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Abstract We find some sufficient conditions under which the permutational wreath product
of two groups has a minimal (irredundant) generating set. In particular we prove that for a
regular rooted tree the group of all automorphisms and the group of all finite-state automor-
phisms of such a tree satisfy these conditions. Thereby we solve the problem that was stated
by B. Csdkdny and F. Gécseg in 1965.
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1 Introduction

We consider the following problem

Problem 1 Do the group of all automorphisms and the group of all finite-state automor-
phisms of a regular rooted tree have any minimal generating set?

This problem was stated originally by Csdkdny and Gécseg [6] in terms of automata in
1965. They asked whether the semigroup of all automaton transformations, the semigroup
of all finite automaton transformations, the group of all bijective automaton transformations,
and the group of all finite bijective automaton transformations over a fixed finite alphabet
with at least two elements have a minimal generating set?

The answer for semigroups is negative. This result was obtained independently by Aleshin
[1] in 1970 and D6mosi [7] in 1972. The question about groups (i.e. Problem 1) was also
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formulated in papers of Domosi. In particular, it appeared in [8, Problem 2.1] and [9,
Problem 2.31]. Moreover this problem is mentioned in the papers [2,16].

Among works related to this problem we mention the result of Andriy Oliynyk from [17].
Namely, it was proven that finite-state wreath product of transformation semigroups is not
finitely generated and in some cases doesn’t have a minimal generating set. We also mention
papers devoted to the study of generating sets in projective limits of wreath products of groups
[3.4,14,18].

We find some sufficient conditions under which the permutational wreath product of a
finite group and an infinite group has a minimal generating set (Theorem 2). We also give
a several examples of groups and classes of groups satisfying such conditions. In particular
we prove that for a regular rooted tree the group of all automorphisms and the group of
all finite-state automorphisms of such a tree satisfy these conditions (Theorems 7 and 9).
Therefore we obtain the main theorem of the paper.

Theorem 1 The group of all automorphisms and the group of all finite-state automorphisms
of a regular rooted tree have minimal generating sets.

Thus Problem 1 is solved positively.
Most results of this paper were announced without proofs in [12,13].

2 Minimal generating sets in permutational wreath products

We first recall the notion of the permutational wreath product.

Let (A, X) be a permutation group and let H be a group. Then the permutational wreath
product (A, X) ¢ H is the semi-direct product (A, X) < H X where (A, X) acts on the direct
power HX by the respective permutations of the direct factors.

We will say that a permutation group (A, X) satisfies the condition PS if:

1. The group (A, X) is finite and transitive.
2. There are subsets X1, X» of X and subgroups Ay, A, of A with the following properties:

(A1, X) and (A>, X) act transitively on X| and X, respectively and act trivially on
X \ X1 and X \ X respectively.

— X1 and X, do not intersect.

= X1l = 2, [X2] = 3.

— If | X1| = 2 then there is a € A satisfying a(X1) N X, # ¥ and a(X1) SZ Xo.

We say that a group G satisfies the L-condition, if G is decomposed into permutational
wreath product G = (A, X) @ H and there are a normal subgroup Hy of H and an integer
k > 1 with the following properties:

. The permutation group (A, X) satisfies the condition PS,

. The quotient H/Hy has infinite minimal generating set,

. |H/Hol = |Hol,

. Either Hy < H' or H' < Hy < H*H', where H' is the commutator subgroup of H and
H* = ({h*,h € HY),

5. fH < Hy<H KH' then there is a subset C of some minimal generating set of H/Hy

such that

(@) |Cl = [H/Hol,
(b) For every coset ¢ € C there is & in the coset ¢ such that = e.

AW =
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Note that condition 2 of the definition of the L-condition imply that A is infinite.
In this section we prove the following theorem.

Theorem 2 A group with the L-condition has a minimal generating set.

Proof Proof of Theorem 2

At first we fix some notation.

Let G = (A, X) @ H and let Hy be a normal subgroup of H. We assume that G, (A, X),
H, and Hj satisfy the conditions of Theorem 2. Let X = {0, 1,...,n}, X; ={0,1,..., 11},
and X ={lo, b+ 1,...,n}.

The symbol for the identity element is e and the symbol for the trivial group is E.

The group G is a semidirect product of its subgroups A and K, where K is the direct
productofn+1copiesof H,i.e., K = H x --- x H. We will also write whole subgroup K as

— ——

n+1
(H, ..., H). The conjugationof g = (go, - .., &) by anelementof (A, X) is acorresponding
—

n+1
perml—ftation of coordinates of the tuple.

Without loss of generality, we will make the following assumptions:

If there exists a € A such that a(X;) N X, # @ and a(X;) € X, then letd; € A be such
that d1(0) ¢ X» and d; (1) = n.

Otherwise, if a(X1) N X2 # ¢ implies that a(X() € X, for alla € A then |X| > 3
by the condition PS. In this case let d» € A be such that d»(0) = n, da(1) = n — 1, and
dr(2)=n-—2.

By the L-condition there is a minimal generating set F = {f; | i € 7} of H/Hp, where
7 denotes a set of indices. Let ¥ : H — H/Hj be the canonical epimorphism. For every
i € 7 we fix some element f; € H such that ¥ (f;) = f;. Denote

F={fili ez}
Let 71 and 7; be subsets of 7 with the following properties:

- 1l=|Z|
-1 =7I\12.

Denote
FLi = {fili e 7j} for j = 1,2.

In the case of H < Hy < H*H' due to condition 5 of the L-condition we can assume
that for every i € 7, the following equality holds: fl.k = e. In the case of Hy < H' we can
assume that 7, = 7.

Since F is an infinite set the set of the finite words over F has the same cardinality as F.
By the L-condition |H/Hp| > |Hp|. It follows that

|2 | = |Z| = |H/Ho| = |Hol.
Therefore we can fix a surjection ¢ : 7o — Hy. We also define the set of elements of G:

SK={%‘=(fi,e7--wev¢(i))|i612}U{‘1i=(fis€’-~-’e)|l'611}-

Let us fix a minimal generating set of A: Sy = {s1,52,...,5:}. Let § = Sx U S4 and
N = (S). Note that A = (S4) is contained in N.

Lemma 1 The set S is a minimal generating set of the group N.
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Proof Since G is the semidirect product A £ K and Sk C K, any element s of S4 cannot
be written as an product of elements of S \ {s} and their inverses.

Further, suppose, contrary to our claim, that the element ¢; for some i € 7 is a product of
elements of S\ {¢;} and their inverses. It is easy to check that this decomposition of ¢; can be
transformed to the product of the form g; = (qfl1 Y (qf;" Yo where iy, ..., in € T\{i},
€,...,6m €{—1,1}and ay, ..., a, € A. Consider the 0-th coordinate of g;. We have that
fi is a product of elements of F \ {f;}, their inverses and elements of Hy. Applying ¢ we
conclude that f; is a product of elements of F \ { f;} and their inverses. This contradicts the

fact that F' is a minimal generating set of the quotient H/Hy. O
We next show that the set S is a generating set of G, i.e., we next show that N = G.

Lemma 2 For every g € (F) the elements u,—» = (e,...,e,g,e,8~ ") and u,_1 =
(e,...,e, g, g_l) are contained in N.

Proof The element g can be decomposed into the product of elements of F and their inverses:
g= ffll ...fl.:", where €1, ..., €, € {—1, 1}. Forevery j € X \ {0} choose b; € A such
that 5;(0) = j. Then

€m

—1 m —1 —1
tj:bj qil...qubj(qfll...qim) =(g ,e,...,e,g,e,...,e) €N,

where g is located on the j-th coordinate of the tuple.
We consider all possible cases depending on the group A. We will use here the elements
d and d» which were defined at the beginning of the proof of the theorem.
1. Thereisa € A suchthata(X;)N X, # Panda(X,) € Xo. Foreverym € {n—2,n— 1}
choose ¢,, € A, suchthatc,,(n) = m.Then tfl' (tf‘c’”)_1 =u, € Nform=n—-2,n—1.
2. Forall a € A, the inequality a(X1) N X, # ¥ implies that a(X) € X5. Then |X{| > 3
and elements u,_| = t;b and u,_» = tgz are contained in N.

Lemma 3 The subgroup (E, ..., E, H') of K is contained in N.

Proof Let hy,hy € H. Then there exist g; € (F), i; € I for j = 1,2 such that
hj = gj¢(i;). By the construction, the set S contains elements g;; = (fi;,e,..., e, ¢(i;))
for j = 1,2. Leta € A be such that a(0) = 1. Then qi”2 = (e, fiy,e,...,e,¢(i2)) € N.
By Lemma 2 elements t; = (e,...,e, gl_l,e, gr) and tp = (e, ..., e, gz_l,gz) are
contained in N. Therefore hy = g, = (fi,e, ...,e, gfl,e, gi1¢ (i) and h) =
hqy = (e, fir e ... e, gz_l,ggqb(iz)) are contained in N. Hence h/lh/Zh/l_lh/z_1
(e,...,e,hihahy 'hy™!) € N. Thus (E, ..., E, H') < N. u]
Lemmad IfH < Hy < H*H' then (E, ..., E, H*) < N.
Proof If H' < Hy < H¥H' then for every i € 7T, the following equality holds: fik =e.
Let h € H. Then h = ghy for some g € (F) and hg € Hy. Since Hy > H’ and

FT1 U FT2 = F there exist g1 € (FZ1), go € (FT2), and hy € H’ such that g = g1 g2h.
Since Hy > H’ there exists i € 7 satisfying ¢ (i) = hjhg. Thus we have h = g122¢(i).

By the construction, the set S contains the element ¢; = (fi,e,...,e, ¢(i)). By Lemma 2
element r = (e, ..., e, gz_],gz) is contained in N. Let @ € A be such that a(0) = n.
Note that element t; = a_l(gl, e,...,e)a = (e,...,e, gp) is contained in N. Therefore

h = nhg = (fi,e, ..., e, gz_l, g182¢(i)) is contained in N. By the condition of the
lemma there is hy € H' such that gg = hy. Leta; € Aj be such that aj(n — 1) = n. Then

(e,...,e,hy,e) = afl(e, ...,e,hy)a; € N by Lemma 3. Therefore e, ... e hy,e) =
(e,...,e,e,h*) e N.Thus (E,...,E, H*) < N. o
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Lemma5 N = G.

Proof If Hy < H' then (E, ..., E, Hy) < N by Lemma 3. If Hy > H’ then the conditions
of Lemma 4 hold by condition 5 of the L-condition. Thus in this case (E, ..., E, Hy) <
N too. By construction (F, E, ..., E) is contained in (Sk, (E, ..., E, Hp)). Therefore
the set (F, E,..., E) is contained in N. Let a € A be such that a(0) = n. Then
a_](F,E,...,E)a =(E,...,E,F) C N.Since (FYHy = H we have (E,...,E,H) <
N. Also by transitivity of (A, X) we obtain (H, ..., H) < N. It follows that N = G. O

Now the assertion of Theorem 2 follows immediately from Lemma 1 and Lemma 5.

3 Applications and examples

We first give natural constructions of groups with property PS.

Proposition 3 The following groups satisfy PS:

1. The symmetric group of degree m > 5.

2. The permutational wreath product (B1, Y1) ¢ (B2, Y2), where (By, Y1) and (B2, Y>) are
finite transitive permutation groups and |Y1| > 2, |Y2| > 3.

3. The permutational wreath product (By, Y1) 2 (B2, Y2) 1 (B3, Y3), where (B;, Y;) is a finite
transitive permutation group and |Y;| > 2 fori =1, 2, 3.

Now we formulate two corollaries from Theorem 2 which are more applicable.

Proposition 4 Let G = (A, X) H and there is an integer k > 1 with the following proper-
ties:

1. (A, X) satisfies PS.

2. H is an infinite group.

3. H > H*.

4. |H'| < |H/H'|.

Then the group G satisfies the L-condition.

Proof Due to Theorem 2 we only need to show that H/H’ has infinite minimal generating
set. By the conditions of the theorem H/H’ has exponent k. We conclude from result of [11,
Proposition3.7] that an abelian group of a bounded exponent has a minimal generating set,
and the proposition follows. O

Proposition 5 Let G = (A, X) * H and there is an infinite subgroup M of H with the
following properties:

1. (A, X) satisfies PS.
2. M has exponent 2.
3. M| =|H|.

4. MNH?>=E.

Then the group G satisfies the L-condition.

Proof Set Hy = H?. Then H/Hy and M have minimal generating sets (Hamel basis) as
vector spaces over the field with two elements.
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Let 7 be an index set, and let B = {b; | i € I} be a minimal generating set of M. Let
also  : H — H/H? be the canonical epimorphism. Since M N H 2 = E the restriction v/
onto M is a bijection and the set ¢ (B) is a minimal generating set of (y/(B)). Since B is
infinite we have | (B)| = |B| = |M| = |H|. Therefore we have |H| = |H/Hy| and ¥ (B)
can be complemented to Hamel basis F of the space H/Hjy. It is also evident that bi2 = e for
every b; € B. Note that inclusion H < H? is always true. Thus the group G satisfies the
L-condition. O

Note that we use existence of Hamel basis of a vector space over a field in the proof of
Proposition 5. Hence this proof uses the axiom of choise in some cases.

In the next section we will apply Proposition 5 to some groups of automorphisms of rooted
trees, and particularly give positive answer to Problem 1.

3.1 Automorphism groups of rooted trees

We first recall necessary definitions related to rooted trees and groups acting on rooted trees.
All notions which will be defined in this section are well-known, see for instance [10,19,20]
for more details.

Let us fix our notation. Let X = (Xi, Xz,...) be a sequence of finite sets X; =
{0,1,...,n;} (we assume n; > 1 for all i). Let X" denote the set of all words of the form
X1X2...xp, Where x; € X; fori = 1, ..., n. Let X* denote the set which consist of the empty
word ¢ and all words of the form x;x;...x,, wheren € Nandx; € X; fori = 1,...,n.
Let X® denote the set of all infinite words of the form x| x5 ..., where x; € X;. We denote
by X® the infinite sequence (X, Xxi1, .. .).

We can consider the set of words X* as rooted tree Ty which can be defined as follows: a
vertex x1xs ... X, is adjacent to xyx3 ...x,—_1, ¥ is the root. For the rooted tree Tx we also
define the vertex subtree T, (v € X*) whose vertices are the words of the form vX*. We call
the set of vertices X" the n-th level of Tx.

Let Aut Tx be the group of all automorphisms of the tree Tx. Let G < Aut Tx. We recall
the definitions of some standard subgroups of G:

— The subgroup of all elements of G fixing every vertex of n-th level, denoted by Stabg (n),
is called the stabilizer of the n-th level.

— Forevery v € X* the subgroup of all elements of G fixing every vertex outside the subtree
Ty, denoted by ristg (v), is called the rigid stabilizer of the vertex v.

— The group generated by the set |, .x» ristv, denoted by Ristg(n), is called the rigid
stabilizer of the nth level.

Let Auty Tx be the subgroup of Aut Tx such that an automorphism g of Tx is in Autg Tk
if and only if the equality g(uv) = g(u)v is valid for any u € X¥ and any v € X*. Note
that Auty Tx acts by permutations faithfully on the set Xk, Note also that Stabay 7 (k) =
Ristaut 7y (k). Therefore the group Aut Tx can be decomposed into semidirect product of its
subgroups Auty Tx < Ristay; 7y (k). It follows that Aut T is isomorphic to the permutational
wreath product (Auty Tx, X¥) ¢ ristau 7y (v), where v € Xk and Ristay 7y (k) is the base
subgroup of this wreath product.

We define subgroup My < Aut Tx as infinite direct product: Mo = [];- Cé’) , where each
Cél) is isomorphic to the group of order 2. The action of elements of M on the tree Tx can
be defined in the following way. A nontrivial element of Cé’) acts as follows 00...010v —

i
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00...011v,00...011v — 00...010v for every v € X¢*D and w — w for the other
1 1 1
words of X*.

Lemma 6 The intersection My N (Aut Tx)? is trivial.

Proof For every g € AutTx and n > 0 we can write g = g,(gv,, - .., &), Where g, €
Aut, TX, (8v;s - -» &) € Ristauwr(n), and {vy, ..., v} = X" Write IT,g = [[,ex» 8v
for every n > 0.

It is evident that IT, g2 is an even permutation of X, for every g € Aut Tx and n > 0.
Therefore I, 4 is an even permutation of X4 for every & € (Aut Tx)? and n > 0. But for
every nontrivial element g € My there is m > 0 such that I1,,g is an odd permutation of
Xm+1- Thus the intersection My N (Aut T)()2 is trivial. O

Proposition 6 Let G be an infinite automorphism group of Tx and there is a positive integer
k with the following properties:

1. The group G can be decomposed into a semidirect product of its subgroups (G N
Auty Ty, XKy < Ristg (k) provided the group (G N Auty, Tx, X¥) satisfies PS.
2. [IMgN G| =G|

Then the group G satisfies the L-condition.

Proof Let G be a group and k € N be such that all conditions of the statement are satisfied.
Let v = 0...0 € X*. Then G is isomorphic to the permutational wreath product (G N
Auty Tx, XK) vristg (v).

Consider the subgroup M = My N ristg(v) of the group G. It is obvious that M has
exponent 2. Since MyNG = (MoNG N Aut, Tx) x M we have |M| = |MyN G|. Combining

it with the second condition of the statement we obtain |[M| = |G|. It follows that |M| =
|G| = | ristG (v)]. By Lemma 6 we have M N (ristg (v))? < Mo N (Aut Tx)? = E. Thus the
group G satisfies the L-condition by Proposition 5, and the statement follows. O

3.1.1 Examples of uncountable groups of automorphisms with the L-condition

We recall the definitions of some classes of automorphisms of 7.

— An automorphism g is called finitary if there is a positive integer n such that the equality
g(uv) = g(u)v is valid for every u € X" and every v € X*.

— An automorphism g is called weakly finitary if for every w € X® there aren € N, u € X",
and v € X® such that w = uv and g(uv) = g(u)v.

— Two words wi, wy € X are called cofinal if there are n € N, uj,uy € X", v € X%
satisfying w; = ujv and wy = upv.
An automorphism g is called cofinal if it maps cofinal words to cofinal words.

— An automorphism g is called bicofinal if both g and g~ are cofinal.

Denote by Aut y Tx, Auty, s Tx, Auty, Tx the sets of all finitary, weakly finitary and bicofinal
automorphisms of Tx respectively. All of these sets are groups.
Note that, by definitions, we have the following inclusions:

Auty Tx < Autyy Tx < Auty, Tx.

For more details on these groups we refer the reader to [15].
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Theorem 7 The groups Aut Tx, Auty, s Tx and Auty, Tx satisfy the L-condition and so have
minimal generating sets.

Proof Let G be one of the above groups. Then G can be decomposed into semidirect product
of its subgroups (Autg T, X¥) < Ristg (k) for a positive integer k. The permutation group
(Auty Ty, X¥) satisfies the condition PS for k > 3 by Proposition 3. It is clear that My <
Autyr Tx < Auty Tx < Aut Tx. It follows that G satisfies all conditions of Proposition 6,
and the statement follows. O

3.1.2 Examples of countable groups of automorphisms with L-condition

Proposition 8 Let G be a countable automorphism group of the rooted tree Tx with the
following properties:

- Autf Tx < G.
— Ristg (k) = Stabg (k) for some integer k > 3.

Then the group G satisfies the L-condition.

Proof By the condition of the proposition My N G > My N Aut ; Tx. Since the intersection
My N Aut ¢ Tx is countable, |Mo N G| = |G|. Since Auty Tx < G, Auty Tx < G. Therefore
G is decomposed into semidirect product (Aut; T, X¥) < Ristg (k) of its subgroups. The
permutation group (Auty Tx, X¥) satisfies condition PS for k > 3 by Proposition 3. It follows
that G satisfies all conditions of Proposition 6, and the statement follows. O

From now we assume that X; = X, = .. .. In this case T is called regular rooted tree.
A vertex subtree Ty, of Tx for every v € X" can be naturally identified with the whole tree
Txi

Ty S VXl -« - X H> Xpp 1 X2+« - Xy -

Thus for every g € Aut Tx and v € X* we can define automorphism g|, € Aut Tx in the
following way: g|,(#) = w if and only if g(vu) = g(v)w for every u, w € X*. We call the
automorphism g|, € Aut Tx the state of g in v.

An automorphism g € Aut T is a finite-state automorphism if the set of its states is
finite. All finite-state automorphisms of the tree Tx form the group FAut Tx of finite-state
automorphisms of the tree Tx.

Let us define the number ©,,(g) = #{v € X" | g|, # e} for every g € Aut T.

The set of all finite-state automorphisms g € FAut Tx such that the sequence ®,(g) is
bounded by a polynomial in n of degree m forms the group Pol(m) of polynomial automor-
phisms of degree m of the tree Tx. The group Pol(0) is also called the group of bounded
automorphisms. The group of polynomial automorphisms, denoted by Pol(c0), is defined to
be the union of increasing chain of groups: Pol(co) = Jo_ Pol(m).

A subgroup G of Aut T is self-similar provided g|, € G forall g € G and v € X*. The
group RAut Tx of functionally recursive automorphisms of Tx can be defined as the union
of all finitely generated self-similar subgroups of Aut 7.

We refer the reader to [5,19,20] for details concerning groups defined above.

Theorem 9 The groups FAut Tx, Pol(m) (m > 0), Pol(co), and RAut Tx satisfy the L-
condition and so have minimal generating sets.
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Proof Let G be one of the groups above. It is well known that G is countable group. By defi-
nition, the group G contains the group Aut s Tx. Furthermore, we have Stabg (k) = Ristg (k)
for every positive integer k. It follows that G satisfies the L-condition by Proposition 8, and
the theorem follows. O

Finally we obtain the statement of Theorem 1 as an immediate corollary of Theorems 2,
7 and 9.
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