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Abstract For a fixed compact Riemann surface X, of genus at least 2, we count the number of
connected components of the moduli space of maximal Higgs bundles over X for the hermitian
groups PSp(2n, R), PSO*(2n), PSOg(2, n) and E 14 Hence the same result follows for the
number of connected components of the moduli space of maximal representations of 71 X
in these groups. We use the Cayley correspondence proved in Biquard et al. (Higgs bundles,
the Toledo invariant and the Cayley correspondence. Preprint, 2015. arXiv:1511.07751) as
our main tool.
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1 Introduction

Given a real reductive Lie group G, the count of the connected components of the moduli
spaces M(G) of G-Higgs bundles over a compact Riemann surface X of genus g > 2, has
been a subject of intense study in the last two decades. The answers are known for many
families of classical Lie groups and some general results are also known [6,13,17], but new
phenomena is still being uncovered at the moment. In this paper we compute the number of
connected components of Mpyax (G) when G is an adjoint form of a classical, non-compact,
connected and simple real Lie group of hermitian type with finite centre (to which we will
refer simply as hermitian group). Here My, (G) means the subspace of M(G) of those G-
Higgs bundles with maximal Toledo invariant, which is a natural topological invariant T € Q
of G-Higgs bundles, whenever G is a hermitian group. Semistability of such Higgs bundles
imposes a boundedness condition on |t| by rtk(G/H)(2g — 2), where H C G is a maximal
compact and tk(G/H) is the rank of the corresponding symmetric space. Thus the moduli
spaces M(G) are empty if |t| > tk(G/H)(2g — 2) (see [3]) and M pax(G) corresponds to
v =1k(G/H)(2g —2) (it can also correspond to T = —rk(G/H)(2g — 2), since the moduli
spaces for symmetric Toledo invariant are isomorphic).

The case of G = PU(p, ¢) has been studied in [4,5]. So the remaining ones are G =
PSp(2n, R), G = PSO*(2n) and G = PSOq(2, n) and we deal with them in this paper.

The paper builds mainly on the Cayley correspondence, proved in general in [3]. It implies
that if G is a classical Lie group of hermitian type of tube type or an associated adjoint
form, there is a real reductive Lie group G* such that the variety Muax (G) is isomorphic
to the moduli space MK? (G*) of K2-twisted G*-Higgs bundles over X. So we use this
result to transfer our study of connectedness of M (G) to the study of connectedness of
MK (G*). Then we take advantage of the long literature on this subject, which helps to
compute 7o (MK’ (G¥)).

We follow this procedure in the cases of G = PSp(2n,R) and G = PSO*(2n), and
use the study carried out in [20] and [12], respectively. The situation is slightly different
in these two cases in the sense that for PSp(2n, R) the Cayley correspondence uncovers
“hidden” topological invariants of maximal PSp(2n, R)-Higgs bundles, while for PSO*(2n),
the Cayley correspondence does not uncover any “hidden” topological invariant, since all of
them are already “visible” on the M. (PSO*(2n)) side. The case of the group PSOg (2, n) is
even easier since, contrary to the other two cases, every maximal PSOg(2, n)-Higgs bundle
lifts to a maximal SOg(2, n)-Higgs bundle. So we use this information together with the
results of [6] to count the components of Myax (PSOg(2, n)), without needing to use the
Cayley correspondence. But of course it still holds and, through it, our result gives a new
proof of the main result of [2], on the number of connected components of M (SOq(1, m))
for m > 3 odd.

We prove then the following (see Theorems 3.15, 4.7 and 5.4):

Theorem 1.1 Let |mo(Mmax(G))| be the number of non-empty connected components of
Mmax (G).
If G = PSp(2n, R), then

o [10(Mmax(G))| =3 ifn > 3 is odd.

@ Springer



Geom Dedicata (2017) 190:1-22 3

o |m0(Mmax(G))| =226+ + 2 ifn > 4 is even.
If G = PSO*(2n), then

o [mo(Mmax(G))| = 1ifn = 3 is odd.
o [10(Mmax(G))| =2 ifn = 4 is even.

If G = PSOg(2, n), then |mo(Mmax(G))| = 2 if n > 4 is even.

The cases of PSp(2, R) and PSp(4, R) are special and known for a long time. First,
PSp(2, R) = PSL(2, R), so Goldman [14] and Hitchin [16] proved that My.x (PSp(2, R)) is
connected (in fact they both proved that M (PSL(2, R)) is connected for any Toledo invariant).
Regarding PSp(4, R), we know that it is isomorphic to SO (2, 3), hence it was proved in [6]
that Mpax (PSp(4, R)) has 228+l 4 4g — 5 non-empty connected components. Our theorem
completely settles the case of PSp(2n, R). The cases of PSp(2n, R) and PSO*(2n) for n
odd also follow easily without using directly the Cayley correspondence since there are no
obstructions to lift to Sp(2n, R) and SO*(2n). Indeed, the result for PSp(2n, R) with n odd,
was already known by Theorem 8 of [15]. Furthermore in loc. cit. it was proved that, for
n > 4 even, Mpmax (PSp(2n, R)) has at least 228 42 connected components, and our theorem
shows that indeed there are further 22¢ components. The case of PSO*(2n) with n = 1 is
also special, since SO*(2) is compact and isomorphic to SO(2), so its adjoint is the trivial
group. We also disregard the groups PSO*(4) and PSOq(2, 2) because they are not simple
and the corresponding hermitian symmetric spaces are not irreducible. Finally, the case of
PSSO (2, n) for n odd is not included since in this case PSOq (2, n) = SOq(2, n), so the result
is known from [6].

As an application of the fact that Mpy,x (PSOp(2, 8)) has 2 non-empty connected com-
ponents, it follows immediately from the results of [3], that we can for the first time count
the number of maximal components of the moduli of Higgs bundles for a real exceptional
group, namely Eg° 14,

Theorem 1.2 The moduli space Mmax(Eg 14) has 2 non-empty connected components.

It is important to note that everything we just said goes through to the moduli space
of reductive representations of 71X in G, due to the non-abelian Hodge correspondence
[8-10,16,21,22].

2 General results
2.1 Higgs bundles for adjoint forms

Since several groups will come into play, we provide the general definition of a G-Higgs
bundle for any real reductive Lie group G, which we assume admits a complexification
GC. Let H € G be a maximal compact subgroup and HC be its complexification. Let
a® = h* @ m® be the corresponding Cartan decomposition of the complexification of
the Lie algebra g of G. Then mC is a representation of HC through the representation
¢ : H® — GL(m%), induced by the adjoint representation Ad : G¢ — GL(g®). This is
sometimes called the isotropy representation. Given an HC-principal bundle E over X, let
E(m%) = E x, m® be the associated vector bundle.

Let L be a holomorphic line bundle over X, and let K be the canonical line bundle of X.
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Definition 2.1 An L-twisted G-Higgs bundle over X is a pair (E, ¢) where E is a holomor-
phic H-principal bundle X and ¢ is a holomorphic section of E(m®) ® L. The section ¢
is called the Higgs field. If L = K, we simply say that (E, ¢) is a G-Higgs bundle.

The general notion of (semi,poly)stability of L-twisted G-Higgs bundles deduced in
Definition 2.9 of [10] is necessary to consider the corresponding moduli spaces ML (G)
of polystable L-twisted G-Higgs bundles. We shall not need here the precise notion of
(semi,poly)stability, so we do not state it. It is however important to notice that if we have
an L-twisted G-Higgs bundle (E, ¢), then the relevant subobjects to consider to check its
(semi,poly)stability arise from reductions of structure group of E to parabolic subgroups
P c HC and to antidominant characters x : p — C of p, the Lie algebra of P, which are
compatible in a certain way with the Higgs field ¢. We refer to [10] for the details.

Suppose G is a real, connected, reductive Lie group, with A as a maximal compact and
let Z(G) denote its centre. Let G be a normal subgroup of G such that Gcz (G)NH.
Then G  Z(H®) c HC. Consider the quotient group G/G. An L-twisted G-Higgs bundle
(E, $) is mapped to a G/G—Higgs bundle by

(E,$) > (E, @) 2.1)

where E is the HC / Q-bundle associated to E via H® — HC / G and where ¢ = ¢ (this
makes sense because E(m€) = E(mC), since G C Z(G) acts trivially in mC via the isotropy
representation).

Proposition 2:2 An L-twisted G-Higgs bundle is polystable if and only if the corresponding
L-twisted G/G-Higgs bundle under (2.1) is polystable.

Proof The surjective map H® — HC /G gives a one-to-one correspondence between
parabolic subgroups of HC and of Hc/é, as P — P/é (recall that G C Z(H®) hence
GcC P). Moreover, the reductions of an HC-bundle to a parabolic subgroup P are the same
as the ones from the associated HC/ G-bundle to P /@. This says that the subobjects to
consider in both cases to check polystability are the same, hence the result follows. O

Hence we have a morphism
ME(G) > ME(G/G) (2.2)
between the moduli spaces which, generally, is neither injective nor surjective.

Remark 2.3 If G is semisimple, with finite centre, then all we just said applies by taking
G = Z(G) and for the adjoint form G/ Z(G).

Notation 2.4 The moduli space of G-Higgs bundles on X will be denoted just by M(G).

2.2 Hermitian type groups, Toledo invariant and Milnor-Wood inequality

If we consider only the moduli of those G-Higgs bundles with fixed topological type c,
denote the corresponding moduli space by M.(G). When G is connected, the values of ¢
are indexed by 771 (G). Of course we have a disjoint union M(G) = | |. M.(G). Note that
each M. (G) is a union of connected components.

Suppose that G is a hermitian group. By this we mean a non-compact, real, connected,
simple, Lie group, with finite centre, of hermitian type. Let H be a maximal compact sub-
group. The hermitian type condition on G means, by definition, that G/H is a hermitian
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symmetric space (of non-compact type) which admits a complex structure. The centre of H
is continuous thus 711 (G) = 7y (H) has a unique factor isomorphic to the integers Z. So, for
such G, the topological type of a G-Higgs bundle determines a unique integer d.

For hermitian groups, G-Higgs bundles have also a topological invariant given by a rational
number 7, called the Toledo invariant. It can be defined by considering a special character—
the Toledo character—of the complexification of the Lie algebra of H: x7 : h — C. There
is a non-zero integer ¢ such that X? lifts to a character )Z% : H® — C* and the Toledo
invariant T € QQ of a G-Higgs bundle is defined as the product of 1/¢g with the degree of the
line bundle associated to X?. See [3] for details.

Given a G-Higgs bundle (E, ¢), its Toledo invariant T (E, ¢) € Q and its integer invariant
d(E, ¢) € 7 defined above, are rational multiples of each other, where the rational number
is independent of (E, ¢). Hence t and d are basically the same topological invariant. There
is a bound for t, above which the moduli spaces are empty, since there are no semistable
G-Higgs bundles. Precisely, we have the following result from [3].

Theorem 2.5 ([3, Theorem 1.2] Let (E, ¢) be a semistable G-Higgs bundle. Then its Toledo
invariant T (E, @) verifies a Milnor-Wood type of inequality:

IT(E, ¢)| = 1k(G/H)(2g —2),
where tk(G/ H) denotes the rank of the symmetric space G/ H.

This bound for 7 yields a corresponding bound for the integer d.

Remark 2.6 From the Cartan decomposition g = ) @ m, we see that m is the tangent space
to G/H at the point [H]. The almost complex structure on m® yields an HC-invariant
decomposition mC =mt®m~ in +./—1-eigenspaces. For a G-Higgs bundle (E, ¢) over
X, the decomposition of mC€ yields the bundle decomposition E m& = EmH @ E(m),
thus the Higgs field decomposes as ¢ = (B8, y) € HYYEmT) ® K) ® HYE(m™) ® K).
In fact, [3, Theorem 1.2] provides a more refined bound for t, in terms of the ranks of the
sections B and y. However, for our purposes, the one given above suffices.

Remark 2.7 The Milnor-Wood inequality for G/Z(G)-Higgs bundles is the same as for
G-Higgs bundles, since the associated symmetric spaces are the same.

Let Mmax (G) denote the subspace of M (G) consisting of G-Higgs bundles with maximal
Toledo invariant (hence maximal |d|). Itis a particularly interesting subspace in the sense that
special phenomenon occur on it. These phenomena differ depending on whether the group
is of tube type or not. Indeed, the hermitian type groups divide into two families: tube type
and non-tube type. The symmetric space G/H can be geometrically realised as a bounded
symmetric domain in m™, through the Harish-Chandra embedding. The group G is said to be
of tube type if the Shilov boundary of this bounded domain is a symmetric space of compact
type.

If G is not of tube type, then every polystable G-Higgs bundle with maximal Toledo
invariant is in fact not stable but strictly polystable, thus reduces to a certain subgroup of G.
This rigidity phenomenon imposes strong conditions on the geometric structure of Mpax (G).
See [6, Theorem 4.9] and [3, Theorem 1.4].

Our main interest in this paper is on hermitian groups of tube type. For these, there is also
a certain rigidity phenomenon on M pax (G), known as the Cayley correspondence. To briefly
explain it, recall that for such G, the Shilov boundary of the embedding of G/H in m™ is a
symmetric space of compact type of the form H/H'. This domain is biholomorphic to a ‘tube’
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6 Geom Dedicata (2017) 190:1-22

over the symmetric cone G*/H', where G*/ H' is the non-compact dual symmetric space of

H/H'. Of course, H' is a maximal compact subgroup of G* and the Cartan decomposition

of g*, the Lie algebra of G*, is g* = ) & m. We refer to G* as the Cayley partner of G.
With this notation, the Cayley correspondence states the following.

Theorem 2.8 ([3, Theorem 1.3] Suppose G is a hermitian group of tube type and assume
that it is either a classical or an adjoint group. Then there is an isomorphism of complex
algebraic varieties

Mnax (G) = ME*(G¥).

Remark 2.9 The statement of Theorem 1.3 of [3] is more general, since it applies also for
exceptional groups. Furthermore, there is also a statement for other groups, namely coverings
of classical or exceptional groups, under a certain topological constraint. Since we do not
deal with those cases here, the above statement of the theorem is enough for our purposes.

Remark 2.10 Note that in the statement of Theorem 2.8, when we write MK : (G*) we are
not fixing any topological invariant of K >-twisted G*-Higgs bundles.

If we have a hermitian group of tube type, then the Cayley partner of its adjoint form is
the obvious one, as the next result shows.

Proposition 2.11 Let G be a hermitian group and G* be its Cayley partner. Then the Cayley
partner of G/ Z(G) is G*/ Z(G).

Proof The group G* is completely determined by m and by the group H' C H, which is
such that H'© ¢ HC is the stabiliser subgroup of a regular element in m* (or m™~). The
definition of regular element is given in Definition 2.7 and Proposition 2.9 of [3].

The maximal compact subgroup of G/Z(G) is H/Z(G). Moreover, Z(G) c HC acts
trivially on mC henceonm™, 50 Z(G) € H' C G*andalso Z(G) C H'C. Now, the stabiliser
in H®/Z(G) of a regular element of m* is exactly H'C/Z(G). So the Cayley partner of
G/Z(G) is the group with maximal compact H'/Z(G) and whose Cartan decomposition is
g* = b @& m, thusis G*/Z(G). O

2.3 Hitchin function on K2-twisted G-Higgs bundles

Given any real reductive Lie group G, and for a fixed topological type c, the standard method
to identify and count connected components of M. (G) relies on the study of the Hitchin
function f : M.(G) — Ry, defined by

ﬂawzwmzﬁBMme

Here w is the volume form, B is a non-degenerate quadratic form on g, extending the Killing
form on the derived subalgebra, and 7j, : QLox, E(mc)) - Q0 l(x, E(m(c)) is the involu-
tion given by the combination of complex conjugation on complex 1-forms with the compact
conjugation on g€ which determines its compact form. The map 7, is given fibrewise by
the metric & solving the Hitchin equations, hence the metric which provides the Hitchin—
Kobayashi correspondence between polystable K2-twisted G-Higgs bundles and solutions
to the G-Hitchin equations. See [10] for details.

The essential feature of this function is that it is proper (and bounded below), since from
this property we know that the identification of connected components basically reduces to
the identification of connected components of the subvarieties of M (G) local minima of f.
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Now, there are general K 2-twisted G-Hitchin equations, for any line bundle and there is
an associated Hitchin—Kobayashi correspondence between polystable K >-twisted G-Higgs
bundles and solutions to the K >-twisted G-Hitchin equations, proved in [10]. Hence we can
define the Hitchin function f : Mfz (G) — R4 by precisely the same formula. Moreover,
the Uhlenbeck weak compactness theorem still applies just as in [16, Proposition 7.1] to
prove the following.

Proposition 2.12 For any real reductive Lie group G and any topological type c, the Hitchin
Sunction f : MK (G) — Ry is proper.

This proposition is in fact valid for any L-twisting and not just K 2.

3 Higgs bundles for PSp(2n, R)
3.1 Definitions ant topological type

We start now with our first case of study. Higgs bundles for PSp(2n, R). The real projective
symplectic group PSp(2n, R) is the adjoint form of the group Sp(2n, R) of automorphisms
of R?" preserving a symplectic form:

PSp(2n, R) = Sp(2n, R)/{£1on} = Sp(2n, R)/Z».

It is a real semisimple, connected, Lie group. It is a split real form of PSp(2n, C) but is also
a group of hermitian type, like Sp(2n, R), because its maximal compact subgroup U(n)/Z,
has a continuous centre U(1)/Z>, homeomorphic to the circle U(1).

Although our main interest is for now on PSp(2n, R)-Higgs bundles, we shall also need
the related notion of Sp(2n, R)-Higgs bundles. We now define these, following the general
Definition 2.1.

Soan Sp(2n, R)-Higgs bundle over X is a pair (E, @) where Eisa holomorphic GL(n, C)-
principal bundle on X and ¢ is a section of E (mC) ® K. In this case, E(mc) is the vector
bundle associated to E and to the isotropy representation GL(n, C) — GL(m®), with m® =
$2V @ $2V* and V the standard GL(n, C)-representation in C".

A PSp(2n,R)-Higgs bundle over X is a pair (E, @) where E is a holomorphic
GL(n, C)/Z;-principal bundle on X and ¢ = ¢.

Remark 3.1 We can define an Sp(2n, R)-Higgs bundle over X in terms of vector bundles as
a triple (V, B, ¥) where V is a holomorphic vector bundle on X, f is a section of S2V ® K
and y a section of S>V* ® K. Comparing with (E, @) of the above definition, V is the vector
bundle canonically associated to E and ¢ = (B, y). In contrast, in a PSp(2n, R)-Higgs
bundle (E, ¢), the principal bundle E has structure group GL(n, C)/Z;, hence there is no
standard way to define Higgs bundles for PSp(2n, R) in terms of vector bundles.

An Sp(2n, R)-Higgs bundle is mapped to a PSp(2n, R)-Higgs bundle as in (2.1).

3.2 Topological type of PSp(2n, R)-Higgs bundles

The adjoint group PSp(2n, R), has U(n)/Z, = U(n)/ £ I,, as a maximal compact subgroup.
Its fundamental group fits in the exact sequence

1 - mUmn) - mi(UWn)/Zy) - Z> — 0. 3.1)
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8 Geom Dedicata (2017) 190:1-22

The next result is basic and well-known, but since we did not find any proof in the literature,
we include it here.

Proposition 3.2 The fundamental group of U(n)/Z, is

7. x Zp neven

m1(U(n)/Z) = 7 1 odd

More precisely, when n is even, (3.1) is the trivial extension
1> Z—>7ZxZy— Zy—0, (3.2)

whereas when n is odd, the inclusion m1U(n) — m1(U(n)/Z,) is multiplication by 2,

152377, 0. (33)
In any case, 71 (U(n)) = Z is a subgroup of index 2.

Proof Consider the universal cover of U(n) (which of course is the same as the uni-
versal cover of U(n)/Z;). As a manifold this is SU(n) x R but as a Lie group it is
the semi-direct product SU(n) x R corresponding to the R-action on SU(n) given by

At = (e*énit 1,31 ) A (ezgit 1,21 ); see [1] for details. The covering map is

p:SUM) xR — Un), p(A,1) = (623” 2 ) A,
thus 7 (U(n)/Zy) = p~'(+£l,) is the abelian group generated by (/,, 1) and (—1,,0)
when 7 is even, and by (X, 1/2), with X = ((1) _1(371 ), when 7 is odd. This proves that
m1(Un)/Z2) =7 x Zy it niseven and 71 (U(n)/Z,) = Z if n is odd.
The proof of (3.2) and (3.3) follows because 71U (n) = ker(p) is the cyclic group gener-
ated by (I, 1) independently of the parity of n. O

So PSp(2n, R)-Higgs bundles over X are topologically classified by
d,w)yeZ x7Zy ifneven and d € Z ifn odd. 3.4

A PSp(2n, R)-Higgs bundle lifts to a Higgs bundle for its universal cover TJ\S_E(Zn, R)
precisely when its topological type is trivial. It is however more useful to understand the
lifting to the 2-cover Sp(2n, R), and the obstruction to the existence of such lifting, via (2.1),
can easily be read off from the topological invariants (3.4).

Proposition 3.3 Let (E, ®) be a PSp(2n, R)-Higgs bundle.

e [fn is even and the topological type of (E, @) is given by (d(E), w(E)) € Z X Z, then
it lifts to an Sp(2n, R)-Higgs bundle if and only if w(E) = 0. Moreover, if w(E) = 0
then any two lifts differ by a 2-torsion line bundle on X.

e [fn is odd and the topological type of (E, ¢) is given by d(E) € Z, then it lifts to an
Sp(2n, R)-Higgs bundle if and only if d(E) is even. Moreover, if d(E) is even then any
two lifts differ by a 2-torsion line bundle on X.

Proof Since the Higgs field is unchanged in (2.1), the only obstruction to lifting (E, ®)
is the obstruction to lifting the GL(n, C)/Z-bundle E to a GL(n, C)-principal bundle. Of
course, U(n)/Z, and U(n) are maximal compact subgroups of GL(n, C)/Z, and GL(n, C)
respectively.
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Let GL(n, O) and GL(n, O)/Z, denote the sheaves of holomorphic functions in GL(n, C)
and GL(n, C)/Z, on X, respectively. We can see E as an element of H'(X,GL(n, 0)/Z,)
and want to lift it to an element of H 1(X , GL(n, ©)). Suppose n is even. Then the result
follows from the following commutative diagram, using (3.2):

HY(X, Zs) —— H'(X, GL(n, 0)) — H'(X, GL(n, 0)/Z2) =Yz, — -0
l lEH(d(E),w(E))
0 Z W0 7 x Iy o Zs 0
The case n odd is the same, but using (3.3). ]

3.3 Maximal Toledo

From (2.2) we have a morphism M(Sp(2n, R)) — M (PSp(2n,R)), and Proposition
3.3 says that My(Sp(2n, R)) maps onto M 4 0)(PSp(2n,R)) when n is even and onto
M>q(PSp(2n, R)) when n is odd.

Proposition 3.4 Let (E, @) be a polystable PSp(2n, R)-Higgs bundle.
e [fn is even and the topological type of (E, ¢) is (d(E), w(E)) € Z X Z, then
[d(E)| <n(g— D).
e Ifn is odd and the topological type of (E, ¢) is d(E) € Z, then
[d(E)| < n(2g —2).

Proof Suppose n is even. The Milnor-Wood inequality of Theorem 2.5 is independent of
the torsion part of 71 G. So we can assume that w(E) = 0 and hence that (E, ¢) lifts to
a polystable Sp(2n, R)-Higgs bundle (E, @) such that d(E) = d(E). Denote the Toledo
invariant for Sp(2n, R) as tsp. By Theorem 2.5, |t5p(E o) < ng — 2). As d(E) =
‘L’Sp(E , ©)/2 (cf. [3]), the result follows for n even. (Note that the Toledo invariant of (E, ¢)
also verifies |tpsp(E, ¢)| < n(2g — 2), by Remark 2.7, so this shows that, for n even,
d(E) = tpsp(E, 9)/2.)

Suppose now n is odd. If d(E) is even, (E, ¢) lifts to a polystable Sp(2n, R)-Higgs
bundle (E, @), but now with d(E) = d(E)/2. The same argument as above proves |d(E)| <
n(2g — 2). This also shows that d(E) = tpsp(E, @) for any value of d(E) (possibly odd),
since the there is a constant rational number g such that d(E) = gtpsp(E, ¢) independent
of (E, ¢). So, since |tpsp(E, ¢)| < n(2g — 2), we conclude that |d(E)| < n(2g — 2) also
when d(FE) is odd. m]

From now on we shall consider the subspace Max (PSp(2n, R)) € M (PSp(2n, R)) with
maximal positive Toledo invariant, that is

Mumax (PSp(2n, R)) = | | Mu(g—1).u)(PSp(2n, R))  if n even,

weZy

Mmax (PSp(2n, R)) = My, 26—2)(PSp(2n, R)) if n odd.

The count of components of Max (PSp(2n, R)) follows immediately whenever # is odd,
since we know from [11] that My« (Sp(2n, R)) has 3 x 228 non-empty connected compo-
nents. These are mapped to Mpyax (PSp(2n, R)) and Propositions 3.3 and 3.4 ensure that the
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map Mumax (Sp(2n, R)) — Muax (PSp(2n, R)) is a surjective fibration, with every fibre hav-
ing 2%¢ elements. Hence the 3 x 2%¢ connected components collapse onto the 3 components
of Mmax(PSp(2n, R)). This is an alternative proof of Theorem 8 of [15] for the case n > 3
odd.

The situation is different if n is even since Mpax (Sp(2n, R)) — Mpmax (PSp(2n, R)) is
no longer surjective. Thus, we assume n > 4 is even until the end of Sect. 3.7. In order to deal
with this case, we use the Cayley correspondence. Since the Cayley partner for Sp(2n, R) is
GL(n, R), then by Theorem 2.8 and Proposition 2.11, we have the following.

Theorem 3.5 The moduli spaces Mmax (PSp(2n, R)) and MK ? (GL(n, R)/Zy) are isomor-
phic as complex algebraic varieties.

Thus we have a commutative diagram

Munax (Sp(2n, R)) ———= MK (GL(n, R)) (3.5)

|

Munax (PSp(2n, R)) ——> MK (GL(n, R)/Z)

where the vertical maps are the morphisms given by (2.2).

Our goal of determining the connected components of My,ax (PSp(2n, R)) can then be
achieved by studying the connected components of MK Z(GL(n, R)/Z,). This is how we
shall proceed from now on. The reason why we prefer to work with the latter moduli space
is because it allows us to take advantage of the study done in [20] for PGL(n, R)-Higgs
bundles, which readily adapts to our setting.

3.4 K2-twisted Higgs bundles for GL(n, R)/Z,: definition and obstruction to
lifting to GL(n, R)

Following the Definition 2.1, we have that, in vector bundle terms, a K 2_twisted GL(n, R)-
Higgsbundleis defined asatriple (V, Q, ¢), where (V, Q) is arank n holomorphic orthogonal
vector bundle, and ¢ is a holomorphic K 2-twisted endomorphism ¢ : V — V ® K2,
symmetric with respect to Q.

As in the case of PSp(2n, R), we cannot workout a direct definition of K 2_twisted
GL(n, R)/Z>-Higgs bundles involving only vector bundles, since there are obstructions to
lifting them to GL(n, R), because n is even. So a K 2_twisted GL(n, R) /Z»-Higgs bundle
over X is a pair (E, ®) where E is a holomorphic PO(n, C)-principal bundle @ is a holo-
morphic section of E (m©) ® K2, where E(mC) is the vector bundle associated to E and to
the isotropy representation PO(n, C) — GL(m(C), with m€ = SéV and (V, Q) being the
standard representation of the orthogonal group O(n, C).

Again, a K >-twisted GL(n, R)-Higgs bundle maps canonically to a K >-twisted GL (1, R)/
Z»-Higgs bundle by (2.1) and this map preserves polystability. As before, we can detect
the obstruction to lifting a K 2_twisted GL(n, R) /Z»-Higgs bundle to GL(n, R) from the
topological invariants which we now recall.

Recall that n > 4 is even. The topological classification of K2-twisted GL(n, R)/Z,-
Higgs bundles gets more complicated due to the non-connectedness of GL(n, R)/Z;. The
projective orthogonal group PO(n) is a maximal compact subgroup, thus we shall use this
group for the topological classification. Note that PO(n) is also a maximal compact of
PGL(n, R), which was considered in [20] and where all the details of the topological classi-
fication can be checked. So the topological classification of (twisted) GL(n, R)/Z,(-Higgs)
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bundles is the same as the one for (twisted) PGL(n, R)(-Higgs) bundles. We only briefly
sketch it here.
There is a first invariant

w1 € H' (X, mPO(n)) = (Z2)*

which is the obstruction to reducing the structure group to PSO(n).
Then it is important to notice that 7oPO(n) = Z; acts non-trivially on

Zy x Zyp ifn =0 mod 4

T1PO(n) = .
Za if n = 2 mod 4.

Precisely, the universal cover of PO(n) is Pin(n). If p : Pin(n) — PO(n) is the projection,
then, as a set, 711PO(n) = ker(p) = {0, 1, w,, —w,}, where w,, = e; - - - e, is the oriented
volume element of Pin(n) in the standard construction of this group via the Clifford algebra
Cl(n); cf. [18]. The action of m1oPO(n) on 71 PO(n) identifies —w, with w, and fixes 0 and
1 so m;PO(n)/myPO(n) = {0, 1, w,}. In [20] we defined another invariant

ey itp =0
2T 0. 0} = Zy iy #0.

The set {0, w,} is the quotient of {0, 1, w,} where 0 and 1 are identified by a further action
of Zj. It has the structure group of Z,. The fact that the value of the invariant ;> depends on
the value of 11 is consequence of the non-trivial action of g in 71; see Section 3.2 of [20]
or, more generally, [19, §2].

Hence we have the following proposition, which is a particular case of the general result
[19, Theorem 2.2, §2; Theorem 1.15, §3] and [20, Proposition 3.1, Theorem 3.1].

Proposition 3.6 Let n > 4 be even. Then K>-twisted GL(n, R)/Z,-Higgs bundles over X
are topologically classified by the invariants (i1, 2) € A, where

A= ({0} x {0, 1, @ }) U (((Z2)* \ {0)) x Zo).
This gives a decomposition

MEGL0 R/ Z) = || MK, (GL®, R)/Zy) (3.6)

H1,12
(11,12)€EA

according to the 226*! 4+ 1 topological types. Furthermore, Proposition 4.1 of [20] is also
valid for GL(n, R)/Z,, showing that the spaces M 512 12 (GL (1, R) /Zy) are non-empty for
any choice of invariants (w1, 12) € A.

The interpretation of the topological invariants as obstruction to lifting is the same as in
the case of PGL(n, R); see Proposition 3.2 of [20].

Proposition 3.7 Letn > 4 be even. Then a K*-twisted GL(n, R)/Z>-Higgs bundle lifts to a
GL(n, R)-Higgs bundle if and only if either 11 = 0 and py € {0, 1} or 1 # 0 and o = 0.
Moreover, any two lifts differ by a 2-torsion line bundle.

We thus see that among the 227! 1 topological types of K >-twisted GL (n, R)/Z,-Higgs
bundles, there are 228 + 1 for which the Higgs bundles lift to GL(n, R) and 228 for which
such lift does not exist. In order to deal with the ones that do not lift, and since we prefer to
naturally work with vector bundles, we consider a group which is similar to GL(n, R) but
such that its maximal compact has a continuous centre.
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3.5 K2-twisted Higgs bundles for EGL(n, R)

Consider the “enhanced” general linear group EGL(n, R), defined as
EGL(n, R) = GL(n, R) xz, U(1) = (GL(n, R) x U(1))/Z>,

where Z; is the normal subgroup of GL(#n, R) x U(1), generated by (—1,,, —1).

From Proposition 5.2 of [20], K 2_twisted EGL(n, R)-Higgs bundles can be defined in
terms of vector bundles as quadruples (V, L, Q, ¢) on X, where V is a rank n vector bundle,
L aline bundle, Q is a nowhere degenerate symmetric L-valued quadratic form on V and
¢ € HO(X, SZQV ® K?),thatis ¢ : V — V ® K? is symmetric with respect to Q.

This next result is basically proved in Propositions 5.1 and 5.3 of [20]. The proof in loc.
cit. is for PGL(n, R)-Higgs bundles, but the precise same arguments give the proof in our
case.

Proposition 3.8 Every K>-twisted GL(n, R)/Z,-Higgs bundle (E, ®) lifts to a K*-twisted
EGL(n, R)-Higgs bundle (V, L, Q, ¢). The parity of deg(L) is fixed in all the lifts of
(E, ®). Moreover, it is possible to choose the lift to a K>-twisted EGL(n, R)-Higgs bun-
dle (V, L, Q, ¢) such that either deg(L) = 0 or deg(L) = 1.

Note that a K 2-twisted EGL(n, R)-Higgs bundle with L = O is a K >-twisted GL(n, R)-
Higgs bundle.

Corollary 3.9 A KZ2-twisted GL(n, R)/Zo-Higgs bundle lifts to a K?*-twisted GL(n, R)-
Higgs bundle if and only if it can be lifted to a K>-twisted EGL(n, R)-Higgs bundle
(V, L, Q, ¢) with deg(L) even.

Proof If a K2-twisted GL(n, R)/Z,-Higgs bundle lifts to a K2-twisted GL(n, R)-Higgs
bundle (V, L, Q, ¢) with deg(L) odd, then it is clear by Proposition 3.8 that we can never lift
it to a K>-twisted GL(n, R)-Higgs bundle. Suppose now that it can be lifted to (V, L, Q, ¢)
with deg(L) even. Again by the previous proposition we can assume that deg(L) = 0. By
taking a square root F' of L=, we get (VR F, LRF?, O®ldp2, p®Idp) = (VRF, 0, 0®
Id 2, ¢ ® IdF) which is again a lift and now a K 2_twisted GL(n, R)-Higgs bundle. ]

The upshot of Proposition 3.8 is that we can work with K2-twisted EGL(n, R)-Higgs
bundles instead of K2-twisted GL(n, R)/Z,-Higgs bundles with the advantage that in the
former case the objects (V, L, Q, ¢) involve holomorphic vector bundles. That is what we
will do from now on.

From (2.2), there is a morphism

ME* (EGL(n, R)) — MK’ (GL(n, R)/Z), (3.7)
which is surjective by Proposition 3.8. Fori = 0, 1, let
2 2
ME(EGL(n, R)) ¢ M* (EGL(n, R)) (3.8)

be the subspace of MK® (EGL(n, R)) consisting of quadruples (V, L, O, ¢), wheredeg(L) =
i. Proposition 3.8 also tells us that we can write

ME*(GL(n, R)/Z,) = MK (GL(n, R)/Z2)o u MK (GL(1. R)/Z2)1  (3.9)
such that (3.7) restricts two surjective morphisms

pi : MK (BGL(n, R)) > MK’ (GL(n, R)/Zp);, i =0,1. (3.10)
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3.6 Topological classification of K2-twisted EGL(n, R)-Higgs bundles

The enhanced orthogonal group EO(n) = O(n) x 7z, U(1) is amaximal compact of EGL(n, R)
and also of its complexification EO(n, C) = O(n, C) xz, C*. So the topological classification
of EGL(n, R)-Higgs bundles over X is the same as that of EO(n, C)-principal bundles,
which are just twisted orthogonal bundles (V, L, Q), that is EGL(n, R)-Higgs bundles with
vanishing Higgs field. For such objects, we have that the determinant of V verifies (A" V)% &
L™,

Since EO(n, C) is a non-connected group (because n is even) there is an obvious first
topological invariant. Let ESO(n, C) = SO(n, C) xz, C* be the identity component of
EO(n, C) and. Then

1 - ESO(n, C) - EO(n, C) — Zy — 0. (3.11)
Thus this first invariant of an EO(n, C)-principal bundle E is
T(E) € H'(X, L) = (Zp)*

given as the image of E under the map H L(X,BEOn, ©)) - H(X,Z>), induced from
(3.11). Tt is the obstruction to reducing the structure group of E to ESO(n, C). In terms of
the twisted orthogonal bundle (V, L, Q) corresponding to E, it is easy to see that

m(V.L, Q)= A"VL™"? € H\(X, Zy) = (Z»)**.

Thus 7z, (V, L, Q) = 0 if and only if AV = L"/? Clearly this generalises the first Stiefel—
Whitney class w; of orthogonal vector bundles, since if deg(L) is even, then z1(V, L, Q) =
wi(VeL1?2 o®ld 1-1). The value of w is independent of the choice of the square root
of L because n is even.

Now we pass to the definition of other topological invariant 7z, of a twisted orthogonal
bundle (V, L, Q). Again, since 7o(EO(n, C)) acts non-trivially on r1 (EO(n, C)), the value
of 1, (V, L, Q) depends on the value of 1z;(V, L, Q). Let 27Z denote the set of even integers
and 2Z + 1 the odd ones. The topological invariant w,(V, L, Q) of (V, L, Q) is given as
follows:

o If i1 (V, L, Q) =0, define

(w2 (V @ L™V, deg(L)) € Z» x 27, if deg(L) even

wH(V, L, =
VL O =0y ez 41, if deg(L) odd

where wy(V ® L~1/2) is the second Stiefel-Whitney class of V ® L1172,
o If iy (V, L, Q) # 0, define
wy(V, L, Q) :=deg(L) € Z.

On the first item, w2 (V ® L~1/2) does not depend on the choice of the square root of L due
to the vanishing of 1t;(V, L, Q).
The following proposition is a consequence of the study made in [20].

Proposition 3.10 Ler n > 4 be even. Then K?*-twisted EGL(n, R)-Higgs bundles over X
are topologically classified by the invariants (ft1, (o) € B, where

B := {0} x ((Zy x2Z) U (2Z + 1)) U ((Zz)zg \ {0}) x Z.
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Let Mg, 7, (EGL(n, R)) denote the subspace of the space of EGL(n, R)-Higgs bundles
in which the EGL(n, R)-Higgs bundles have invariants (&1, &,) € B. Hence we have a
decomposition

2 2
MEEGL.R) = | | ME . (EGL(. R))
(Ixy,m2)eB

Recall the subspaces of MK ? (EGL(n, R)) defined in (3.8). Then they decompose accord-
ing to topological types as follows:

MEEGLM.R) = | | ME,,0ECL0RYL || ME(EGL®, R))
wy€(0.1) T €(Z2)\(0)
(3.12)
and 2 )
ME(EGL@m.R) = | | ME (EGL(n.R)). (3.13)
1 €(Z2)%8

Recall now also the decomposition (3.6) of MK : (GL(n, R)/Z>). From Proposition 3.7,

K? _ K?
MK GL0LR)/Zo)o = | | ME,,(GL(LR)/Zo)o U
u2€{0,1}
] MK (GLG0.R)/Zo)o
w1€(Z2)?8\{0}

and

ME GL0LR)/Za = | | MK, (GL(LR)/Zo)1.

H1,@n
w1€(Z2)%8
Proposition 3.11 Let pg and p; be the morphisms defined in (3.10). The following hold:

o for each wy € Zn, po maps ME . o (EGL(n.R)) onto M, (GL(n.R)/Z2)o, with
U2 = wy.

o for each 7T, € (Z2)* \ {0}, po maps ME ((EGL(n, R)) onto MK ((GL(n. R)/Z2)o,
with 1 = .

e foreach i, € (Z»)*8, pi maps MEZ (EGL(n, R)) onto /\/lK2

7,1 ;L],w,,(GL(n’R)/ZZ)l’ with
H1 = iy.

3.7 Connected components

For each topological type (it1, it;) € B fixed, the calculation of the number of connected
components of the moduli space Mz, 7,) (EGL(n, R)) has been carried out in [20]. There
we used the standard method to study the topology of the moduli spaces of Higgs bundles
through the Hitchin function f, defined in Sect. 2.3. By Proposition 2.12 we also have
the “same” proper function on the K2-twisted moduli space. Moreover, all the arguments
made in [20], immediately go through the K2-twisted case. See especially Theorems 8.1
and 8.2 and Propositions 8.4 and 8.5 of [20]. Therefore we have the following result. Write
z0 = (g — 1)n/2 (mod 2). Recall decompositions (3.12) and (3.13).

Proposition 3.12 Let n > 4 be even.

(1) The moduli space ./\/l(’)( ? (EGL(n, R)) has 2°8 42 connected components. More precisely,
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(1.1) if wy # zo, then M{f fwz 0) (EGL(n, R)) is non-empty and connected.
(1.2) M(If izo,()) (EGL(n, R)) has 2 non-empty connected components, namely:
e 1 component where the Higgs bundles cannot be deformed to a K>-twisted
EO(n)-Higgs bundle.
o 1 component containing K >-twisted EO(n)-Higgs bundles with the given invari-

ants.
(1.3) Mgio(EGL(n, R)) is non-empty and connected for each x| € (Z»)*8 \ {0}.

(2) The moduli space ./\/l{( ? (EGL(n, R)) has 228 connected components. More precisely,
(2.1) M{Lflzl (EGL(n, R)) is non-empty and connected for each piy € (Z2)28.

Recall now the decomposition (3.9) of MK g (GL(n, R)/Z,) according to the lifting prop-
erty to K 2-twisted GL(n, R)-Higgs bundles. From Propositions 3.12 and 3.11 and from the
fact that the 2 connected components of M(')(’ ?Z0,0) (EGL(n, R)) are not collapsed by the
morphism pg (cf. Theorem 10.1 of [20]), we conclude the following.

Proposition 3.13 Let n > 4 be even.

(1) The moduli space MX ? (GL(n, R)/Z>)¢ has 228 + 2 connected components. More pre-
cisely,

(1.1) if wo # zo, then M(I{;Z (GL(n, R)/Z>)¢ is non-empty and connected;

(1.2) Mg zo (GL(n, R)/Z3)0 has 2 non-empty connected components, namely:
o 1 component where the Higgs bundle cannot be deformed to a K *-twisted PO(n)-
Higgs bundle.
o 1 component containing K *-twisted PO(n)-Higgs bundles with the given invari-
ants.

(1.3) ./\/lllflz’o(GL(n, R)/Z2)¢ is non-empty and connected for each w1 € (Z2) \ {0}.

(2) The moduli space MK ’ (GL(n,R) /7)1 has 2°8 connected components. More precisely,
Mllfiw" (GL(n, R)/Z>)1 is non-empty and connected for each 1| € (7).

The connected component of M(Ifzo (GL(n, R)/Z>)o where the Higgs bundles do not
deform to the maximal compact subgroup is the famous Hitchin component of the moduli
for the split form GL(n, R)/Z,; cf. [17].

The next result is now immediate, using the previous proposition and Corollary 3.9.

Corollary 3.14 Let n > 4 be even. The moduli space /\/lK2 (GL(n, R)/Z>) has 22+l 4
2 non-empty connected components. Of these, 228 + 2 contain the polystable K?*-twisted
GL(n, R)/Z>-Higgs bundles which lift to GL(n, R) and the remaining 2*¢ contain the ones
that do not lift.

So we achieve our first goal.
Theorem 3.15 Letn > 4 be even. The moduli space Mpax (PSp(2n, R)) has 228+l 4 2 pon-

empty connected components. Of these, 228 + 2 contain the polystable PSp(2n, R)-Higgs
bundles which lift to Sp(2n, R) and the remaining 28 contain the ones that do not lift.

Proof Immediate from the previous corollary, from Proposition 3.5 and from the fact that
a PSp(2n, R)-Higgs bundle lifts to an Sp(2n, R)-Higgs bundle if and only if the corre-
sponding K2-twisted GL(n, R)/Z,-Higgs bundle (under Theorem 3.5) lifts to K2-twisted
GL(n, R)/Z,-Higgs bundle, as one can check from (3.5). O
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4 Higgs bundles for PSO*(2n)
4.1 Definitions, obstructions and Cayley correspondence

In this section we perform a similar analysis to the one done for PSp(2n, R), but for the
projective non-compact dual of the orthogonal group. Recall that the non-compact dual of
the special orthogonal group SO*(2n) can be defined by the group of special orthogonal
transformations of C?" leaving invariant a non-degenerate skew-hermitian form. Assume
n > 1 (otherwise SO*(2) = SO(2) is compact). Then its centre is £1,, hence by definition

PSO*(2n) = SO*(2n)/ £, = SO*(2n)/Z,.

Both groups are of hermitian type and they are of tube type if and only if n is even. The group
PSO*(4) is not simple and the associated hermitian symmetric space is not irreducible, so
we do not consider it in this paper.

We will be sketchier here, leaving the details for the interested reader. The case of the
group SO*(2n) has been studied in detail in [7].

A maximal compact subgroup of SO*(2n) is the unitary group U(n), hence U(n)/Z, is a
maximal compact of PSO*(2n). The Cartan decomposition of the complexified Lie algebra
is s0(2n, C) = gl(n, C) @ mC, where mC = A2V @ AZV* with V being the fundamental
representation of GL(n, C). So a PSO*(2n)-Higgs bundle is a pair (E, ¢) with E being a
GL(n, C)/Z;-principal bundle and the Higgs field ® is a section of E (m©) ® K. There is
no natural way to define PSO*(2n)-Higgs bundles in terms of vector bundles.

Since the maximal compact subgroup of PSO*(2n) is (conjugate to) U(n)/Z,, Proposition
3.2 tells us that PSO*(2n)-Higgs bundles are topologically classified by

(d,w)yeZ x7Zy ifneven and d € Z ifn odd.

Higgs bundles for SO*(2n) can also be defined as above, by replacing GL(n, C)/Z, by
GL(n, C). Then we can define an SO*(2n)-Higgs bundle over X as a triple (V, 8, y) where
V is a holomorphic vector bundle on X, f8 is a section of A2V ® K and y a section of
A?V* ® K. Their topological type is determined by the degree of V. An SO*(2n)-Higgs
bundle is mapped to a PSO*(2n)-Higgs bundle just has in (2.1), preserving polystability by
Proposition 2.2. The same argument as in Proposition 3.3 shows the following.

Proposition 4.1 The PSO*(2n)-Higgs bundles which lift to an SO*(2n)-Higgs bundle are
precisely the ones of topological type (d, 0) if n is even, or d even if n is odd. Moreover; in
both cases any two lifts differ by a 2-torsion line bundle on X.

So there is a morphism M(SO*(2n)) — M(PSO*(2n)) between the corresponding
moduli spaces, such that M &(SO* (2n)) maps onto M @.0) (PSO*(2n)) when n is even and

onto M, 5(PSO*(2n)) when n is odd, where d € 7 is a topological type of SO*(2n)-Higgs
bundles.

If tpgo+ denotes the Toledo invariant of a semistable PSO*(2n)-Higgs bundle (E, @), then
Theorem 2.5 says that |tpgo*(E, ®)| < [1n/2](2g — 2). The proof of the next result follows
the same lines as the one of Proposition 3.4.

Proposition 4.2 Let (E, ®) be a semistable PSO*(2n)-Higgs bundle.
e [fn is even and the topological type of (E, ®) is (d(E), w(E)) € Z X Zj, then
ld(E)| <n(g—1)/2.
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e [fn is odd and the topological type of (E, @) is d(E) € 7Z, then
ld(E)] < (n—D(g—1.

Consider the subspace M,x (PSO*(21)) € M(PSO*(2n)) with maximal positive Toledo
invariant, that is

Mumax (PSO*(2n)) = | | Mu(g—1)/2.0)(PSO*@2n))  if n even,

WEZn

Mmax (PSO*(2n)) = M u—1)(g—1)(PSO*(2n)) if n odd.

The count of components of M pax (PSO*(2n)) follows immediately in the case 7 is odd,
since we know from [7] that M p.x (SO*(2n)) is connected. Since the maximal Toledo is
even, Proposition 4.1 says that the map Mpax (SO*(2n)) — Mmax (PSO*(2n)) is surjective,
hence M pax (PSO*(2n)) is connected as well.

The situation is different whenever n is even since M pax (SO*(21)) — M pmax (PSO*(2n))
is no longer surjective. Hence suppose n > 4 is even until the end of Sect. 4. Since PSO* (2n)
and SO*(2n) are of tube type for n even, the Cayley correspondence holds. The Cayley
partner for SO*(2n) is U*(n), the non-compact dual of the unitary group U(n). Thus from
Theorem 2.8 and Proposition 2.11 we have the following.

Theorem 4.3 The moduli spaces Myax (PSO*(2n)) and MX : (U*(n)/Z,) are isomorphic
as complex algebraic varieties.

We have a commutative diagram

Minax (S0* (2)) ————= MK (U*(n)) 4.1)

|

Minax (PSO*(2)) —= MK (U*(n) /Z2).
where the vertical maps are the morphisms given by (2.2).

4.2 K2-twisted Higgs bundles for U*(n)/Z,

Recall that n = 2m > 4 is even. The group U*(2m) admits the compact symplectic group
Sp(2m) as a maximal compact. Hence, a K 2_twisted U*(2m) /Z»-Higgs bundle is a pair
(E, ¢), with E aPSp(2m, C)-principal bundle and ® a section of E (m(c), where m€ = A%-ZV
and (V, ) the fundamental representation of Sp(2m, C) in C2" 1In the case of U*(2m), the
principal bundle has structure group Sp(2m, C), hence K >-twisted U* (2m)-Higgs are triples
(V, 2, ¢) with (V, Q) a rank 2m symplectic vector bundle and ¢ : V — V ® K2, skew-
symmetric with respect to €2; cf. [12].

As before, not every K >-twisted U*(2m)/Z,-Higgs bundle lifts to a K >-twisted U* (2m)-
Higgs bundle and that is detected by the topological type, given by an element ¢ €
11 (PSp(2m)) = Z. So a K2-twisted U*(2m)/Z,-Higgs bundle lifts to a K2-twisted
U*(2m)-Higgs bundle if and only if it is topologically is trivial; note that U*(2m) is the
universal cover of U*(2m)/Z,. So we are again lead to considering the group

EU*(2m) = U*(2m) xz, U(1).
The same argument as in Proposition 5.2 of [20], but replacing O(n, C) by Sp(2m, C) shows
that a K >-twisted EU* (2m)-Higgs bundle may be defined as a quadruple (V, L, Q, ¢) on X,
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where V is a rank n vector bundle, L a line bundle, 2 an L-valued symplectic form on V
and ¢ € H(X, AéV ® K?). Then we have the following analogue of Proposition 3.8.

Proposition 4.4 Every K2-twisted U*(2m)/Zo-Higgs bundle (E, @) lifts to a K*-twisted
EU*(2m)-Higgs bundle (V, L, 2, ¢). The parity of deg(L) is fixed in all the lifts of (E, ¢).
Moreover it is possible to choose the lift to a K *-twisted EU* (2m)-Higgs bundle (V, L, 2, ¢)
such that either deg(L) = 0 or deg(L) = 1.

Remark 4.5 Although we do not need this fact here, we have indeed as in Corollary 3.9 that
a K2-twisted U*(2m)/Z,-Higgs bundle lifts to a K >-twisted U*(2m)-Higgs bundle if and
only if it can be lifted to a K 2_twisted EU* (2m)-Higgs bundle (V, L, Q, ¢) with deg(L)
even.

Hence, by (2.2), we have a surjective morphism
MK BU*@m)) — ME*(U*@m) /Z,).

It M (BU*(2m)) and (resp. MK’ (BU*(2m))) denote the subspaces of MX” (EU*(2m))
where deg(L) = O (resp. deg(L) = 1), the preceding morphism restricts to two surjective
morphisms

pPi: Mé{Z (EU*(2m)) — Mgz(U*(Zm)/Zz) 4.2)

and
P2 MFZ(EU*(Zm)) — M{(2 U*2m)/Zy), 4.3)

where ./\/tiK2 (U*(2m)/7Z,) is the subspace of /\/tk2 (U*(2m)/7Z,) whose Higgs bundles have
topological type ¢ = i € Z;. Hence, we have a disjoint union

ME (U @m) Z) = ME (U* @m) ) Z2) 1 MK (U* @m) ) Z). (4.4)

The fundamental group of ESp(2m) (hence of EU*(2m)) is isomorphic to Z. So EU* (2m)-
Higgs bundles (V, L, 2, ¢) are topologically determined by an integer which is actually the
degree of L. Notice that deg(V) = m deg(L), thus the topological type of the Higgs bundles
in Mé( ? (EU*(2m)) or in M{( : (EU*(2m)) is fixed. Observe that this is in contrast with the
case of EGL(n, R), where we had the decompositions (3.12) and (3.13).

4.3 Connected components

In [12], we proved that the moduli space of U*(2m)-Higgs bundles is connected. For that
we used that the local minima of the Hitchin proper functional f in M(U*(2m)) are exactly
the ones with vanishing Higgs field. Now, we also have the Hitchin proper function on
MK? (EU*(2m)), by Proposition 2.12 and the entire argument in loc. cit. does not depend on
the twisting by K or K2. On the other hand, the same argument in [12] is also independent of
the line bundle L where the symplectic form €2 takes values. Precisely, if one recalls that the
study of the smooth minima of f involves the study of subspaces H! (Cp) of weightk > 0
of the deformation space H!(C*®) of a K2-twisted EU*(2m)-Higgs bundle (representing a
smooth point in the moduli), then one can see, as in the last paragraph of page 259 of [20],
that the line bundle L only plays a role when k = 0. So it does not play a role in the study of
smooth local minima. So we conclude that:

Theorem 4.6 The spaces /\/l(l)(2 (EU*(2m)) and ./\/l{< : (EU*(2m)) are both connected and
non-empty.
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Thus we have the count of the connected components of Myax (PSO*(2n)), for n > 4
even.

Theorem 4.7 Let n > 4 be even. The moduli space Mmax(PSO*(2n)) has 2 non-empty
connected components. One of them is composed by the PSO*(2n)-Higgs bundles which lift
to SO*(2n)-Higgs bundles and the other one by the ones which do not lift.

Proof 1t follows Theorem 4.3, from the decomposition (4.4), from the surjective morphisms
(4.2) and (4.3), from Theorem 4.6 and finally from (4.1). ]

5 Higgs bundles for PSO((2, n)
5.1 Definitions, obstructions and Cayley correspondence

Now we consider the case of Higgs bundles for the identity component of the projective
special orthogonal group with signature (2, n), PSOg(2, n) = SO (2, n)/Z(SO0 (2, n)). The
case of the group SOp(2, n) has been considered in [6]. Both are hermitian groups of tube
type, for any n.

The special orthogonal group SO(2, n) can be defined as the group of volume preserving
transformations of R2*” leaving invariant a non-degenerate symmetric bilinear form of sig-
nature (2, n). It has two connected components, and denote the one containing the identity
by SO0 (2, n). If n is odd, the centre of SOg (2, n) is trivial so PSOg(2, n) = SO (2, n), while
if n is even, it is =/>4,. Thus, for n even,

PSOy(2, n) = SO0(2, n)/ % Irsn = SO0(2, n)/Zs.

Similarly to the case of PSO*(4), we will not consider the group PSOg(2,2) since it is
not simple and the associated hermitian symmetric space is not irreducible. Besides, the
fundamental group of PSOq(2, 2) is different from the one of PSOqy(2, n) when n > 2.
Hence we assume henceforth that n > 4 is even.

The group H = (SO(2) x SO(n))/Z,, with Z; acting diagonally, is a maximal compact
subgroup of PSOg (2, ). The Cartan decomposition of the complexified Lie algebrais so(2+
n,C) =Chson,C)® mE, where m€ = Hom(W, L @ 1L*), with W being the fundamental
representation of SO(n, C) and L the fundamental representation of SO(2, C) = C*. So a
PSO (2, n)-Higgs bundle is a pair (E, ¢) where E is an (SO(2, C) x SO(n, C))/Z,-principal
bundle and ¢ is a section of E(m(c) QK.

The following result can be proved as in Proposition 3.2 by determining the kernel of
the universal cover R x Spin(n) — (SO(2) x SO(n))/Z,. Recall that we denote by w, the
oriented volume element of Pin(n). It has order 2 or 4, depending on whether n is multiple
of 4 or not; cf. [18]. Since n > 4 is even, wj, lies in fact in Spin(n). Recall also that, as a set,
m1PSO(n) = {0, 1, w,, —w,} in the abelian notation (here 1 is an element of order two).

Proposition 5.1 Let n > 4 be even. The fundamental group of (SO(2) x SO(n))/Z; is
71((SO2) x SO(n))/Zy) =27 X Zn U L+ 1) x {£w,} = Z x Z,,

where in the second isomorphism 7 x 7, means the abelian group generated by (1, w;) and
(0, 1). Moreover, the inclusion

Z x Zy = m1(SO2) x SO(n)) — w1 ((SO2) x SO(n))/Z2) = Z x Zn
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in the exact sequence | — 7Z X 7y — 7. X Zy — Zo — 0 is given by multiplication by 2
on the first factor and by the identity on the second one.

Thus PSOq (2, n)-Higgs bundles over X are topologically classified by invariants
d, ) €2Z x 7y U RZ+ 1) x {wy} EZ x Zy.

Higgs bundles for the group SOy (2, n) over X are given by the data (L, W, Qw. B, ¥)
where L is a holomorphic line bundle, from which we consider the rank two bundle L & L]
with the standard orthogonal structure, (W, Qw) is an special orthogonal vector bundle of
rank 7, B is a section of Hom(W, L) ® K and y a section of Hom(W, L~') ® K. Their
topological type is determined by the degree of L and by the second Stiefel-Whitney class
wy € Zp =1{0, 1} of W.

An SO*(2n)-Higgs bundle is mapped to a PSO*(2n)-Higgs bundle, as shown in (2.1),
preserving polystability. An argument similar to Proposition 3.3, but using Proposition 5.1,
shows the following.

Proposition 5.2 The PSO (2, n)-Higgs bundles which lift to an SOy (2, n)-Higgs bundle are
precisely the ones of topological type (d, ) with d an even integer and i = 0, 1. Moreover,
any two lifts differ by a 2-torsion line bundle on X.

So the morphism M (SOg(2, n)) — M(PSO(2, n)) maps the space M(J,wz) (809 (2, n))
onto M(zg_wz)(PSOO(Z, n)).

Using the fact that the Toledo invariant of a semistable SO (2, n)-Higgs bundle verifies
|Tso| < 4g — 4 and that the corresponding degree is half of 5o, one proves the following
result, analogously to the previous cases of PSp(2n, R) and PSO*(2n).

Proposition 5.3 Let (E, ¢) be a semistable PSOq(2, n)-Higgs bundle, with n > 4 even. Let
its topological type be given by (d(E), u(E)). Then

ld(E)| < 4g — 4.

Consider the subspace Mpax (PSOg(2, 1)) € M(PSOq(2, n)) with maximal positive
Toledo invariant, that is

Munax(PSO0(2, 1)) = | | Mag—4..1(PSOp(2, n)).
WEZLp

Proposition 5.2 tells us that the map Mpax (SO0 (2, 7)) — Mmax(PSOo(2, n)) is sur-
jective, with M (242 ,)(SOg(2, n)) mapping onto M 4g_4,u,)(PSOg(2, n)). Observe that
this is in contrast with the other two cases. This fact allows us to immediately calculate the
connected components of Mpax (PSOg(2, 1)), in particular avoiding the use of the Cayley
correspondence. Indeed, we know from [6] that M 2¢—2 ) (SO0 (2, 1)) has 228 connected
components, for each wy € Z,. Hence, from Proposition 5.2, we have the following.

Theorem 5.4 Let n > 4 be even. The moduli space Mmax (PSOg(2, n)) has 2 non-empty
connected components. All the PSOo(2, n)-Higgs bundles on them lift to SOo(2, n), but in
one of them they lift to the universal cover SOg(2, n) and in the other they do not.

Remark 5.5 Although we did not make use of it, the Cayley correspondence of course still
holds. Since the Cayley partner of SOg(2, n) is SOg(1, 1) x SO(1, n — 1), it turns out from
Proposition 2.11 that the Cayley partner of PSOg (2, ) is SO (1, 1) x SOg(1, n — 1), whose
corresponding K 2-twisted moduli space is just the product of a vector space with the moduli

@ Springer



Geom Dedicata (2017) 190:1-22 21

space of K 2-twisted SOq (1, n — 1)-Higgs bundles. Hence, it follows from Theorems 2.8 and
5.4 that the moduli space MK 2(SO()(I, n — 1)) has 2 non-empty connected components,
showing that this is also the case for M (SOq (1, n — 1)). This provides a somehow different
proof of this result, alternative to the one given in [2].

5.2 An application: Higgs bundles for E 14

The exceptional group E¢ 14 s of hermitian type, but not of tube type. The rigidity phenomena
of maximal E¢ 14-Higgs bundles implies [3, Theorem 6.2] that there is a fibration

Munax (Eg ™) = Mumax (PSO (2, 8)),

with fibre isomorphic to the Jacobian of X. Thus Theorem 5.4 immediately provides our final
result.

Theorem 5.6 The moduli space Mmax(Eg ]4) has 2 non-empty connected components.

This is the first case where the maximal connected components of moduli spaces of Higgs
bundles over X are determined for an exceptional real group.
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