,((x,u); A) := 0. Note that the conditions 0 < r; < d — 1, for
i=1,...,q,andr; +---+ry > (g — 1)d imply that ¢ < d.

Now we can state our main result.

Theorem 2 Letq,d > 2,let Xy, ..., X,; C R be sets with positive reach satisfying (9), and
letry,...,rg €{0,...,d =1} withry+---+ry > (g — )d. Further, let A C Re4 x §4-1
be Borel measurable and bounded. Then
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e kY
IEI
Cr.... r,,(xl,...,xq;A>=f we(@u)i A) Y- H =G
N&X) jl=r; j=1
j=l....q
2
q .
AN a? rnur e nug| 19D @A w). (12)

§— i c
j—llEIj

We postpone the proof of this theorem to the next section and first discuss assumption (9)
and consider some special cases of Theorem 2.

Remark 1 (a) Theorem 2 and its proof show that condition (9) is equivalent to the require-
ment that for each bounded and Borel measurable set A € R9¢ x §9~1 we have

A lel‘k
/N()ur G0 )‘ Z H )

2

q
A\ /\a,'(]) AUL A Nlig ‘H"("’”(d(x,u)) < 00.

p— : c
j—llEIj

In this case, the total variation measure [|C|,, ..., ry (X1, ..., Xy; -) of the mixed curvature
measure Cy, ry (X1, ..., Xg; +), evaluated at A, is given by this multiple integral.

(b) Forconvex bodies K1, ..., K, condition (9) is always satisfied for the following reason.
All the mixed curvature measures are nonnegative in this case. Therefore they are always
well defined, though possibly not finite. Nevertheless, the translative formula (3) must
be true in this case and since its left-hand side is clearly locally bounded, the mixed
curvature measures on the right-hand side will be locally bounded as well (cf. [10]).

(c) For convex bodies K1, K> € K9 and o € {1,...,d — 1}, the relationship

(z)V(Kl[a], Kald — a]) = Coa—a(Ki, —K2; R? x §971)

is well-known. A curvature based representation of general mixed volumes is provided
in [6] and will be developed further in future work.
(d) By definition and using the preceding notation, we have

2

q
. 2
/\ /\ al.(” AUL A Aug| = [lin{ai(l) ciel),.. 11n{a(q) ie Iq}] ,

e
j=1 zelj

where the bracket (subspace determinant) on the right-hand side was already defined in
(5); see also the references after (5) and [16] or [14, p. 598].

To prepare the proof of a condition, stated in Proposition 1, which ensures that (9) is
satisfied, we first provide the bounds given in the next lemma.

Lemma 3 Let the assumptions of Theorem 2 (except for (9)) be satisfied with A = B x §971,
for a Borel set B C R, and letk =ri + -+ + rq — (g — d. Then, p,((x,u); A) =0if
ui,...,uq are linearly dependent or x ¢ B, and
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(L4 [0y A== AughDlur A= Augl™  ifk=d —g.
¢ pp((x, u); A) < 13)
- |y A---/\uq|_(d_k_q+1) ifk <d—q,

with some constants ¢ = cq 4.k, otherwise. In particular,

ICllry,ory (X1, -, Xgi B x S971)

< const / Lg@)|uy A Aug| ™D HICD(d (@, w))). (14)
N(X)

Proof Assume thatuj, ..., u, are linearly independentand x € B. Then, from the definition
of pu,((x, u); A), we easily get

1
(X, u); A) < —— f i ()|~ =0 w1 ().
i wg—k Jsi™!

For the given linearly independent vectors, putu = (uy, ..., ug) andlet A, denote the convex
hull of uy, ..., u,. Further, let w € $9~1 be a unit vector in the linear hull of uy, ..., ugy and
perpendicular to A,. Note that the origin o is not contained in the affine hull of {u, ..., uy},

the smallest (hence (¢ — 1)-dimensional) affine subspace containing this set.
Consider the differentiable, one-to-one mapping

R8T Ayt (1 4+ 1) aG).

In order to compute the Jacobian J, _1h(t) of h at t € Si_], let {vy,...,v4—1,1} be an
orthonormal basis of R? and note that

Dhy(vj) = (1 + - +1) " @jur + -+ 0lug) + ;i) j=1,....q—1,

for some «(t) € R and

q—1
i LA At
Dhi(v)ANu(t)|] = ————.
j/=\1 O A = e

—1
Hence, fort € S7°" we have

q—1
Jg-1h(t) = | \ Dhi(v))| =

i=1

lg A= Ayl luy A= Augl
(t1+ -+ 1) V@) - wl — g@=D20a)|

Since clearly |i(t)| > |h(2)], t € Sffl, the area formula implies that

—(g— —1
g U P wg gy A A gl (e, u); ST

< / 2|70 1 (dz)
Au

< / (0% + [x)~ T HI (),
B{q—l)
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where p := dist(o, A,) < 1 and qu_l) denotes the unit ball in R9~! with centre at the
origin. The last integral can be bounded from above by

! 2, 2 2, —d=k=1
wg—1 | rTT(p" +r7)T T dr
0

1 q—2
—(d—k—1 r
=wy-1p ( )/ T dr
0 (14 (5

-1
P
:a)q_lp_(d_k_q)/ —— T ds

0 (1452 2

=
< wg_1p~ @ (1 +/ s—@=k=q+) ) o
1

and the last integral can be easily evaluated.

The proof of (13) will be finished by the following estimate. The norm [uy A - -+ A ugy|
is equal to the g-volume of the parallelepiped spanned by the vectors u, ..., u,, and since
these are unit vectors, we get

§972

2
|Lt] /\/\uq| EKq—lgIOs

where «;, is the volume of the n-dimensional unit ball. Applying now Remark 1 (a) and the
fact that [§ A up A -+ Augl < luy A--- A ug| for any simple unit multivector &, we
obtain (14). O

Using Lemma 3 we now show that mixed curvature measures are defined for generic
rotations of sets with positive reach (cf. [9, Proposition 4.6]). We emphasize that the upper
bound in (14) is not finite for arbitrary sets with positive reach, but we will show that it
is indeed finite for generic rotations of sets with positive reach. Recall the remarks after
Theorem 1 where it is pointed out that the assumptions of Proposition 1 also imply that
condition (11) is satisfied, although this follows from a different argument.

Proposition 1 Letq,d > 2 and let Xy, ..., X, C RY be sets with positive reach. Then (9)
is satisfied by X1, p2X2, ..., pg X4 for (vd)q_l—almost all rotations pa, ..., pg € SO(d).

Proof 1Tt suffices to show that |Cl,,, ., (X1, 02X2, ..., pmXm; B X Sdfl) < oo for all
2<m<q,0<ry,...,rm <d—1withri+---+r, > (m—1)d, any ball B c R™ and
almost all rotations py, ..., pm € SO(d). Due to (14), and since (x, #) € nor (pX;) if and
only if (p~'x, p~'u) € nor X;, it is sufficient to show that

/N 1)1 A paua A=+ A pttyn] ™7™ H™ D (@ ((x, 1)) < 00
(X)

and almost all pp, ..., pn € SO(d). Clearly, for any given u € §9-1 the image of the
normalized Haar measure on SO(d) by the mapping p +— pu is the uniform distribution on
§9=1. Thus, the (m — 1)-fold integral of the last integral expression over pa, . .., o, equals

/ 1p(x) H(u) H" "D (d((x, w))),
N(X) -

where

H(u1)=/ / luy Aug A At~ HE N duy) L HE T dug).
Sd—l Sd—l
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Thus, it will be sufficient to show that H (x;) is bounded from above by a constant. First,
observe that

[ty A ANty = |uy /\"'/\um—]“p\/qu

where V is the orthogonal complement to the linear hull of uy, . . ., u;;,—1 (note thatdim V =
d —m + 1) and py denotes the orthogonal projection to V. Moreover, a direct calculation
shows that if L is an /-dimensional linear subspace of R 1e{l,...,d—1},and p+I1>0,
then

/S‘H |pLul? H™ (du)

2/,1 | /d | L/2(cost)’—‘(sint)d—’—‘(cost)f’dzHd—l—l(dx)Hl—l(dy)
Sa=InL JS4—'NL 0
d—l +1
F(T)F<pT)
d+
ZF(T")

Applying (15) with L = V,l =d —m + 1 and p = —d + m in a first step, it remains to be
shown that

(15)

= WjWd—|

ull—>/ / [t A Att—1 "9 1 1) .. H  (dun)
Sd—l Sd—l

is bounded by a constant from above. Repetition of the preceding argument yields the asser-

tion. O

Theorem 2 can be specified in various ways. First, let Xy, ..., X, be sets with positive
reach, A C R9¢ x $9~! a Borel set, and r| = --- = r, = d — | with g, d > 2. Then
k=d—qand

1 . _
pams (e ) = - [ ate o) o w0 ),
Wgq S~q+
ifuy,...,u € S9-1 are linearly independent, and zero otherwise. Furthermore,

Cdfl,i..,dfl(Xlau-,Xq;A):2(1/‘-”/“&((%“);14) lur A Augl?

X Cg-1(Xg; d(xg,1g)) ... Ca—1(X1; d(x1, u1)).

The special case where the sets X1,..., X, are convex polytopes, but ry,...,r, €
{0, ...,d — 1} are arbitrary, is of particular interest, since it shows that the representation of
mixed curvature measures given in Theorem 2 extends the defining relationship (3.1) in [16]
in a natural way.

For a polytope P € R? and j € {0,...,d — 1}, we write Fj(P) for the set of all j-
dimensional faces of P (see [12, p. 16]), and N (P, F) for the normal cone of P at a face
F of P (see [12, p. 83]). For faces F; € F,,(P;),i =1,...,q, the bracket [F7, ..., F;]is
defined as in [16] or [14, p. 598].

Corollary 1 Letq,d > 2, and let Py, ..., P, be convex polytopes (or polyhedral sets). Let

..., rg €{0,...,d=1}withri+---+ry > (q—Ddandk :=ri+---+ry — (g —1d.
Further, let B C R99 and C C S9! be Borel measurable sets. Then
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(P1,..., P;; BxC)

. 3 R NP FD) 0 €)
FIeF, (P1)  FyeF, (P Wik
X [Fi, ..., Fl(®L, (M L F)) (B).

In particular, Corollary 1 is an extension of the defining relation in [16, (3.1)], since

d—1—k q P F)N d—1
y(Fl,...,Fq;Pl,...,Pq):H (Ciz NP FD) 0 S ),
W4k

provided that lin N(Py, F1),...,lin N(Py, F;) are linearly independent subspaces. Also
note that if these subspaces are not linearly independent, then

q
dim((ZN(Pi,E)>ﬂSd_]> <d—ri+-+d-rg—1l=d—k—1,
i=1

and hence y (Fy, ..., Fy; P1, ..., Py) = 0 in this case.

Proof We continue to use the previous notation. Under the present special assumptions, the
formula of Theorem 2 yields

(P1,...,P;; BxC)

= Y . > P Fl(®L, (H'LF))(B)

FIeF, (P1)  FyeF, (Py)

q
1 d—1-r;
X ! e | | l‘j
Wd—k JsI7H NP, Fnsd-! NPy Fpnsd=! 5

q .
X /\ /\al_(/)Aul Ao AU lc(ﬂ(;))m(t)r(d—k)

T
171161j

x R (duy) R (duy) O

where {a(j) : i € I{}isanorthonormal basis of Tan(N (P;, Fj)ﬂSd_l, u;)and {ai(j) cie )

i

spans lin(F; — Fj), j = 1, ..., q. Here we adopt the convention that the integrand is zero if
uy, ..., uq are linearly dependent.
Let F; € ]—"r/.(Pj), for j = 1,...,q, be fixed and assume that the linear subspaces

lin N(Py, F1), ..., lin N(P,, F,) are linearly independent. Consider the bijective map

T: (NP, F1) NS x oo x (N(Py, By n 8971y x 577

q
- (Z N(P;, E-)) nst,
i=1

(Wi, ... ug, t) = u(?).
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Then the required equality for any such summand follows by an application of the area
formula once we have checked that

q q
~ —(d— d—1-r; i
Jaciar T 0) = 1a@ " [T HA A nuna-nu

j=1 j=liels
In fact, using the previous notation, we find that

)
oT tia.
— (1) = T
9a la (1)

+)»,Q)£(t),
. - ()
where i € I]?,] €f{l,....q},and };”" € R,

u(fr)
( =
8f - i (0)]
where/ € {1,...,qg — 1} and A; € R, and

oT
W(& 1), u(t) =<8f (u, 1), u(t)>

Here f1, ..., fy—1,t is an orthonormal basis of R?. Thus

+ Au(t),

qg—1 , .
) u(fi) )
Jak1T (u, 1) = /\ /\ <| oI u(t)) /\l (lﬁ(t)| +Azz(t))

) q=1 , -
~ (i)
- /\ A <|u(t>|> A (|ﬁ(r)|> h )

q ) g-1
=i~ PN N\ Ga”y A N acf) Aa)]

j=liel§ i=1
from which the formula for the Jacobian immediately follows.
Iflin N(Py, Fy), ..., lin N(P,, F,) are not linearly independent, then [F7, ..., F;] =0,

and thus the requested equality is also true in this case. O

Further representation formulas, which are needed for the analysis of Boolean models in
stochastic geometry can be derived from Theorem 2 and Corollary 1. Various examples of
such results and their applications are provided in [3], [4, Section 3] and [5].

4 Proof of Theorem 2

For given t € S_qfl we denote by fi, ..., fy—1,t an orthonormal basis of R whose orien-
tation is chosen in such a way that

det(fi, ..., fy—1,0) = (=)=,
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Denote

a((x,u), 1) = (Ag—1Iy) ax, (x1, up) A+ A (Ag—111y) ax, (xq. ug)
A(Ag=1Tgg1) (FL A A fym1),

,q + 1, are the canonical embeddings into (R2)4 x RY such that

where I1;,i =1, ...
q+1

(ai,...,aq,a4+1) = ZHiai;

i=1

note that a((x, u), t) is a (gd — 1) vector field tangent to N (X) x sa-1, Using the area
formula for currents [2, §4.1.30] and Lemma 2, we obtain

(X1 X A)

,,,,,

:/ /_1 (/\qd—lap DT((-xsu)7t)&((x5u)st)a(pr1 ,,,,,
N&X) /st

x 14 (x, u() HI™ (d) H19D(d (x, w))

1y ()

provided that the orientation is chosen properly, i.e., such that

Agd—1apDT ((x,u), t)a((x,u),t)

is a positive multiple of ax, ... x, ; this will be verified later.
A direct calculation shows that, for 149~ !-almost all ((x, u), t) € N'(X) x Si_l,

RN nk” o
3 ; .
Agd—13p DTa((x, u), 1) = Kfli/_\l 6,000 0 T + i) | A

e @ 5 @ @

q i q q) ~
N — 0,...,0,a;.", — a’’ + A u(t
Kq /\ Lo lam) ! i)

i=1

g—1 ~
ulfi) .
/\j/:\1<0,...,0, 0] +X]u(t)> )

where A i € {1,...,d —1}and j € {1,...,q},and %}, j € {1,...,q — 1}, are suitably
chosen. We write Sh*(ry, ..., r44+1) for the set of all o € Sh(ry, ..., rg41) which satisfy

o({l,...,Rih) Cc{l,...,d -1}

o({Rg—1+1,....RD) C{lg—D(d—D+1,....,qd - D},

and then we define
I;@i)=0({Ri-1+1,....,Ri)—-(G—-DA -1

and

L) =1{1,....d—1\1I,G), i=1,....q,
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foro € Sh*(ry, ..., ry41). By Is (j) I (j) we shall denote the permutation of {1, ..., d —1}
mapping the first r = |1, (j)| elements increasingly on I, (j) and the remainingd — 1 —r
elements increasingly on I, (j)¢. Thus we arrive at

(Aga—1ap DTa((x, u), 1), @r,....r, (W (t))) = T( 1)1 rg)

T d—ir, [lics, (')'k'(j)
iel;(j)° ~ —(d—
x Y sgn(o) 1'[ ' H#wn @=h
=1 J

oeSh* (ry,....7q+1) Jj=1

q—1
y /\ o, .. /\ “i@! /\ aV A-n /\ ai@)A/\ﬁ(f,-)Aﬁ(t)

iely (1) iely(q) iely (1)¢ iely (g)°¢ i=1
(16)
Observe that
q—1
I\ @) A = det(fi. ..., fy1.0) ur A A, (17)
i=1
q
sen(0) = | [ [ senUo ()16 (1)) | (=12 6rtmra) (18)

j=1
with
cad,ry, ..., rg)

q
=> (d—1-r)([Ry—R))

J=1

q q q
~q@d—DR;+@d—1DY Ri+Ry Y ri+ Y riR;

i=1 i=1 i=1

q
~q(d—1)Rq+(d—1)((q+1)Zr, er,)—i—Rq—l-Zr, > i

i=1 i=1 I<i<j<q

(d—l)Zr, +(d—1)er, + Y nrg

1<i<j<q

| A | =sete DY) N a? A

i€ly (j) iely (j)°
and
q q
/\ /\ a’’ Au :(—1)”3/\ /\ al(])/\/\u
j=1 \iels(j)* j=liels (q)¢ i=1
with

q
=Y (—Dd—1-r)~d- 1)(2) +Y in+ Yy i

j=2
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Using (5), we thus have

g—1
sgno /\ al.(l),..., /\ ai(q), /\ al.(l)/\--~/\ /\ al.(q)/\/\zl(f,-)/\ﬁ(t)

iel, (1) iel,(q) iely (1) iely(q)° i=1

q ) q gl

- (_1)02</\< A /\u.,-) /\*</\ A a” A /\ﬁ(ﬁ)/\ﬁ(t)),.Qd>
j=1 Niel, (j)° j=liel, (j)° i=1

q q

- 1)c</\ A am/\u, A (A A @ Aw).2)
j=liel, () j=licly () i=1

= (=D /\ A a(J)/\/\u], (19)
j=liels(j)°

where ¢* ;= ¢y +c3+ (d — 1)(3) and we have used (4) in the last step. Combining (16) and
(19) and observing that

c1+C2+c3+(d—1)<‘2’> ~0,

we finally obtain the required formula.
It remains to verify that the orientation of the joint unit normal bundle has been chosen
appropriately, i.e., that

</\qd_1apDT((x, W), Na((x,u), 1), y eI, (u(t))> >0, (20

where the sum extends over all ry, ..., ry € {0,...,d}suchthat (g —1)d <rj+---+ry <
qd — 1 for sufficiently small ¢ > 0. Consider first the case when X1, ..., X, have C 11
smooth boundaries. Since all curvatures are finite in this case, we get from (16) and (19) that

(Aqa—1apDT ((x, u), D)a((x, u), 1), @a—1....a-1(u(t))) >0

But since @ri..ry vanishes over nor (X1, ..., Xy) if r; = d forsome j € {1, ..., ¢}, thisis
the leading term in the polynomial expression of (20) which therefore will be positive for small
& > 0. General sets X1, ..., X, of positive reach can be approximated by parallel bodies
with C-! smooth boundaries so that the corresponding unit normal cycles are arbitrarily
close in the flat norm (see [9]). Thus, the expression in (20) can be approximated by the
corresponding one for the parallel bodies and since it can never be zero for sufficiently small
& > 0, it will remain positive.
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